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ABSTRACT

Starting with the work of Mazur, Tate and Teitelbaum [17], various p-adic ana-
logues of the Birch and Swinnerton-Dyer conjecture have been formulated. The
case of an elliptic curve with split multiplicative reduction at the prime p is of spe-
cial interest. In this so called “exceptional zero” case, the order of vanishing of the
Mazur-Swinnerton-Dyer p-adic L-function at the central point seems to be one higher
than it is in the classical case. Greenberg and Stevens [10] proved results about this
conjecture, using properties of the two variable Mazur-Kitagawa p-adic L-function
L,(E,k,s), which was defined in [14]. Their proof relies on the fact that the Mazur-
Kitagawa p-adic L-function L,(E, k, s) vanishes along the central critical line s = g,
and the fact that the restriction to k& = 2 is equal to the Mazur-Swinnerton-Dyer
p-adic L-function attached to E. In the case where L,(FE,k, g) is not identically
zero, a formula of Bertolini and Darmon [3] gives a formula for its second derivative
at k = 2. Their formula is also valid for twists L,(E, x, k, g) of the L-function by
quadratic characters x, and their method of proof relies essentially on the fact that x

is quadratic. This thesis looks into possible generalizations of the result of Bertolini

and Darmon in the case of twists by Dirichlet characters of higher order.
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ABREGE

Depuis les travaux de Mazur, Tate et Teitelbaum [17], diverses conjectures ont
été proposées qui sont analogues a celle de Birch et Swinnerton-Dyer, dans le cas
p-adique. Cette thése traite principalement le cas d’une courbe elliptique a réduction
multiplicative déployée en p; ce cas est dit “exceptionnel”. Dans ce cas, la multiplicité
de zéro de la fonction L de Mazur et Swinnerton-Dyer au point central semble étre
une de plus que ce qui est prédit dans le cas classique. Greenberg et Stevens [10]
ont prouvé des résultats concernant cette conjecture en utilisant la fonction L de
Mazur et Kitagawa, qui est une fonction L,(FE, k,s) de deux variables. Leur preuve
se base sur le fait que la fonction L de Mazur et Kitagawa s’annule sur la ligne
centrale critique s = g et qu’elle est égal a la fonction L de Mazur et Swinnerton-
Dyer quand k = 2. Quand L,(E, k, g) ne s’annule pas, Bertolini et Darmon [3]| ont
trouvé une formule pour la dérivée seconde de L,(FE, k, %) en k = 2. Leur formule
tient encore quand on tord par un charactere quadratique. Cette thése considére des
généralizations conjecturales des travaux de Bertolini et Darmon lorsque le caractére

est d’ordre supérieur a deux.
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CHAPTER 1
Introduction

The problem of finding rational solutions to polynomial equations has been a
focus of mathematics since ancient times. Many advances have been made, but some
of the most important questions remain unanswered. One important advance was
made by Hilbert and Hurwitz, who provided a general method of to find all rational
solutions to a quadratic equation in two variables (the genus 0 case). The problem of
finding rational points on curves of genus greater than 0 has proven to be much more
difficult. An important breakthrough was Faltings’ proof of Mordell’s conjecture,
which states that a curve of genus greater than one has only finitely many rational
points. Faltings’ result is unfortunately ineffective, so many questions still remain.

In contrast to Faltings’ theorem, curves of genus exactly 1 often contain infinitely
many rational points. Yet again there is no known method for determining whether
a genus 1 curve contains rational points. Much work has gone into classifying the
set of rational points on genus 1 curves that do contain rational points; a genus 1
curve with a fixed choice of a rational point is called an elliptic curve. An essential
tool in the study of an elliptic curve £ is the fact that there exists a composition
law on the set F(Q) of rational points on E, which gives F(Q) a group structure.
A well known theorem of Mordell ensures that the group F(Q) is finitely generated,
though the set E(Q) itself is often infinite (as mentioned earlier). One of the most

interesting problems is that of finding the rank of E(Q), which is the Z-rank of



E(Q) modulo torsion. The problem of computing the rank of £(Q) would become a
simple computational problem if the Birch and Swinnerton-Dyer conjecture were to
be proven.

The Birch and Swinnerton-Dyer conjecture proposes that arithmetical infor-
mation about the rational points E(Q) of an elliptic curve E can be related to
the combined properties of £ when reduced modulo each prime. The Hasse-Weil
L-function L(E,s) is the analytic object which encodes the combined information
about £ modulo each prime. The function L(E,s) turns out to be a holomorphic
function on the whole complex plane, a fact which was established by the proof of
the modularity theorem; see §4.5 for an explanation. The Hasse-Weil L-function
satisfies a functional equation relating the values at s and 2 — s. Of interest is the
Taylor expansion of L(F,s) around the central point s = 1 of the symmetry of the
L-function. The Birch and Swinnerton-Dyer conjecture states that the order of van-
ishing of the Taylor expansion of L(F, s) around s = 1 is equal to the rank of E(Q).
Further, generalized versions of the Birch and Swinnerton-Dyer conjecture suggest
that more information about E can be gleaned from the leading coefficient of the
Taylor expansion. Specifically, it seems that the leading coefficient of the expansion
of L(E, s) around s = 1 is a product of various constants which encode arithmetical
information about E. More details on the Birch and Swinnerton-Dyer conjecture
can be found in Wiles’s millennium problem description [26].

A new direction of research arose with the introduction by Mazur and Swinnerton-
Dyer [16] of a p-adic analogue L,(E,s) of the Hasse-Weil L-function. The Mazur-

Swinnerton-Dyer p-adic L-function L,(E,s) attached to an elliptic curve E is a



p-adic analytic function which interpolates the so called “special values” of the Hasse-
Weil L-function. These “special values” are the values of twists of the Hasse-Weil
L-function at the central point 1. The development of the theory of p-adic L-functions
led Mazur, Tate and Teitelbaum [17] to formulate a p-adic analogue to the Birch and
Swinnerton-Dyer conjecture. The statement of the p-adic Birch and Swinnerton-Dyer
conjecture is largely similar to the classical case, with one important modification.
When E does not have split multiplicative reduction at the prime p, the statement
is analogous; the order of vanishing of the p-adic L-function at the central point is
conjectured to match the rank of E(Q). There is also a formula conjecturally relating
arithmetic information about E to the “leading coefficient” of the p-adic L-function.

In the remaining case, where E has split multiplicative reduction at p, the
statement of the p-adic Birch and Swinnerton-Dyer conjecture is slightly more com-
plicated. This complication is related to properties of the p-adic multiplier, which is
the factor that allows the special values of the classical L-function to be p-adically
interpolated. The p-adic multiplier vanishes exactly in the case of split multiplica-
tive reduction. The order of vanishing of the p-adic L-function then appears to be
thrown off, and is conjecturally one higher than the rank of E(Q). There is also an
additional factor that appears in the conjectural formula for the leading coefficient
of the p-adic L-series; this factor is referred to as the p-adic Z-invariant for £ and
is denoted .Z,(E).

The authors of [17| empirically conjectured a formula which, in the rank 0 case,
expresses .Z,(E) in terms of quantities arising from p-adic analytic properties of E.

Greenberg and Stevens [10] proved this “exceptional zero conjecture”. An essential



ingredient in their proof was a two-variable p-adic L-function L,(E, k, s) called the
Mazur-Kitagawa p-adic L-function. For a fixed integer value k£ > 2, the function
L,(E.k,s) is a constant multiple of the one-variable Mazur-Swinnerton-Dyer p-adic
L-function of a modular form f;. The modular form f5 is in fact the weight 2 newform
attached to E via the modularity theorem, and the one-variable p-adic L-function
can be recovered from L,(E, k,s) by fixing k = 2. Furthermore, the form f; is part
of the Hida family arising from f,. The Hida family is a collection of modular forms
of varying p-adic weight whose coefficients vary continuously with the weight.

The Mazur-Kitagawa p-adic L-function L,(E,k,s) has a functional equation
relating its value at (k,s) to that at (k,k — s). Thus it is of interest to look at
the values of the Mazur-Kitagawa p-adic L-function along the critical line s = g
Bertolini and Darmon [3]| proved the following theorem:

Theorem 1.1. Suppose that E has at least two primes of semistable reduction. Then

there is a global point P € E(Q) ® Q and a scalar ¢ € Q* such that

d2
%Lp(k, k/2)jez = € - logg(P)?

and the point P is of infinite order iff L'(E,1) # 0.

Here logy, is the formal group logarithm defined on E, and L(FE, s) is the Hasse-
Weil L-function attached to E. In fact, the authors of [3| prove a more general
statement involving quadratic twists of the Mazur-Kitagawa p-adic L-function as
well. The purpose of this thesis is to look into possible generalizations of the results

of Bertolini and Darmon to characters of higher order.



1.1 Notation and conventions

The operation given by

is called adjugation and will be denoted A +— /~l; it is an anti-involution on Msyo(R)
for any ring R (i.e. AB = BA) and preserves the determinant. Note that this
conveniently preserves integrality, and coincides with inversion on SLy(Z). Note also
that A = det(A)A~t. This is a useful operation for turning left actions into right
ones (or vice versa).

The completion of the algebraic closure of @, will be denoted C,. The algebraic

numbers Q will be viewed as being contained in C,, via a fixed choice of embedding.



CHAPTER 2
Modular forms

Modular forms are functions on the upper half-plane that satisfy many sym-
metries. They arise naturally in connection to problems related to quadratic forms,
and many other areas of mathematics. For example, the theory of modular forms
provides an easy proof to Lagrange’s four square theorem. This example and many
others are contained in the paper “Elliptic Modular Forms and Their Applications”
by Don Zagier [28]. The usefulness of modular forms derives in large part from the
finite dimensionality of spaces of modular forms for finite index subgroups of SLs(Z).

Modular forms are also very useful because of a connection to elliptic curves.
In fact, the coefficients of the L-function attached to a rational elliptic curve always
arise from the coefficients of a modular form. This was conjectured by Shimura and
Taniyama in the 1950s and proven in the early 2000s. The proof of this so called
“modularity theorem” is one of the most important number theoretic results in the
past century; see §4.5 for a description.

2.1 Definition

Let H = {z € C|R(z) > 0} denote the upper half-plane. The group

b
GL2(Q) = a,b,c,d € Q,ad — be # 0



acts on H via _ _
a b
Loazth (2.1)
¢ d cz+d

A straightforward calculation gives the formula

a b 3(2)

2| = ——,
¢ d lcz + d|?

&

which ensures that the action does indeed preserve the sign of the imaginary part
(and so is a well-defined action on H). Equation (2.1) is used to define a right action
of GL2(Q) on the set of functions from H to C; for an integer k, the weight k action

of GLy(Q) is defined, for
a b
f:H—C and ~= € GLy(Q)

by
(Flsm)(2) = (det7)* 15y, 2)* f(v2),
with j(7, 2) := cz+d. Note that the scalar matrix A\I acts as multiplication by \*~2,

The modular group is

a b
SLy(Z) = a,b,c,d € Z,ad — bc =1

c d

This group is generated by the matrices

S = and T =
-1 0 01



The height of a subgroup I' of the modular group SLy(Z) is the minimal A > 0 such
that the 7" € I, or infinity if I contains no power of T'. For the rest of this chapter,
[’ C SLy(Z) will denote a finite index subgroup of SLy(Z). This implies that AT A~
is of finite height for all A € SLy(Z).

A meromorphic function f on H satisfying f|py = f for all v € T is called weakly
modular of weight k with respect to I'. Note then that for A € SLy(Z), the function
flxA is weakly modular with respect to A7'T'A by a simple calculation. A weakly
modular function f for I' on the upper half-plane satisfies f|,T" = f where h is the
height of I". Thus f(z 4+ h) = f(z), so, assuming f is holomorphic on {z|(z) > ¢}
for some ¢ > 0, we have that f has a Fourier expansion on that set:

f(z) = Z ang"

n=—oo

with ¢ = e?™#/h

. The notation a,(f) will be used to denote the coefficient of ¢"
in the Fourier expansion of such an f. The function f is said to be meromorphic
at oo if there is some m € Z such that a,(f) = 0 for all n < m. It is said to be
holomorphic at oo if a,(f) = 0 for all n < 0. It is said to vanish at oo if, in addition
to being holomorphic, ag(f) = 0.
A meromorphic function f :H — C is called an automorphic form of weight k

with respect to a subgroup I' of SLy(Z) if

o fliy=f VyerT,

e f|iA is meromorphic at oo for all A € SLy(Z).

An automorphic form f is called a modular form of weight k with respect to I' if it

satisfies the following additional property:



e f|xA is holomorphic at oo for all A € SLy(Z).
Finally, a modular form f is called a cusp form if it satisfies the following additional
property:
e f|iA vanishes at oo for all A € SLy(Z).
The space of automorphic forms of weight k for I' will be denoted Ag(T"); the cor-
responding spaces of modular and cusp forms will be respectively denoted M (T")
and Si(I'). Note the inclusions Ay (I') D My(I") D Si(I'). A cusp form f is called
normalized if a,(f) = 1. When working with forms of a fixed weight k, the weight &
action of GLy(Q) will sometimes be denoted without the subscript (i.e. the notation
fly will denote f|xy when the weight is understood.)
2.2 Geometric interpretation
Automorphic forms can be interpreted geometrically. To do so, we must intro-
duce two varieties attached to a modular subgroup. The first is the open modular
curve attached to I', denoted Y (I'). The set of complex points Y (I')(C) of Y (I') is
simply ‘H modulo the action of I'. A complex differentiable structure is defined on
Y (I')(C); details of this can be found, for example, in §2 of Diamond and Shurman’s
book [7].
To describe the next variety, we need to introduce the following topological set
first:

1 = HUPYQ) C P(C)

The points corresponding to P'(Q) are called cusps. The action of SLy(Z) on H
extends to an action on H* in the obvious way. The topology of H is extended to

‘H* by defining the following local bases around the cusps:



e for the cusp oco: sets of the form {z € H |¥(z) > N} U {oco}.

e for a finite cusp r: the set of circles in H tangent to the real line at 7.

The action of a matrix in SLy(Z) is seen to be continuous, since it takes members

of this basis to other members of this basis. The closed modular curve attached to

I is denoted X (I'); it has complex points X (I')(C) corresponding to the quotient

of H* by the action of I'. There is an embedding Y (I')(C) — X(I')(C), and the

complement of the image of Y (I')(C) is a finite set of points. These points are called

the cusps of X (T'); they correspond to I'-inequivalent cusps in P*(Q) C H*. Details

of the construction of X (I')(C), and of the complex differentiable structure can be

found again in §2 of [7].

Now note the following calculation:

dz

d(AZ):d(az—i-b) _ ad — be

cz+d (cz +d)?
= det(A)(cz + d)%dz = det(A)j(A, z) " 2dz,

which implies, for a form of weight 2k and v € I'; that

f(v2)d(v2)F = (v, 2)" f(2)(j (v, 2)"*dz)"

= f(2)d2*.

(2.2)

Thus, f(2)dz"* is invariant under the action of I', so should “descend” to a k-differential

on Y (I'). This idea is made precise with the introduction of the space Q(X (I'))®* of

meromorphic k-differentials on X (I'), whose details can be found in §3.3 of [7]. The

following is theorem 3.3.1 of [7]:

10



Theorem 2.1. The assignment f — f(2)(d2)* is an isomorphism between Ay (T)
and Q(X(T'))®* for any positive integer k.

To be more explicit: if f € Ay (') corresponds to w € Q(X(T))®* via this
isomorphism, then the pullback to H of w is f(z)dz*. Theorem 2.1 tells us that
we can think of weight k& automorphic forms for I' as meromorphic k-differentials
on X(T'). The subspaces of Q(X(I'))®* corresponding to the subspaces My (I") and
Si(I") of Ai(T") can be described explicitly with inequalities on the order of vanishing
of the differentials at certain points. See §3.5 of [7] for more details.

2.2.1 Fundamental domains
A fundamental domain for the action of I' C PSLy(Z) on H is a region F C H

with the following properties:
o U vF=H

. ;Ell;lt(}“) NInt(F)=0 Vyel

e F is simply connected.
Here Int(F) denotes the interior of F. The points of a fundamental domain for
I' are in one-to-one correspondence with the points of Y (I') via the quotient map.
Now define T to be the (hyperbolic) triangle passing through the cusps 0, 1 and
p = @ Note that 7 fixes p, and cycles 0, 1 and co. Define R :=T U 7T U 7T
to be the triangle passing through 0, 1 and oo.

The region T' is a fundamental domain for the group PSLy(Z). We can always

find a fundamental domain for I' that consists of a union of translates of 7" by matrices

in G. If I' has no torsion, then there is always a fundamental domain consisting of

translates of R. Fundamental domains are useful for explicitly describing spaces of

11



modular symbols, as will be explained in chapter 5, following Pollack and Stevens
[19].
2.3 Congruence subgroups

Now we will introduce the congruence subgroups of SLy(Z). The most important

congruence subgroups are:

T . r . - . 3
a b a b 1 0
[(N) := € SLy(Z) = mod N » ,
c d c d 0 1
\ L . L . L . )
a b a b 1 *
[(N) = € SLy(Z) = mod N »,
c d c d 0 1
Pl - - - - - ¢
a b a b * ok
[o(N) = € SLy(Z) = mod N
c d c d 0 =*
\ L . L . L . J

Note the inclusions I'(N) C I'1 (V) C T'g(IV). More generally, a subgroup I' C SLy(Q)
is called a congruence subgroup if AN with I'(N) C I'. In this case, the smallest
such N is called the level of I'. Now we generalize the notion of modular form. A

Dirichlet character y of period N can be viewed as a character on I'o(/N) by the rule

A simple calculation reveals that x is indeed multiplicative for matrices in I'; (V).
Definition 2.2. A modular form f for T'y(N) is called a modular form for T'o(N) of
weight k and character x if it satisfies the additional property that fly = x(v)f for
all v € Ty(N).

12



The space of all modular forms for I'g(/V) of weight k and character x is denoted
Mi(N,x). Note that if x is the trivial character modulo N, then My(N,x) =
M (To(N)). The space of cusp forms with character is similarly defined. We will
use the notation Xo(N) := X(I'o(N)), X1(N) := X(I';(N)) and X (N) := X(I'(N)).
2.4 The Hecke operators

An important tool for explicitly describing spaces of modular forms is the Hecke
operator. This is an instance of a double coset operator, which transforms a modular
form for one group into a modular form for another group. Details of the double
coset operator construction can be found in §5 of [7]. This section will outline some

important properties of Hecke operators. For a prime p, define the following matrices:

1 a p 0
Yo = forae€eZ, o=

0 p 01

The Hecke operator T}, is then defined for f € My (N, x) by

p—1

AT, =Y e + x(0) f17ee
a=0

Note that if p divides N, then y(p) = 0. Note also that f|v, only depends on a

modulo p since

fh/a = f|Tn7a = f|7a+np

for any n € Z. We inductively define

T =TTt — X (p)p" " Tpn—2  for n > 2.

13



It is clear then that T,» can be expressed as a polynomial in 7). For primes p # ¢,
it can be shown by direct calculation that 7, and 7, commute (5.2.4 in [7]). These

two facts combine to allow us to define 7;, for any positive integer n:

TTL - H Tpordp(n) .
p

Since these operators commute, the Hecke operators can be seen as acting on the left
or on the right. Thus f|7,, will sometimes be denoted 7, f. The following theorem
gives the action of the Hecke operators on the Fourier expansion of a modular form:

Theorem 2.3. For a modular form f € Mg(N,x), let

oo
n
- E anq
n=0

2mni

be the Fourier expansion of f, where ¢ = e~™ . For p prime, we then have

(fITp)( Zapnq + x(p k lzanqpn

In other words,
an(f|Tp) = aP”(f) + X(p>pk_1an/p

(where ay,, is understood to be zero if p{n). Further, we have

ar(fTn) = an(f)

for any positive integer n.

Proof. This is contained in the statements of theorems 5.2.2 and 5.3.1 in [7]. 0

14



2.5 Homology

Homology is an important tool in the study of the action of the Hecke operators
on cusp forms. The importance arises from the fact that there exists a Hecke-
equivariant duality between spaces of cusp forms and homology space. The duality
theorems will be presented in this section.

Suppose I is a congruence subgroup of SLy(Z). Consider the curve X (I) intro-

duced in §2.2, and let C' denote the set of cusps in X (I'). The homology group
H,(X(T')(C), Z)

can be defined as the abelianization of the fundamental group of X(I")(C), with an
arbitrary basepoint (noting that this surface is connected). Let g denote the genus of
the Riemann surface X (I")(C). The homology group H; (X (I')(C), Z) is then simply
the free abelian group on 2g generators. This is because the fundamental group of
X (I")(C) is generated by 2¢g loops which satisfy a single relation, and that relation is

a product of commutators. We also define, for a ring R,
H(X(D)(C), R) == Hi(X(I')(C),Z) ® R,

which is a free R-module on 2¢g generators.

For T'-equivalent cusps r and s, let {r — s} denote the geodesic path in H*
joining r to s; here geodesicity is relative to the hyperbolic measure, which will be
defined in §2.6. To be more explicit: if the cusps r and s are finite, {r — s} is a
semicircle whose diameter has endpoints r and s, while if one of the cusps r and s is

infinite, {r — s} is a vertical line. The notation {r — s} will also denote the image

15



in H(X(I')(C),Z) of the geodesic path connecting r to s in H*, by a slight abuse of
notation.
Lemma 2.4. Every element h in H (X (I')(C),Z) is of the form {r — s} for some

cusps r and s.

Proof. Given an element h of H(X(I')(C),Z), take an arbitrary lift of & to a ho-
motopy class of loops [¢] in the fundamental group of X (I')(C). Choose a loop ¢
representing [¢] such that the basepoint of ¢ is a cusp ¢ € X(I')(C), then lift ¢ to
a path p in H*, via the quotient map. The endpoints r, s € H* of p both map to
¢ € X(I')(C) in the quotient, so r and s are I'-equivalent cusps in H*. The path p is
homotopic to the geodesic path between its endpoints, since H is simply connected;

thus h is the image of {r — s}. O

The representation of homology elements as images of geodesic paths in H* leads

to a natural pairing
(+,) : () x H1(X(I')(C),Z) —» C

given by integration:
(f,{r — s}) = 27Tz'/ f(z)dz.
The details about this, including a proof of well-definedness, can be found in chapter

2 of John Cremona’s book [5] (the convergence of the integral is also proven in §3.1

of this thesis). The integration pairing can be linearly extended to real homology:

() Sa(l) x Hy(X(I)(C),R) = C
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Theorem 2.5. The integration pairing Sa(I') x Hi(X(I')(C),R) — C is an exact
pairing of R-vector spaces; that is, the kernel on the left is zero, as is the kernel on

the right.
Proof. The proof is explained in chapter 2 of Cremona’s book [5]. O

Theorem 2.5 gives a rich structure on the real homology; in particular, the real

homology
H,(X(I')(C), R)

inherits a C-structure from the space Sy(I'). This complex structure allows us to
reinterpret the duality in theorem 2.5 as an exact duality of C-vector spaces. It also

follows that for arbitrary points r and s in H*, the C-linear map

S(T) = C, frs 2mi /sf(z)dz

corresponds to a unique element of H;(X(I')(C),R) via the duality. Let {r — s}
denote this element of the real homology. An important result is the following:
Theorem 2.6 (Manin-Drinfeld). For arbitrary cusps r and s, the inclusion {r —
s} € Hi(X(I')(C),Q) holds; that is, there exists an integer n and an element h €
H{(X(T')(C),Z) such that n{r — s} and h correspond to the same element of the
dual of S3(I') via the integration pairing.

Now we will restrict our attention to I' = T'o(N). The duality result above
(theorem 2.5) allows us to define a Hecke operator on the homology, by defining 7,h
to be the element of Hy (X (I')(C), R) satisfying

<f= Tph> = <Tpfv h>
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for all f € So(I'). We can be more explicit about this. First consider the action of
GL3(Q) on homology, which is inherited (via duality) from the action of GLy(Q) on

Sy(I"). This action is characterized by
(flA, h) = 2m’/h(f\A)(z)dz = 27 " f(2)dz = (f, Ah).
It is now simple to see that the action of a matrix A on a symbol is given by
A{r — s} = {Ar — As}. (2.3)

So, by linear extension, equation (2.3) explicitly gives the action of GLy(Q) on ho-
mology. Thus, the action of a Hecke operator is given by

Tohi=Y" Yah+x(p)ych,

a mod p

with 7, as in §2.4, and where Y is the trivial character modulo N. The Manin-Drinfeld
theorem then assures us that the Hecke operators preserve the rational homology,
since all the matrices in the definition of the Hecke operators are rational. In fact,
the Hecke operators also preserve integral homology:
Lemma 2.7. The Hecke operator T, : Hi(X(I')(C),R) — H,(X(I')(C),R) preserves
integrality. That is, T,(H (X ("), Z)) C Hi(X(I"),Z).

Proof. Any element of Hy(X (I')(C), Z) can be represented as {oo — a} for some cusp
a € H*, by lemma 2.4. The cusp a is I'g(N)-equivalent to oo; note that this property
is equivalent to being of the form % for some integers a and ¢, with ged(a,cN) = 1.
A simple calculation then shows that each ~, preserves the property of being I'o(V)-

equivalent to co. Note that this is false for v, if p | N, but then x(p) = 0, S0 Voo
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need not be considered. Furthermore, v, preserves co. Thus 7,{co — a} is a sum

of elements of Hy(X(I")(C),Z), so is in that space. O

The following theorem is essential, and is a consequence of lemma 2.7 when
k=2:
Theorem 2.8. For any newform f € Sp(I'o(N)), the coefficients of f are algebraic

integers which generate a finite extension Ky of Q.

Proof. This is theorem 6.5.1 of 7], and the general proof is found there. The proof for
general k is analogous to the case k = 2, which will now be explained. First we check
that the Hecke operators generate a Z-subalgebra Tz of Endc(S2(I'g(N))) that is
finitely generated and free as a Z-module. To do so, we take advantage of theorems
2.5 and 2.7 to view elements of Ty as endomorphisms of the finite free Z-module
H,(X(T')(C),Z). Thus Ty, lies in the finite free Z-module Endy(H;(X(T")(C),Z)), so
is itself finite and free.

The newform f then gives rise to an algebra homomorphism 7 : Tz — C, defined
by

T an(f).

It follows that the Z-subalgebra of C generated by the coefficients of f, which is
simply 7(Tz), is finitely generated as a Z-module; thus all the coefficients of f are

algebraic integers, and they generate a finite extension of Q. O
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2.5.1 Sign decomposition
The duality in theorem 2.5 can be refined somewhat if we decompose the spaces

occuring there into real and imaginary parts first. Define

The matrix ¢ acts on H* via z — —Zz. This gives an action of ¢ on Sy(I'g(N)), given
by f*(z) = m The eigenspaces for +1 and —1 are then respectively denoted
So(To(N))r and iSa(Ig(N))g; implied in this notation is that Sy(I'o(N))r is the
subspace of cusp forms with real Fourier coefficients, and iSy(I'g(IV))r is that with
purely imaginary coefficients. Take Hi (X (T'o(N))(C),R) to be the 41-eigenspace
for the action of ¢ in homology; here ¢ acts on homology via symbols, as described
earlier. Then the refined duality is given by:

Theorem 2.9. The integration pairing Se(To(N))r X H; (X(To(N))(C),R) — R is
an exact pairing of R-vector spaces.

The proof of this and further details can be found in §2.1.3 of [5]. It is sim-
ple to see that ¢ commutes with any 7},, so the Hecke operators respect the sign
decomposition.

2.6 Hecke module structure
The purpose of this section is to give an explicit description of Sa(I'g(N)), and

of the action of the Hecke operators on that space. There are two tools essential to

describing Sy(I'o(V)): the first is the duality of So(I'o(NV)) and Hy (X (Ih(N))(C),R),
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which was described in the previous section. The second is the Petersson scalar
product, which will now be defined.

Let F denote a fundamental domain for I'o(V). Let

dx dy
Y2

dp(z + yi) =

be the hyperbolic measure on 4. Define

Vio(vy = / dp(z).
]:

The Petersson scalar product is defined by

1

(f,9) = Vi)

/ ()9S () d(2)
;

for f,g € Sk(I'o(IV)). A simple calculation shows that the integrand is invariant
under the action of I'y(N'), which implies the well-definedness of the Petersson scalar
product. See 8§5.4 of [7] for details. We have the following important property
(theorem 5.5.3 of [7]):

Theorem 2.10. The Hecke operators T, with n prime to N are self-adjoint with

respect to the Petersson scalar product. That is,

(f;Tng) = (L1, 9)

for all f,g € Sp(I'o(N)), whenever n is prime to N.
Theorem 2.10 allows us to use results from linear algebra to describe a basis for

Sk(I'o(N)) with nice properties (theorem 5.5.4 of [7]):
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Theorem 2.11. The vector space Sp(I'o(IN)) has an orthogonal basis of simultaneous
eigenvectors for all of the Hecke operators 'T,, with n prime to N.

The ideal situation would be for the Hecke operators to cut out one-dimensional
eigenspaces. Unfortunately, this is not the case, but Atkin-Lehner theory allows us
to say more.

2.6.1 Atkin-Lehner theory

This section follows the work in the paper [2] of Atkin and Lehner. Atkin-
Lehner theory gives us constructions for changing the level of a cusp form. These
constructions allow us to decompose Si(I'g(N)) into Hecke-stable subspaces. The
decomposition aids greatly in the study of the Hecke module structure on Si(I'g(V)).

Lemma 2.12. Suppose Md | N for positive integers M and d. Let

5[1 =

Then for g(z) € Sk(L'o(M)), we get gldg € Sp(T'o(N)).

Proof. By direct calculation, for any

a b
€ I'y(V),
Nc e
we calculate
a b . a db a db
5d 6d_ - - EF()(M)
Nc e Nc/d e Mc e
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So if we let f := g|dq and take v € T'o(N), we get

flv=9ldav =gl 6av s " |04 = glda= T,

since dqvd;' € To(M) by the above calculation. So f is a modular form with respect

to Fo(N) ]

Define S;(I'o(N))° to be the subspace of S(I'o(IV)) spanned by f|d, for all
choices of M and d with Md | N, and all choices of cusp forms f of level M < N.
Take Si(Lo(N))™™ to be the orthogonal complement of Sy,(T'g(N))°¢ with respect to

the Petersson scalar product. We then have
Sk(To(N) = Si(To(N))™™ @ Sp(To(N))*H.

Furthermore, theorem 5.6.2 in [7] tells us that the Hecke operators preserve the spaces
Si(To(N))™ and Sy (To(N))°4. We can now make theorem 2.11 more specific:
Theorem 2.13. The space Sp(I'o(N))™™ has an orthogonal basis of normalized cusp
forms that are eigenvectors for all of the T,,.

A member of this basis is called a newform. More generally, a cusp form f that is
an eigenvector for 7T, for all positive integers n is called an eigenform. An important
consequence of theorem 2.3 is that for a normalized eigenform f, the eigenvalue
for T,, is a,, since a1(T,,f) = a,(f) and a;(f) = 1. Thus a normalized eigenform
is completely determined by its eigenvalues for the Hecke operators. So theorem
2.13 implies that the Hecke operators decompose S(I'o(/V))*" into one dimensional

eigenspaces.
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Theorem 2.13 can also be used to give an explicit description of a basis for
Se(T'o(N)) (theorem 5.8.3 of [7]):
Theorem 2.14. The set

{f(dz) : fis a newform in S (I'o(M))", Md| N}

is a basis for Si(Io(N)).
2.6.2 The wg operator
Suppose N = @ - M, with (@, M) = 1. Then for any choice of integers z,y, z,t

satisfying Qxt — Myz = 1, define

x
W Q yj

Nz Qt

and then define the operator wg by

wa(f) == Q'3 flWq

for f € S(I'o(IV)). The operator wg has the following properties, all of which are
proved in [2]:

o wq(f) € SyTo(N)) for all f € Se(To(N)).

e The operator wg does not depend on the choice of z,y, z,t € Z.

e For any f € Sy(To(N)), w3 (f) = f.

e For any n with (n, N) =1, wg and T,, commute on S;(Io(N)).

e For any newform f € Sp(I'o(N))""™, we have wq(f) = £f.

These operators will be useful when studying L-functions in §3.3.
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2.7 Calculating spaces of cusp forms

The discussion in §2.6 outlines an interesting idea, which is the basis for many
algorithms used to calculate spaces of cusp forms. The idea is to go through the
discussion in reverse order. That is, we start by computing H; (X (I'o(N))(C), Q),
which can be accomplished with simple algebra (as outlined in the proof of theorem
2.1.4 of [5]). The Hecke action is then computed on the rational homology, and is
linearly extended to Hy (X (I'o(IV))(C),R). Now we can simply define So(T'o(N)) to
be the module Homg (H1(X (I'g(N))(C),R), C), which inherits the Hecke-action from
homology. (Note that it is nicer if we split into real and imaginary spaces first; that
is, So(To(N))g is the R-dual of H; (X(Ty(N)),R), and So(To(N)) = So(To(N))r &
iS3(I'o(N))g.) This gives an effective algorithm for computing the Hecke-module of
cusp forms.

To give a more explicit explicit description, we must calculate the g-expansions
of our cusp forms. To do so, we use Atkin-Lehner theory to cut out the subspace
Sao(To(N))™¥ of Sy(I'9(NV)). Then the Hecke operators decompose Sa(I'g(N))™%
into 1-dimensional eigenspaces. For each eigenspace, the g-expansion of the corre-
sponding newform is then obtained by packaging the Hecke-eigenvalues into a formal
g-expansion.

2.8 Ordinary submodule
Let p denote a fixed prime greater than 3. This section will define the p-ordinary

submodule of the space Si(I'o(V)). Regardless of level, we take

p—1
UP = ZV&
a=0
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with the matrices 7, defined as in section 2.4:

1 a p 0
Vo = fora€Z, 7= ,
0 p 01
and
d 0
0q 1=
0 1

Here we are considering U, as an operator on Si(I'g(/V)) with varying level N. Note
that the Hecke operator on Sg(I'9(V)) corresponding to the prime p is U, + xn(p)d,,
where x is the trivial Dirichlet character modulo N.

For the next definition, we will need the following lemma:

Lemma 2.15. Suppose a € Q is an algebraic integer. Recall that we have fized an

embedding Q < C,. In C,,

S 1 ifa is a unit
im a™ =
0 if a is a non-unit.

Proof. 1f a is not a unit, then it has positive (additive) p-adic valuation; thus the
limit of a™ is clearly 0. So suppose @ is a unit contained in the ring of integers O of
a finite extension K of QQ,. Take a prime ideal p C O above pZ,. Now a is a unit, so

by basic number theory,

al®?" =1 =1 (mod p*).

For n large enough, |O/p¥| — 1 divides n!, so the desired result follows by taking the

limit n — oo. O
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Hida’s projector to the ordinary part is defined as

. |
Cord = lim U;".
n—oo

An eigenform for I'g(N) is called ordinary at p if its U,-eigenvalue is a p-adic unit.
Lemma 2.15 tells us that an eigenform f is fixed by e,.q exactly if it is ordinary, and

otherwise eo,qg maps f to 0. The ordinary submodule of S,(I'g(N)) is
SU(To(N)) = €oraSi(To(IV)).

To describe the ordinary submodule (and to prove well-definedness), we will consider
the action of the operator e,q on a basis for Si(I'g(V)). The following lemma is
needed:

Lemma 2.16. If ptd, then the operators dq and U, commute on S(I'o(N)) for any

positive integer N. Also, 6,U, acts as p*~' on S(I'y(N)).

Proof. A simple calculation shows that
p—1 p—1
04U, = dq <Z %) = (Z %la) 0q = Updg
a=0 a=0
since the action of -, only depends on @ modulo p (as mentioned in section 2.4), and
d is prime to p. Also, recalling that scalar matrices act via the (k — 2) power map,

we get:

bS]

p—1 p—1
p pa _
5pUp:5p<§ ’Ya)z :pk2
a=0

11 a
a=0 | 0 p a=0 | 0 1

which acts as pF~1!. O
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Note that lemma 2.16 implies that e,,q commutes with d4 if p 4 d. Theorem 2.14
gives the following basis for S (I'g(V)):

{fl04 : fis a newform in S(To(N"))"™, dN' | N}.

The following lemma gives the action of e,.q on members of this basis:
Lemma 2.17. Suppose d and N’ are pos