MATH 556 - ASSIGNMENT 3 — SOLUTIONS

1.
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= /0 Fx(y)fy(y) dy by definition of Fx
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dt fr (Fy (1))
using implicit differentiation. 6 Marks

2. Thejoint pdf of Z; and Z, is

f21,2,(21, 22) = 1(0,00)(21)1(0,00) (22) €xp{—(21 + 22) }.
The inverse transformations are given by
Z1 =Y1Ys Zy=(1-1)Ys

and Y7 has support (0, 1), with Y5 having support (0, c0). The Jacobian is therefore

0z 0z
oy Oya || _ Y2 U1 B
9 0z ‘”-w N
0yr  Oy2

so therefore, using the transformation theorem, we have that

Syiye (W1, y2) = 10,1y (1)L (0,00) (W2) €xp {— (Y12 + (1 — y1)y2} = L(0,1)(y1)L(0,00) (Y2)y2 €xp { =12} -

We can then spot that
v v2) = () fro(v2)  (y1,92) € R?
where

fvi(y1) = Lo,y (v1)
fva(Y2) = L(0,00) (y2)y2 €xp { —y2}
thatis, Y1 ~ Uniform(0,1) and Y2 ~ Gamma(2,1).

Alternately, we can deduce using mgfs that Y> ~ Gamma(2, 1) as it is the sum of two independent
Exponential(1) rvs, and then note that by symmetry of form ¥; and 1 — Y; must have the same
distribution, which for a rv on (0, 1) ensures that the distribution of Y7 is Uniform(0,1). 5 Marks

Y; and Y5 are independent, as the joint pdf factorizes into a product of the two marginal pdfs and
the support of the joint pdf is the Cartesian production (0,1) x R*. 1 Mark
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3. We have

1 1 1
Fx(@d,y) = Il(o,oo><3"’)\/;‘%Xp {_21#2’% +p— m}

(@) This is NOT a location-scale family. For the family to be a location-scale family, we must be able
to make a transform of the form

for ¢,y > 0 and

X —
z=-2_F
o
with the result that the distribution of Z does not depend on any parameters. The presence of
the 1/x term renders the required linear transformation impossible. 2 Marks

(b) This IS an Exponential Family distribution; we may write the transparent parameterization
Ty(x)
fx(@;9,7) = h(z) exp { (€1(61), c2(62) — A(9)
Ty(x)
where
o h(x)= 1(0,00) (m)x_3/2(27r)_1/2
o Ti(x) =z, To(x) =1/z.

e c1(0) = 71¢2’y and cz(0) = fi.
2 27y
1
o A(O) = —9¢+ 3 log 7.
2 Marks
(c) Using the score result,we see that
0c1(0) 0co(0) 1 0A(0)
E X — | = 27
X { o0 o X| T ou
and 0c1(0) Oca(0) 1 0A(0)
C1 (&)
E X | = =27
* [ o oy X ] oy
or equivalently
1 1
Ex |—yyX —| =-1 : Ex|X] =
X[w’y —i—OX} . x|[X] oy
and 1 11 1
Ciex Ao 1
fEx[ 21/1X+272X}27 [Ex[X =7+ ¢y
4 Marks

Note that we may further rewrite the density

T — bo)2
Fx (@ 61,62) = Lige) (@)1 =2 exp { ¢1 ( @)}

23 2 @3z
where ) )
1= 5 P2 = o
rendering
1 1 1
Ex[X] = ¢2 Ex {X] —a ™
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