MATH 556 - ASSIGNMENT 1 — SOLUTIONS

1. (a) We have in general that
Fx(z) =1— exp{—pz“} x>0

with Fx (0) = 0 for z < 0. Therefore, by direct calculation

1 1/a
Qx(p)Z{—Blog(l—p)} 0<p<l

2 Marks
(b) We deduce directly that ¢ = 1/10, and hence that
0 z<l1
Fx(z) = ' .
Lmin{z, 10}) '~
10 -
Hence
Qx(p)=[10p] O<p<l.
2 Marks
(c) By right-continuity at z = 1 we must have
3_, . !
4 & c= 1
o | _{ ‘ ‘ ‘ |
0 1 2 3 4
so therefore
0 0<p<05
QRx(p) = 1 0.5<p<0.75
1—log(4(1—p)) 0.75<p<1
4 Marks
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2. (a)

(d)

Fory > 0

Fy(y) = Py[Y <yl = Px[X? <y] = Pr[-y < X <yl = Fx(\/y) — Fx(—/Y)
so therefore by differentiation, for y > 0

L () e fx (V) = = (V)

fr(y) = 2./y i

=55

as fx(.) is symmetric around zero. That is

fr(y) = \éﬂ—y@m{é} y>0

and zero otherwise.

1 Mark

Fory >0

Fy(y) = Py[Y <yl = Px[|[X| <y] = Pr[-y < X <y] = Fx(y) - Fx(~y)
so therefore by differentiation, for y > 0
fr(y) = fx() + fx(—y) = 2fx(y)
as fx(.) is symmetric around zero. That is
_ 2 v

and zero otherwise.

1 Mark

We have
Fy(y) = Py[Y <y = Px[2X-X? <y] = Px[X?—2X +y > 0] = Px[(X—a1(y))(X —az(y)) > 0]
say, where
(@) o) = VA g Ty
provided y < 1;ify > 1, Px[X%2 —2X +y > 0] = 1. Thus fory < 1,

Fy(y) = Px[X < a1(y)] + Px[X > az(y)] = Fx(a1(y)) + 1 — Fx(az2(y))

and hence
1 1

fr(y) = 2mfx(1 —V1-y)+ 2mfx(1 +v1-y)

2 Marks
The function Fx (.) maps onto (0,1),sofor0 <y <1
Fy(y) = Py[Y <y] = Px[Fx(X) <yl = Px[X < Fx'(y)] = Fx(Fx'(y) =y
so therefore
fy(y) =1 0< y < 1
and zero otherwise. 2 Marks
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3. We have
_ 1 k1] 1
Ey[Y]=Ex[{Fx(X {FX )} fx () da {Fx(2)} =—.
k+1 oo k+1

3 Marks

4. We have that the area is a continuous random variable Z given by Z = XY Then, by first principles
of expectations

E,Z] = /OOO (2 dz

/ / zyfxy(z,y) de dy
{ /0 vfx(@ } { / dy} by independence

= Ex[X]Ey[Y] =

3 Marks
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