
MATH 556 - ASSIGNMENT 1 – SOLUTIONS

1. (a) We have in general that
FX(x) = 1− exp{−βxα} x > 0

with FX(0) = 0 for x ≤ 0. Therefore, by direct calculation

QX(p) =

{
− 1

β
log(1− p)

}1/α

0 < p < 1

2 Marks
(b) We deduce directly that c = 1/10, and hence that

FX(x) =


0 x < 1

⌊min{x, 10}⌋
10

x ≥ 1
.

Hence
QX(p) = ⌈10p⌉ 0 < p < 1.

2 Marks

(c) By right-continuity at x = 1 we must have

3

4
= 1− c =⇒ c =

1

4
.
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so therefore

QX(p) =


0 0 < p ≤ 0.5

1 0.5 < p ≤ 0.75

1− log(4(1− p)) 0.75 < p < 1

4 Marks
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2. (a) For y > 0

FY (y) = PY [Y ≤ y] = PX [X2 ≤ y] = PY [−
√
y ≤ X ≤ √

y] = FX(
√
y)− FX(−√

y)

so therefore by differentiation, for y > 0

fY (y) =
1

2
√
y
fX(

√
y) +

1

2
√
y
fX(−√

y) =
1
√
y
fX(

√
y)

as fX(.) is symmetric around zero. That is

fY (y) =
1√
2πy

exp
{
−y

2

}
y > 0

and zero otherwise.
1 Mark

(b) For y > 0

FY (y) = PY [Y ≤ y] = PX [|X| ≤ y] = PY [−y ≤ X ≤ y] = FX(y)− FX(−y)

so therefore by differentiation, for y > 0

fY (y) = fX(y) + fX(−y) = 2fX(y)

as fX(.) is symmetric around zero. That is

fY (y) =
2√
2π

exp

{
−y2

2

}
y > 0

and zero otherwise.
1 Mark

(c) We have

FY (y) = PY [Y ≤ y] = PX [2X−X2 ≤ y] = PX [X2−2X+y ≥ 0] = PX [(X−a1(y))(X−a2(y)) ≥ 0]

say, where

(a1(y), a2(y)) =
2±

√
4(1− y)

2
= 1±

√
1− y

provided y ≤ 1; if y > 1, PX [X2 − 2X + y ≥ 0] = 1. Thus for y < 1,

FY (y) = PX [X ≤ a1(y)] + PX [X ≥ a2(y)] = FX(a1(y)) + 1− FX(a2(y))

and hence
fY (y) =

1

2
√
1− y

fX(1−
√
1− y) +

1

2
√
1− y

fX(1 +
√
1− y)

2 Marks
(d) The function FX(.) maps onto (0, 1), so for 0 < y < 1

FY (y) = PY [Y ≤ y] = PX [FX(X) ≤ y] = PX [X ≤ F−1
X (y)] = FX(F−1

X (y)) = y

so therefore
fY (y) = 1 0 < y < 1

and zero otherwise. 2 Marks
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3. We have

EY [Y ] ≡ EX [{FX(X)}k] =
∫ ∞

−∞
{FX(x)}kfX(x) dx =

[
1

k + 1
{FX(x)}k+1

]∞
−∞

=
1

k + 1
.

3 Marks

4. We have that the area is a continuous random variable Z given by Z = XY . Then, by first principles
of expectations

EZ [Z] =

∫ ∞

0
zfZ(z) dz

≡
∫ ∞

0

∫ ∞

0
xyfX,Y (x, y) dx dy

=

{∫ ∞

0
xfX(x) dx

}{∫ ∞

0
yfY (y) dy

}
by independence

= EX [X]EY [Y ] =
1

2
× 1

2
=

1

4
.

3 Marks
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