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Introduction

The arithmetic theory of elliptic curves enters the new century with some of its
major secrets intact. Most notably, the Birch and Swinnerton-Dyer conjecture,
which relates the arithmetic of an elliptic curve to the analytic behaviour of its
associated L-series, is still unproved in spite of important advances in the last
decades, some of which are recalled in Chapter 1.

In the 1960’s the pioneering work of Iwasawa (cf. for example [Iw 64],
[Iw 69], or [Co99]) revealed that much is to be gained by replacing the clas-
sical L-series, an analytic function of a complex variable, by a corresponding
function of a p-adic variable. Ideally, the definition of the p-adic L-function
should closely mimic that of its classical counterpart, while bearing a more di-
rect relation to (p-adic, or eventually £-adic) cohomology, so that the resulting
analogues of the Birch and Swinnerton-Dyer conjecture become more tractable.

The first steps in investigating the Birch and Swinnerton—Dyer conjecture
along p-adic lines were taken by Manin [Ma 72] and Mazur and Swinnerton-
Dyer [Mz-SD 74], [Mz71], who attached a p-adic L-function L,(E,s) to a
modular elliptic curve E, or, more generally, to a cuspidal eigenform on a
congruence subgroup of SL;(Z). The key ingredient in the construction of
L,(E, s),recalled in Chapter 2, is the notion of a modular symbol, which relies
on the classical modular parametrisation

F7 | To(N) —s E,

so that the theme of complex uniformisation is present from the outset in the
definition of L ,(E, s).

The article of Mazur, Tate and Teitelbaum [MTT 84] then formulated a p-
adic Birch and Swinnerton-Dyer conjecture for L ,(E, s), expressing its order
of vanishing and leading coefficient in terms of arithmetic invariants similar
to those that appear in the classical conjecture: the rank of E(Q), the order of
the Shafarevich-Tate group of E over QQ, and a regulator term obtained from
the determinant of a p-adic height pairing on E(Q). A surprising feature which
emerged from this study was the appearance of “extra zeroes” of L, (E, s) when
p is a prime of split multiplicative reduction for E. In this case L ,(E, s) always
vanishes at s = 1, and the sign in its functional equation is opposite to the one
for the classical L-function L(E, s). Mazur, Tate and Teitelbaum conjectured
that L,(E, s) vanishes to order 14+rank(£(Q)), and that its leading term is
a quantity combining the p-adic regulator with the so called % -invariant of
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E/Q,, defined by

o log(q) ’
ord,(gq)

where g is Tate’s p-adic period attached to E/Q) and log is Iwasawa’s p-
adic logarithm. In particular, the Mazur-Tate-Teitelbaum conjecture expresses
L’p(E , 1) as a product of £ with the algebraic part of L(E, 1), a special case
that was established by Greenberg and Stevens [GS 93] using Hida’s theory
of p-adic families of ordinary eigenforms. Some of these developments are
summarized in Chapter 2.

The unexpected appearance of Tate’s period g in the derivative of L, (E, s)
led Schneider [Sch 84] to seek a purely p-adic analytic construction of L ,(E, s)
relying on a p-adic uniformisation of E:

F,/T — E(C,), (D

where .7, :=P1(C,) —P1(Q),) is the p-adic upper-half plane and I" is a dis-
crete arithmetic subgroup of PSL(Q,). In practice I” is obtained from the unit
group in an appropriate Z[1/ p]-order of a definite quaternion algebra over Q.
The existence of such a p-adic uniformisation relies on the Jacquet-Langlands
correspondence, which in many cases exhibits E as a quotient of the Jacobian of
a Shimura curve, and on the Cerednik-Drinfeld theory of p-adic uniformisation
of such curves. These theories which provide the background for Schneider’s
construction are recalled in Chapter 3 along with Schneider’s definition of the
boundary distribution on Py (Q,) attached to a rigid analytic modular form on
F6, /T . While extremely suggestive [K194], Schneider’s program fell short of
recovering the p-adic L-function of Mazur and Swinnerton-Dyer or of suggest-
ing a viable alternative.

Motivated by the conjectures of [MTT 84], the article [BD 96] laid the foun-
dations for a parallel study in which the cyclotomic Z,-extension of Q is re-
placed by the anticyclotomic Z,-extension of an imaginary quadratic field K.
In this context the role of modular symbols is played by Heegner points at-
tached to K or by special points in the sense of [Gr 87]. Somewhat earlier, the
work of Gross—Zagier [GZ 86] and Kolyvagin [Ko 88] underscored the impor-
tance of the theory of complex multiplication in understanding the Birch and
Swinnerton—Dyer conjecture for modular elliptic curves. In fact, this work pro-
vided some of the impetus for singling out the anticyclotomic setting for special
attention. From the outset, this setting displayed an even greater richness than
the cyclotomic one: several qualitatively different exceptional zero conjectures
in the spirit of [MTT 84] were formulated in [BD 96]. Some of these were proved
in [BD 97] using techniques introduced by Mazur [Mz,79] and Gross [Gr 84],
and others were established in [BD 98] and [BD 99], using p-adic integration
in a manner similar to what was originally envisaged by Schneider for the cy-
clotomic context. Furthermore, a lower bound on the order of vanishing of the
p-adic L-function in terms of the rank of E(K) was obtained in [BD 00] by
combining the techniques developped in [BD 97] and [BD 98] with the theory
of congruences betweeen modular forms. These developments are summarized
in Chapters 4 and 5.
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Prompted by the role of the p-adic uniformisation (1) in [BD 98] and
[BD 99], Iovita and Spiess independently proposed a construction of the p-
adic L-function of [BD 96] following Schneider’s framework. This construc-
tion, presented in [BDIS] and recalled in Section 4.2, clarified the role of p-adic
integration in the proofs of [BD 98] and [BD 99], and gave some insight into
the obstruction that prevented Schneider’s orginal attempt from yielding a sat-
isfactory theory of p-adic L-functions in the cyclotomic context.

To bring the p-adic L-function of Manin and Mazur-Swinnerton-Dyer more
in line with Schneider’s approach, and reconcile the ostensibly disparate meth-
ods used to treat the cyclotomic and anticyclotomic settings, a key role seems to
be played by an as yet largely conjectural theory [Da 00] of uniformisation of £
by .7, x .F¢, presented in Chapter 6. The quotient of .7, x .74 by a discrete
arithmetic subgroup I' C SL>(Q,) x SL(IR) had been explored earlier from
a different angle in the work of Thara [Th 68], [1h 69], [Ih 77] and Stark stressed
the parallel with the theory of Hilbert modular forms [St 85]. While bringing
to light a suggestive analogy between the exceptional zero conjecture proved
in [GS 93] and results of Oda [Oda 82] on periods attached to Hilbert modular
surfaces, the theory initiated in [Da 00] has so far failed to reveal a new proof
of the result of Greenberg and Stevens. Perhaps its major success has been in
conjecturing a natural generalisation of the theory of complex multiplication
in which imaginary quadratic fields are replaced by real quadratic fields. The
search for an explicit class field theory for real quadratic fields modelled on the
theory of complex multiplication has been a recurring theme since the time of
Kronecker (cf. [Sie 80], [St 75], [Sh 72] and [Sh 70]), and it is encouraging that
the study of p-adic L-functions of modular elliptic curves should suggest new
inroads into this classical question.

The theory of elliptic curves, while loath to relinquish its most pregnant
secrets, has yielded a bounty of arithmetic insights in the 20th Century. It has
also conjured a host of new questions, such as the tentative theory of complex
multiplication for real quadratic fields presented in Chapter 6. Questions of this
sort suggest fresh avenues of exploration for the new century, and it is hoped they
will eventually yield a better understanding of the subtle interactions between
arithmetic and analysis, both complex and ultrametric, which lie at the heart of
the Birch and Swinnerton—Dyer conjecture.

1. Elliptic Curves and Modular Forms

1.1 Elliptic Curves

An elliptic curve over a field F is a projective curve of genus one over F' with a
distinguished F -rational point. It can be described by a homogeneous equation
of the form

E:y*z+aixyz +azyz? = x3 + apx®z + agxz® + ag2’, )

in which the distinguished rational point is the point at co, with projective
coordinates (x : y : z) = (0 : 1 : 0). The set E(F) of solutions to (2) with
X, y,z € F forms an abelian group under the usual addition law described by
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the chord and tangent method. Among the projective curves, the elliptic ones
are worthy of special consideration, because they alone are endowed with a
structure of an algebraic group. The Diophantine study of E is facilitated and
enriched by the presence of this extra structure.

Of primary interest to arithmetic is the case where F = Q or where F is a
number field, which is what will be assumed from now on. The following result,
known as the Mordell-Weil theorem, is at the core of the subject:

B THEOREM 1.1 The group E(F) is a finitely generated abelian group, i.e.,
E(F)~T®Z,
where T is a finite group (identified with the torsion subgroup of E (F)).

The integer r is called the rank of E over F: it represents the minimal
number of solutions needed to generate a finite index subgroup of E(F) by
repeated application of the chord and tangent law.

Unfortunately, the proof of the Mordell-Weil theorem, based on Fermat’s
method of infinite descent, is not effective. It is not known whether Fermat’s de-
scent, applied to a given E always terminates. Thus the following basic question
remains open.

B QUESTION 1.2 [s there an algorithm to compute E(F)?

The torsion subgroup T can be calculated without difficulty. The challenge
arises in computing the rank » and a system of generators for E(F).

The complexity of Fermat’s descent method applied to the problem of com-
puting E(F) is encoded in the so-called Shafarevich-Tate group of E over F,
denoted by the cyrillic letter III:

[I(E/F) = ker (HI(F, E) — ®,H\(F,, E)). 3)

The Shafarevich-Tate conjecture states that [II(E/F) is finite. This finiteness
would imply that Fermat’s descent method for computing E (F') terminates after
a finite number of steps, thus yielding an affirmative answer to question 1.2. In
the study of elliptic curves and their associated L-functions, the group III(E/F)
plays arole analogous to that of the class group of a number field in the study of
the Dedekind zeta-function. But the finiteness of III(E/F) lies deeper: indeed
it is only known in a limited number of instances.

1.2 The Birch and Swinnerton-Dyer Conjecture

Assume from now on that F = Q, the field of rational numbers. Insights about
the Mordell-Weil group E(Q) may be gleaned by studying E over various
completions of the field Q: the archimedean completion Qs := R, and the
non-archimedean fields Q.

When p is a non-archimedean place, the curve E is said to have good
reduction at p if it extends to a smooth integral model over the ring of integers
Z, of Q. In this case, reduction modulo p gives rise to an elliptic curve over
the residue field FF,. Setting

ap:=p+1—-#E)),
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the inequality of Hasse states that

lapl < 24/p. “4)

The curve E is said to have split (resp. non-split) multiplicative reduction at p if
there is a model of E over Z, for which the corresponding reduced curve has a
node with tangent lines having slopes defined over IF, (resp. over the quadratic
extension of IF,, but not over I ,).

Define the local L-function at p by setting L(E/Q,, s) to be

1=25)=1 i E has good reduction at p,

(I—app™” +p
1- p_s)_l if E has split multiplicative reduction at p,
1+ p_s)_l if E has non-split multiplicative reduction at p,

1 otherwise.
Complete this definition to the archimedean place oo by setting
L(E/R,s) = 2n) " I (s).

The complex L-function of E over Q is then defined by setting

L(E,s):= [[ L(E/Qy.8):  A(E.s) =[] L(E/Q,.5).

VF#00

Hasse’s inequality (4) implies that the infinite products defining L(E, s) and
A(E, s) converge to the right of the line real(s) > 3/2.

B CONJECTURE 1.3 The L-function L(E, s) extends to an analytic function on
C. Moreover, it satisfies the functional equation

A(E,s) = wA(E,2 —s),
where w = £1.

The analytic continuation of L(E, s) makes it possible to speak of the be-
haviour of L(E, s) in a neigbourhood of s = 1. The conjecture of Birch and
Swinnerton-Dyer predicts that this behaviour captures many of the arithmetic
invariants of E/Q, in much the same way that the behaviour at s = 0 of the
Dedekind zeta-function of a number field encodes arithmetic information about
that number field via the class number formula.

Let Py, ..., P be a collection of independent points in E(Q), which gen-
erate a subgroup of E (Q) having finite index ¢. The regulator attached to E(Q)
is defined to be

Reg(E/Q) = det((P;, P;))/1%,

where (P;, P;) is the Néron-Tate height pairing of P; and P;. Finally, let ¢,
denote the number of connected components in the Néron model of E over Z,
and let coo = $24, the real period of E.
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B CONJECTURE 1.4 The L-function of E over Q has a zero of order precisely
r at s = 1. Furthermore,

LO(E, 1) = #III(E/Q)Reg(E/Q) [ [ cu,

where LY)(E, 1) denotes limy_, 1 L(E, s)/(s — 1)".

Concerning the Birch-Swinnerton Dyer conjecture, Tate wrote [Ta 74]

This remarkable conjecture relates the behaviour of a function L, at a point where it is
not at present known to be defined, to the order of a group I, which is not known to be
finite.

In 1977, the work of Coates and Wiles [CW 77] established partial results to-
wards the Birch and Swinnerton-Dyer conjecture for elliptic curves with com-
plex multiplication — a class of curves which has played an important role in
the development of the theory. Aside from this restricted class, Tate’s quote
accurately summarized the state of knowledge (or perhaps, ignorance) on the
question, until around 1980, when the work of Gross-Zagier [GZ 86] and the
ideas of Kolyvagin [Ko 88], combined with those of Wiles [Wi 95], led to the
following general result:

® THEOREM 1.5 Let E be an elliptic curve over Q. Then its associated L-series
L(E,s) has an analytic continuation and satisfies the functional equation of
Conjecture 1.3. Furthermore, if ords—1 L(E, s) < 1, then

r=ordy—L(E,s),
and the Shafarevich-Tate conjecture for E /Q is true.

The first assertion in this theorem follows, as will be explained in Section
1.3, by combining some classical results of Hecke with the work of [Wi95],
[TW 95], [Di96], and [BCDT] establishing the Shimura-Taniyama-Weil con-
jecture for all elliptic curves over the rationals, so that such curves are known
to be modular. The proof of the second assertion makes essential use of this
modularity property. It also supplies a procedure for computing E(Q), based
on the theory of complex multiplication, which is different from the descent
method of Fermat, and will play an important role in this article.

Theorem 1.5 provides an almost total control on the arithmetic of elliptic
curves over Q whose L-function has a zero of order at most 1 at s = 1: for
such curves, the main questions pertinent to the Birch and Swinnerton-Dyer
conjecture are resolved. In light of this, the following question stands as the
ultimate challenge concerning the Birch and Swinnerton-Dyer conjecture for
elliptic curves over Q:

B PROBLEM 1.6 Provide evidence for the Birch and Swinnerton-Dyer conjec-
ture in cases where ordg_1 L(E, s) > 1.

In this situation the relation between the rank r of E(Q) and the order of van-
ishing of L(E, s) at s = 1 remains mysterious. The inequality

ordg—1L(E,s) >r )
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is known when the field Q is replaced by the function field of a curve over a finite
field, by work of Tate [Ta 65]. The reverse inequality, seemingly intextricably
linked with questions surrounding the finiteness of the Shafarevich—Tate group,
seems to lie deeper. It should be cautionned that existing methods seem ill-
equipped to deal with even the “easy half” (5) of the Birch and Swinnerton—
Dyer conjecture. The process whereby the presence of “many” rational points
in E(Q) forces higher vanishing of L(E, s) at s = 1 is simply not understood.
To take stock of the ignorance surrounding such questions, note that J-F. Mestre
has constructed an infinite set of elliptic curves over Q of rank > 12 [Me91],
but that the following question still remains open:

® QUESTION 1.7 Is there an elliptic curve E over Q withordg— 1 L(E, s) > 37

As will be explained in Section 5.4, it is precisely questions of this sort that
become more manageable once the complex L-function has been replaced by
a p-adic analogue.

1.3 Modularity

Given an integer N, let IH(N) be the group of matrices in SLy(Z) which are
upper triangular modulo N . It acts as a discrete group of Mobius transformations
on the Poincaré upper half-plane

F = {z € C|Im(z) > 0}

A cusp form of weight 2 for Ij(N) is an analytic function f on .7Z satisfying
the relation

az+b 2 ab
=(cz+d , forall € I'p(N), 6
f(cz—i—d) (cz+d?f(2), fora (C d) (N, ()
together with suitable growth conditions at the boundary points in P{ (Q), called
cusps. (Cf. [DDT 96], §1.2.) For example, the invariance in equation (6) implies
that f is periodic of period 1, and one requires that it can be written as a power
series in ¢ = €27 with no constant term:

f@ =) awq".
n=1

Note that property (6) implies that wy := 27if (z)dz is IH(N)-invariant, and
hence can be viewed as a differential form on the quotient Yo (N) := .72/ TH(N).
The growth conditions at the cusps imply that wy extends to a holomorphic
differential on the complete Riemann surface Xo(/N) obtained by adjoining to
Yo(N) the I'y(N)-orbits of the cusps.

The Dirichlet series

L(f,s) = Zannﬂ

is called the L-function attached to f. A direct calculation reveals that L(f, s)
is essentially the Mellin transform of f:

A(f, ) = @) T()L(f, 5) = fo Fliy)y*~Ldy. ™
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The space of cusp forms of weight 2 on I'H(N) is a finite-dimensional vector
space and is preserved by the involution Wy defined by

—1
Wn(f)(z) = szf(N—zm

Hecke showed that if f lies in one of the two eigenspaces for this involution
(with eigenvalue —w = =%1) then L(f, s) satisfies the functional equation:

A(f, ) =wA(f, 2 —s). ®)

Moreover, L( f, s) has an analytic continuation of the form predicted for L(E, s)
in Conjecture 1.3.

Let E be an elliptic curve over Q. It is said to be modular if there exists a
cusp form f of weight 2 on I'y(N) for some N such that

L(E,s) = L(f,s). €))

Taniyama and Shimura conjectured in the fifties that every elliptic curve over
Q is modular. This important conjecture gives a framework for proving the
analytic continuation and functional equation for L (E, s), and illustrates a deep
relationship between objects arising in arithmetic, such as E, and objects, such
as f, which are part of an ostensibly different circle of ideas — related to Fourier
analysis on groups, and the (infinite-dimensional) representation theory of adelic
groups, as described in the far-reaching Langlands program. As Mazur writes
in [Mz74],

It has been abundantly clear for years that one has a much more tenacious hold on the
arithmetic of an elliptic curve E/Q if one supposes that it is [...] parametrized [by a
modular curve].

Thanks to the work of Wiles [Wi 95], Taylor-Wiles [TW 95] and its extensions
[Di96], [BCDT], this important property of E is now established uncondition-
ally.

m THEOREM 1.8 Every elliptic curve E over Q is modular.

For the main ideas of the proof, presented in the special case where E is
semistable, see [DDT 96].

It is known that the level N of the form f attached to E can be chosen to
be the conductor of E. It will be assumed from now on that this is the case.

Once the curve E is given, the Fourier coefficients a, of the associated
modular form f can be obtained from identity (9) combined with the definition
of L(E, s). The analytic function

Z

a,

n [

7 § : eZmnz
n

n=1

¢ 1 I —> C defined by ¢ (z) =/

100
then satisfies

¢e(yz) —¢(2) € Ag, forally € IH(N),

where Af is the Néron lattice associated to E. By passing to the quotient, ¢
thus defines an analytic uniformisation from .7% /I jy(N) to C/Ag = E(C).
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2. Cyclotomic p-Adic L-Functions

Let E be an elliptic curve over Q of conductor Ny, denote now by fy the
normalised eigenform of weight 2 on I'y(Ng) associated to it by Theorem 1.8,
and set w s, := 2mi fy(z)dz. The program, recalled in Section 2.1, of assigning
to E (or rather, to fp) a p-adic L-function L, (E, s) dates back to the articles
[Ma72], [Mz71] and [Mz-SD 74].

2.1 The Mazur-Swinnerton-Dyer p-Adic L-Function

Letting £2.4 (resp. £2_) be the positive generator of Ag NR (resp. of AgNiR))it
is not hard to see that the index of Z£2 +7Z§2_ in Ag is the number of connected
components of E (IR) and hence is at most two. Let x and y be elements of P (Q).
The modular integral attached to E and x, y, denoted /g (x, y), is defined by
the rule:

y
Ig(x,y) ::/ .
X

The modular integrals attached to E satisfy the following important integrality
property:

®m THEOREM 2.1 (Drinfeld-Manin) The Z-module generated by the modular
integrals Ig(x, y) with x and y € P1(Q) is a lattice in C. More precisely,

Ip(x,y) = (x, y)} 24 + {x, ), 22—,
where {x, y}jfc0 are rational numbers with bounded denominators.

The functions {x, y}lip0 and {x, y}p = {x, y}}“0 + {x, y};0 are called the
modular symbols attached to E, and the Z-submodule generated by them is
called the module of values attached to E.

The construction of the p-adic L-function L, (E, s) will not be given in full
generality but only in the following two cases:

1. (The good ordinary case). The prime p does not divide N and the Fourier
coefficient ap, so that E has good ordinary reduction at p. In this case, one
has

x? - apx +p=x—ap)x—pp), witha, € Z;, B, € pZp.

2. (The multiplicative case). The prime p divides Ny exactly, so that E has
multiplicative reduction at p. This reduction is splitif a, = 1 and non-split
if a, = —1. In this case set a), := ap.

Set N := pNp in the good ordinary case, and N := Ny in the multiplicative
case. It is convenient to replace the eigenform fy on IH(Np) by an eigenform
on Ip(N). This is done by setting

Fo) = fo(z) — a;lfo(pz) in the good ordinary case (10)

fo(2) in the multiplicative case.
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Note that f is a normalised eigenform on I'y(NN), and that it satisfies
Upf=ua,f.

Here U, denotes the p-th Hecke operator, as defined for example in [MTT 84],
ch. I, §4 (where the alternate notation 7}, is used). Accordingly, the modular
symbol attached to f is defined by setting

{x, ¥} — a;l {px, py} s, in the good ordinary case

{x.y}r 3={ 1)

x, v} in the multiplicative case.

Note that {x, y} ; belongs to Q in the multiplicative case, but only to Q, in the
good ordinary case. Note also that {yx, yy}s = {x, y} s forall y € I'H(N), so
that in particular the modular symbol {c0, a/M} y depends only on a /M modulo
1. In fact, the symbols {oo, a/M} satisfy the following basic compatibility
relation, for alla € Z/MZ:

o B R Pl

x=a(mod M)

This relation makes it possible to define a distribution on Z, as follows. Given
a € Zy, let B(a, n) be the compact open subset of Z ; defined by

B(a,n) ={x € Z;,‘ suchthatx =a (mod p™)}.

® DEFINITION 2.2 The Mazur measure on Z; is the measure u 7, defined by

urQ(Bla,n)) = a;" {oo, an} .
Py

The compatibility property (12) satisfied by the modular symbols {x, y} s
translates into a p-adic distribution relation satisfied by u .. Since u ¢, takes
values in a bounded subset of Q,,, it defines a p-adic distribution on Z ; against
which locally analytic C,-valued functions on Z; can be integrated.

Let x : (Z/p"Z)* —> C* be a primitive Dirichlet character of p-power
conductor, viewed as a locally constant function on Z >, and let

o
L(E, x.5) =Y _anx(mn*
n=1

be the L-function of E twisted by x. Write t(x) := ), (mod p) X(a)ezma/”n

for the Gauss sum attached to x. The Mazur distribution s satisfies the
following interpolation property with respect to the values of the L-function
L(E, x, s). (Cf. [MTT 84], ch. I, §8.) Fix embeddings of Q into C and Cp,so
that a C-valued character x as above can alternately be viewed as a C,-valued
character.
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B PROPOSITION 2.3 Let ) : Z; — (C; be a continuous finite order character
of conductor p". Then

/ x(xX)durox) =
ZX

P

P'LEE. X D/(T()24) if x # 1
(1=, DLE. D/2y  ifx =1

If x belongs to Z;, set
(x) = 1irxlnx‘*1’" el+pZ,. (13)

The interpolation property of Proposition 2.3 motivates the following definition:

B DEFINITION 2.4 The p-adic L-function L ,(E, s) attached to E is the p-adic
Mellin transform of Mazur’s measure i r,qy, defined by

Ly(E,s) = fZ o).

P

(By definition, the quantity (x)* —1is given by exp((s — 1) log({x))), where log
is Iwasawa’s p-adic logarithm.)

2.2 The Mazur-Tate-Teitelbaum Conjecture

It is natural to wish to formulate p-adic analogues of the conjecture of Birch
and Swinnerton-Dyer for the p-adic L-function L,(E,s) constructed in the
previous section. This is the task accomplished in [MTT 84]. As before, write
r =rank(E (Q)). In the good ordinary or non-split multiplicative reduction case,
the conjecture of Mazur, Tate and Teitelbaum reads as follows:

B CONJECTURE 2.5 Suppose that E has good ordinary or non-split multiplica-
tive reduction at p. Then

1. ordg—1L,(E,s) =r.
2. LY(E. 1) = #II(E/Q)Reg,(E/Q) - [], cu.

Here L' (E, 1) denotes lim,_, | L ,(E, s)/(s — 1)". The term Reg ,(E/Q)
is a regulator term computed by taking the determinant of the p-adic height
pairing defined in [MTT 84], ch. II, §4 on the Mordell-Weil group E(Q), and
all the other expressions are the same as those that occur in the classical Birch
and Swinnerton-Dyer conjecture (Conjecture 1.4).

Suppose now that £ has split multiplicative reduction over Q,, and let

Drae : Q5 /(g7) — E(Q))

be Tate’s p-adic uniformization, where ¢ € Q) is the p-adic period attached to
E. In this setting there is a surprise foreshadowed in Proposition 2.3: because
ap = 1, the presence of the Euler factor (1 — a;l) forces L, (E, s) to vanish
at s = 1 regardless of the rank of E(Q). Mazur, Tate and Tetelbaum were then
led to the following conjecture:
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B CONJECTURE 2.6 Suppose E has split multiplicative reduction at p. Then
1. ordg—1L,y(E,s) =r+ L

1
2. Ly*V(E. 1) = #II(E/Q)Reg,(E/Q) - T, cv.

The only term that needs explaining is the regulator term Reg; (E/Q), called the
p-adic sparsity in [MTT 84], ch. I, §6. It is formed by taking the determinant
of the p-adic height pairing on the extended Mordell-Weil group of [MTT 84].
(See [MTT 84], ch. II, §6, and Section 4.4 where the definition of this regulator
term is presented for the anti-cyclotomic context.) In the special case where
r = 0, one has

log(q)

ord,(q)’

the so called £ -invariant of E/Q,, sometimes denoted £ (E/Q,). By com-
bining Conjecture 2.6 with the classical Birch and Swinnerton-Dyer conjecture,
Mazur, Tate and Teitelbaum were led to the following “exceptional zero con-
jecture”:

Reg),(E/Q) =

B CONJECTURE 2.7 Suppose E has split multiplicative reduction at p. Then

log(g) L(E, 1)
ord,(q) $24 .

!
L'(E. 1) =

This conjecture has the virtue of sidestepping the more subtle issues involved
with higher order zeroes caused by the presence of points of infinite order
in E(Q). It can also be formulated concretely as a relation between modular
symbols:

B CONJECTURE 2.8 Suppose f is anormalised eigenform of level N with p||N
and ap = 1. Then

log(q)
ord,(q)

dim Y log(@){oo.a/p") s =

ae(Z/p"Zy*

{00, 0} /.

2.3 Results on the Mazur-Tate-Teitelbaum Conjecture

The following is known concerning the conjectures of Mazur, Tate and Teitel-
baum:

1. Conjecture 2.7 was proved in [GS 93]. The proof given there relies on
Hida’s theory of p-adic families of ordinary eigenforms and on the theory of
deformations of Galois representations.

2. The work of Kato, Kurihara and Tsuji establishes the “easy inequality”
for the order of vanishing of L ,(E, s). More precisely,

ordg—1L,(E,s) =1+,

where § = 1if ), = 1 and § = 0 otherwise. The proof of Kato, Kurihara and
Tsuji, following the method initiated by Kolyvagin, relies on an Euler system
introduced by Kato, constructed from Beilinson’s special elements in the K7
of the modular function field. Although the general strategy was announced by
Kato in the early 90’s (cf. [Ka 93]), parts of the proof are still unpublished.
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3. Schneider’s Approach

The appearance of the factor log(q)/ord, (¢) in the first derivative of L ,(E, s)
at s = 1 led Schneider to propose a definition of this p-adic L-function in
which the theme of p-adic uniformisation and p-adic integration arises in a
more transparent way. Schneider’s basic idea, explained in [Sch 84], is recalled
in this chapter.

3.1 Rigid Analysis

Let C, be the completion of the algebraic closure Q p of Qp, and let
%p = IEDl((cp) - (@p)

be Drinfeld’s p-adic upper half plane. The group PGL2(Q)) acts on .72, by
fractional linear transformations. Fix once and for all an embedding of Q into
@, and hence C,,.

The space .77, is endowed with a rich theory of “p-adic analytic functions”
which resembles the complex-analytic theory. By analogy with the complex
case, it could be tempting to define an “analytic” function on .7, as a C-
valued function which admits a power series expansion in each open disk. In
the p-adic setting, however, two open discs are either disjoint or one is contained
in the other! The space of “analytic functions” according to this definition turns
out to be too large and not “rigid” enough to yield a useful theory: for example,
the principle of analytic continuation fails.

A fruitful function theory, obeying many of the principles of classical com-
plex analysis, is obtained by replacing open discs by so-called affinoid sets,
which are made up of a closed p-adic disc with a number of open disks deleted.
The affinoids cover .74, and can be used to define a sheaf of rigid analytic func-
tions which enjoys many of the same formal properties as the sheaf of complex
analytic functions on . 7.

More precisely, write .7~ = .7, for the Bruhat-Tits tree of PGL(Q)). It is
a homogeneous tree of degree p + 1 whose vertices correspond to homothety
classes of rank two Z-lattices in Qf,, two vertices being joined by an edge if
the corresponding homothety classes have representatives containing each other
with index p. The set Z"(.7") of vertices of .7~ contains a distinguished vertex
v° corresponding to the homothety class of the standard lattice Z%, C (@%,. The
group PGL,(Q)) acts naturally on .7~ (on the left), and this action realises
PGL;(Q,) as a group of isometries of .7”. The function b — b - v° identifies
the coset space PGL,(Q,)/PGLy(Z,) with Z°(7"). Let b, be the element of
PGL,(Q,)/PGL>(Z)) corresponding to the vertex v under this identification.

An edge of .77 is an ordered pair of adjacent vertices of .7 . Given such
an edge e, denote by source(e) and target(e) the source and target vertex of e
respectively, and write e for the unique edge obtained from e by reversing the
orientation (i.e., such that source(e) = target(e) and target(e) = source(e)).
Let e° be an oriented edge having v° as source. The stabiliser of e° is the image
in PGL5(Q)) of the unit group in an Eichler order of level p in M>(Z,). (See
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Section 3.2 for the precise definition of Eichler order.) Choose e° so that this
Eichler order is

{(i s> € M>(Zp) such thatc =0 (mod p)} .

—

The function b — b - ¢° identifies PGL2(Q),)/stab(e®) with the set &£ (.77) of
edges of .7. Let b, be the element of PGL,(Q),)/stab(e°) associated to the
edge e in this identification.

Given b € PGL(Q)), let

redy : P1(C,) — PI(F[?)

be the map defined by red,(z) = b~!z modulo the maximal ideal of @’CP. For
any vertex v of .77, choose a representative b € PGL2(Q),) for the coset b, and
let F'(v) C .72, be defined by

F() :={z € P1(C,) such that red,(z) ¢ P (F,)}.

It is obtained by excising p + 1 disjoint open discs from IP{(C,), and is an
example of a connected affinoid domain in .7%,,. (See [G-VdP 80], ch. II, §1
(1.2).) Note that the set F(v) depends only on v and not on the choice of b.

AN
Likewise anedge e € & (.77) is associated to an oriented wide open annulus
V(e) C .7, by choosing a representative b for the coset b, and setting

V(e) = {z € P{(Cp) such that 1 < |b~'z|, < p}.
The annulus V (e) can be written as IP1 (Cp,) — AT — A~, where
AT := {z such that |b*]z|p <1}, A™ :={zsuchthat |b*1Z|p > pl,

and the orientation is defined by singling out the closed disc A™ in the comple-
ment of Vj,.
If e is any edge of .77 with source and target v~ and v™ respectively, the
affinoid
Ae) = Fw ) UV(e)UF@h)

is called the standard affinoid subset attached to e. The family of subsets A(e),

as e ranges over ;? (9), gives a cover for .7Z), by affinoid subsets. The com-
binatorics of this cover are reflected in the incidence relations among edges of
the tree.

If A C .72, is any affinoid subset, the space of rational C ,-valued functions
on A with poles outside A is equipped with the sup norm arising from the p-adic
normon C,,.

m DEFINITION 3.1 A function f on. 70, is said to be rigid analytic if its restric-
tion to every affinoid subset A C .76, is a uniform limit of rational functions
having poles outside A.

Note that it is enough that f be such a uniform limit on each of the standard
affinoid subsets A(e).
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3.2 Shimura Curves

Denote by .77 an indefinite quaternion algebra over Q, i.e., a central simple
algebra of rank 4 satisfying

B R~ My(R).

An order in .73 is a subring of . 72 which is of rank 4 as a Z-module. A maximal
order is an order which is contained in no larger order, and an Eichler order
is the intersection of two maximal orders. (For the definition of the level of an
Eichler order, see [Vi80], ch. 1, §4.)

m PROPOSITION 3.2 The quaternion algebra .73 contains a maximal order. Any
two maximal orders in .73 are conjugate.

Proof. See [Vi80], ch. I, prop. 4.2 for the first assertion. The uniqueness up
to conjugacy follows from strong approximation, using the fact that .7 is an
indefinite quaternion algebra, and therefore that the set {oo} satisfies the Eichler
condition relative to .. (See [Vi 80], ch. III, corollaire 5.7 bis (2).)

Fix a maximal order .22M3* of .77, and an Eichler order .72 in .22™3_ For
each place ¢ of Q, let Q¢ denote the completion of QQ at £ (so that in particular
Qoo = R) and write

Ty =B RQQu, Sp:=7QLy.
The choice of an isomorphism
loo & P —> Mr(R)

identifies .25 with GL,(R). Let %31X be the group of elements of reduced
norm 1 in .72, and let I, = Loo(,”/z%i(). It is a discrete subgroup of SL,(R)
with finite covolume, and is cocompact if .2 22 M»(Q) ([Vi80], ch. 1V, th. 1.1).
Thus it acts by fractional linear transformations on the complex upper half plane
.77, and the analytic quotient .7 / Iy, inherits a natural structure of Riemann
surface, which is compact if .2 % M>(Q).

Let B be a definite quaternion algebra, i.e., a quaternion algebra over Q
satisfying

B®R ~H,

where H = R+ Ri +Rj + Rk is Hamilton’s skew field of real quaternions. The
algebra B does not satisfy the Eichler condition, and in general contains several
distinct conjugacy classes of maximal orders. (The number of such classes is
called the type number of B, cf. [Vi80], ch. V.)

Fix a prime p for which B splits, thatis, B&Q, >~ M2(Q,). AZ[1/ p]-order
in B is a subring of B which is stable under multiplication by Z[1/p] and is of
rank 4 as a Z[1/p]-module. A maximal Z[1/ p]-order of B is a Z[1/ p]-order
which is contained in no larger Z[1/p]-order, and an Eichler Z[1/p]-order is
the intersection of two maximal Z[1/ p]-orders. O

B PROPOSITION 3.3 The algebra B contains a maximal Z[1/ p]-order. Any two
maximal Z[1/ p]-orders in B are conjugate.
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Proof. The proof follows from strong approximation as for Proposition 3.2,
using the fact that the set { p} satisfies the Eichler condition relative to B.

Choose an Eichler Z[1/ p]-order R of B, and let R IX be the group of elements
of R of reduced norm 1. For each prime ¢ of Q, denote as before

By := B ®q Q, Ry := R ® Zy,
and choose an isomorphism
L: By — Ma(Qp). (14)

Let I' := L(RIX) C SLy(Qp). It acts on the p-adic upper half-plane .72,
of Section 3.1 by fractional linear transformations. This action is discrete and
properly discontinuous. The quotient .72, /I" inherits a rigid analytic structure
from .7Z,,: it is an admissible curve over C, in the sense of [JL 85], sec. 3. (See
also the discussion in [K194], ch. 1.)

Let S be a finite set of places of Q of odd cardinality containing the place
0o, and let Nt be an integer which is not divisible by any prime in S. A Shimura
curve X over QQ can be associated to the data (S, N*) in a manner which will
now be explained. The presentation of this material is inspired by [Gr 84], ch. IV.

]

Definition Via Moduli. Let .7 be the indefinite quaternion algebra ramified
exactly at the places in S — {00}, let.#2 be an Eichler order in .77 of level N,
and let .72™#* be a maximal order containing .72.

m DEFINITION 3.4 Anabelian surface with quaternionic multiplication (or QM

surface, for short) with level N7 -structure over a base scheme T is a triple

(A, i, C), where

1. A is an abelian scheme over T of relative dimension 2;

2. i:.72M%* — Endy(A) is an inclusion defining an action of /2™ on A;

3. C is an NT-level structure, i.e., a subgroup scheme of A which is locally
isomorphic to 7./ N7 and is stable and locally cyclic under the action of

See [BC91], ch. IIT and [Rob 89], §2.3 for more details.

® DEFINITION 3.5 The Shimura curve attached to the data (S, N*V) is the
coarse moduli space for QM surfaces with level N -structure over the base

T = Spec(Q).

The Curve X over C. Let X (C) be the set of complex points of X, endowed
with its natural structure of a Riemann surface. Let .72] be the group of ele-
ments of .72 of reduced norm 1, and let 5, = Loo(.%i() C SL;(R) as above.
The following proposition is included to highlight the analogy with the p-adic
setting, but is not used anywhere in the sequel.

B PROPOSITION 3.6 The Riemann surface X (C) is isomorphic to the quotient
T | Tno.

Page: 16 job: berto  Engquist/Schmid (eds.) Mathematics Unlimited — 2001 and Beyond date: 29-Aug-2000



The p-Adic L-Functions of Modular Elliptic Curves

17

Proof. See [BC91], ch. 111, or [Rob 89]. O

The Curve X over C,. Assume that § — {oo} is non-empty and let p € Sbe a
rational prime. Let B be the (definite) quaternion algebra ramified precisely at
the places in S — {p}, and let R be an Eichler Z[1/p]-order in B of level N .
LetI" = L(RIX) C SL2(Q)) be the group obtained from the elements of norm
lin R.

m THEOREM 3.7 (Cerednik, Drinfeld) The rigid analytic curve X (C)) is iso-
morphic to the quotient 76, /T" of Section 3.2.

Proof. See [JL 85], theorem 4.3’. A detailed exposition of the Cerednik-Drinfeld
theorem can be found in [BC91]. a

3.3 Modular Forms

Let X be the Shimura curve associated to the data (S, N 1) as in Section 3.2.
If F is any field of characteristic zero, denote by §2x,r the sheaf of regular
differentials on X .

® DEFINITION 3.8 A modular form of weight 2 on X over F is a global section
of the sheaf 2x/F.

Complex Analytic Description. Assume for simplicity that S # {oo}, so that

the quotient .7/ '« of Proposition 3.6 is compact. For all M = (a b) €

cd
GLy(R) or GL,(C,), write

det(M)

U@ = ==

f(Mz).

® DEFINITION 3.9 A modular form of weight 2 on 'y, is an analytic function
f on F satisfying

fr2) = ez +d’f @) (ie, fly = f). forally = (‘C’ Z) € .

Ifwe HY(X, 2x,¢) is amodular form of weight 2 on X over C, and
Vo T —> X(C)
is the complex analytic uniformisation of Proposition 3.6, then
P (@) = f(2)dz,

and f, viewed as a function on .77, is a modular form of weight 2 on I'x.

Rigid Analytic Description. Let I" C SL>(Q),) be the p-adic discrete group
of Theorem 3.7.
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B DEFINITION 3.10 A rigid analytic modular form of weight 2 on I' is a rigid-
analytic function f on .76, satisfying

fD) = ez +d @), (e, fly = 1), forally = (‘C’ f}) er.

Definitions 3.10 and 3.8 are related as in the complex case. If @ is a modular
form of weight 2 on X over C,, and

¢p I, — X(Cp)
is the rigid analytic uniformisation of Theorem 3.7, then

¢, (@) = f(2)dz,

and f(z) is arigid analytic modular form of weight 2 on I". Let S;ig (I") denote
the C,-vector space of such modular forms.

3.4 Schneider’s Distribution
Let M be a Z-module endowed with the trivial action of I".
® DEFINITION 3.11 An M-valued harmonic cocycle on .7 is an M-valued

—
function on & (7)) satisfying

c(e) = —c(e), > cle)=0, YweT.

source(e)=v

Write Cjqr (M) for the Z-module of M-valued harmonic cocycles, and denote
by Char(M )" the module of I'-invariant harmonic cocycles, i.e., harmonic
cocycles c satisfying

c(ye) = c(e), forally e I'.

® DEFINITION 3.12 A harmonic cocycle of weight 2 on .7 is a Cj,-valued
harmonic cocycle.

Define the C-vector spaces Cpqr := Cpar(Cp), and C;{;r = Char ((Cp)r.

Following Schneider [Sch 84], [Te 90], it is possible to associate to a rigid
analytic modular form f of weight2 on I" (defined as in Section 3.3) a harmonic
cocycle ¢y € Cpqy by the rule

cr(e) =res.(f(2)dz), (15)

where res, is the p-adic annular residue along the oriented wide open annulus
V(e) inIP1(C,), defined by

rese (w) 1= resy (o) (0] (e))-

The fact that ¢ is harmonic follows from the p-adic residue formula. (Cf.
[Sch 84].)
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® LEMMA 3.13 The cocycle cy is I'-invariant, i.e., it satisfies
cr(ye) =cyrle), Vyel.
Proof. Forall y € I,

resy(f(2)dz) = res.(f(yz)d(yz))
res.(f(z)dz) = cy(e).

cr(ye)

Set
(croepy= Y wecs(e),

ce £ (7)) T

where the sum is taken over a set of representatives for the I"-orbits in ;? ()
and the integer w, is the cardinality of the stabiliser of e in I".

We come to a construction of Schneider which associates to a rigid analytic
modular form f on I" a “boundary distribution” 4 r.

An end of .7 is an equivalence class of sequences (e,,)fq"’:1 of elements ¢, €

;;(.7 ) satisfying target(e,) = source(e,1), and target(e,+1) 7# source(e,),
two such sequences (e,) and (e),) being identified if there exist N and N with
enyj = egv, ; for all j > 0. Let & (.7") be the space of ends on .7 . It is
identified with P (Q,) by the rule

(en) = lim be,, (00),
n
where b,, is the cosetin PGL,(Q)) associated to e, as in Section 3.1. The space
%o00(-77) thus inherits a natural topology coming from the p-adic topology on

P1(Qp). Eachedge e € ;? (.77) corresponds to a compact open subset U (e) of
%oo(:77) consisting of all ends having a representative which contains e.

The cocycle cy associated to f by equation (15) gives rise to a p-adic
distribution p ¢ on &0 (7)) = P1(Q)), satisfying the basic relation

/ duyg(x) =cyle). (16)
Ufe)

Thanks to the distribution relation, u ¢ can be integrated against any locally
constant C,-valued function on IP1 (Q,). Following the ideas of Manin-Vishik
and Amice-Velu, as explainedin [Te 90], proposition 9, extend 1  to afunctional
on the space of locally analytic C,-valued functions on P{ (Q),). O

®m LEMMA 3.14 [fr is any constant, then

/ rdus(x) =0.
H:DI (Qp)

Proof. Let v be any vertex of .77 . By the finite additivity of u s,

rdus(x) = / rdur(x). |
~/IP’1(Qp) ! Z U !

e,source(e)=v (@

The lemma follows from (16) combined with the harmonicity of c.
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® LEMMA 3.15 The distribution i y is I'-equivariant. In particular, for all y €

r
[ ansto= [ dauseo.
yU U

Proof. Apply Lemma 3.13 and the definition of 1 . O

The following result allows a rigid analytic modular form to be recovered
from its associated boundary distribution, and can be viewed as a p-adic ana-
logue of the Poisson inversion formula.

® PROPOSITION 3.16 (Teitelbaum) Let f be a rigid analytic modular form of
weight 2 on I" and let ¢ be the associated distribution on P (Q). Then

1
()=/ ——duy(t).
I Pi(@Qp) 2! "

Proof. See [Te 90], theorem 3. Note that the integrand i is a bounded analytic
function of ¢ so that the integral in the theorem converges. O

3.5 The Jacquet-Langlands Correspondence

Let N be a positive integer. The space S>(Ip(N)) of cusp forms of weight 2 on
IH(N), and the space S5 (I'H(N)) of newforms on this group, are endowed
with an action of the commuting Hecke operators 7, for each n > 1, defined
in the standard way. (See for example [MTT 84], ch. I, §4.) When £ is a prime
dividing N, in order to stress the special features of the multiplicative setting,
the symbol U, instead of T, will often be used in the sequel to indicate the £-th
Hecke operator.

The ring generated over Z by the operators 7, acting on S5 (I(N)) is
a commutative semisimple subalgebra of End(S5" (I'7(N))) which is finitely
generated as a Z-module, so that the eigenvalues of the 7;, are algebraic integers.

The space S»(IH(N)) is also equipped with the action of the Atkin-Lehner
involutions W, for each prime £|N. (In [MTT 84], ch. I, § 5, the involution W,
is called wga, where £¢ is the maximal power of £ dividing N.) The normalised
newforms in S ([H(NV)) are also eigenvectors for these involutions.

Let S be a set of places of QQ of odd cardinality containing {oo}, and suppose

that
N=N" [] ¢
£eS—{o0)

with N not divisible by any prime in S. Let X be the Shimura curve attached to
the data (S, NT) as in Section 3.2. By abuse of notation, let 7, denote also the
n-th Hecke correspondence on X, defined for example asin [JL 95]. When ¢ ¢ S
is a prime which does not divide N (resp. divides N 1), the correspondence Ty
is of bidegree £ + 1 (resp. £), just like its X (/N )-counterpart. When £ belongs to
S, the operator U, corresponds to an involution on X . (Cf. for example [BD 96],
sec. 1.5, where Uy is denoted W, ")

Let ¢ = Y a,q" be a normalised newform on I'y(N). The Jacquet-Lang-
lands correspondence allows ¢ to be replaced by a modular form on the Shimura
curve X.
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® THEOREM 3.17 (Jacquet-Langlands) There exists a modular form o of
weight 2 on X over C satisfying

T,(0) = ay, Vn=>1.
This form is unique, up to scaling by a non-zero scalar in C.

REMARK More generally, Theorem 3.17 establishes a correspondence be-
tween the modular forms on I'y(N) which are new at the primes contained in S
but not necessarily at those dividing N, and the modular forms on X.

Now, fix arational prime p in S, and let I" be the p-adic group attached to the
description of X as a curve over C, given in Section 3.2. Denote by the symbols
T, (or Uy, for £ dividing N) also the endomorphisms induced on S;lg (I') and
onC }Il;r. Crucial to Schneider’s construction is the following result, obtained by
combining the Jacquet-Langlands correspondence with the Cerednik-Drinfeld
theorem.

B COROLLARY 3.18 There exists a modular form w of weight 2 on X over C,,
satisfying

T, (w) = ayw, Vn > 1.
This form is unique, up to scaling by a non-zero scalar in C,,.

Let w = £1 denote the negative of the eigenvalue of W), acting on ¢,

W,(¢) = —we, sothat U,($) = we.

The form ¢ is said to be of split multiplicative type if w = 1, and of non-
split multiplicative type if w = —1. The abelian variety Ay attached to ¢ by the
Eichler-Shimura construction has split (resp. non-split) multiplicative reduction
at p when w = 1 (resp. w = —1), justifying this terminology.

The involution U, can be described in terms of the rigid p-adic uniformisa-
tion of X. More precisely, the group I” is contained in I" := ((R*) with index
two. Choose any element 7 € I — I". Then

Up(z) =yz.

Thus the differential form w of Corollary 3.18 is fixed by the involution U,
and hence is I"-invariant, if and only if ¢ is of split multiplicative type at p.

Let f € S,"(I") be the rigid analytic modular form on I” attached to @ by
Theorem 3.7. The form w, and hence f, is only well-defined up to multiplication
by a non-zero scalar in C,. The following definition is introduced to remove
this ambiguity.

B DEFINITION 3.19 An eigenform [ € S;lg (I") is said to be normalised if its
associated cocycle cy € Cyq, satisfies

(croep)y=1.
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Note that the normalised eigenform f € S,'¥(I") attached to ¢ is well
defined, up to a sign. Suppose from now on that f is normalised in this way.
Let K4 C C, be the finite extension of QQ generated by the Fourier co-
efficients of ¢. The normalised eigenform f satisfies the following rationality
property.
® LEMMA 3.20 The C,-valued cocycle c s takes values in K ¢, where K y is an
extension of Ky of degree < 2.

Proof. The space of I'-invariant Q-valued cocycles gives a Q-structure C}Z; rQ

on C};m which is preserved by the Hecke operators, and on which the pairing
(, ) takes values in Q. Hence the one-dimensional eigenspace of C ,{;r attached

to ¢ contains a K-rational vector ¢y € C;l;r 0® K. Since (cr, ¢r) belongs
to K, the lemma follows, with K y = K4 (,/{Cf, Cr)). O

3.6 Schneider’s p-Adic L-Function

Given the preliminaries in Section 3.4, the construction of Schneider’s p-adic
L-function, denoted L;,lg(E , §), proceeds as follows.

Let E£/Q be an elliptic curve of conductor N with multiplicative reduction
at p, and let ¢ be the modular form on I'H(N) attached to E by the Shimura-
Taniyama-Weil conjecture. Let S be a set of places of Q satisfying

1. S contains {p, oo},
2. S has odd cardinality,
3. E has multiplicative reduction at £ for all rational £ € S.

Suppose that such a set S exists, and put

Nt=N/ J] ¢

S—{oco}

Let X be the Shimura curve attached to the the data (S, N*). Write f for
the normalised rigid analytic modular form on .7Z,,/I" corresponding to ¢ by
Corollary 3.18. Let 1 s be Schneider’s measure on P (Q,) attached to f. By
restriction, it gives rise to a measure on the compact open subset Z; C P1(Qp).

® DEFINITION 3.21 The Schneider p-adic L-function attached to E /Q is the
function defined by

LY8(E, s) :=/ )Ly x).
Zp

This definition appears to depend in an essential way on the choice of the
embedding of B into M>(Q,) used in Theorem 3.7 to describe the p-adic
uniformization of X. In spite of the detailed study conducted in [KI194], no
direct connection between L;’g(E , 5) and the Mazur-Swinnerton-Dyer p-adic
L-function L ,(E, s) has so far been established. Section 4.2 will show that
the direct analogue of Schneider’s approach can be carried out in the anticy-
clotomic setting, and produces a canonical anticyclotomic p-adic L-function,
which interpolates special values of complex L-functions in a manner similar
to the p-adic L-function L ,(E, s) of Mazur and Swinnerton-Dyer.
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4. Anticyclotomic p-Adic L-Functions

Returning to the notations of Chapter 2, let E be an elliptic curve over Q of

conductor Ny, and let p be an ordinary prime for E. Set N = pNy if E has

good ordinary reduction at p, and N = Ny if E has multiplicative reduction at

p. Fix an imaginary quadratic field K of discriminant D, and assume that the

following simplifying assumptions hold:

(i) g ={£1},

(i) (N, D) =1, and

(iii) E has multiplicative reduction at the primes dividing N which are inert in
K.

The field K gives rise to a factorization
N =pNTN~

such that a prime £ divides N if £ is split in K, and divides N~ if £ is inert in
K. Note that p N~ is squarefree by assumption.

Let ¢ denote the primitive Dirichlet character attached to K. For reasons
that will become clear later, it is convenient to distinguish the following two
cases:

1. the definite case: e(N~) = —1,
2. the indefinite case: e(N™) = 1.

4.1 The Definite p-Adic L-Function

Consider first the definite case. Fix a (not necessarily maximal) Z[1/ p]-order
7 in K, and let %) be the maximal Z-order in . Both @ and (%) are com-
pletely characterized by their conductor ¢, which is a positive integer prime to
p. Suppose for simplicity that (¢, No) = 1 (so that also (¢, N) = 1). A

For each rational prime £, write K; for K ® Q, and 7 for (7 @ Z;. Let Z
denote as usual the profinite completion of Z and set

=001 K=03Q
The group % is isomorphic to [ |, ¢7,*, the product being taken over all primes
£. Write R
éy?/ — l_[ ﬂX ,

t#p
and set
Goo 1= K*/Q*CO'K*, Goo 1= KS/O*QF, A=K*/Q*C*K*.
These groups are related by the natural exact sequence:

1—>Goo—>éoo—>A—>1.

Class field theory lends canonical Galois theoretic interpretations to the groups
G and G . More precisely, let K, denote the ring class field of K of conductor
cp”, and set Koo = U, K.
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Let H be the maximal subextension of Ko over K in which all the primes
of K above p split completely. One has the tower of extensions

QCcKCHCKyCcKyC--K,C---Kx
satisfying
Goo = Gal(Koo/K), Goo = Gal(Koo/H), A = Gal(H/K).

Note that K, is the maximal abelian extension of K of conductor cp” which is
dihedral over QQ: that is, any lift of the generator of Gal(K /Q) to Gal(K, /Q) is
an involution t satisfying

8T = gi1 for all g € Gal(K,/K).

By the theory of complex multiplication, the field K, can be realised as a subfield
of C constructed by adjoining to K the value of the modular j-function on the
lattice attached to the order Z + cp” Ck of K of conductor cp”.

Let B be the definite quaternion algebra of discriminant N ~. Fix an Eich-
ler Z-order Ry of level No/N~ in B, and let R = Rg[1/p] be the Eichler
Z[1/ pl-order of level NT containing Ry. An orientation of R is a surjective
ring homomorphism

0: R —> (Z/N'Z) x ]_[ F.
¢IN—

Likewise, an orientation on (7' is a surjective homomorphism

O — (Z/N'Z) x [] Fe.
¢N—

Fix orientations on R and ¢ once and for all.

B DEFINITION 4.1 An embedding ¥ : K —> B is said to be an oriented
optimal embedding relative to R and (7, or also an oriented optimal embedding
of conductor ¢, if

. W(K)NR=W(O),
2. W is compatible with the fixed orientations on (7 and R, that is, the following

diagram commutes

oY R

N\ o/
(Z/NVZ) x [Tyn- Fee.

A pointed oriented optimal embedding of conductor c is a pair (¥, x), where ¥
is an oriented optimal embedding of conductor ¢ and x is an element of P1(Q)
which is not fixed under the action of ¥ (K ;) by Mébius transformations.

Write Embg(¢7, R) for the set of oriented optimal embeddings of conductor
¢, and Emb(¢?, R) C Embg(¢7, R) x P1(Q)) for the set of pointed oriented
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optimal embeddings of conductor c. By abuse of notation, the embedding ¥
will sometimes be used to denote the element (¥, %) of Emb(¢7, R) when the
suppression of the choice of base point from the notation does not result in any
ambiguity.

Fix an isomorphism¢ : B, — M>(Q,,). The group I" := ((R™) (cf. Section
3.5) acts on Embg(¢7, R) by conjugation (with elements of R*), and onP1(Q,)
by Mobius transformations. In this way it acts on Emb(¢7, R) as well.

m DEFINITION 4.2 A Heegner element of conductor c is a I"-conjugacy class
of oriented optimal embeddings of conductor c. A Heegner element of con-
ductor cp™ is a I'-conjugacy class of pointed oriented optimal embeddings of
conductor c.

Denote by £2(c) := Embg(¢7, R)/I" (resp. £2(cp™) := Emb(¢7, R)/T")
the set of Heegner elements of conductor ¢ (resp. cp®) attached to K. The
group A (resp. Goo) acts on £2(c) (resp. £2(cp®)) in the manner described in
[Gr 87] and [BDIS], and these actions are compatible with the natural projec-
tions £2(cp®™°) —> £2(c) and Goo —> A. The action of Goo 0N 2(cp™) is
particularly simple, being given by

a(W, %) = (¥, (@ )).
As in [BD 96] and [BDIS], one can show:

W LEMMA 4.3 The sets §2(c) and £2(cp™) are non-empty. The groups A and
G  act simply transitively on 2 (c) and §2 (cp®°) respectively.

From now on, assume for simplicity thatc = 1. Let¢ = ), .| anq" be the
normalised eigenform on I'(Ng) attachedto E. Let ¥ := (¥, *) € Emb(?, R)
be a pointed oriented optimal embedding. The goal of this section is to associate
to ¢ and ¥ a measure on G o, which interpolates the special values of L(f/K, 1)
twisted by finite order characters of G .

Define the double coset space

Y := BX\B*/R},
where B := B ® 7 and Iéo =Ry ® 7. By the Eichler trace formula [Gr 87],
the form ¢ corresponds to a Z-valued function % on Y, well-defined up to

homothety. The space Y is equipped with a family of Hecke correspondences,
whose action on cg is given by the relations

Tan = ancg for (n, Ng) =1, Ugcg = aecg for £|Np.
By strong approximation,
Y = R*\B)/(Ry);Qj.

As for the construction of the Mazur-Swinnerton-Dyer p-adic L-function, it is
convenient to distinguish the following two cases.
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1. (The good ordinary case.) The prime p does not divide Ny and ap, and
a, € 7, denotes the unit root of x> — a,x + p. Fix an isomorphism
B, >~ M>(Q,) inducing an isomorphism (Rg), >~ M>(Z,). Then, the
space Y becomes identified with I'\Z(.7"), where (.7 is the set of
vertices of the Bruhat-Tits tree .7~ of PGL,(Q),) (see Section 3.1). In this
way, cg is viewed as a I"-invariant function on Z°(.7"). Define the “p-

stabilized eigenfunction” ¢y : ;? (7)) — Z, by the formula

cy((v, w)) := cg(w) — a;lcg(v).

N
It is an eigenfunction for the U, correspondence on & (.7"), satisfying

Upcy = apcy.

2. (The multiplicative case.) The prime p divides Ny exactly, so that E has
multiplicative reduction at p. This reduction is splitif a,, = 1 and non-split
if a, = —1. In this case set «, := a,. Fix an isomorphism B, >~ M>(Q,)
inducing an isomorphism of (Rp), onto the matrices in M>(Z,) which
are upper-triangular modulo p. Then, the space Y becomes identified with
r \;? (7)), and cg can be viewed as a I -invariant function on ;; (7). In
this case, set ¢y := cg.

The function ¢y takes values in Z, in the good ordinary case, and in Z in the

multiplicative case. Define the quantity {(cy, ¢y) similarly to Sections 3.4 and

3.5. At the cost of possibly extending the domain of values of ¢y to a quadratic

extension of Q or Q,, normalize ¢y by imposing the condition (cg, cg) = 1.

This determines cg up to sign.

Recall the space of ends “o0(.77) = P1(Q,) of .77, and the compact open

subsets U (e) of &4, introduced in Section 3.4.

The construction of the p-adic L-function proceeds in five steps.

Step 1 Using c4, define a function vy on the sets U (e) by the rule
v (U (e)) = cg(e),

satisfying the “a,-distribution” relation

D vpU(E) = apvp(Ue)).

e'elp(e)

Step 2 The embedding ¥ induces an action of K; /va< onP;(Q,).LetFPy C
P1(Qp) denote the set of fixed points for this action. It has cardinality two if
p is split in K, and is empty otherwise. In either case, the group K [f /Q; acts
simply transitively on the complement IP; (Q,) — FPy. Hence, the base point
x determines a bijection

ne : K, /Q, — P1(Q,) —FPy
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by the rule ny () = ¥ (o) (%).
Associate to ¢y and ¥ = (¥, x) a measure ,u ¢ (I, on K x /Q>< as follows.
Forn>0anda € K;/Qp, let

B,(n) ={x € K;/Q; :x/x =aj/a (mod p™)},
where x > x is the standard involution on K ,. The “balls” B, (n) form a basis
of compact open subsets of K ;/Q, and correspond under the identification
of KX/(@>< with a subset of ?oo( ) to sets of the form U (e). Define a p-adic
distribution on K / QX by the rule

1 _

1Sy (Ba(m)) = ;" vy (U (e)).
where U (e) is the compact open corresponding to B, (n). The ap-distribution
relation for v¢ translates into a distribution relation for pL ¢ 11/’ allowing one to

extend ,u w to a finitely additive C,-valued measure on the compact open
subsets of K; /Qp-

Step 3 The map x — x/x identifies the groups K ;' /Q; and K; 1
of elements in K X of norm 1. Let uﬁ)w be the measure on K * ol induced by

the group

,u ¢ q, , defined by the rule:

/ P()duy (1) = f @ /BNy (x), (17)
KX Ky /Qp

p.1 14

for any locally analytic compactly supported function ¢ on K ;71

Step 4 Let ) C K; denote the group of norm one elements in 7. The
map x — x /x induces an identification

G = Kpﬁl/ﬁix.
B LEMMA 4.4 The measure ,u;?)q, of step 3 is invariant under translation by
KIX and depends up to sign only on the image of ¥ in 2(p°).

Proof. This follows directly from the I"-invariance of Co- O

Thanks to Lemma 4.4, one may define the measure u( ) = e, w On

Gs = Kp’1 / (/1 by passing to the quotient. More premsely, if ¢ is a com-
pactly supported, locally analytic function on K ; 1» then the function

§t) = Y gl
acl*
is 7" -invariant and hence can be viewed as a compactly supported, locally

analytic function on the quotient G, = K ; 1/C;” - One then has

/ G)dg w (1) = / PRy (). (18)
G K*

pl
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Step 5 Extend g ¢ to a C,—valued measure 1y x on Goo by the rule
ok BU) i= npw(OU) =ty 41 (U), U C Goo, 8 € Grx.

For each § € A, choose a lift Sof§to Goo, so that Goo is a disjoint union of
G so-cosets: 5 y
Goo = Usen6G o

If ¢ is any locally analytic function on G, then

1)d 1) = St)du, 51 (1). 19
/c*‘;of’()“"”’(() Z/Gmw iy i1 (1) (19)

seA

The definition of 14,k depends on the choice of an element ¥ in Emb(¢7, R).
In view of Lemma 4.3 and 4.4, one finds:

W LEMMA 4.5 The measure g g depends on the choice of ¥ € Emb(C7, R)
only up to sign and up to translation by elements of G .

Interpolation Properties _
It is expected that the measure py g on G satisfies the following p-adic
interpolation property analogous to the one of Proposition 2.3:

2
=L(E/K,x,1)/(22 4+ £2_),

'/ x(@)dung k(8)
Goo

for all ramified finite order characters of G .. Here as in the sequel, the symbol
= indicates an equality up to a simple algebraic fudge factor expressed as
a product of “local terms”, comparatively less important than the quantities
explicitly described in the formulas. As in Proposition 2.3, the values of x and
He, Kk are viewed as complex numbers by fixing an embedding of Q » in C. Note
that dividing L(E /K, x, 1) by the complex period §24 £2_ yields an algebraic
number.

For more information on this formula, the reader is referred to [Gr 87] (where
it is proved for unramified x), [BD 96] and [Va].

As in the cyclotomic case, it is expected that only a finite number of the
special values L(E /K, x, 1) as x ranges over the characters of conductor cp”
with n > 0 can be non-zero. A strong result in this direction is established in
[Val.

Define the anticyclotomic p-adic L-functions L,(E/K,s)and L ,(E, ¥, 5)
to be the p-adic Mellin transform of the measures g, x and ug w , respectively:

Ly(E/K,s)= f ¢ ldug k(9), Ly(E,W,s) = / ¢ Ydug w(g)

where g*~1 := exp((s — 1) log(g)), and log : Goo — Q, is a choice of p-adic
logarithm.

REMARK As for the case of the cyclotomic p-adic L-function L,(E, s),
the definition of L ,(E /K, s) is suggested by the problem of interpolating the
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special values L(E /K, x, 1). However, unlike the cyclotomic case, no reference
to the complex uniformisation of E is needed in the constructionof L ,(E/ K, s).
As will be explained in the following section, this makes the anticyclotomic
setting more amenable to the Schneider approach of Chapter 3.

4.2 The lovita-Spiess Construction

This section re-examines the construction of the definite p-adic L-function
L,(E/K,s)inthe case where E has multiplicative reduction at p. In this setting,
A.Jovitaand M. Spiess observed independently that L ,(E /K, s) arises from the
harmonic cocycle of the rigid analytic modular form associated to E, and thus
fits into Schneider’s program of finding purely p-adic analytic constructions of
p-adic L-functions.

Consider the factorization N = pNtN~, with N~ divisible by an odd
number of inert primes, introduced at the beginning of Chapter 4. Let S be the
set of odd cardinality containing oo, p and the prime divisors of N, and let
X denote the Shimura curve attached to the data (S, N1) as in Section 3.2. By
corollary 3.18, the normalised eigenform ¢ on IH(N) attached to E determines

a normalised rigid analytic modular form f € S;ig (I'). Let

cr: E(T) —> @

be the I"-invariant harmonic cocycle (with values in a quadratic extension of
Q) defined by the p-adic annular residues of f as in Section 3.4. On the other

~ — -
hand, recall the normalised I'-invariant function ¢4 : & (7 ) — Q used in
Section 4.1 to define L ,(E /K, s). Write w = «, for the sign of the involution
U, acting on ¢ and f. The function ¢ satisfies the relations

cple) = —we(@), Z ce)=0, Yve.7.

source(e)=v

Thus, it defines a harmonic cocycle precisely when w = 1, that is, when E has
split multiplicative reduction over Q. (In this case, note that c s is r -invariant,
as follows from the rigid-analytic description of U, given in Section 3.5.) If
w = —1, ¢y can be turned into a ["-invariant harmonic cocycle c(; as follows.

N
Say that e € & (.77) is positively oriented if the source of e has even distance
from the distinguished vertex v° fixed in Section 3.1, and negatively oriented
otherwise. Define

, cgp(e) if e is positively oriented,
cple) = I . .
—cg(e) if e is negatively oriented.

Note that cfp is an eigenfunction for the action of Hecke operators, and the
associated eigenvalues are the same as those of cy. (See [BDIS] for more details
on this construction.)

B PROPOSITION 4.6 The equalitiescy = cy ifw = 1, andcy = C/d> ifw=—1,
hold up to sign.
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Proof. Since the Hecke operators act in the same way on ¢y and ¢y if w = 1
(resp. on ¢y and C</1> if w = —1), the multiplicity one theorem implies that these
harmonic cocycles are multiple of one another. The equality up to sign follows
because of the normalizing requirements {c7, cy) = 1 and (cy, cy) = 1. ]

Proposition 4.6 reveals a close connection between the construction of Sec-
tion 4.1 in the multiplicative reduction setting, and Schneider’s approach out-
lined in Chapter 3. This fact paves the way towards the systematic use of rigid
analysis in the proof of certain exceptional zero formulas for L ,(E /K, s) pre-
sented in Section 5.3.

4.3 Heegner Points and the Indefinite p-Adic L-Function

(The reader is referred to [BD 96] for more details on the content of this section.)

Recall the definition of the integers N £, Nop and N, and the assumptions on
E, made at the beginning of Chapter 4. In particular, recall that p is an ordinary
prime for E. Let x : Goo — C* be a finite order character. If x is ramified, the
sign of the functional equation of the twisted complex L-function L(E /K, x, s)
is —e(N7) [GZ 86]. (If x is unramified, the sign of L(E/K, x,s) is —&(Np).)
Thus, in the indefinite case, L(E /K, x,s) vanishes at s = 1 with odd order.
In particular, all the values L(E/K, x, 1) are zero. This phenomenon, which
has no counterpart in the cyclotomic setting, prompts the study of the p-adic
properties of the first derivatives L'(E/K, x, 1).

Unlike the case of special values, there is no simple transcendental period
which can be factored out of L'(E/K, x, 1) in order to obtain an algebraic
number. However, the Gross-Zagier formula [GZ 86] gives a (partly conjectural)
relation of L'(E/K, x, 1) with the Néron-Tate height of certain points, called
Heegner points, defined over the ring class fields K;,. (These fields are defined
in Section 4.1, setting here ¢ = 1 for simplicity.) These points inherit properties
of integrality from the natural integral structure arising from the fact that the
Mordell-Weil groups E(K,) are finitely generated.

Heegner Points
Let .2 be the indefinite quaternion algebra of discriminant N, and let .72
be an Eichler Z-order of level N*. Under the current assumptions, there is an
embedding

Y :K—>.%

such that ¥ (K) N.%2 = ¥ (k). Following the terminology of Section 4.1, it
is said that ¥ is optimal with respect to (7 and .72.

Let S denote the set of primes of odd cardinality containing co and the
primes dividing N . Let X be the Shimura curve over Q associated to the data
(S, N1), as in Section 3.2. Recall that X(C) is identified with the quotient
Qgé’/too(.%%lx), where (o is a fixed isomorphism of . %, onto M, (R).

The map ¥ induces an action of K>, and also of C* by extension of scalars,
on.7 . Let Py denote the image in X (C) of the unique fixed point for the action
of C* on .7%. The point Py corresponds to a triple (A, i, C) consisting of an
abelian surface A, together with a .2™*-action i on A (where .22™* is a
maximal order of .77 containing .#2) and a level N*-structure C. (See Section
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3.2.) One has
End(A,i, C) ~ Ok,

where the symbol End(A, i, C) denotes the ring of endomorphisms of A com-
muting with i, and preserving C. By the theory of complex multiplication, Py
is defined over K (the Hilbert class field of K).

Define the “tree of p-isogenies” .7 (4 as follows. The vertices of .7 (4)
correspond to surfaces with quaternionic multiplication by .2™3 and level N -
structure, which are related to A by an isogeny of p-power degree (respecting
the quaternionic and level structures). Two vertices of .77 4 are adjacent if
the corresponding surfaces are related by an isogeny of degree p2. The tree
.7 is isomorphic to the Bruhat-Tits tree .7, and has a distinguished vertex
vy corresponding to A. Choose a half line in.7 () originating from v, given
by the sequence (eq, €3, -+ , ey, - - - ) of oriented edges of .7~ (A, Let X denote
the Shimura curve associated with the pair (S, N1 p). By the moduli definition
of X, the edge e, defines a point P, on X, called a Heegner point. Choose
the edge e so that the endomorphism ring of the modulus Pj is isomorphic
to the order of K of conductor p. (This is always the case if p is inert in K,
whereas two edges originating from v4 must be excluded if p is splitin K.) The
point P, is defined over K,, by the theory of complex multiplication, because
its endomorphism ring is isomorphic to the order in K of conductor p".

The modularity of E, combined with the Jacquet-Langlands correspondence
and the Eichler-Shimura construction, implies that E appears as a quotient of
the Picard group of X, that is, there exists a modular parametrization

f:Pic(X) > E

defined over Q (cf. [BD96], Section 1.9). Note that E does not arise in the
new-quotient of Pic(X), if p is a prime of good reduction for E.

Write x, € E(K,) for the image of P, by f. Define the quantity o, as in
Section 4.1. Set

*

X, = oe[j”xn € E(Koo)p,

where E(K ), denotes E(Koo) ® Zj,. (There is no need of extending scalars
to Z, when p is a multiplicative prime, so that o), = &1.) A study of the action
of the Hecke operator U, on the Heegner points, combined with the theory of
complex multiplication, shows that the points x,; are norm-compatible:

* ok
Normg, /K, (X, 41) = X

The Extended Mordell-Weil Group
If E has split multiplicative reduction over K, define the extended Mordell-

Weil group E(K) of E over K tobe the preimage QDT_aL: (E(K))of E(K) (viewed

as a subgroup of E(K)) by the Tate p-adic uniformisation
Draee - K[f — E(K)p).

Thus, the elements of E (K) can be identified with pairs (P, yp), where P is
apointin E(K) and yp € K;j is a lift of P by @Tate. The kernel Ag, ;, of the
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canonical projection (P, yp) + P, called the lattice of p-adic periods of E,
has Z-rank 1 if p isinertin K, and 2if p is splitin K. The complex conjugation
T acts on E(K) in the following way:

1. r_(P, yp) = ( P, yp) if E has split multiplicative reduction over Q,, where
P and y denotes the natural action of T on E(K) and K X, respectively,

2. ©(P,yp) = (P, y;l) if E has non-split multiplicative reduction over Q.

If E does not have split multiplicative reduction over K p,, set E(K) := E(K).
T~he extended Mordell-Weil group E (Ky) of E over K, is defined similarly to
E(K), with K, ® Q, replacing K .

Write E(K,,)p for E(K,) ® Z,. Define a canonical lift X,, of x; to E(K,,)p,
by the rule

X, = lim Normg,,/k,ym for m > n,
m—0o0

where y,, denotes a lift of x, to E(Kp) p- It can be checked that the elements
Xy, are well-defined, and norm-compatible. Write E(Ks) p for the direct limit
of the groups E(K,) p» With respect to the natural inclusions.

Define a p-adic measure ,u,’ﬁ x on Goo with valuesin E (Ko) p by the formula

1wy kgl = i,

where [g] denotes the basic compact open gGal(K ./ K;;) of éoo. Directly from
the definitions one has:

B LEMMA 4.7 The measure ,u/f x is well-defined, up to sign and up to transla-

tion by elements of G .

REMARK In order to stress the analogy with the constructions in the definite
case, it should be noted that the natural Galois action of Goo on the Heegner
points can equivalently be described by combining the actions, defined similarly
to Section 4.1, of Goo = K;j /(@f7 on the space of ends &4, (.7 W) of 7 A,
and of A on the embedding ¥.

Interpolation Properties
Fix an embedding of @, in C. The measure /’*/f, x 1s expected to satisfy the
interpolation formula

</G X(g)du/f,K(g),[G x(@)dws x(9)) = L'(E/K, x, 1),

where x is a finite order ramified character of Goo, and ( , ) denotes the nat-
ural extension of the (normalised) Néron-Tate height on E (K ) to a C-valued
hermitian pairing on E(Kso) p- (The validity of the above formula depends
on a generalization of the Gross-Zagier formula to ramified characters and to
Heegner points on Shimura curves, which has not been so far entirely worked
out.)

Denote by L;,(E /K, s) the p-adic Mellin transform of the measure u’f K>

associated to the choice of a p-adic logarithm log : Goo — Q p-
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4.4 The Anticyclotomic p-Adic Birch and Swinnerton-Dyer Conjecture

This section starts with a discussion of the anticyclotomic p-adic regulator
which will appear in the formulation of the conjecture. The anticyclotomic p-
adic height is a Q,-valued symmetric pairing on E(K), which is canonical
up to the choice of a p-adic logarithm log : Goo — Q p. This pairing can be
defined analytically, in terms of the p-adic o -function, and also algebraically, by
exploiting the G oo-module structure of the p-primary Selmer group of E over
Koo.See [MTT 84], [MT 87], [BD 96] and [BD 95] for details on the definition.
The anticyclotomic p-adic height can be lifted to a symmetric pairing

(, )p:E(K)x E(K) = Q,

on the extended Mordell-Weil group. Suppose that E has split multiplicative
reduction over K, (otherwise E(K) = E(K) and there is nothing to explain).
Let Eo(K) be the finite index subgroup of E(K) consisting of the points which
are image of units in the ring of integers of K, by the Tate p-adic uniformisation
DTyee- Such a lifting is possible because the exact sequence

0— Ag,— E(K) = E(K) =0

splits on Eg(K), by using the map which sends an element of Eg(K) to the
unique p-adic unit in its pre-image by ®ryee. Since the group of values Q) is
uniquely divisible, it is enough to define ( , ), on the finite index subgroup
AEg p X Eg(K) of E(K). Granting the definition of the p-adic height on E(K),
the following rules extend it to £(K). By an abuse of notation, write

log: K, — Q,

also for the composition of log with the reciprocity map of class field theory,
mapping K to G . Note that Q) (embedded naturally in K ) is contained
in the kernel of log, since Ko, is an extension of Q of dihedral type. The
module Ag_ , is canonically generated by an element ¢ if p is inert in K, and
is canonically generated by elements ¢ and ¢’ if p is split in K. Let p be the
prime of K above p corresponding to ¢, so that g belongs to pr (viewed as
a subgroup of K ;f via the natural embedding of Ky into K ). Following the
definitions given in [MTT 84], define

(q.q)p = ordy(q) " log(q) = —(q¢'. 4" p.  {q.4")p =0,

(q. P)p = ordy(q) ' log(yp). (g, P), = ordg(g") " log(y}).

where yp is the (unique) unit lift of P to pr C K, and similarly for yp. The
formula

(tx,7y)p = =(x. ¥)p (20)

describes the behaviour of complex conjugation wih respect to the anticyclo-
tomic p-adic height.
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Write 7 for the rank of E (K ). The anticyclotomic p-adic regulator is defined
to be the discriminant

R, = 172 det((P;, Pj)p) € Qp,

where Py, - - - , P; generate a free rank 7 submodule of E (K) of index t.

Let E(K)¥ denote the +-eigenspace of t acting on E(K), and write 7* for
the rank of E(K)*. Observe that E(K)* is isotropic for { , ),, by formula
(20). This shows that unless 7+ = 77, the p-adic regulator R, is necessarily 0.
In particular, R, = 0if 7 is odd.

REMARK Assuming the parity conjecture for L(E/K, s), and recalling that
the sign of the functional equation of L(E /K, s) is —&(Np), note that 7 is even,
respectively, odd in the definite case, respectively, in the indefinite case. For
this reason, the case where 7 is even, respectively, odd will be referred to in the
sequel as the algebraic definite case, respectively, the algebraic indefinite case.

The Algebraic Definite Case _
If7t =7, let Pli, - Pfii be Z-linearly independent elements in E (K )E,
Then
-2 + p—y 22
R, = —t~ = det((P; ,Pj Yp)

The “square-root regulator” (well-defined only up to sign) is
1
L B
R} :=1t""det((P], P7)p) €Qp

1 1
if 7+ =77, and R} := 0 otherwise. It is natural to conjecture that R is always
non-zero when 7+ = 7. (See [BD 96] and [BD 95].)

The Algebraic Indefinite Case
The p-adic measure /,L/f x constructed in the indefinite case takes values in the

extended Mordell-Weil group E (K ). In the formulation of p-adic analogues
of the Birch and Swinnerton-Dyer conjecture, one should accordingly modify
the definition of the p-adic regulator R, (which the parity conjecture predicts
is zero in this case), so that the value of the modified regulator R;, belongs to
E(K) ® Q,, rather than Q,,.

As in the previous case, it is possible to define a “square root regulator”
(R},)?, as follows. If [F+ — 7~| > 1, set (R),)? := 0.If [7* — 7~| = 1, choose
an element P € E(K) p such that P is not divisible by p, and belongs to the
radical of ( , ), and to the eigenspace E(K )ij having bigger rank. Let

P, P, PF P, P, where s =(F—1)/2,

s

be a basis of E (K) p modulo torsion, such that PijE belongs to E (K )ij. Choose
this basis so that there exists a matrix in SL;(Z,) mapping it to a Z-basis of
E(K) modulo torsion. Define

(R =1 P @ det((P", P}),) € E(K) ® Q.
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When |7+ — 77| = 1, it is conjectured that (R;,)% is never zero. (See [BD 96]
and [BD 95].)

It is now possible to formulate the p-adic Birch and Swinnerton-Dyer con-
jecture. Assume that the same choice of a p-adic logarithm was made in the

1
definition of the p-adic L-function L, (E/K, s) and of the p-adic regulator R
in the definite case, and of L/p(E /K, s) and (R;)% in the indefinite case.

B CONJECTURE 4.8 1. In the definite case, ords—1 L,(E/K,s) > 7/2, and

L(pf/z)(E/K, 1) :#([U(E/K))% : Ré'

2. In the indefinite case, Ords:1L;,(E/K, §) > —1)/2, and

(L)) Z(E/K, 1) = #(IIE/K))? - (R))?.

REMARKS
1. The interpolation formulas satisfied by the measures g g and u/f K
suggest that L ,(E/K, s) and L’p (E/K, s) should be viewed as the “square-
root” of a p-adic L-function. Accordingly, the appearence of a square-root
regulator, and of the square-root of the order of the Shafarevich-Tate group, is
to be expected in the formulation of Conjecture 4.8.
1

2. In the definite case, R; is zero if 7T # 7. In this case, Conjecture
4.8 predicts that the order of vanishing of L,(E/K, s) is strictly greater than
7/2.In [BD 96], it is conjectured that the order of vanishing of L ,(E/K, s) is
in fact equal to max(#*, 77). The results of [BD 95] provide in some cases a
conjectural description of the leading term of L ,(E/K, s) at s = 1 in terms of
aderived p-adic regulator. Similarly, if |F* —7~| > 1in the indefinite case, the
order of vanishing of L;,(E/K, s) is conjectured to be max(7+,77) — 1, and
the definition of a derived p-adic regulator which should describe the leading
term of L’p(E/K, s) ats = 1 is also available in this setting.

5. Theorems in the Anticyclotomic Setting

This chapter summarizes the main results obtained in the direction of conjecture
4.8. Theresults are stated in Section 5.1, and their methods of proof are described
in the subsequent sections.

5.1 Results on Conjecture 4.8

The first theorem states that the order of vanishing of the anticyclotomic p-adic
L-function is at least equal to the one predicted by Conjecture 4.8 and the second
remark after it.

® THEOREM 5.1 ((BDOO]) 1. In the definite case, ord_1L,(E/K,s) >
max(7 T, 77).
2. In the indefinite case, ords=1 L',(E /K, s) > max(7+,77) — L.
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For the rest of this section, assume that E has split multiplicative reduction
over K ,. Theorems 5.2, 5.3, and 5.4 describe cases of “low” order of vanishing
of the anticyclotomic p-adic L-function in this setting. These are all special
cases of the conjectures of [BD 96] which can be viewed as analogues of the
exceptional zero conjectures of [MTT 84]. Assume for simplicity that E is
isolated in its isogeny class.

The task of checking the compatibility of Theorems 5.2, 5.3, and 5.4 with
Conjecture 4.8 is left to the reader, using the following consequences of the
classical Birch and Swinnerton-Dyer conjecture and of the Gross-Zagier for-
mula.

1. If L(E/K,1) # O, the order of III(E/K) is (essentially) equal to a
suitable normalisation Lyg(E/K,1) € Zxo of L(E/K, 1). The integer
Lag(E/K, 1) is a square, and is obtained by dividing L(E/K, 1) by the
appropriate local factors, including a complex period. Its precise definition,
based on work of Gross [Gr 87] and Daghigh [Dag], is given in Section 5.3.

2. IfL'(E/K, 1) # 0, the square root of the order of III(E/K) is (essentially)
equal to the index in E(K) of a Heegner point ax € E(K).

m THEOREM 5.2 ([BD99]) Assume that (E, K, p) is in the definite case, and
that p is splitin K. Then L,(E/K, 1) = 0, and the equality

log(q)
ord,(q)

LOE/K, 1) = Lag(E/K. 1)?

holds in Q,, up to sign, where the p-adic period q is one of the two canonical
generators of Ag p.

REMARK Theorem 5.2 can be viewed as the anticyclotomic analogue of the
“exceptional zero” formula of Greenberg and Stevens [GS 93], stated as Con-
jecture 2.7.

Define the Heegner point xxg € E(K) to be the norm from K to K of the point
xg € E(Ky) constructed in Section 4.3.

m THEOREM 5.3 ([BD98]) Assume that (E, K, p) is in the definite case, and
that p is inert in K. Let yx € K;,‘ denote a lift of the Heegner point xx by the
Tate p-adic uniformization map. Then L,(E/K, 1) = 0, and the equality

LV(E/K, 1) = log(yk /Fk)
holds in Qp, up to sign.

REMARK Theorem 5.3 can be viewed as giving a p-adic analytic construction
of a Heegner point, in terms of the derivative of a p-adic L-function. Note the
analogy with the results of Rubin in [Ru 92].

B THEOREM 5.4 ([BD97]) Assume that (E, K, p) is in the indefinite case, and
that p is inert in K. Then the equality

L(E/K,1) = q® Lag(E/K, 1)}

holds in E(K) ® Qp up to sign.
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5.2 Heegner Points and Connected Components

This section contains a brief account of the proof of Theorem 5.4. In order to
simplify notations, assume that the class number of K is one, so that the fields
K and K are equal.

Step 1 (The Leading Term) Consider the leading term L;,(E /K, 1) of the p-
adic L-function L/,7 (E/K, s). From the definition of the p-adic measure /L/ﬁ %
given in Section 4.3,

L' (E/K, 1) =/~ di's  (8) = Normg, k%, € E(K), foralln > 1.

o)

Here the root of Frobenius «, is £1, so that %, is equal up to sign to a lift of the
Heegner point x;,, € E(K},). The distribution properties satisfied by the Heegner
points ([BD 96]) imply

Normg,/kx, = 0in E(K).

It follows that Normg, /x X, = g ® k, for k € Z, independent of n. Thus, the
equality of Theorem 5.4 can be reformulated as the identity

k= Lag(E/K. 1)2.

(Note that this identity implies that the p-adic integer « is in fact a rational
integer.)

Step 2 (Connected Components of Elliptic Curves) In the current setting, p is
inert in the extension K /Q, and totally ramified in the extension K, /K, so that
there is a unique prime p, of K, above p. Write K, , for the completion of
K, atp,, and (5, p for the ring of integers of K, ,,. Let &, denote the group of
connected components of the Néron model of E over (%, ,,. By Tate’s theory of
p-adic uniformization, there is a canonical identification

@, = K, 1O a5,

such that the image in @, of a point P € E(K,, ;) corresponds to the natural

image in K nx’ » / ((nxp qZ) of aliftof P to K ,f e Furthermore, the normalised

valuation ordy, on K, , induces a canonical identification
@, = Z/ordy, (q)Z.
Since the p-adic integer « satisfies
k = ordp, (x,)/ord,(g) (mod ordy,(g)Z),

it encodes the description of the image of the Heegner point x,, in the group of
connected components @,, as n — 00. The problem becomes one of relating
the image of x, in @, to the normalised special value Lyjo(E/K, 1).

Step 3 (Connected Components of Shimura Curves) Let X be the Shimura
curve considered in Section 4.3, attached to the data (S, p N T), where S contains
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oo and the primes dividing N~. Recall that x,, is the image by a modular
parametrization of a Heegner points P, in X (K}). It follows that the image of
X, in @, can be described in terms of the image of P, (or, rather, of a degree
zero divisor supported on the Heegner points over K,,) in the group @, (X) of
connected components of the Néron model of PicO(X ) over (%, p.

Let B be the definite quaternion algebra of discriminant p /N, and let R
be an Eichler Z-order in B of level NT. The results of Grothendieck, Raynaud
and Edixhoven contained in [BD 97] identify @, (X) with a canonical quotient
of the free Z-module generated by the elements of the finite double coset space
B*\B* /R, and allow a combinatorial description of the image of P, in this
quotient.

On the other hand, the definition of L, (E /K, 1) givenin Section 5.3 below
(see also the interpolation formula for L ,(E/K, s) in Section 4.1 based on the
results of [Gr87]) shows that Ly, (E/K, 1) is described in terms of the the
same double coset space BX\1§X / I%g as above. Theorem 5.4 is obtained in
[BD 97] by a direct comparison between this description of Ly, (E/K, 1) and
the equally explicit description of the image of P, in @, (X).

5.3 Exceptional Zero Results via Rigid Analysis

Suppose that (E, K, p) is in the definite case, and that E has split multiplicative
reduction over K ,,. In this setting, E is associated to a (normalised) rigid analytic
modular form f, as explained in Chapter 3. Furthermore, the anticyclotomic p-
adic measure attached to E in Section 4.1 can be constructed from Schneider’s
p-adic distribution relative to f, as indicated in Section 4.2. In order to stress
these features, the notations w r,x and w7y instead of g g and g @ (With
¥ € Emb(¢7, R)) will be used in this section.

THE PROOF OF THEOREM 5.3 Assume that p is inert in K.
mLEMMA 5.5 L,(E,¥,1)=0.

Proof. It follows directly from the definition of 1 7,y and the harmonicity of
Cf. ]

Recall the harmonic cocycle ¢y attached to f in Section 3.4. Write
fzzol f(z)dz for Coleman’s p-adic line integral associated to log (where the
logarithm has been extended to a homomorphism from C} to C,). The torus
W (K ;,‘) has two fixed points in .74, denoted zy and Zy, which belong to K,
and are interchanged by Gal(K ,/Q)).

B PROPOSITION 5.6 The equality
Iy
e = [ fe
7

holds (up to sign).
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Proof. By Proposition 3.16,

| r@az= [ ( / duf(o) dz. @
y g Pl(@p) z—t

Reversing the order of summation and integration — a process which is justified
by the reasoning in the proof of theorem 4 of [Te 90] — yields

Iy Iy d
/ f@dz = / < f - > dps (1), (22)
w Pl(@[)) w L !

The definition of the Coleman integral attached to the choice of p-adic logarithm
allows the explicit evaluation of the integral occuring in the right-hand side, and

yields
| r@az= [ 10g<t )dw(f) 23)
Zw P1(Qp) r—

The map ny used in Section 4.1 to identify Py (Q,) with K xl (and thereby
construct the measure giving rise to L, (E, ¥, 5)) is given by the formulas

ne (@) = (zga — le/)’ m;](t) _ -

24
a—1 t— 2y @4

The change of variables t = ny (o) yields (after identifying G o, with K [’)"1)

/ log <t )duf(t) —/ log(e)du f,w (at).
P (Qp) =2 Goo

It follows directly from the definition of L,(E, ¥, s) as a Mellin transform

of du sy that the expression appearing on the right is equal to Lg,l) (E, %, 1).
Proposition 5.6 follows. O

In order to prove Theorem 5.3, it remains to give an arithmetic interpreta-
tion of the p-adic line integrals f;f f(z)dz. This is done by appealing to the
theory of complex multiplication and to the Cerednik-Drinfeld theory of p-adic
uniformization of Shimura curves. More precisely, let X be the Shimura curve
over QQ attached to the data (S, NT), where S contains p, oo and the the prime
divisors of N~. By the Cerednik-Drinfeld theorem (see Theorem 3.7 and, for
more details, [BC91]), X (C,,) is isomorphic over K, to the rigid analytic curve
F, /T . Using Drinfeld’s moduli interpretation of .7),, section 5 of [BD 98]
shows that the points zy and zy correspond to Heegner points on X defined
over the Hilbert class field Ky of K. To be more precise, it will be useful to
work with the multiplicative Coleman integral

7[ 1f(z)dz IS (C;.
20

It can be defined by using the theory of p-adic theta functions as in [BL 98] and
[G-VdP 80]. (The p-adic theta functions should be thought of informally as mul-
tiplicative functions whose logarithmic derivatives are rigid-analytic modular
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forms.) The multiplicative Coleman integral is related to its additive counterpart
by the formula

2] 2]
/ f(2)dz = log ( 7[ f(2)dz). (25)
20 20

Note that the multiplicative integral does not rely on a choice of p-adic loga-
rithm; since any p-adic logarithm vanishes on the torsion in C ; , the multiplica-
tive integral carries more information than the additive one and is also more
natural in connection with Tate’s theory of non-archimedean uniformisation of
elliptic curves with multiplicative reduction.

In fact, multiplicative integration of degree zero divisors induces a modular
parametrization

Pic’(X) — CJ/q”,

where C, /qZ is the Tate p-adic model of an elliptic curve isogenous to E
([G-VdP 80]). At the cost of replacing E by an isogenous curve, assume from
now on that E(C,) >~ C,/q”. It follows that

Iy
7[_ fdz e K
Iy

isaliftby @y of aHeegner divisor on E'(K(), of the form yy /yy foryy € K ;f .

Lety; =V, ..., ¥, be a set of distinct representatives of the elements of
Emb(, R)/f, and let Zy; and ij be the fixed point of ¥;. List 2y; and Zq/_/ SO
that the equality of Proposition 5.6 holds, not just up to sign, and correspondingly
define as above elements yy,. Set

vk =[] ye € K.

J

The p-adic version of Shimura’s reciprocity law proved in section 5 of [BD 98]
implies that the element yx /yx is a lift by @1y of the Heegner point xx —
wxg € E(K) (w being the sign of the U, operator acting on f). Theorem 5.3
follows from the equality

h
LYE/K, 1) =) LY(E, o, ),
i=1
combined with Proposition 5.6 and relation (25).

REMARK (See [BL 98] for details) Changing notations slightly, assume that
f is normalized so that the associated harmonic cocycle c ¢ is Z-valued. The
multiplicative integral

(@ —0dps(r)
P1(Qp)

can be defined in the natural way, by replacing Riemann sums by Riemann
products, and using the fact that du ¢ is Z-valued. The multiplicative version of
Proposition 3.16 reads

dlog( ﬁ (@ )(z —0dus)) = f(2).
1(Qp
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By reversing the order of integration as in the proof of Proposition 5.6, one
obtains the multiplicative formula

f f(z)dz=7[ LT ), 26)
20 P (Q

p)t—ZO

which will motivate the definitions of Section 6.1.

The Proof of Theorem 5.2
Assume here that p is split in K (and hence that E has split multiplicative
reduction over Q).

mLEMMA 5.7 L,(E,¥,1)=0.

Proof. It follows from a direct computation (see also [BDIS]). O

Write £ ( f) for the £ -invariantlog(g)/ord, (¢) associated to the isogeny class
of E.

B LEMMA 5.8 Let v be a vertex of .77, and let zo be a point in .F6,. For all
y € I, the equality

Y20
/ f()dz = L(f) - Z Cf(e)
0 I

holds, where the sum on the right is taken over all edges e in the path joining v
to yv.

Proof. See [Te 90] and [K194]. |

The group % of norm one elements in > has rank one. Let uq be a
generator modulo torsion, and let yy be the element (¥ (ug) of I". Let v be
a vertex of .7~ having even distance from the distinguished vertex v° defined
in Section 3.1, and such that v is fixed by the maximal compact subgroup of
K /Qp acting via (¥'.

® PROPOSITION 5.9 The equality

LWE v 1) =L(f) Y crle)

V=Yg
holds (up to sign).

Sketch of Proof. Let z( be a point in .7%,,. Lemma 5.8 shows that

Y20
/ f@dz=Z(f) Y ¢so. 27)

0 V=Yg v
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On the other hand, by an argument identical to the one in the proof of Proposition

5.6,
12 Y 20 1
[r@de= [T dwo)d: e
20 20 Pi(Q,) 2 — 1
Yw 20 dZ
=/ (/ ) G (29)
P (Qp) 20 z—t
ywzo — 1
= / log () duys(t). (30)
IP]l (Qp) 20 — t
An explicit evaluation of the integral (30), which is explained in [BDIS] and
[BD 99], completes the proof of proposition 5.9. O
Let W = ¥, ..., ¥, be distinct representatives of the I'-conjugacy classes

of embeddings of ¢ into R of conductor c. For 1 < j < h, define yy,; =
1¥;(up), and choose even vertices v; of .7~ which are fixed by the maximal
compact subgroup of K /Q acting via t¥;. The definition of L,(E/K, s),
combined with Proposition 5.9, gives

h
LYVE/K. D)=L Y csle).

J=1vj=Ye jv;

The results of [Gr 87] and [Dag] suggest that the integer

h
2. ) @

J=1Vj=ve,jvj

appearing in the formula for Lf,,l)(E /K, 1) is a suitable normalisation of the
square root of the special value L(E/K, 1), and so can be used as a valid

definition for Lq(E/K, 1)%. Theorem 5.2 is an immediate consequence of
this definition.

5.4 A p-Adic Birch and Swinnerton-Dyer Conjecture

This section outlines the main ideas entering in the proof of Theorem 5.1,
referring the reader to [BD 00] for more details. Assume for simplicity that K
has class number one, so that G, = Gal(K/K) and G, = Gal(K,/K). Set
G, := G, 1. Consider first part 1 of this theorem, which involves the definite
p-adic L-function L,(E/K,s), defined in Section 4.1 as the p-adic Mellin
transform of a p-adic measure 1y, k. This measure gives rise to an element

O = lim 6,
<~
in the completed group ring Z,[G ]l := limZ/p"[G,] by Iwasawa’s rule

b= Wpk(Ban+1))-a”".

aeGy

Let I, be the augmentation ideal in Z/ p"[G,,].
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B LEMMA 5.10 Let o > 0 be an integer. Then ords—1 L, (E/K,s) > o if and
only if 0, belongs to I for all n.

Set p = max(7T, 7). Thanks to Lemma 5.10 the Proof of Theorem 5.1 is
reduced to proving the relation

O, € I for all n.

The proof of this relation divides naturally into several steps. Suppose that the
Gal(Q/Q)-module E, of p-torsion points of E is irreducible, and satisfies the
technical assumptions of [BD 00].

Step 1 (Raising the level) Let n be fixed. Choose a prime £ such that:

1. £12N,
2. Lisinertin K,
3. p" |+ 1) —ay.

By the Chebotarev density theorem, there are infinitely many primes £ satisfying
the above conditions.

Let T be the algebra of Hecke operators acting on cusp forms on (N )
which are new at Ng and £. (Recall that N = Ny if E has multiplicative reduction
at p, and N = Ngp if E has good ordinary reduction at p.) It is generated by
the Hecke operators T}, for (n, N¢) = 1 and by U, for q|(N/p), U, and Uy.
Let o, be the unit root of Frobenius introduced in Section 4.1.

® PROPOSITION 5.11 (Thara-Ribet) There exists a surjective homomorphism
g:TO > 7/p"Z

satisfying g(Ty) = ay for (n, NO) = 1, g(Uy) = aq for q|(N/p), §(Up) = ap,
and g(Ug) = 1.

Write .7, for the kernel of g. Let X (©) be the Shimura curve over Q associated
with (S, pN™T), where S contains oo, £ and the primes dividing N~. (Since
(E, K, p) is in the definite case, the cardinality of S is odd.) Write J ® for the
jacobian of X©. The Jacquet-Langlands correspondence recalled in Section
3.5 identifies the algebra T’ with the subring of End(J“)) generated by the
natural Hecke correspondences on X (©).

Let M ® be the finite Galois module J © [ 7] of elements of J ©(Q) which
are annihilated by .7. Following an argument of Mazur, one can show

® LEMMA 5.12 The Galois modules M© and E pn are isomorphic.

Note that E does not occur as a factor of J©, even though the Galois
representation E n appears in H), (X, Z/p"Z).

The Heegner point construction recalled in Section 4.3 gives Heegner points
P,in X© forn > 1,defined over K,,. View P, as an element of the Picard group
Pic(X©)(K,). The irreducibility of E, implies that the canonical inclusion
JOK,) /T, — Pic(X©)(K,)/ T, is an isomorphism. Let Q,, denote the
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natural image of a;" P, in JO(K,) /%, and define a resolvent element @,(,e)
by the formula

o =304, -at € (JOKu1)/T) ®Z/P"(Gnl.

aeGy,

Step 2 (Specialization to connected components) Since £ is inert in K, it splits
completely in K, 1 /K. Choose a prime A of K, | above £. Let ¥ be the group
of connected components of the Néron model of J© over the completion at A
of the ring of integers of K, ;1.

® LEMMA 5.13 The quotient W), /.7, is canonically isomorphic to Z/ p" Z up to
sign.

Consider the canonical map of specialization to connected components
3¢ : JKni 1)) Ty — W3/ Ty = L/ p"L.

By abuse of notation, write d, also for the map obtained from d, by extension
of scalars to Z/ p"[G,].

m THEOREM 5.14 (The Explicit Reciprocity Law) The equality
(0" = %0,
holds in 7./ p"[G] up to multiplication by elements of G,,.

Note that Theorem 5.14 can be viewed as an explicit reciprocity law relating
Heegner points to special values of complex L-functions. Its proof is based on
techniques similar to those recalled in Section 5.2.

Step 3 (The theory of Euler Systems) Let Sel(K, M®)) be the Selmer group of
M©® over K, defined as in [BD 00]. In the case at hand, Sel(K, M (K)) is equal
to the p"-Selmer group Sel ,» (E/K) of E over K. Using the norm compatible
collection of Heegner points on X ©) defined over ring class field extensions L
of K, one can define an Euler System of cohomology classes in H' (L, M©).
Kolyvagin’s theory of Euler Systems makes it possible to relate the behaviour of
@,(,E) to Sel(K, M), following the general strategy already followed in [B 95]
and [Da 92]. More precisely, Kolyvagin’s methods can be used to show:

B THEOREM 5.15 1. The element @,EZ) belongs to (J(Z)(K,H_l)/.%) & I,ffl.

2. Let @_,(,e) be the “leading coefficient” of @,(,Z), defined to be the natural image
. —1 _

of O in (VO K1)/ Tp) @ (L~ /17). Then 8,6, = 0.

In view of Lemma 5.10, part 1 of Theorem 5.1 follows by combining The-
orem 5.15 with theorem 5.14.

The proof of part 2 is actually simpler, requiring no recourse to the theory of
congruences between modular forms. In fact, the p-adic L-function L;, (E/K,s)
in the indefinite case is described directly in terms of resolvent elements similar
to @,(,e), so that the Euler System techniques used in Step 3 also yields a direct
proof of part 2 of Theorem 5.1.
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6. Heegner Points for Real Quadratic Fields

Section 4.2 shows that the anticyclotomic p-adic L-function L, (E/K, s) canbe
defined in terms of Schneider’s distribution attached to a rigid-analytic modular
form when p is a prime of multiplicative reduction for E. Exceptional zero for-
mulas for L, (E/K, s) can then be proved by making a systematic use of rigid
analysis, as explained in Section 5.3. This chapter revisits the original cyclo-
tomic setting of [MTT 84] and [MT 87] in light of Schneider’s approach. This is
done by introducing the concept of integration of modular forms on .72, x .7
[Da00] as a way of reconciling the cyclotomic theory with the methods of
Section 5.3. This integration theory describes the leading term of the p-adic L-
functions attached to certain global tori embedded in the split quaternion algebra
M>(Q), in a way that is reminiscent of the integration techniques applied in the
proofs of Propositions 5.9 and 5.6. The p-adic construction of Heegner points as
derivatives of anticyclotomic p-adic L-functions contained in Theorem 5.3 then
suggests a conjectural construction of global points over the ring class fields
of a real quadratic field which can be viewed as an elliptic curve analogue of
Stark’s conjecture. Such an analogue, which emerges naturally from the p-adic
conjectures of this article, is unexpected from the point of view of the classical
Birch and Swinnerton-Dyer conjecture, which expresses the leading term of the
Hasse-Weil L-function of E over K in terms of heights of points on E(K) and
not their logarithms.

6.1 Double Integrals

Suppose that N is a positive integer of the form p M, where p is prime and does
not divide M. Let M>(Q) be the global split quaternion algebra, and consider
an Eichler Z[1/p]-order R of level M in M>(Q). To fix ideas, the reader may
assume that R is the standard order of 2 x 2 matrices in M»(Z[1/p]), whose
lower left entry is divisible by M. Write I" for the image in PGL;(Q) of the
elements in R* having determinant 1.

m DEFINITION 6.1 A cusp form of weight 2 on (7 x .F8) /I is a function

¥

f:&E(T)x H — C
satisfying

b
L f(ye.y2) =(cz+d)"2f(e.2), forally = (ccZ d) <
2. Foreach vertex v of 7,
Y. flea=0,

source(e)=v

and for each edge of 7, f(e,z) = —f (e, 2).
3. Foreachedgee of .7, the function f,(z) := f (e, z) is a cusp form of weight
2 (in the usual sense) on the group I, := I" N Stab(e).
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Note that an element f of the space Sp(((77 x .7)/I") of cusp forms
of weight 2 on (777 x .7)/I" can alternately be described as a collection

N
{fe(2) := f(e, 2)} of cusp forms in S»(I), indexed by the edges e in & (.7),
satisfying the compatibility relation

fre(v2)d(yz) = fe(z)dz, forally e I'.

Let e° be the base vertex defined in Section 3.1, and denote by S5 " (I (N))
the subspace of forms in S>(/H(N)) which are new at p. Then, the assign-
ment sending f to fee induces an isomorphism from S>((.7 x .7#)/I") to
S5 7P (In(N)) (cf. [Da00]).

Assume from now on that f is a form on (7~ x .7)/I" associated to
an elliptic curve E over the rationals, in the sense that f,o is the normalized
eigenform with rational Fourier coefficients attached to E.

The ideas recalled in Section 3.4 suggest that Definition 6.1 should infor-
mally be interpreted as the definition of the p-adic residues of a form w of
weight (2, 2) on (F, x .7)/T". Although it seems difficult to formulate a rig-
orous notion of such a (2, 2)-form, it is nevertheless possible to attach a precise

meaning to the double integrals
bpry
[ L=
aJx

where a, b belong to .74, and x, y belong to 1 (Q) viewed as a subset of the
extended complex upper half-plane .72* .= .72 U P (Q).

More precisely, given any x, y € .7£*, the function ¢ — fxy fe(z)dz is a
complex-valued harmonic cocycle on .7, and hence gives rise to a complex-
valued distribution [ ¢{x, y} on the boundary P; (Q,) of .7Z,,. For the purposes
of p-adic integration, it is desirable that [i r{x, y} satisfy appropriate (p-adic)
integrality conditions. This can be acheived when x and y belong to P{(Q),
thanks to Theorem 2.1. This theorem guarantees that the Z-module A C C
generated by the values of [ x) fe(2)dz, as e ranges over the edges of .7, is a
lattice of rank 2 in C, containing with index at most 2 the lattice generated by a
real period £27 and a purely imaginary period 2~ attached to E. Thus one can
write

3 N et 2

fplae. yh = ppte. v —=+ppleyh —-,
where M}L{x, y}and u;{x, v} are Z-valued measures. Write u ¢{x, y} instead of
MJIE{x, v} from now on, and denote by « s {x, y} the Z-valued harmonic cocycle
on.7 which gives rise to u r defined by

,
s yie) = (@ h) ! / (fu2) + fo@)dz 31)

for all edges e of .7
Motivated by the use of the Poisson’s inversion formula in the proof of
Propositions 5.9 and 5.6, define

bry r—b
//w ::f log () dur{x, y}() € Cp, (32)
aJx IPI(Q])) I—a
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fora, bin.7%, and x, y € IP1(Q), where log is a branch of the p-adic logarithm
from (C; to C,,. Also, in view of equation (26) of Section 5.3, the following mul-
tiplicative refinement of definition (32) is natural and will be used extensively

in the sequel:
bry t—b N
f/a) ::j[ () dup{x, y}(@) € (Cp. (33)
aJx Pi(@Qp) \I — 4@

The formulas (32) and (33) are not intended to suggest that w is defined by
itself; only its system of p-adic residues, described by f, is defined, but this is
enough to make sense of the definition of its double integrals.

6.2 p-Adic L-Functions and Theta-Elements

Recall the Eichler Z[1/ p]-order R of level M in M5 (Q) and the group I, fixed in
Section 6.1. Furthermore, let I” be the image in PGL, (Q) of the multiplicative
group of elements in R* having determinant +1. (Hence, I" contains I with
index two.)

Let K be a real quadratic field, or the split quadratic algebra Q x Q. Fix a
Z[1/p]-order @ in K, and let %) be the maximal Z-order in (7. Let ¢ be the
conductor of ¢@ and %, and suppose for simplicity that (¢, M) = 1 (so that
also (¢, N) =1).

By imitating in the obvious way the definitions given at the beginning of Sec-
tion 4.1, it is possible to define the set Embg(¢7, R), (respectively, Emb(¢7, R))
of oriented optimal embeddings of conductor c (respectively, of pointed oriented
optimal embeddings of conductor ¢). Likewise, §2(c) := Embg(¢7, R)/ I" and
2(cp®) := Emb(¢?, R)/ I" will denote the sets of Heegner elements of con-
ductor ¢ and cp®, respectively, attached to K.

Set

Goo 1= K*/Q*CO'K*, Goo 1= KX/QiO™, A= K*/Q*C*K*.
These groups are related by the natural exact sequence:
1—>Goo—>éoo—>A—>1.

By studying the action of the group A on £2(c) and of G, on 2(cp™) as
in [BD 96] and [BDIS], one obtains:

B LEMMA 6.2 The sets $2(c) and $2(cp™) are non-empty if and only if all the
primes dividing M are split in K. In this case the groups A and G 5, act simply
transitively on $2(c) and 2 (cp®), respectively.

Let¥ := (¥, x) € Emb(¢?, R) be a pointed optimal embedding of conduc-
torc,andlet f € S((.7 x.7)/I") be an eigenform of weight two on.7 x .72
with integer Hecke eigenvalues, associated to an elliptic curve E of conductor
N. Similarly to the construction of the definite p-adic L-function L,(E/K, s)
given in Section 4.1, this section associates to f and ¥ a measure (g On

G o which interpolates the special values of L(E /K, 1) twisted by finite order
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characters of G . Note that the current setting is analogous to that of Section
4.2, since E has multiplicative reduction at p. The construction proceeds in six
steps.

Step 1 Associate to the data (f, ¥) an integer-valued measure M w onP1(Qp)
as follows.

1. If K = Q x Q, the torus ¥ (K *) acting on the extended upper half plane

FZ* has exactly two fixed points xy and yy € P1(Q). Set
1
Wiy = s lew, yo ). (34)

(Here, u r{x, y} denotes the Z-valued measure defined in Section 6.1.)

2. If K isreal quadratic, the group (OX is of rank one, generated modulo torsion
by a power uq of the fundamental unit of K. Let yy := ¥(ug), choose a
cusp x € P1(Q) and set

wly = sl ). (35)

Note that /L(l) depends on the choice of the cusp x.

Step2 The embedding ¥ induces an action of K ; / Q; on the boundary P{ (Q,)
of .F6,. Let FPy C P1(Q,) denote the set of fixed points for this action. It
has cardinality two if p is split in K, and is empty otherwise. In either case,
the group K [f / Q[X, acts simply transitively on the complement P{ (Q,) —FPy.
Hence, the base point * determines a bijection

nw : K, /Q, — P1(Q,) —FPy

by the rule ny (@) = (o (%).
Associate to f and ¥ = (¥, %) a measure /,Lf w on KX/QX by taking the

pull-back of the measure “5‘31/ to K </ QX via the identification ny .

Step 3 The map « — o/« identifies the groups K ;//Q/ and K, the group

Pl

of elements in K ;f of norm 1. Let Mgczp be the measure on Kp | induced by
(@)

Mgy

Step4 Let f ", be the topological closure in K, o1 0f €, the group of elements

in /bx of norm 1. It is a compact subgroup of K* I T and the measure u(f32,,

induces a measure on the quotient K * ol / f o denoted u(4)

More precisely,
if ¢ is any locall_y analytic, compactly supported function on K;,l which is
invariant under ﬁbxl, so that it arises as the pull-back of a function ¢ on the

quotient K ] 5 1/Cp - then

| o= [ ool (36)

/%0 p.l
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B LEMMA 6.3 The measure “?31/ does not depend on the choice of the cusp x

made to define u(])

Proof. If U C K;] is a subset which is invariant under ¢, Oxl’ then ,u(4) )
can be written as a sum of elements of the form « f{x, yq/x}(e) where e is an
edge of .7~ which is fixed by yy. Since f, belongs to S>(I,) and yy belongs
to I, the modular symbol « ¢ {x, ywx}(e) = |, XWX fe(z)dz does not depend on
the choice of x, and the result follows. O
Step 5. Recall that ZIX denotes the closure of %, in K px |- The image of (_lx in
K px’ 1/ (_OXI is a discrete subgroup relative to the topology induced by the p-adic
topology on K .

® LEMMA 6.4 The measure ,u f l1/ of Step 4 is invariant under translation by

51”(, and depends up to sign only on the image of ¥ in §2(cp®) .

Thanks to Lemma 6.4, one may define the measure ,u(le, = pfy on Gy =

K ; 1/ flx by passing to the quotient. More precisely, if ¢ is a compactly sup-

ported, locally analytic function on K [’;’1 / ZOX , then the function

g0 = Y el

ae/_'flx//_'fof(]

is flx -invariant and hence can be viewed as a locally analytic, compactly sup-
ported function on the quotient G, = K [’; 1/ . One then has

/G G (u)du g () = / Cedu . (37)

Kp,l/ﬁ().l

Step 6 Extend i 7y to a Z—valued measure (s x on Goo by the rule
wpk@U) = ppw@U) = 1 (U), U C Goo, 8 € Goo.

For each § € A, choose a lift § of § to f}oo, so that Goo is a disjoint union of
G oo-cosets: ~ _
Goo = UsendGoo.

If ¢ is any locally analytic function on G oo, then

/G ek () =Y f @i 51 (1), (38)

seA

To summarize, the Z—valued measures (i 7y = ;L(fS?I, and g = MS( )q, on

Goo and G o, respectively, have been associated to f and ¥. These measures
give rise to the theta-elements

Opw =05y € LGl Ok =01y € ZIGol,
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where Z[[G] := limygZ[G/H] is the completed integral group ring of the
profinite group G = limy G/ H. Note that when K is real quadratic, the groups
G o and G o, are in fact finite, so that the completed group rings are just ordinary
integral group rings in this case.

Interpolation Properties When K = Q x Q

Class field theory lends natural Galois interpretations to the groups G, and
Goo, as follows. Let K, := Q(gpn) be the field generated over Q by a primitive
cp"-throot of unity, and write K, = U, K,,. Let H be the maximal subextension
of K¢ over Q in which p splits completely. Then

Goo = Gal(Koo/Q), Goo = Gal(Koo/H), A = Gal(H/Q).

Note that Goo = Q};/(p*), where s denotes the order of p in (Z/cZ)*, and
A = (Z/cZ)* /{p). The group G can be identified with lim (Z/cp"Z)* =
Z; X (Z/cZ)*, as is done in [MT 87] and [MTT 84].

It turns out that the measure ¢ g is then equal to the measure u r g con-
sidered in Section 2.1 (with ¢ = 1), so that the notations used are consistent.

® PROPOSITION 6.5 When K = Q x Q, the measure i 7,k is equal the Mazur-
Swinnerton-Dyer measure g on Gal(K/Q) used in Section 2.1 to define
the cyclotomic p-adic L-function attached to E /Q and K ». In fact, the element
Ok, k is the inverse limit with respect to n of the theta-elements denoted by Ocpn
in [MT 87].

It follows in particular from the interpolation formula in Section 2.1 (cf. also
[MT 87]) that if x is a primitive Dirichlet character of conductor cp” for some
n > 1, viewed as a character of G, then

L(E, x, 1)

o (39)

xOe k) =1t(x)

where t(x) is the Gauss sum attached to x.

Interpolation Properties When K Is Real Quadratic

Asinthe case K = Q x Q, class field theory lends natural Galois interpretations
to the groups G oo and G . More precisely, let K, denote the ring class field of
K of conductor cp”, and set Ko, = U, K,,. Let H be the maximal subextension
of K over K in which all the primes of K above p split completely. Unlike the
case where K = Q x Q or where K is imaginary quadratic, the extension K,
is of finite degree over K because of the presence of a unit of infinite order in
> /Z[1/p]*. One has

Goo = Gal(Koo/K), Goo = Gal(Koo/H), A =Gal(H/K).
It is expected that the element 6 g attached to E and K should satisfy an
interpolation formula analogous to (39), of the form
L(E/K, x, 1)

X Or.x)1> = —, (40)
‘Q+

where as before the symbol = denotes equality up to an explicit non-zero alge-
braic fudge factor.
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6.3 A Conjecture of Mazur-Tate Type

The goal of this section is to briefly formulate an analogue of the p-adic Birch
and Swinnerton-Dyer Conjectures 2.6 and 4.8 for the theta-element 6¢ g at-
tached to a real quadratic field K.

Following the methods of [MT 87] and [MTT 84] invoked in Section 4.4, it
is possible to define a p-adic height on (a suitable subgroup of) the extended
Mordell-Weil group E(K), taking values in the torsion group G oo. This con-

1

struction lends a definition of a square-root regulator R; analogous to the one

given in Section 4.4. Using the notations of that section, let 7* be the rank of

E(K)¥*, and set 7 = 7+ 4 7~. Write I for the augmentation ideal of the group
1

ring Z[Goo], and identify Goo with 1/1 2 in the usual way. Then RZ can be
viewed as an element in 17/2/17/2+1 where by convention /7/2 denotes any in-

1
teger power of / if 7 is odd (so that in this case R; must be zero). The following
is the natural analogue of (part 1 of) Conjecture 4.8.

B CONJECTURE 6.6 The theta-element O x belongs to 1 12 Write 91(;/1?) for
its natural image in 1'%/ 1"/**1. Then

F/2) . 1 5
eg/K> = #(II(E/K))? - R}.

REMARKS

1. Conjecture 6.6 can be refined to obtain the prediction that the order of
vanishing of 6 g is at least equal to max(#t, 77), and is accounted for by a
derived Mazur-Tate regulator of the kind constructed in [BD 94]. An equality
is not expected in general, the finiteness of G, making it unreasonable to
conjecture the systematic non-vanishing of the derived Mazur-Tate regulator.

2. The construction of 6 g has been performed under the condition of
lemma 6.2 that all the primes dividing M be split in K, so that in particular
&(M) = 1 where ¢ is the quadratic character attached to K. Note that ¢(M) is
the sign of the functional equation of L(E /K, y, s) for a character y ramified at
p, whereas e(N) is the sign of the functional equation of L(E /K, s). The parity
conjecture for L(E /K, s) predicts that 7 is even if (M) = 1. The case where
e(M) = —1 is the analogue of the indefinite case studied in Chapter 4. In this
case the special values L(E/K, x, 1) appearing in the interpolation formula
(40) are all zero, so that O g = 0, and the challenge arises of interpolating
the derivatives L'(E/K, x, 1). To carry out the analogue of the construction
described in Section 4.3 (and to formulate a Mazur-Tate conjecture) would
require the knowledge of a canonical system of “Heegner points™ defined over
the ring class fields of K, and related to L'(E/K, x, 1) by an analogue of the
Gross-Zagier formula. Section 6.5 provides a conjectural construction of such
a system of points.
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6.4 Leading Terms of Theta-Elements

Let K be as in Section 6.2. The formalism of Sections 6.1 and 6.2, and the
analogy with the setting of Section 5.3, suggest the possibility of studying the
theta-elements 6 x and 6 g by means of double integrals.

Assume that E has split multiplicative reduction over K, and fix ¥ €
Emb(?, R).

B LEMMA 6.7 The element O w belongs to the augmentation ideal of Z[ G 1.

Proof. A direct computation. O

Let 9;5!11, be the natural image of 6 y in I/I2 =Geo.

Define a period integral Iy as follows. If K = Q x Q, let xy, yy be as in
equation (34). In this case, the group ¥ (K *) N I", modulo torsion, is free of
rank one, generated by an element yy . If K is real quadratic, let yy be as in
equation (35). When p is inert in K the torus lII(KIf) acting on P1(C,) has
two fixed points zg and Zy, which belong to Py (K,) — P1(Q,) C .74, and
are conjugate by the action of Gal(K,/Q,). When p is split in K, the group
W (K*) NI is an abelian group of rank two; choose 8y € I" so that yy and
Sy are generators for this group modulo torsion. After choosing x € P1(Q) and
z € . ,,define Iy € (C[X, to be

W LYwX
7[ / w  for K real quadratic, p inertin K,
Zy Jx
85z pywx Yo'z poux
f / w div f / w for K real quadratic, p splitin K,
Z X V4 X

Ywz pyw
][ / w forK=0QxQ.
z Xy

It can be checked that (up to sign) /y does not depend on the choices of x and z
that were made to define it, and that /y depends only on the I"-conjugacy class
of ¥.

® PROPOSITION 6.8 The period 1y belongs to KX, and its natural image in
G oo is equal (up to sign) to O .

Sketch of Proof. Assume first that K is real quadratic and p is inert in K. The
definition of the double integral given in Section 6.1 yields

t—z
Iy =7[ ( _"’)duf{x, Y x}(0).
Pi(Q,) \I —2Zw

By performing a change of variables + = ny () similar to the one used in the
proof of proposition 5.6, one obtains

Iy Zf L@ du gy ().

p.1

The claim follows directly from the definition of g . In the remaining cases,
where K ® Q, = Q, x Q,, the computations are similar to those in the proof
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of Proposition 5.9, as explained in [BDIS]. The reader is referred to [Da 00] for
details. a

Recall the group A acting on I"-conjugacy classes of embeddings of con-
ductor c, as in Section 6.2. The definition of 6 x gives

B COROLLARY 6.9 0} , is equal to the natural image in Goo of [[5cp Iys-

This section concludes by briefly reviewing the results of [Da(00] in the
cases where p is split in K (which include the case K = Q x Q). Section 6.5
will focus in greater detail on the more interesting case where p is inert in K.
Suppose first that K = Q x Q. By combining Propositions 6.8 and 6.5, the
derivative of the Mazur-Swinnerton-Dyer p-adic L-function can be identified
with log(Iy ). Hence, the exceptional zero formula of Greenberg and Stevens
(see Conjecture 2.7) gives, when ¥ has conductor 1:

_ log(g) L(E,1)
log(ly) = ody (@) 21 (41)

Furthermore, the normalised special value appearing in the above formula can
be described explicitly in terms of the distribution « s defined in Section 6.2, as

L(E, 1) _
2.

> kptxw, yule). (42)

DAY

In fact, the resulting formula for Iy

1
log(ly) = Off(?q))
P

> kplxw, ywle) (43)

V=Yg v

holds for embeddings of arbitrary conductor, by a version of equation (41)
involving twists of L(E/Q, 1) by Dirichlet characters.

An argument explained in [Da 00] based on the the cohomology of I" then
reduces the case where K is real quadratic and p is split in K to formula (43),
yielding

® THEOREM 6.10
log(q)

ord,(q)

log(ly) = v,

where

Wy = Y kpfxopwxie@) — Y kplx, duxhe).

vaS‘;lv v»yl;lv

REMARK It is expected that the integers Wy can be related to the algebraic
parts of certain partial L-values attached to L(E /K, 1), so that Theorem 6.10
would yield an exceptional zero formula for the theta-elements attached to E
over ring class fields of K — an analogue of Theorem 5.2 in which the imaginary
quadratic field is replaced by a real quadratic field.
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6.5 Heegner Points Attached to Real Quadratic Fields

Assume in this section that p is inert in K. Note that a point Q € E(K) can
be viewed as an element of K ; /qZ, by using the natural embedding of K in
K, and the Tate p-adic uniformization of E. It follows that the image j(Q)
of O in Goo (the latter group being identified with a quotient of K /Q})
is well-defined. Recall the sign w, equal to 1 (resp. —1) if E has split (resp.
non-split) multiplicative reduction at p. Let o), denote the Frobenius element
of p in Gal(K/Q). Assume for simplicity that ¢ is squarefree and prime to
the discriminant of K, and let c (resp. c—) denote the product of the primes
dividing ¢ which are split (resp. inert) in K.

Conjecture 6.6 yields a description of the leading term 0;5’ x» in much the
same way as Conjecture 4.8 predicts Theorem 5.3. In view of the conjectures
of [Da96], one is led to formulate the following exceptional zero conjecture
analogous to Theorem 5.3.

B CONJECTURE 6.11 Let P be a generator of E(K) modulo torsion if E(K)
has rank one, and set P = 0 otherwise. The equality

0p k = j(P —wo, P)" K0

holds (up to sign) in Goo = K;l/(zf”x, where

n(E.K.c)=[]aq [[lag—2 -n(E. K),

qle— qley
and n(E, K) is an integer depending only on E and K.

The above conjecture is supported by the numerical evidence contained in
[Da 00] and [Da 96], concerning the curve Xo(11).

Also in view of Proposition 5.6, it is natural to formulate a conjecture for the
leading term of the “partial” 8-elements 0 . More precisely, note that since p
isinertin K /Q, it splits completely in Ko/K, so that Ky = H. Choose a prime
p of H above p,lett : H — Hy = K, be the corresponding embedding, and
let oy, be the Frobenius element in Gal(H /Q) attached to p.

B CONJECTURE 6.12 The derivative 6%"1, is equal to the natural image in
Goo of a global point Q, in E(H), viewed as an element of K; /qZ via the
embedding 1 and the Tate p-adic uniformization of E(K ). Moreover, Q, is of
the form Qg — wop Qu, where Qy is a global point in E(H) attached to .

Define the local points in E(K )

Py = ®rac(lv), Pg =Y Pyy=®ruc(] ] Iys).
seA seA

By Corollary 6.9, the derivative 0, , is equal to the natural image in G

of the point Py . Considering also the p-adic description of global (complex
multiplication) points contained in the proof of Theorem 5.3, it is natural to
strengthen Conjecture 6.11 as follows. (See also conjecture 2.12 of [Da 00].)
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B CONJECTURE 6.13 The local point Py, is a global point in E(K), and
Py =n(E,K,c) - 1(P —wopP),
where the notations are as in the statement of Conjecture 6.11.

By Proposition 6.8, the derivative 6}, ,, is equal to the natural image in Goo

of the point Py . It is therefore also natural to strengthen Conjecture 6.12 as
follows.

B CONJECTURE 6.14 The local point Py, is a global point in E(H), and is of
the form
Py = 1(Py — wop Py)

for some global point Py € E(H) attached to .

ReEMARK Conjecture 6.13 implies Conjecture 6.11, and in fact Conjecture
6.13 grew out of the desire for a machinery which would play the same role in
the proof of conjecture 6.11 as the theory of complex multiplication in the proof
of Theorem 5.3. Less immediate — and more interesting, in light of the strong
evidence, both numerical and theoretical, that has been amassed in support of
Conjecture 6.11 — is the fact that conjecture 6.11 implies the ostensibly stronger
Conjecture 6.13.

B PROPOSITION 6.15 Assume that the mod q Galois representation attached
to E is irreducible for all primes q dividing (p + 1). If Conjecture 6.11 holds
for all c, then Conjecture 6.13 is true.

REMARK As will become apparent in the proof, the unduly restrictive hy-
pothesis appearing in Proposition 6.15 is only necessary to obtain an identity
in K X’l, whose torsion subgroup has order p + 1. This hypothesis could be
dispensed with by the expedient of contenting oneself with a slightly weaker
variant of Conjecture 6.13 in which the corresponding equality is conjectured
to hold in K ;’ | ® Z,, the quotient of K ;’ | by its torsion subgroup.

Proof. Choose a prime £ which does not divide N¢, and assume, to fix ideas,
that £ is inert in K. Recall the Z[1/p]-order ¢ of conductor ¢ and the Galois
groups G oo, Goo, and A that were associated to this conductor. A superscript
(© will be used to denote the corresponding object in which ¢ has been replaced
by cZ, so that

GY =Ga(kD/H) =K, /O A® = Gal(HY/K),

where H® is the ring class field of K of conductor ¢¢ and K éﬁ) is the union
of the ring class fields of K of conductor c£p” as n > 0. The generator u(€) of
(95‘1“))( is a power of the generator u of 7,

ul®) =u’,

where ¢ is the order of the natural image of u in (7 /L2)* /(Z/¢Z)*. The
natural projection Ggf-)) —> G has kernel isomorphic to Z/tZ. O
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Let ¥ be any embedding of conductor c. The proof of Proposition 6.15 relies
on the fact that the form f on (7~ x .7)/I" attached to E is an eigenform for
the Hecke operator Ty. Recall from [Da 00] that the action of Ty on S>((.7~ x

F)/TI) is defined by writing the double coset I” ( g (1) > I" as a union of single

cosets:
L0
Iy ) =wnlU Uyl (44)

and setting

41

(Tef)le, )dz := Z f ey d ).

i=1

The group generated by yy = W (u) acts by left multiplication on the collection
of single cosets in (44), breaking this collection into a disjoint union of d =
(€+ 1)/t orbits of size t. Letting pl_l, cees ,od_1 be matrices occuring in distinct
orbits, it follows that a system of representatives for single cosets in (44) can
be chosen to be

-1 -1 -1 —t+1 -1 -1 -1 -1 —t+1 -1
10] 7%1/ p] »-~qu p] ) 102 7)/-1/ 102 7%1/ 102 )

-1 -1 -1 —r+1 —1
s Pg Vg Pg oYy o Py
Since Ty f = ay f, it follows that
. -
wopyex O\ a =1 cpivdze peivitx
=) =TI e
= - )
g Jx i=1j=0 PiYyZw Y PiYyX

Since both zy and zy are fixed by yy, this integral simplifies to

d . ot
PiZw LPiYyX
Iy = l_[f w . (45)
i1 Pizw Jpix

The embeddings ¥; := p;¥p;” l,fori =1,...,d,areembeddings of conductor
cl. Observe that zy;, = p;jzw and that yy, = p; vy, pi_l, so that the factors in the

expression on the right of equation (45) are equal to Iy, ... , Iy,. Hence
Iy = Iy, Iy, -+ 1y,. (46)

As ¥ varies over a full set of I"-conjugacy classes of oriented embeddings of
conductor ¢, the embeddings ¥; run over a full set of I"-conjugacy classes of
oriented embeddings of conductor cf. Hence, taking the product over all the
A-translates of ¥ in equation (46) yields

ap
(]‘[ 1w> =[] tws (47

SeA seA®
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where ¥' = p1Wp, ! is some fixed oriented embedding of conductor cf. By
corollary 6.9, the expression on the right in equation (47) is equal to 65%, where

91(56,)1( is the theta-element defined with ¢ replaced by cf. Hence by conjecture
6.11,

ag
. . . — (L
(1_[ 1,1/8> = j(P — wo, P)"E-K0ar in GY = K;’l/(//l( >
seA

(48)

where the notations are as in conjecture 6.11.

Given any positive integer n, choose the prime ¢ so that

(i) {isinertin K;

(i) ged(ae, (p+ 1) =1;

(iii) ag is divisible by a power p* of p which is bounded independently of n.
(iv) (p+ 1)p"* divides t.

Setm := n+s. A prime ¢ satisfying conditions (i)—(iv) exists for each n, by
the Chebotarev density theorem applied to the Galois extension K (E(,41)pm,
ul/(P+DP™y obtained by adjoining to K the (p + 1) p™-division points of E
and a (p 4+ 1) p™-th root of the unit u. The possibility of finding £ satisfying (ii)
is guaranteed by the technical hypothesis opening the statement of Proposition
6.15. For condition (iii), the irreducibility of the p-adic Galois representation
attached to E suffices.

Equation (48) applied to such an £ yields

[T =P —wo, PY" =59 in (GO) & (Z/(p + )p" 7). (49)
seA

Note that
(G ® Z/(p+1)p"L) = (K} ) ® (Z/(p+ 1)p"D).

Letting n tend to infinity, the inverse limit of these groups is equal to K ; 1> and
hence relation (49) (for all n) becomes equivalent to conjecture 6.13. Proposition
6.15 follows.

REMARK Assuming Conjecture 6.12, an argument similar to the proof of
Proposition 6.15 also shows that the image of Py, in all the finite quotients of
K;l is equal to the image of a fixed global point in E(H).

In view of Conjecture 6.14, it is desirable to give a definition of the (con-
jecturally global) point Py in terms of the machinery developed in Section 6.
Note that in the setting of Theorem 5.3, the construction of an analogous global
point is provided by the theory of complex multiplication, a theory which is not
available for abelian extensions of real quadratic fields.

Fix an embedding ¢ of K into C p- For any embedding ¥ of conductor c, let
Zy € .70, be the distinguished fixed point of ¥ (K*) such that ¥ («) acts on
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the tangent space to .7, at zy via multiplication by ¢ (/). Following [Da 00],
Section 4, it is natural to conjecture the existence of a function

n: : P1(Q) x P1(@Q — CX/q”,

for z € .7%,, satisfying the relations

ned, ¥y neys 2h = mede, 2), medes vl =gl 1)t

for all x, y, z € P{(Q), and related to double integrals by the formula

Yz 1
][ / 77z{)/ izl y} (moqu) forally € I'.
nz{x, y}

Consider the period Jy = 1z {x, ywx} € Cj /q”. Tt can be checked that
.]pr does not depend on the choice of x € P;(Q), and depends only on the
I'-conjugacy class of the embedding ¥. The formula

_ W LYwX
Ju | Jw :7[ / o =1y (mod g?),
Zp Jx

relates Jy to Iy.
One has the following natural strengthening of Conjecture 6.13:

B CONJECTURE 6.16 The local point
Py = Oye(Jy) € E(K)p)
is the image under 1 of a global point in E(H).

The group A, acting on I'-conjugacy classes of embeddings, is identified
by class field theory to Gal(H/K). Therefore A acts naturally on the global
point in E(H). The following conjecture is analogous to the classical Shimura
reciprocity law for complex multiplication moduli over abelian extensions of
imaginary quadratic fields, and to its p-adic version presented in Section 5 of
[BD 98].

B CONJECTURE 6.17 The global points Py € E(H) attached to the embed-
dings W via conjecture 6.16 satisfy

Pys = P}, foralla € A= Gal(H/K).

Fix any rational prime £, assuming for simplicity that (¢, NcD) = 1, where
D is the discriminant of K. If £ is splitin K, write oy, and oy, for the Frobenius
elements in Gal(H /K) corresponding to the primes above £.

Under Conjectures 6.16 and 6.17, the next result shows that the points Py
satisfy compatibility relations similar to those of Kolyvagin’s Euler System of
Heegner points.
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® PROPOSITION 6.18 Let W be an embedding of conductor ¢ and let W' be an
embedding of conductor cf belonging to the support of ToW. Let Py and Py be
the points in E(H) and E(H®) associated to W and W' via Conjecture 6.16.
If Conjecture 6.17 is true, the relations

a¢ Py if € is inert
NOI‘mH(z)/H P(p/ = . . . (50)
(ag — oy, —oy,) Py if € is split

hold.

Proof. Arguing as in the proof of Proposition 6.15, one finds that

4Py = ZaeGal(Hw)/H) Pyro if £ is inert 1)
deGal(H(a/H) Pyro + Pyoy, + Pyoer, if £ is split.
Proposition 6.18 follows from Conjecture 6.17. O

ReEMARK The theory of Euler Systems can be used to relate the points Py to
the structure of the Mordell-Weil groups of E over the ring class field extensions
of K, assuming that the points Py are global points and hence can be used to
manufacture global cohomology classes as in Kolyvagin’s original argument.
Some results in this direction will be presented in forthcoming work of the
authors.

Our discussion of p-adic L-functions has focused on the relations between
these analyticaly defined objects and the arithmetic of the elliptic curves they
arise from. Such relationships can be used to establish p-adic analogues of the
Birch and Swinnerton-Dyer conjecture. On the other hand, the original case of
this conjecture, involving the complex L-function and R instead of Q ,,, remains
wide open. As Mazur writes in [Mz 93],

A major theme in the development of number theory has been to try to bring R somewhat
more into line with the p-adic fields; a major mystery is why R resists this attempt so
strenuously.

An explanation of the mysterious analogy between the archimedean and
p-adic realms would surely lead to deep insights: it is an issue which lies at the
heart of the tantalizing and elusive Birch and Swinnerton-Dyer conjecture.
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