MATH 556 - ASSIGNMENT 3 — SOLUTIONS

1. Suppose that Z, and Zy are independent random variables having a N ormal(0, 1) distribution.

(a) Find the joint pdf of random variables X, and X, defined by

(b)
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A
Xi=21 Xo =271+ Zs.
Zo
The inverse transformation is
X1X5 X
Z - Z =
T X, 2T X
and so the Jacobian is
0z1 0z Z2 x1
o1 Oro 1+21)2 1+z
det i 2= det ( v ! = \3U72’2
0z 0z R ! (1+a)
Oxr1 Oxo (1+$1)2 (1+1‘1)2
and hence, by the independence of Z; and Z, the joint pdf is
. T1T2 T2 ||
le;XQ(x17$2)_fZI <1+$1>fZ2 <1+$1> (1+331)2
1 1 x2r2 x2 T
:exp{—[ 122_|_ 2 2}} ’2|2
2w 2 (1—|—.1‘1) (1—1—1‘1) (1+x1)

1 1 1423 |z2]
— €eX —= T
or “P VT 21+ 2022 (1+21)2

which has support R2, 5 Marks

Find the covariance between random variables Y1 and Yo where
Yi=21+ 2, Yo =71 — 2.
We have by results from lectures that
By, [Y1] = Bz [Z1] + E2,[Z2] =0
Ey,[Ya] = Bz [Z1] — Ez,[Z2] =0
and therefore
Covy, v, Y1, Ya] = By, v, [YiYa] = B2, 2,[(Z1 + Z2)(Z1 — Z2)] = E2,[Z}] — E4,[Z3] = 0.
2 Marks
1 Mark

as Z and Z, are identically distributed.

Are Yy and Y5 independent ? Justify your answer.

We have that
Y1 1 1 Zl — A Zl
Ya 1 —1] | Zy| = |2,

say, so therefore by properties of the multivariate normal, (Y7, Y2) " ~ Normaly(0, %), where

NN

and so as this matrix is diagonal, we have that Y; and Y, are independent.
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(c) Find the characteristic function of
V =a121 4 asZs

for real constants a1 and as.

We have
gOv(t) = [Ev[exp{itV}] = [EZl,Z2 [exp{it(a121 + GQZQ)}]
= Ez, [exp{it(a1Z1)}|Ez, [exp{it(asZ2)}] independence

=z, (a1t)pz, (azt)

2 Marks

2. Suppose that X = (X1, X2)" ~ Dirichlet(ay, oo, a3) where oy = g = a3 = 2.
(a) Prove (showing your working) that marginally X; ~ Beta(a,b), for a,b to be identified.
The joint pdf is given from the handout as

I(2+2+2)

r@rEe) )

fX17X2 (xla x2) =

on the simplex &>
So={(z1,m2) : 0 < x1,220 < 1,0 <z + 29 < 1}.

and zero otherwise. For the marginal

1—x1
fx,(z1) = / fx1.x0 (21, 22) dao 0<x <1
0

as for any fixed z1, 0 < x1 + x2 < 1 implies that the joint pdf is only non-zero when
29 <1 —x1. Thus, for0 < z1 < 1,

fxi(z1) = m 71 /lel za(1 — 21 — x2) do
1
_ w xl/o (L—a)t -z — (L—a)t) (1—a) dt ¢ =a2o/(1— 1)
IR T IR
= @) 1(1 =) /O t(1—t)dt
— M (1 _ )BF(Q)F(2) _ F(2 +2+ 2) (1 . )3
“rorere T Ter) T rere Ut
so therefore X ~ Beta(2,4). 3 Marks
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(b) Find the correlation between X1 and V defined by

V=1-X;.

For the covariance
Ex,v[X1V] = Ex, [X1(1 - X1)] = Ex, [X1] — Ex, [X7]

but
Ex, [X1]Ev[V] = Ex, [X1](1 — Ex, [X1]) = Ex, [X1] — {Ex, [X1]}”

so therefore
Covx, v[X1,V] = Ex, v[X1V] — Ex, [X1]Ev[V] = {Ex, [X1]}* — Ex, [X]] = —Vary, [X1].

Hence, as
Vary [V] = Vary, [X1]

we have that

COVXl’V[)Q7 V]

Corr X, V]=
xv X,V \/Vary, [X;]Vary [V]

_ —Varx, [X1] _ 1
\/Varxl [Xl]Varxl [Xl]
3 Marks
3. Suppose that X and Y have joint distribution specified by
X ~ Beta(1,1)
Y|X = x ~ Binomial(n, x)
for fixed n > 1. Find Vary [Y].
For any rv
Ex[X?] = {Ex[X]}? + Varx[X]
and here
Fx[X] ==  Varg[X]= —  Ex[X? =~
T T Xy
Using iterated expectation, by properties of the Binomial distribution, we have
n
Ey[Y] = Ex[Byx [Y]X]] = Ex[nX] = nkx[X] = 5
2 2 2 y2 nn—1) n
Ey[Y7] = Ex[Eyx [Y7|X]] = Ex[n" X" + nX(1 - X)] = T t3
so therefore
~nn—1) n n? 4dn(n—1)+6n—-3n> n*+2n  n(n+2)
Vary[Y] == 24 12 T 12 T 12
4 Marks
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Note also that
Vary [Y] = Ex [Varyx [Y[X]] + Varx [Ey|x [Y'| X]]
= Ex[nX (1 — X)] + Varx[nX] = nEx[X (1 — X)] + n*Varx[X]

which may be computed using properties of the Beta(1, 1) distribution;

[EX[X(l—X)]:/le(l—x)da:: [9022_:;3];:1

SO
n  n? n(n+2)
ayV] =5+ 33 12
Finally, note that by direct computation, the marginal pmf is
Lin
= [ (D)ar -y as y=0.1.. .
0o \Y
B (n) MNy+1)l(n—y+1)
Y I'(n+2)
n! y!
= n+1)!
A=Y
1
n+1
and zero otherwise. Thus Y has a discrete Uniform distribution on the set {0, 1,...,n} and by

direct calculation

n n
1 1 1 nn+l) n
[E Y: = = _ 1 = —
r[Y] Zyn+1 n+1zy ntl 2 2
y=0 y=0
and . .
1 1 1 nn+1)2n+1) n(2n+1)
Ey([Y?] = 2 = 2 = =
v[Y'] Zyn—{—l n—l—lzy n+1 6 6
y=0 y=0
and

n2n+1) n?  n(n+2)
Vel =" o =T
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