MATH 556 - EXERCISES 5: SOLUTIONS

1. (a) This is not an Exponential Family distribution; the support is parameter dependent.

(b) This is an EF distribution with m = 1:

- 14123,.1(T) -1

S x log (1 —0)

exp{zlog 0} = exp{c(0)T(x) — A(0) }h(z)

(x) = 1(1,2,3,.3()

e h(x -
o A(f) =log(—log(1—10))
* c(f) = log(0)

e T(z)==x
so the natural parameter is 7 = log(6).

2. (a) Suppose thatn;,n; € Hand 0 <t < 1. Then

/ h(z)eltm+A=0m)" T(@) go. / h(z)etm) 7@ (1) TT(@) gy

< { / h(x)e(t”I)TT(x)dx} { [ rtayetomre d:):}
¢ (1-1)
< {/h(x)e”lTT(x)dx} {/h(m)e";T(m) dx} < 0
sotny + (1 —t)ne € H.
(b) By inspection
Sx(@m) N N
10gm = (m —m)T(z) — (K(m) — K(n2))

Note that this ratio is zero for all x if and only if 1; = 72, unless T'(z) is a constant, ¢, say, for
all x. In this latter case, we have that

k() =tog { [ ha)explta) o} =t

in which case

10g m = (771 - 7]2)t0 — ('rhto _ 772t0) -0

also, for any 7; and 72. Hence we can conclude that the EF model is identifiable

fx(@im) = fx(z;m2) = m =1

unless 7'(X) has a degenerate distribution (for a value ny € H).

fx(@39,7) = 1(0,00) <$)\/ﬁe}<p {_;WW v 2’196}
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3. We have

for ¢,y > 0and



(a) This is NOT a location-scale family. For the family to be a location-scale family, we must be
able to make a transform of the form

with the result that the distribution of Z does not depend on any parameters. The presence of
the 1/x term renders the required linear transformation impossible.

(b) This IS an Exponential Family distribution; we may write the transparent parameterization

fx (x5, 7) = h(z) exp { (c1(01), c2(02) T — A(0)

where
o h(x) = 1(ge0)(@)a32(2m) "1/

e Ti(x) ==z, To(x) =1/z.

1
e c1(0) = —=9?vyand cp(0) = “5
1
e A(0)=—¢+ 3 log 7.
(c) Using the score result,we see that
[Dc1(0) Jca(0) 1] 0A(H)
Ex ow X + o0 X| = ou
and _ .
C 801(9)X dea(0) 1] OA(H)
X oy oy X| 0Oy
or equivalently
1 1
Ex |— X—l—O]:—l Ex[X]=—
X [ Py e x[X] o
and 1 11 1 1
JRE— 2 —_— = — * =
[EX[ wa+272X] 2 L IEX[X] Y+

Note that we may further rewrite the density

o 2
fetion ) =S5 o { -G 52

where

rendering
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