MATH 556 - ASSIGNMENT 4

To be handed in not later than 10pm, 3rd December 2014.
Please submit your solutions as pdf via myCourses

1. Suppose that {X,,,n = 1,2,...} are independent and identically distributed continuous random
variables with pdf

fx(@) =Aexp{-Az —n)}  =>n
and zero otherwise, for parameters A > 0 and n € R. Find the limiting distribution, as n — oo, of
the sequence of random variables {Y}, 1,n = 1,2,...} defined by

Yn,l = min{Xl, e ,Xn}

The double subscript notation Y, ; for the jth order statistic arising from a sample of size n more readily lends
itself to the study of asymptotic properties, and is commonly used.

2 Marks

2. Suppose that {X,,,n = 1,2,...} are independent and identically distributed continuous random
variables with pdf

fx(z) = x>0

and zero otherwise. Let
Y, =max{Xq,...,X,} n=12....

Show that the sequence of random variables {Y;, ,/n,n = 1,2,...} converges in distribution, and
find the limiting distribution.

4 Marks

3. Show that, for sequence of random variables {X,,,n = 1,2, ...} and random variable X (defined on
a common probability space) if
EX7L7X[(Xn - X)g] — 0

asn —s oo, then X,, 2 X.

4 Marks

4. A simple version of the Central Limit Theorem states that if {X,,,n = 1,2,...} are independent and
identically distributed with finite expectation y and variance o2, then if

_ 1<
Xn:nz;Xi
1=

is the sample mean random variable, we have that

VX, — p) —% Normal(0, o%)

In addition, a version of the first order Delta method states that if {Y,,,n = 1,2,...} is a sequence of
rvs such that

VY, — ) -4 Normal(0, V(0))

for some constant #, where V(.) is a positive function, and if g(¢) is a continuous function such that
the first derivative of g, g, is non-zero at 8, then

Vi(g(Yn) — 9(8)) —% Normal(0, V(6){4(6)}?)
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(a) Suppose {X,,,n = 1,2,...} are independent and identically distributed Bernoulli(¢) random
variables, where 0 < ¢ < 1. Describe the limiting behaviour of the sequence {S,,,n =1,2,...},
where o

Sn = {Xn}2

and construct a large sample normal approximation to the distribution of .S,,.
5 Marks

(b) Suppose that Uy, Us, . .. are independent and identically distributed Uniform(0, 1) random vari-
ables. Let M,, be the geometric mean of the Uy, ..., U,, thatis

n 1/n
Mn—{HUZ} n=1,2,....
=1

Describe the limiting behaviour of the sequence of random variables {M,,,n = 1,2,...}, and
construct a large sample normal approximation to the distribution of M,.

5 Marks
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