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Introduction

Let E be an elliptic curve over Q, let p be an ordinary prime for E, and
let K be an imaginary quadratic field. Write K, /K for the anticyclotomic
Zy-extension of K and set Go, = Gal(K o/ K).

Following a construction of sec. 2 of [BD1] which is recalled in section
1, one attaches to the data (F, K,p) an anticyclotomic p-adic L-function
L,(E, K) which belongs to the Iwasawa algebra A := Z,[G]. This element,
whose construction was inspired by a formula proved in [Grl], is known,
thanks to work of Zhang ([Zh] §1.4), to interpolate special values of the
complex L-function of F/K twisted by characters of G.

Let Sel(K o, Epe )Y be the Pontrjagin dual of the p-primary Selmer group
attached to E over K, equipped with its natural A-module structure, as
defined in section 2. It is a compact A-module; write C for its characteristic
power series, which is well-defined up to units in A.

Let Ny denote the conductor of F, set N = pNy if E has good ordinary
reduction at p, and set N = Ny if E has multiplicative reduction at p so that
p divides Ny exactly. It will be assumed throughout that the discriminant of
K is prime to N, so that K determines a factorisation

N =pNtN~,
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where Nt (resp. N7) is divisible only by primes different from p which are
split (resp. inert) in K.

The main goal of the present work is to prove (under the mild technical
assumption 6 on (E, K, p) given at the end of this introduction) theorem 1
below, a weak form of the Main Conjecture of Iwasawa Theory for elliptic
curves in the ordinary and anticyclotomic setting.

Theorem 1 Assume that N~ is the square-free product of an odd number

of primes. The characteristic power series C divides the p-adic L-function
L,(E,K).

The hypothesis on N~ made in theorem 1 arises naturally in the anticy-
clotomic setting, and some justification for it is given at the end of the
introduction.

Denote by L,(E, K,s) the p-adic Mellin transform of the measure de-
fined by the element L,(E, K) of A. Let r be the rank of the Mordell-Weil
group E(K). The next result follows by combining theorem 1 with standard
techniques of Iwasawa theory.

Corollary 2 ord,_;L,(E, K,s) > r.

A program of study of L,(E, K, s) in the spirit of the work of Mazur, Tate and
Teitelbaum [MTT] is outlined in [BD1], and partially carried out in [BD2]-
[BD5]. In particular, section 4 of [BD1] formulates a conjecture predicting
the exact order of vanishing of L,(E, K,s) at s = 1. More precisely, set
E* = FE and let E~ be the elliptic curve over Q obtained by twisting E by
K. Write r* for the rank of E*(Q), so that r = 7T +r~. Set 7+ = r* + §*,
where

5 — 1 if E* has split multiplicative reduction at p,
| 0 otherwise.

Finally set p := max(r*,77) and 7 := 77 + 7. Conjecture 4.2 of [BD1]
predicts that

ords—1 L,(E, K,s) =2p =7+ |[F" —7|. (1)

This conjecture indicates that L,(E, K, s) vanishes to order strictly greater
than r, if either 7 > r or if 7T # 7~. The first source of extra vanishing is
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accounted for by the phenomenon of exceptional zeroes arising when p is a
prime of split multiplicative reduction for F over K, which was discovered by
Mazur, Tate and Teitelbaum in the cyclotomic setting [MTT]. The second
source of extra vanishing is specific to the anticyclotomic setting, and may
be accounted for by certain predictable degeneracies in the anticyclotomic
p-adic height, related to the fact that Sel(K, Ep~)" fails to be semisimple
as a module over A when r* # r~. (Cf. for example [BD1].)

A more careful study of the A-module structure of Sel( Ko, Epee ), which in
the good ordinary reduction case is carried out in [BDO0] and [BD3], yields the
following refinement of corollary 2 which is consistent with the conjectured
equality (1).

Corollary 3 If p is a prime of good ordinary reduction for E, then

ords_1 L,(E, K, s) > 2p.

Let O be a finite extension of Z,, and let x : G — O be a finite order
character, extended by Z,-linearity to a homomorphism of A to O. If M is
any A-module, write

MX =M ®, O,

where the tensor product is taken over A via the map .

Let III,(E /K« ) denote the p-primary part of the Shafarevich-Tate group
of E over K. A result of Zhang ([Zh], §1.4) generalising a formula of
Gross established in [Grl] in the special case where N is prime and x is
unramified, relates x(L,(E, K)) to a non-zero multiple of the classical L-value
L(E/K, x,1) (where one views x as a complex-valued character by choosing
an embedding of O into C). Theorem 1 combined with Zhang’s formula
leads to the following corollary, a result which lends some new evidence for
the classical Birch and Swinnerton-Dyer conjecture.

Corollary 4 If L(E/K, x,1) # 0, then E(Kx)X and II,(E/K.)X are fi-
nite.

Remarks:

1. The restriction that y be of p-power conductor is not essential for the
method that is used in this work, so that it should be possible, with little
extra effort, to establish corollary 4 for arbitrary anticyclotomic y, and for



the y-part of the full Shafarevich-Tate group and not just its p-primary part,
using the techniques in the proof of theorem 1.

2. Corollary 4 was also proved in [BD2| by a different, more restrictive
method which requires the assumption that p is a prime of multiplicative
reduction for E /K which is inert in K. Hence, in contrast with the previous
remark, the method of [BD2] cannot be used to obtain the finiteness of the
full Shafarevich-Tate group of E, but only of its p-primary part for a finite
set of primes p.

3. The non-vanishing of L(F/K,x,1) seems to occur fairly often. For ex-
ample, Vatsal has shown ([Val], theorem 1.4) that L(E/K, x, 1) is non-zero
for almost all x when x varies over the anticyclotomic characters of p-power
conductor for a fixed p.

Another immediate consequence of theorem 1 is that Sel(K .o, Epe) is
a cotorsion A-module whenever L,(E, K) is not identically 0, so that in
particular one has

Corollary 5 If L,(E, K) is non-zero, then the Mordell-Weil group E(K,)
1s finitely generated.

Remark: The non-vanishing of L,(E, K') has been established by Vatsal. See
for example theorem 1.1 of [Va2] which even gives a precise formula for the
associated p-invariant.

Assumptions:

Let E, be the mod p representation of Gg attached to E. For simplic-
ity, it is assumed throughout the paper that (E, K, p) satisfies the following
conditions.

Assumption 6 1. The prime p 1s > 5.

2. The Galois representation attached to E, has image isomorphic to

GLy(F,).

3. The prime p does not divide the minimal degree of a modular parametri-
sation Xo(No) — E.

4. For all primes £ such that (* divides N, and p divides { + 1, the module
E, is an irreducible I,-module.



Remarks:

1. Note that these assumptions are satisfied by all but finitely many primes
once FE is fixed, provided that E has no complex multiplications. They are
imposed to simplify the argument and could probably be relaxed. This is
unlike the condition in theorem 1 which — although it may appear less natural
to the uninitiated — is an essential feature of the situation being studied.
Indeed, for square-free N~ the restriction on the parity of the number of
primes appearing in its factorisation is equivalent to requiring that the sign
in the functional equation of L(E, K, x, s), for x a ramified character of G,
is equal to 1. Without this condition, the p-adic L-function L,(E, K, s) would
vanish identically. See [BD1] for a discussion of this case where it becomes
necessary to interpolate the first derivatives L'(E, K, x, 1).

2. The analogue of theorem 1 for the cyclotomic Z,-extension has been proved
by Kato. Both the proof of theorem 1 and Kato’s proof of the cyclotomic
counterpart are based on Kolyvagin’s theory of Euler systems.

3. The original “Euler system” argument of Kolyvagin relies on the pres-
ence of a systematic supply of algebraic points on E - the so-called Heegner
points defined over K and over abelian extensions of K. As can be seen
from corollaries 4 and 5, the situation in which we have placed ourselves
precludes the existence of a non-trivial norm-compatible system of points in
E(K). One circumvents this difficulty by resorting to the theory of con-
gruences between modular forms and the Cerednik-Drinfeld interchange of
invariants, which, for each n > 1, realises the Galois representation E,» in
the p"-torsion of the Jacobian of certain Shimura curves for which the Heeg-
ner point construction becomes available. By varying the Shimura curves, a
compatible collection of cohomology classes in H'(K.,, Fpn) is produced, a
collection which can be related to special values of L-functions and is suffi-
cient to control the Selmer group Sel(K ., Ep). It should be noted that this
geometric approach to the theory of Euler Systems produces ramified coho-
mology classes in H'(K.,, Epn) directly without resorting to classes defined
over auxiliary ring class field extensions of K ; in particular, Kolyvagin’s
derivative operators make no appearance in the argument. In the termi-
nology of [MR], the strategy of this article produces a “Kolyvagin system”
without passing through an Euler system in the sense of [Ru|. This lends
some support for the suggestion made in [MR] that Kolyvagin systems are
the more fundamental objects of study.
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1 p-adic L-functions

1.1 Modular forms on quaternion algebras

Let N~ be an arbitrary square-free integer which is the product of an odd
number of primes, and let N* be any integer prime to N~. Let p be a
prime which does not divide N*N~ and write N = pNtN~. Let B be the
definite quaternion algebra ramified at all the primes dividing N~, and let
R be an Eichler Z[1/p]-order of level N* in B. The algebra B is unique up
to isomorphism, and the Eichler order R is unique up to conjugation by B*,
by strong approximation (cf. [Vi], chapitre III, §4 and §5).
Denote by 7 the Bruhat-Tits tree of B /Q,, where

B, =B ®Q, ~ M(Q,).

The set V(7)) of vertices of T is indexed by the maximal Z,-orders in B,,
two vertices being adjacent if their intersection is an Eichler order of level p.
Let E(T) denote the set of ordered edges of 7, i.e., the set of ordered pairs
(s,t) of adjacent vertices of 7. If e = (s,t), the vertex s is called the source
of e and the vertex ¢ is called its target; they are denoted by s(e) and t(e)
respectively.

The tree 7 is endowed with a natural left action of B‘/Q) by isometries
corresponding to conjugation of maximal orders by elements of B). This

action is transitive on both V(7)) and E(T) Let R* denote the group of
invertible elements of R. The group I' := R*/Z[1/p]* — a discrete subgroup
of B)'/Qy in the p-adic topology — acts naturally on 7" and the quotient 7 /I
is a finite graph.

Definition 1.1 A modular form (of weight two) on T /T" is a Z,-valued func-
tion f on £(T) satisfying

f(ye) = f(e), forallyel.



Denote by Sy(7/T") the space of such modular forms. It is a free Z,-module
of finite rank. More generally, if Z is any ring, denote by S»(7 /T, Z) the

space of I'-invariant functions on E(T) with values in Z.

Duality. Let eq,... e, be a set of representatives for the orbits of I' acting

on & (7), and let w; be the cardinality of the finite group Stabr(e;). The
space S3(7 /T") is endowed with a Z,-bilinear pairing defined by

(f1, f2) :Zwifl(ei)f2(ei)' (2)

i=1

This pairing is non-degenerate so that it identifies S2(7/T") ® Q, with its
Qp-dual.

Hecke operators. Let ¢ # p be a prime which does not divide p. Choose an
element M, of reduced norm ¢ in the Z[1/p]-order R that was used to define
I'. The double coset I'M,I" decomposes as a disjoint union of left cosets:

TM,I =T U-- U~ (3)

Here t = ¢+ 1 (resp. ¢, 1) if £ does not divide N*N~ (resp. divides N,
N7). The function f, defined on £(7) by the rule

fule) =3 £ (@

is independent of the choice of M, or of the representatives ~q,... v, and
the assignment f — fj, is a linear endomorphism of S5(7 /T"), called the ¢-th
Hecke operator at ¢ and denoted T if ¢ does not divide N, and U, if ¢ divides
NTtN~.

Associated to the prime p there is a Hecke operator denoted U, and
defined by the rule

(Upf)le) =Y f(e), (5)
s(e')=t(e)

where the sum is taken over the p edges €’ with source equal to the target of
e, not including the edge obtained from e by reversing the orientation. The
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Hecke operators T, (with £}/V) are called the good Hecke operators. They are
self-adjoint for the pairing on S3(7 /T") defined in (2):

<T£f1,f2> = <f17T€f2>' (6>

Oldforms and Newforms. Let S;(V/I", Z) denote the space of I'-invariant
Z-valued functions on V(7), equipped with a Z-valued bilinear pairing as

in (2) with edges replaced by vertices. There are two natural “degeneracy
maps” s*,t* : So(V/T') — S3(7/T") defined by

s (F)(e) = f(s(e)), ¢ (f)(e) = f(t(e)).

A form f € Sy(7T /T, Z) is said to be p-old if there exist ['-invariant functions
fi and fo on V(7)) such that

f=s(fi) +t(f2) (7)

A form which is orthogonal to the oldforms (i.e., is orthogonal to the image
of s* and t*) is said to be p-new. The form f is p-new if and only if f is
harmonic in the sense that it satisfies

s(F)W) =Y fle) =0, t(f)v):= D fle)=0, YveV(T). .
s(e)=v t(e)=v

*

This can be seen by noting that s, and ¢, are the adjoints of the maps s
and t* respectively.

p-isolated forms. Let T be the Hecke algebra acting on the space So(7 /I").
A form f in this space is called an eigenform if it is a simultaneous eigenvector
for all the Hecke operators, i.e.,

To(f) = a(f)f, foralll /N,
Ulf) = au(f)f, forall {|N,

where the eigenvalues a,(f) and oy(f) belong to Z,. Such an eigenform
determines a maximal ideal m; of T by the rule

my = (p, Ty —ar(f), Ur—au(f)).



Definition 1.2 The eigenform f is said to be p-isolated if the completion of
So(T/T) at my is a free Z,-module of rank one.

In other words, f is p-isolated if there are no non-trivial congruences between
f and other modular forms in S3(7 /I"). Note that this is really a property
of the mod p eigenform in S5(7/T',F,) associated to f, or of the maximal
ideal my, so that it makes sense to say that m; is p-isolated if it is attached
to (the reduction of) a p-isolated eigenform.

The Jacquet-Langlands correspondence. The complex vector space
So(H/To(N)) of classical modular forms of weight 2 on H /Ty(V)) is similarly
endowed with an action of Hecke operators, which will also be denoted by
the symbols Ty, U, and U, by abuse of notation. Let ¢ be an eigenform
on I'o(N) which arises from a newform ¢q of level Ny. It is a simultaneous
eigenfunction for all the good Hecke operators T;. Assume that it is also an
eigenfunction for the Hecke operator U,. Write a, for the eigenvalue of T}
acting on ¢, and o, for the eigenvalue of U, acting on ¢.

Remark: 1f p does not divide Ny, so that ¢ is not new at p, then the eigenvalue
@, 1s a root of the polynomial % — a,z + p, where q, is the eigenvalue of T,
acting on ¢g. If p divides Ny, then ¢ = ¢y and the eigenvalue o, is equal
to 1 (resp —1) if the abelian variety attached to ¢ by the Eichler-Shimura
construction has split (resp. non-split) multiplicative reduction at p.

Proposition 1.3 Let ¢ be as above. Then there exists an eigenform f in
So(T /T, C) satisfying

Tof = ae(¢)f for all ¢ )N, (9)
Uef = cau(@)f for all (|NT, Upf = op(9) .

The form f with these properties is unique up to multiplication by a non-
zero complex number. Conversely, given an eigenform f € So(T /T, C), there

exists an eigenform ¢ € So(H/To(N)) satisfying (9).

Proof: Suppose first that p divides Ny, so that ¢ is a newform on I'g(V). Let
Ry be an Eichler Z-order of level pN™ in the definite quaternion algebra of
discriminant N~. Write RO =Ry® 7 = [I, Ro ® Zy, and B:= RO ® Q. The
Jacquet-Langlands correspondence (which, in this case, can be established
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using the Eichler trace formula as in [Ei]; see also [JL] and the dicussion in
chapter 5 of [DT]) implies the existence of a unique function

f:BX\B*/R} —C (10)

satisfying Ty f = auf for all )N, and U,f = a,f. (Where the operators T,
and U, are the general Hecke operators defined in terms of double cosets as
in [Sh].) Strong approximation identifies the double coset space appearing
in (10) with the space R*\B)/(Ro),. The transitive action of B on the
set of maximal orders in B, by conjugation yields an action of B on 7 by
isometries, for which the subgroup (Ry),; is equal to the stabiliser of a certain

oriented edge. In this way B /(Ry), is identified with E(T), and f can thus
be viewed as an element of Sy(7/I", C).

If p does not divide Ny, let a, denote the eigenvalue of T}, acting on ¢,
and let Ry denote now the Eichler order of level N in the quaternion algebra
B. As before, to the form ¢ is associated a unique function

fo: BX\B*/RY — C (11)

satisfying Ty f = a,f for all £)/Ny. As before, strong approximation makes it
possible to identify f, with a T-invariant function on V(7). In this descrip-
tion, the action of T}, on fj is given by the formula

Tp(fo(v)) = Z Jo(w),

where the sum is taken over the p + 1 vertices w of 7 which are adjacent to
v. Define functions f;, f; : £(7) — C by the rules:

fs(e) = fo(s(e)),  file) = folt(e)).

The forms f; and f; both satisfy Ty(g) = aeg for all £)/N, and span the
two-dimensional eigenspace of forms with this property. A direct calculation
reveals that

Upfs:pft> Upft:_.fs“‘apft'

The function f = fs — «,f; satisfies U,f = «,f, and is, up to scaling, the
unique eigenform in Sy(7 /T", C) with this property.
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The converse is proved by essentially reversing the argument above: to an
eigenform f € So(7/T",C) is associated a function on the adelic coset space
attached to B* as in (10); the Jacquet-Langlands correspondence (applied
now in the reverse direction) produces the desired ¢ € So(H/T'o(N)).

The Shimura-Taniyama conjecture. Let F be an elliptic curve as in the
introduction. For each prime ¢ which does not divide N, set

Ay = 14 +1-— #E(Fg)

If £ has good ordinary reduction at p, let o, € Z,, be the unique root of the
polynomial 22 — a,z +p which is a p-adic unit. Set a;, = 1 (resp. —1) if £ has
split (resp. non-split) multiplicative reduction at p. The following theorem
is a consequence of the Shimura-Taniyama conjecture in view of proposition
1.3.

Proposition 1.4 There exists an eigenform f in So(7 /T") satisfying
Tif = af, for allt fN  U,f = apf,

/ §é p52(7/r)-

The form f with these properties is unique up to multiplication by a scalar
mn 2.
p

Proof: Proposition 1.3 shows that there exists a form f € Sy(7 /T, C) satis-
fying the conclusion of proposition 1.4. The eigenvalues a, belong to Z, and,
since £ is ordinary at p, the eigenvalue «,, belongs to the ring of integers O
of a quadratic extension of Q in which p splits completely. Hence, the form
f can be chosen to lie in S3(7 /T, O). After applying the unique embedding
of O into Z, which sends o, to a p-adic unit, and rescaling f appropriately,
one obtains a form in Sy(7/T") satisfying the conclusion of proposition 1.4.

1.2 p-adic Rankin L-functions

An eigenform f in S3(7/I') is said to be ordinary if the eigenvalue «, of U,
acting on f is a p-adic unit. This section recalls the definition of the p-adic
Rankin L-function attached to an ordinary form on 7 /I" and a quadratic
algebra K C B.
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If A is any Z-algebra, let

Ay=A®Z, A=A®LC]]A. (12)
¢

Let K be a quadratic algebra of discriminant prime to N which embeds in
B. Since B is definite of discriminant N~, the algebra K is an imaginary
quadratic field in which all prime divisors of N~ are inert. Let O denote
the ring of integers of K and let O = Ok[1/p] be the maximal Z[1/p|-order
in K.

Let Go denote the group

G = K /(@ [T O; k%) (13)
UF#p
Fix an embedding
U:K — B satisfying V(K)NR=V(0). (14)

Such a ¥ exists if and only if all the primes dividing Nt are split in K. By
passing to the adelisation the embedding ¥ induces a map

UGy — BX\BX/ (@XHR;). (15)
#£p

By strong approximation ([Vi], chapitre II1, §4), the double coset space ap-
pearing on the right has a fundamental region contained in B C B*. In
fact, strong approximation yields a canonical identification

n: B\B*/ (@X HR;) — I\B/Q}. (16)
l#p

The modular form f € S5(7/T) determines a pairing between G, and g(’]’)
by the rule

[0, ¢l = f(n¥(0)e) € Zy. (17)
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The embedding ¥ induces an embedding of K into B, and hence yields an
action of K / Q, on 7. This action fixes a single vertex if p is inert in K,
and no vertex if p is split in K. Let

Un = (1+p"Ok ® Zy)" /(1 + p"Zyp)" (18)
denote the standard compact subgroup of K /Q of level n. Choose a
sequence eq, es,... ,€,,... of consecutive edges on 7 satisfying

Since ay, is a p-adic unit, the pairing defined by equation (17) can be used to
define a Z,-valued distribution 7y on G by the rule

Df(an) = a;:j[@ 6j]f> (20)

for all compact open subsets of Gu of the form oU; with o € Gs. The
distribution relation for 7¢ is ensured by the fact that f is an eigenform for
the U, operator with eigenvalue «,. The distribution 7y gives rise to an
clement £ ¢ in the completed integral group ring Z, [[éoo]] by the rule

(Lo)n =Y 7y(gUn) - g,
geCGn
where @n = éoo /U, so that éoo is the inverse limit of the finite groups C;*n
Let A denote the torsion subgroup of G, and let
Goo = Goo/A > 7, (21)
Write £y for the natural image of L 7 in the Iwasawa algebra
A =7,[Gx] ~ Z,[T],

and denote by v, the associated measure on G,. Note that a different choice
of edges e; satisfying (19) has the effect of multiplying £; by an element of
G, so that Ly is only well-defined up to multiplication by such elements.

Functional equations. The Iwasawa algebra is equipped with the involu-
tion # +— 0* sending any o € G to 0! Let € = 1 be the sign in the
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functional equation of the classical L-function L(E/Q,s) attached to E/Q.
Conjecturally, the value of € determines the parity of the rank of E/Q. More
precisely, this rank should be even if € = 1, and odd if e = —1. Set ¢, = ¢
if E does not have split multiplicative reduction over Q,, and set ¢, = —¢
otherwise. The sign ¢, is interpreted in [MTT] as the sign in the functional
equation for the Mazur-Swinnerton-Dyer p-adic L-function attached to E/Q.
While this L-function differs markedly from the p-adic Rankin L-function
considered in this article, one still has

Lemma 1.5 The equality
,C} = 6p£f

holds in A, up to multiplication by an element of G .

Proof: See proposition 2.13 and equation (11) of [BD1].

Definition 1.6 The anticyclotomic Rankin L-function attached to f and K
is the element L,(f, K) of A defined by

Ly(f, K) = Ly L.

Remark: 1. Note that L,(f, K) is a well-defined element of A, since mul-
tiplying Ly by 0 € G has the effect of multiplying £} by o~ !. Thus the
ambiguity in the definition of £ arising from the choice of end in 7 satisfying
(19) is cancelled out.

2. Definition 1.6 extends naturally, mutatis mutandis, to any eigenform g in
So(T )T, Z), where Z is any ring in which the eigenvalue of U, acting on g
is invertible. In this case the anticyclotomic Rankin L-function L,(g, K) is
simply an element of the completed group ring Z[Go].

Let ps i be the Z,-valued measure on G, associated to L,(f, K). The
function L,(f, K, s) is defined to be the p-adic Mellin transform of pif k-

L(f. K.s) = / ¢ g e (g).

Goo

where ¢*~! := exp((s — 1)log(g)), and log : Go, — @, is a choice of p-adic
logarithm.
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Interpolation properties. Let ¢ be the normalised eigenform on I'g(NV)
attached to f via the Jacquet-Langlands correspondence of proposition 1.3,
and let Q; = (¢, ¢) denote the Peterson scalar product of ¢ with itself. It is
known (cf. [Zh], sec. 1.4) that the measure p s x on G, satisfies the following
p-adic interpolation property:

| / 9)diig (@) = L(f, K,y 1)/ (v/Disc(K)y),

for all ramified finite order characters x of G'. Here the values of x and p; x
are viewed as complex numbers by fixing an embedding of @p in C, and the
absolute value taken on the left-hand side is the complex one. The symbol
= indicates an equality up to a simple algebraic fudge factor expressed as a
product of terms comparatively less important than the quantities explicitly
described in the formulas. Note in particular that dividing L(f, K, x,1) by
the complex period €2 yields an algebraic number.

Elliptic curves. If F is an elliptic curve as in the introduction, let fg be
the modular form in S5(7/T") attached to it by proposition 1.4. The p-adic
L-function attached to E and K is defined by:

L,(E.K):=L,(fr, K), L,(E,K,s):=L,(fr, K,s). (22)

Remark: Note that L,(F, K) is only well-defined up to multiplication by a

unit in Z,, since the same is true of the form fg attached to it by proposition
1.4.

2 Selmer Groups

2.1 Galois representations and cohomology

Let f be an ordinary eigenform in Sy(7 /I') with coeflicients in Z,, and let K
be a quadratic imaginary field in which all primes dividing N~ (resp. NT)
are inert (resp. split). To these two objects a p-adic L-function L,(f, K)
was attached in section 1. This section introduces an invariant of a more
arithmetic nature — the so called Selmer group attached to f and K.

Galois representations. To f is attached a continous representation of the
Galois group Gg:
Vf ~
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with determinant the p-adic cyclotomic character and satisfying
trace((Froby)y,) = a¢(f), forall £ JN. (23)

This representation is constructed by invoking proposition 1.3 to associate to
[ a classical eigenform ¢ € So(H/T'o(IV)) with the same Hecke eigenvalues as
f at the good primes. The representation V} arises in the Jacobian of Jy(N)
using the well-known construction of Eichler and Shimura ([DDT], sec. 3.1).

The action of the compact group G is continous for the p-adic topology
on V; and hence preserves a Zy-lattice Ty. Let

Ap = Vi /Ty = (Qp/Zy)" (24)

be the divisible Gg-module attached to f, and let Ay, := Af[p"] denote
the p"-torsion submodule of A;. It will be occasionally convenient to denote
A; by Ay . Likewise write T, = Ty/p"Ty and set T} = Ty. Note that
for n < oo, the modules Ay, and T}, are isomorphic as Gg-modules, but
the Ay, fit naturally into an inductive system while the 7%, are part of a
projective system. It is therefore useful to maintain the notational distinction
between the two.

The fact that f is ordinary at p implies that Ay, is ordinary, in the sense

that it has a quotient A?T)l which is free of rank one over Z/p"Z and on which
the inertia group I, at p acts trivially. The kernel of the natural projection

Ay, A o 18 a free module of rank one over Z/p"Z, denoted Afn, on
which I, acts via the the p-adic cyclotomic character

¢:Go — 7,
describing the action of Gig on the p-power roots of unity.

In our treatment of the Selmer group attached to f and K, it is convenient
to make the following technical assumption on f:

Assumption 2.1 The Galois representation Ay is surjective. Further-
more, for all { dividing Ny exactly, the Galois representation Ay, has a

unique one-dimensional subspace Agf)l on which Gal(Q,/Qy) acts via € or
—€.
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Remark: 1. Note that assumption 2.1 is automatically satisfied for £ if Ay is
ramified at ¢, because Ay, arises from the Tate module of an abelian variety
which acquires purely toric reduction over the quadratic unramified extension
of Q. If Ay is unramified at £, then the Frobenius element at £ acts on Ay
with eigenvalues +1 and £/, and the condition in assumption 2.1 stipulates
that p should not divide ¢2 — 1.

2. For the same reason as explained in remark 1, the maximal submodule
Q)

Ay, on which Gq, acts via %€ is free of rank one over Z/p"Z.

Lemma 2.2 Suppose that E satisfies assumption 6 of the introduction. Then
assumption 2.1 is satisfied by the modular form f attached to E.

Proof: Note that in this case T} is simply isomorphic to the Tate module
of E. The assumption that p does not divide the degree of the modular
parametrisation of E implies that the newform on I'g(Ny) attached to E is
p-isolated. By Ribet’s level-lowering theorem [Ri2], it follows that the Galois
representation attached to Ay; is ramified at all primes dividing Ny, and
hence lemma 2.2 follows from remark 1 after the statement of assumption
2.1.

Z,-extensions. Class field theory identifies the group G, of (13) with the
Galois group of the maximal abelian extension K., of K which is unramified
outside of p and which is of “dihedral type” over Q. The subfield K, := K A
is called the anticyclotomic Z,-extension of K. Its Galois group over K is
identified with the group G, ~ Z, of equation (21). Let K,, be the m-th
layer of K., /K, so that Gal(K,,/K) ~ Z/p™Z.

Galois Cohomology. For each m € N and n € NU{oco}, let H'(K,,, Ay ,)
and H'(K,,,Ts,) denote the usual continuous Galois cohomology groups of

Gal(K,,/K,,) with values in these modules. (Note that

HY(K,,, Af) := lim HY (K, Af ), HY(K,,,Ty) := lim HY (K., Ty).)

n n

To study the behaviour of these groups as K,, varies over the finite layers of
the anticyclotomic Z,-extension, it is convenient to introduce the groups

H'Y (Koo, Apn) =tm H (K, Apy),  H' (Kw, Tpp) = lim H' (K, T ),

m m
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where the direct limit is taken with respect to the natural restriction maps,
and the inverse limit is taken with respect to the norm (corestriction) maps.
The compatible actions of the group rings Z,[G,,] on the groups H*(K,,, A .,)
and H'(K,,, Ty ,) yield an action of the Iwasawa algebra A = Z,[G ] on both
of the groups H' (K, As,) and HY (Ko, T}.).

Local cohomology groups. For each rational prime ¢, set
K= Kp @ Qp = @iy,

where the direct sum is taken over all primes A of K, dividing ¢, and write
for any Gg,,-module X:

H (K, X) = ©xeH (K, X).
Set

HY (Koo, Apn) = lim H (K, Apn),  H' (Koo, Tyn) = lim H' (Ko, Ty)

m m

for the local counterparts of H'(Ku, Af,) and HY (K, Tf.,). The Iwasawa
algebra A acts naturally on these modules in a manner which is compatible
with the restriction maps. For each rational prime /¢, write

H' (Lo, Agn) = ®xeH (Inr, Apn),

where [,,, » denotes the inertia group at A.

Tate duality. Let ¢ be a rational prime, and let n € N U {oo}. The finite
Galois modules T,, = Ay,, are isomorphic to their own Kummer duals: the
Weil pairing gives rise to a canonical Gg-equivariant pairing

Tf,n X Af,n — Z/an(l) = Upn.

Combining this with the cup product pairing in cohomology gives rise to the
collection of local Tate pairings at the primes above ¢ over the finite layers
K, in K:

(s Vme H (Ko, Tpn) X H (K, An) — Qp/Zy, (25)
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which gives rise, after passing to the limit with m, to a perfect pairing
(3 )es H' (Keos Trn) X H (Koot Apn) — Qy/Z,
These pairings satisfy the rule
(MK, $Ye = (K, \"S)y,
for all A € A, and hence give an isomorphism of A-modules
HY (Koo, Trn) — H' (Koo, Agn) Y,

where the Pontrjagin dual XV of a A-module X is itself endowed with a
A-module structure by the rule

M(z) = f(\'z), forall\e A, fe X zeX.

2.2 Finite/singular structures

Let ¢ JN be a rational prime. The singular part of H'(K,, ¢, Asy) is the
group
Hl (ij, Aﬁn) = Hl(lmj, Afm)GK@.

sing

There is a natural map arising from restriction — the so-called residue map —

85 . Hl(ij,Aﬁn) — Hl (ij,Af,n).

sing

Let Hi (K, Aprn) denote the kernel of 9,. The classes in Hg, (K0, Asn)
are sometimes called the finite or unramified classes.

Of course, identical definitions can be made in which Ay, is replaced by
Ty,,. By passing to the limit as m — oo (taking either a direct or an inverse
limit) the definition of the residue map 9, extends both to H'(Ku e, Afn)

and to H' (K., Ty,) and the groups
Hén(Km,fa Af,n)> [j[flin(Koo,fa Tf,n)a

Hsling(KOOf’Af,n)? I:[sling<KOO:£7Tf7")

are defined in the natural way.
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Let ¢ be a prime dividing Ny exactly. Recall in this case (in view of
assumption 2.1) the distinguished line Agle consisting of elements on which
G, acts via +e. The ordinary part of H' (K4, Ayy) is defined to be the
group

Hl

ord

(Koos Apn) = H' (Ko, AY)).
Finally, at the prime p, set

H&rd(KoomAf,n) = res;l (Hl([oo,wAS},’v)z)) )

whereres, : H (Ky p, Afn) — H'(Ioop, Ay ) is induced from the restriction
maps at the (finitely many) primes of K, /K above p.

Proposition 2.3 If ¢ is a prime not dividing N, the groups Hi (Ksos, As )
and HY (Koo s, Ty.n) are annihilators of each other under the local Tate pairing
(, Yo. The same is true of H:y(Koog, Asn) and HL ((Keo s, Tty) for €| N. In

ord
particular, Hg (Koo o, Apn) and Hy,(Kso g, Trn) are the Pontryagin duals of
each other.

Proof. The result over the finite layers K, follows from standard properties
of the local Tate pairing (cf. [DDT], sec. 2.3), and is then deduced over K,
by passage to the limit.

Proposition 2.3 yields a perfect pairing of A-modules (denoted by the same
symbols ( , ), by abuse of notation)

(,Ve: H:

sing

(Koots Tn) X Hén(Koo,évAf,n) — Qp/Z,. (26)
The follgwing lemma makes explicit the structure of the local cohomology
groups H' (Koo, Tr) and HY (Koo, Afp).

Lemma 2.4 Suppose that { is a rational prime which does not divide N. If
0 is split in K/Q, then

ag!
Hsing

(Koo, Ttn) =0, Hg,(Koor, Asn) = 0.
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Proof. Because (£) = A Aq is split in K/Q, the frobenius element attached
to A; topologically generates a subgroup of finite index in G,. Hence K/
is isomorphic to a direct sum of a finite number of copies of the unramified
Z,-extension of Q. Since Ay, is of exponent p”, any unramified cohomology
class in H' (K, ¢, As,) becomes trivial after restriction to H' (K, ¢, Ays.,) for
m/ sufficiently large. This implies the second assertion; the first follows from
the non-degeneracy of the local Tate pairing displayed in (26).

The primes ¢ which are inert in K/Q exhibit a markedly different be-
haviour, because they split completely in the anticyclotomic tower. It is the
presence of such primes which accounts for some of the essential differences
between the anticyclotomic theory and the more familiar Iwasawa theory of
the cyclotomic Z,-extension.

Lemma 2.5 If ¢ does not divide N and is inert in K/Q, then

[:[sling<Koo,€7Tf,n) ~ Hy o (Ko, Thp) ® A,

sing

and
Hflin(Kooyfa Apn) =~ Hom(Hsling(Kfa Ttn) @ A, Qp/Zy).

Proof: Since ¢ is inert in K and K, /Q is an extension of dihedral type,
the frobenius element at ¢ in Gal(K/Q) is of order two and hence ¢ splits
completely in K,,/K. The choice of a prime A, of K,, above ¢ thus deter-
mines an isomorphism H'(K, 0, Ttn) — H(Ky, Ttn) @ Zy|Gr). Choosing
a compatible sequence of primes \,, of K,, which lie above each other, one
obtains an isomorphism

HY Koo, Tyn) ~ HY (K, Trp) @ A,

from the definition of the completed group ring A. The first isomorphism of
the lemma now follows by passing to the singular parts of the cohomology,
while the second is a consequence of proposition 2.3.

Admissible primes. A rational prime ¢ is said to be n-admissible relative
to f if it satisfies the following conditions:

1. ¢ does not divide N = pNTN~;

2. ( is inert in K/Q;
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3. p does not divide ¢? — 1;
4. p" divides {4+ 1 —ay or £+ 1+ ay.

A 1-admissible prime will simply be called admissible (so that in particular
any n-admissible prime is admissible).

Note that if ¢ is n-admissible, the module 7%, is unramified at ¢ and
the Frobenius element over Q at ¢ acts semisimply on this module with
eigenvalues +¢ and +1 which are distinct modulo p. From this a direct
calculation shows that:

Lemma 2.6 The local cohomology groups HY (K, Tyn) and Hi (Ko, Ty.)

sing
are both isomorphic to Z/p™Z.

Proof: The group Hy,, (K¢, Ty,) is identified with H*(Iy, Ty,,)%e. Since Ty,
is unramified at ¢, this first cohomology group is identified with a group of
homomorphisms, which necessarily factor through the tame inertia group at
¢. The Frobenius element over K at () acts on this tame inertia group as
multiplication by ¢2, while it acts on T}, with eigenvalues ¢* and 1. The
result follows from this, in light of the fact that p does not divide ¢2 — 1.
Similarly, the group H{ (K, A;,) is identified with the Gg,-coinvariants of

Ay, which are also isomorphic to Z/p"Z.

Lemma 2.7 The local groups H:, (Kaos, Trn) and HY (Kos, Tsn) are each

sing
free of rank one over A/p™A.

Proof. Since /¢ is inert in K/Q, lemma 2.5 implies that ﬁl(K&OO,Tf,n) is
isomorphic to H'(Ky, Ty,,) ® A. The result now follows from lemma 2.6.

Remark:

1. Note that the n-admissible primes are not the primes appearing in Koly-
vagin’s study of the Selmer groups of elliptic curves, where the condition that
p" divides ¢ + 1 was imposed.

2. The notion of admissible prime introduced here is similar to the one
introduced in [BDO], def. 2.20, the main difference arising from the fact that
the local cohomology groups Hg, (Ky, Ayy) and Hg, (K, T,) are both free
of rank one (and not two) over Z/p"Z.
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2.3 Definition of the Selmer group

Let ¢ be a prime not dividing N. Composing restriction from K to K¢
with 0, yields residue maps on the global cohomology groups, still denoted
0y by an abuse of notation,

8@ . Hl(KooyAf,n)_>Hsling(Koo,€7Af,n>7 (27)
O+ H'(Ku,Trn) = Hipy(Koo, Tr). (28)

Note that if ¢ is split in K/Q, the residue map of (28) is 0 by lemma 2.4.
If (k) =0for k € HY (Koo, App) (vesp. H (Koo, Ttn)), let

ve(k) € Hey(Koot, Apn)  (vesp. Hyy (Koo, Trn))

denote the natural image of x under the restriction map at /.

Definition 2.8 The Selmer group Sely,, attached to f, n and K. is the
group of elements s in H (K, Ayn) satisfying

1. 0y(s) = 0 for all rational primes ¢ not dividing N.
2. The class s is ordinary at the primes {|N~p.
3. The class s is trivial at the primes (|N*.

Caveat: Note that the group Sely, depends on the value of N, hence on
the modular form f itself, and not just on the Galois representation Ay,
attached to it. The same remark holds for the compactified Selmer group
ﬁé(Koo, Tt.) defined below:

Definition 2.9 Let S be a square-free integer which is relatively prime to
N. The compactified Selmer group Hi(K, Tr,) attached to f, S and K

is the group of elements k in ﬁl(Koo,Tfm) satisfying
1. 0¢(k) = 0 for all rational primes € not dividing SN ;
2. The class k is ordinary at the primes {|N~p.
3. The class k is arbitrary at the primes ¢ dividing N, and at the primes

dividing S
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Global reciprocity. Let k € H' (Ko, Tyy) and let s € H' (Ko, As,) be
global cohomology classes. For each rational prime ¢, let s, and s, denote
the restrictions of these cohomology classes to the (semi-)local cohomology
group attached to the prime q. The global reciprocity law of class field theory
implies that

Z(“quqh =0, (29)

where the sum is taken over all the rational primes. In particular, if k be-
longs to H:(K s, Tf.n) and s belongs to Sely,,, then since the local conditions
defining these two groups are orthogonal at the primes not dividing .S, and
since s has trivial residue at the primes dividing S, formula (29) becomes:

Z(aq(’{% Vg(8))q = 0.

qlS
Of particular interest is the following special case:

Proposition 2.10 Suppose that k belongs to I:],}(Koo,Af,n). Then

(De(k),ve(8))e =0,
for all s € Sely,.

The strategy of the proof of theorem 1 is to produce, for sufficiently many
primes ¢ that are inert in K, cohomology classes k({) € H } (Koo, Ag) whose
residue 0y(k(¢)) can be related to the p-adic L-function L,(f, K) constructed
in section 1. Thanks to proposition 2.10, the elements 0;(x(¢)) yield relations
in a presentation for Selvm.

3 Some Preliminaries

3.1 A-modules

If X is any module over a ring R, let Fittg(X) denote the Fitting ideal of

X over R. If R = A and X is finitely generated, let Char(X) denote the
characteristic ideal attached to X.
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Proposition 3.1 Let X be a finitely generated A-module and let L be an
element of A. Suppose that o(L) belongs to Fitto(X ®, O), for all homo-
morphisms ¢ : A — O, where O is a discrete valuation ring. Then L
belongs to Char(X).

Proof: If X is not A-torsion, then Fitta(X) = 0. Since
Fitto(X ®<p O) = gD(FlttA(X)),

it follows that ¢(L£) = 0 for all ¢. This implies (by the Weierstrass prepara-
tion theorem, for example) that £ = 0. Hence one may assume without loss
of generality that X is a A-torsion module. In that case the structure theory
of A-modules ensures the existence of an exact sequence of A-modules:

X L @ir/(g;) — C — 0, (30)

where C' and ker j are finite A-modules and the g; are non-zero distinguished
polynomials or powers of p. By definition, g := [],¢; is a generator of
Char(X). Since C is finite, its A-Fitting ideal can be generated by two
elements ¢; and ¢ having no common irreducible factors. By tensoring the
exact sequence (30) with O one finds that

©(4;)Fitto(X ®, O) C (¢(g)), fori=1,2.

It follows by assumption that ¢(g) divides ¢(¢;£) for all ¢. Hence (as can be
seen by using the Weierstrass preparation theorem) g divides ¢;£ for i = 1,2,
and therefore g divides L.

3.2 Controlling the Selmer group

Suppose now that Ay, satisfies the irreducibility condition 2 of assumption

6.

Theorem 3.2 Let s be a non-zero element of H'(K, Ay1). There exist in-
finitely many n-admissible primes { relative to f such that 0y(s) = 0 and

v(s) # 0.

Proof: Let Q(Ay,,) be the extension of Q fixed by the kernel of the Galois
representation Ay,,. It is unramified at the primes not dividing N. Since the
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discriminant of K is assumed to be prime to N, the fields Q(Ay,,) and K are
linearly disjoint. Letting M denote the compositum of these fields, there is
therefore a natural inclusion

Gal(M/Q) = Gal(K/Q) x Gal(Q(Ay,)/Q) C {1,7} x Autzpnz(Agn),

so that elements of Gal(M/Q) can be labelled by certain pairs (77, T) with
j €40,1} and T' € Autypnz(Ays,). Let M, be the extension of M cut out by
the image 5 of s under restriction to H'(M, A;,) = Hom(Gal(M /M), A;,).
Assume without loss of generality that s belongs to a specific eigenspace for
the action of 7, so that

758 = 0s, for some § € {1,—1}.

Under this assumption, the extension M, is Galois over Q, not merely over K.
In fact, by the assumption that Ay is an irreducible Gg-module, Gal(M,/Q)
is identified with the semi-direct product

Ga1<Ms/Q> = Af,l X Gal<M/@)> (31)

where the quotient Gal(M/Q) acts on the abelian normal subgroup Ay of
Gal(M,/Q) by the rule

(77,T)(v) = & Tw. (32)

Here T' denotes the natural image of 7" in Autg,(Ay:1). By part 2 of assump-
tion 6 on the Galois representation Ay, the group Gal(M,/Q) contains an
element of the form (v, 7,T), where

1. The automorphism 7" has eigenvalues 6 and A\, where A € (Z/p"7Z)* is not
equal to £1 mod p and has order prime to p. (Note that here the assumption
that p > 3 is needed.)

2. The vector v € A, is non-zero and belongs to the d-eigenspace for 7.

Let ¢ /N be a rational prime which is unramified in M,/Q and satisfies
Froby(M,/Q) = (v, 7,T). (33)

By the Chebotarev density theorem, there exist infinitely many such primes.
In fact, the set of such primes has positive density. The fact, immediate from
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(33), that Frob,(M/Q) = (7, T) implies that ¢ is an admissible prime. To see
that ve(s) # 0, choose a prime A of M above ¢, and let d be the (necessarily
even) degree of the corresponding residue field extension. Then

Froby(M,/M) = (v,7,T)* = v+ 6Tv + T?v + --- + 6T v = dv.
Let 5 denote the image of s in
H'(M, Asy) = Hom(Gal(M /M), Ay)

under restriction. Since d is prime to p by property 1 of T, it follows that
5(Froby(Mg/M)) = ds(v) # 0, so that the restriction at A of § is non-zero.
Hence, so is v(s), a fortiori.

Global cohomology groups. Following [BDO], definition 2.22, a finite set
S of primes is said to be n-admissible relative to f if

1. All ¢ € S are n-admissible relative to f.
2. The map Sel(K, A;,,) — @®pesHp, (Ky, Ay ) is injective.

A direct argument based on theorem 3.2 shows that n-admissible sets exist.
(See also the proof of lemma 2.23 of [BDO0].) In fact, any finite collection of
n-admissible primes can be enlarged to an n-admissible set.

Proposition 3.3 If S is an n-admissible set, then the group f]é(Koo,Tf,n)
is free of rank #S over A/p"A.

Proof: The fact that H(K,,, T} ) is free over Z/p"Z|G,,] is essentially theo-
rem 3.2 of [BDO], whose proof carries over, mutatis mutandis, to the present
context with its slightly modified notion of admissible prime. Proposition
3.3 follows by passing to the limit as m — oo.

Theorem 3.4 Let my denote the maximal ideal of A. Then

1. The natural map from H'(K,Ap1) — H' (Koo, Apn)[ma] induced by
restriction is an isomorphism.

2. If S is an n-admissible set, the natural map from f[é(Koo,Tf,n)/mA to
HY(K,Tyq) induced by corestriction is injective.
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Proof: Let I, denote the augmentation ideal of A. The inflation-restriction
sequence from K to K,, gives the exact sequence

H' (K /K, ASSm) — H' (K, Ap) = H (Ko, Ap)[1] —
— HX(K,,/K, A%,

By part 2 of assumption 6 in the introduction, the module A?ﬁm is trivial.
(Otherwise, the Galois representation attached to Ay, would have solvable
image, contradicting the hypotheses that were made in the introduction.)
Hence the map 7 is an isomorphism. Taking the Gx-cohomology of the
exact sequence

0— Ajy — Ay 25 Ap g — 0

and using the fact that A?f = 0 once again, shows that the natural map
H' (K, Agy) — H'(K, Aga)[p) (34)
is an isomorphism. It follows that the natural map
HY (K, Afy) — H' (K, Agy)[ma]

is an isomorphism as well. Part 1 of theorem 3.4 follows by taking the direct
limit as m — oc.
Part 2 of theorem 3.4 follows directly from proposition 3.3.

3.3 Rigid pairs

Let Wy := ado(Ays1) = Homg(As1, A1) be the adjoint representation at-
tached to Ay, i.e., the vector space of trace zero endomorphisms of Ay ;. It
is a three-dimensional F,-vector space endowed with a natural action of Gg
arising from the conjugation of endomorphisms. Write W} := Hom(W}, u,)
for the Kummer dual of W.

Recall that Ay, is ordinary at p, so that there is an exact sequence of
I,,-modules

0— AP — A — AY —0

where AS}? i represents the subspace on which I, acts via the cyclotomic char-

acter €, and AS}% represents the I,-coinvariants of Ay;. Let

1
W;p) = Hom(AH, A;pi)
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It is an I,-submodule of W; let W}l) =W;/ W}p ). The classes in H'(Q,, W)

whose restriction at p belong to H'(I,, W;p )) are called ordinary at p.

Likewise, if ¢ is a prime which divides N exactly, recall the submodules
Agf)l and A?% on which G, acts by e and £1 respectively. (These submod-
ules are well-defined, by virtue of assumption 2.1.) Set

l 1 4
Wi = Hom (A}, AY)).

The classes in H'(Q, ;) whose restriction at £ belongs to H*(Qy, W;ﬁ) are
called ordinary at ¢.

If 7 is an admissible prime for f, the eigenvalues of Frob, acting on the
Galois representation Ay are =1 and +¢. Recall also that * # 1 belongs
to IF¢. Therefore, the eigenvalues of Frob, acting on Wy (resp. W}) are the

distinct elements 1, £, and £~" (resp. £, 1 and ¢*) of FX. Let W]@ and W;(Z)
denote the one-dimensional IF,-subspace on which Frob, acts with eigenvalue

(. The classes in H'(Q, W;) whose restriction at ¢ belong to H'(Qy, W;g))
are called ordinary at ¢. (In [Ram], section 3, these classes are referred to
as null cocycles.) Note that H*(Qg, W) decomposes as a direct sum of two
one-dimensional F,-subspaces,

HY(Qp, Wy) = HE Qo W)@ HL (@, W),

where
Hg, (Qo, W) := HY Q)" /Qp, W)

is the space of unramified cocycles. A similar remark holds for W7y.

Let S be a square-free product of admissible primes for f.

Definition 3.5 The S-Selmer group attached to Wy, denoted Selg(Q, Wy),
is the subspace of cohomology classes & € HY(Q, W) satisfying

1. For all £ which do not divide N'S, the image of & in H*(Qq, W) belongs
to Hén(@g, Wf)

2. The class & is ordinary at the primes ¢ dividing NS exactly.

3. The class & belongs to the kernel of the restriction to H* (I, W) if € is
a prime such that (? divides N*.
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Similar definitions can be made for Selg(Q, W7). Note that H*(Qy, W;Z)) and
HYQy, W; (6)) are orthogonal to each other under the local Tate pairing.

Proposition 3.6 The modular form f is p-isolated if and only if Sel; (Q, W)
15 trivial.

Proof. Let R denote the universal ring attached to deformations p of the
Galois representation Ay, satisfying

1. The determinant of p is the cyclotomic character describing the action
of G on the p-power roots of unity.

2. p is unramified outside N.S.
3. pis ordinary at p, i.e., the restriction of p to I, is of the form < S * ) .

4. For all ¢ dividing NTN~S exactly, the restriction of p to a decomposi-
. : . . € %
tion group at ¢ is ordinary, i.e., is of the form < 01/
The ring R is a complete local Noetherian Z,-algebra with residue field F,,.
Let m denote the maximal ideal of R. Standard results of deformation the-
ory (cf. lemma 2.39 and secs. 2.6 and 2.7 of [DDT], ) identify m/(p, m?) with
the Pontryagin dual of Selg(Q, Wy). It follows that R = Z, if and only if
Selg(Q, Wy) is trivial. Taking S = 1, a calculation as in [W], sec. 3 shows
that the ring R surjects onto the ring T; of Hecke operators acting on the
space So(7 /I"), completed at the maximal ideal attached to f. A deep result
of Wiles ([W], [DDT] theorem 3.42) asserts that this surjection is an isomor-
phism. Hence the fact that R = Z, is equivalent to the fact that Ty = Z,,
which in turn is equivalent to the fact that the modular form f is p-isolated.

If S is a square-free product of admissible primes for Ay 1, let Sel(g)(Q, W)
denote the Selmer group defined in the same way as Selg(Q, W) above, but
with no condition imposed at the primes of S. Let Selg)(Q, Wy) denote the
subgroup of Sels(Q, W) consisting of classes that are trivial at the primes in
S. These notations can be combined: thus, if 51,553,535 are pairwise coprime
square-free products of admissible primes, the group Selg, (s,ys,(Q, W) is
given the obvious meaning. Similar definitions can be made with W, replaced

31



by W;. Note that the Selmer groups Sel(s)(Q, Wy) and Sels)(Q, W}) are
dual Selmer groups in the sense of [DDT], section 2.3, and the same is true
of Sels(Q, Wy) and Sels(Q, W5).

Proposition 3.7 If f is p-isolated, and ¢ is an admaissible prime for f, then
Seliy(Q, Wy) and Sel)(Q, W}) are one-dimensional Fy,-vector spaces.

Proof. 1t follows from a direct calculation of orders of local cohomology
groups, combined with theorem 2.18 of [DDT], that the groups Sel; (Q, W)
and Sel; (Q, W]’f) have the same cardinality. By proposition 3.6, both these
groups are trivial. Applying theorem 2.18 of [DDT] once more, and using
the fact that p divides (¢ + 1)? — a?, one finds that

#Selo) (Q, Wy) /#Seliy (Q, Wy) = p.

Hence Sel(y)(Q, Wy) is one-dimensional over F,. The same argument, with
Wy and Wy interchanged, shows that Sel( (Q, Wy ) is one-dimensional as
well.

Suppose that f is p-isolated so that the conclusion of proposition 3.7
holds. If ¢ # ¢, is any admissible prime, write

Vy - Sel(gl)((@, Wf) — Hén(@g, Wf), U; : Sel(gl)((@, W;) — Hén(@g, W}k)
for the natural maps induced from restriction at /.

Proposition 3.8 1. If Sel, (Q,Wy) # 0, and v, and v}, are both non-
zero, then Sely, s, (Q, Wy) = 0.

2. If Sely, (Q,Wy) = 0, and vy, is 0, then either Selye, (Q,Wy) = 0 or
Sely, (Q, Wy) is one-dimensional.

Proof: 1. Since ¢, is admissible, we may invoke proposition 3.7 and let &
and &7 be generators of Sel,)(Q, Wy) and Sel(,)(Q, W;) respectively. Note
that & belongs to Sely, (Q, Wy) (ie., the restiction of & at ¢; is ordinary)
since Sely, (Q, W) # 0. A calculation using theorem 2.18 of [DDT]| shows
that Sely, (Q, Wy) and Sel,, (Q, W}) have the same dimension, and hence &}
also belongs to H,, (Q, W7y).

By theorem 2.18 of [DDT],

#88141(42)«@, Wf)/#selh [¢2] (@7 W;) =D
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The assumption that vg,(£}) # 0 implies that #Sely, 0, (Q, W) = 0. Hence
Sely, 0,)(Q, W) = Selg, (Q, Wy) is one-dimensional and spanned by &;. Now
the assumption that vy, (£1) # 0 shows that Sely,, (Q, Wy) = 0.

2. It is convenient to distinguish two cases:

a) If Sely, (Q, W) = 0, then the space Sel(, ), is one-dimensional by theorem
2.18 of [DDT]. The assumption that v, (£;) = 0 shows that in fact & gener-
ates Sely,ye, (Q, Wy). But & does not belong to Sely, 1,)(Q, W) since if it did
it would also belong to Sely, (Q, W) which is trivial by assumption. Hence

Selfﬂz (@7 Wf) = 861(51)42 (Q7 Wf) N 86151(42) (@7 Wf) = 0.

b) If Sely, (Q, W§) # 0, it is necessarily one-dimensional since it lies in the
one-dimensional space Sel(s,)(Q, Wy).

Definition 3.9 A pair (¢1,03) of admissible primes is said to be a rigid pair
if the Selmer group Sely, e, (Q, Wy) is trivial.

In addition to theorem 3.2 guaranteeing the existence of a plentiful supply of
n-admissible primes sufficient to control the Selmer group Sely,,, there arises
the need for the somewhat more technical theorems 3.10 and 3.11 below
guaranteeing the existence of a large supply of rigid pairs of n-admissible
primes in certain favorable circumstances.

Theorem 3.10 Suppose that f is a p-isolated eigenform in So(7/T'), and
let (1 be an admissible prime for f. Let s be a non-zero class in H' (K, Asq).
For any n, there exist infinitely many n-admissible primes ly such that

1. 01, (s) = 0 and vy,(s) # 0.

2. Either (€1,03) is a rigid pair, or Sely, (Q, Wy) is one-dimensional.

Proof: Assume as in the proof of theorem 3.2 that s belongs to a fixed
eigenspace for complex conjugation, so that 7s = ds for some 6 € {1, —1}.
Write M = K(Ay,) and let M, be the Galois extension of M cut out by s
as in the proof of theorem 3.2.

The fact that f is p-isolated implies, by proposition 3.7, that the Selmer
groups Sel(;,)(Q, Wy) and Sel(,)(Q, W7) are one-dimensional over F,. Let §
and &* denote as before generators of these spaces. The image &, £* of &, ¢*
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in H'(M,Wy) = Hom(Gy, Wy) and H'(M, W}) cuts out extensions M, and
Me- of M whose Galois groups are identified, via € and £, with Wy and W7
respectively.

Let M ¢« denote the compositum of Mg, M, and M- over M. Since
the Galois representations Ay;, Wy and W} are absolutely irreducible and
pairwise non-isomorphic, the Galois group of M;¢ ¢+ over Q is isomorphic to
the semi-direct product

Gal(Msyg’g*/Q) = (Af,l X Wf X W;) X Gal(]\/[/@),

where the action of the quotient Gal(M/Q) on the abelian normal subgroup
(Ap1 x Wy x W7) is given by

(7, T)(v,w,w*) = (§¥Tv, TwT ™, Tw*T~" det(T)).

Case 1: Suppose that & belongs to Sely, (Q, Wy), so that £* belongs also
to Sely, (Q, W75). The group Gal(M,¢¢-/Q) contains an element of the form
(v, w,w*, 7,T), where

1. The transformation T acting on Ay, has eigenvalues § and A, were X is
an element of (Z/p"Z)* of order prime to p which is # +£1.

2. The vector v belongs to the unique line in Ay; on which 7" acts by ¢.

3. The vector w (resp. w*) belongs to the unique line in Wy (resp. W7)
which is fixed by T

Let ¢5 be a rational prime satisfying

Froby, (Ms¢ e+ /Q) = (v, w,w*, 7,T). (35)
There are infinitely many such primes /5, by the Chebotarev density theorem.
Now, note that

1. By the same reasoning as in the proof of theorem 3.2, the prime /5 is
n-admissible and vy, (s) # 0.

2. A similar argument shows that v, (§) # 0 and vy, (§*) # 0. From this it
follows, by part 1 of proposition 3.8, that Sels,¢, (Q, W) = 0. Hence (41, (2)
is a rigid pair, and theorem 3.10 follows.
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Case 2: Suppose that  does not belong to Sel, (Q, W), so that £* also
does not belong to Sely, (Q, W7). Keeping the notations of case 1, let /5 be a
rational prime satisfying

Froby, (M ¢ ¢+ /Q) = (v,0,0,7,T). (36)

There are infinitely such primes ¢y, by the Chebotarev density theorem.
Note that the prime ¢; is n-admissible and v, (s) # 0, and that vy, (§) and
v, (£*) both vanish. It follows from part 2 of proposition 3.8 that either
Sely, 0, (Q, Wy) is trivial — i.e., (¢1,¢2) is a rigid pair — or that Sely, (Q, Wy) is

one-dimensional.

Theorem 3.11 Suppose that f is a p-isolated eigenform in So(7/T"), and
let (1 be an admissible prime for f. Let s be a non-zero class in H (K, Asq).
Suppose further that Sely, (Q, Wy) is one-dimensional over F,. Then there
exist infinitely many n-admissible primes {5 such that

1. Op,(s) =0 and vy, (s) # 0.

2. (01, 0s) is a rigid pair.
Proof. This follows directly from the analysis of case 1 in the proof of theorem
3.10.

Congruences between modular forms. Let /1, /5 be distinct n-admissible
primes relative to f, such that p™ divides ¢1+1—eja,, (f) and lo+1—esay, (f),
for €; and €y equal to 1. Let B’ be the definite quaternion algebra of
discriminant Disc(B){1/s, let R’ be an Eichler Z[1/p]-order of level N* in B’
and let IV := (R')*/Z[1/p]*. The theory of congruences between modular
forms yields the following proposition:

Proposition 3.12 There exists an eigenform g € So(T /T, Z/p"Z) such that
the equalities modulo p™ hold:

Tyg=ag(f)g (q fNOL:),  Usg =ag(flg  (qIN), (37)

Ung =eg, Up,g = eag.

If furthermore the pair (¢1,03) is a rigid pair, then g can be lifted to an eigen-
form with coefficients in Z, satisfying (37) above. This form is p-isolated.
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Proof. The existence of the mod p" eigenform g, which relies on the concepts
and notations introduced in sections 5 and 9, is given in theorem 9.3. This g
corresponds to a surjective algebra homomorphism f, ¢, : T, s, — Z/p"Z,
where Ty, ¢, is the Hecke algebra defined in the proof of theorem 9.3. If (¢4, {5)
is a rigid pair, this algebra is isomorphic to Z, and therefore f, 4, lifts to
characteristic 0 so that g can be lifted (uniquely) to a form in Sy (7 /T").

4 The Euler System Argument

4.1 The Euler system
Section 7 describes the construction of certain global cohomology classes
K(0) € H} (Koo, Thn),

indexed by the n-admissible primes ¢ attached to f. The proof of theorem
1 relies crucially on the existence of these classes and on their behaviour
under localisation described in theorems 4.1 and 4.2 below. Both theorems
are instances of explicit reciprocity laws relating these explicit cohomology
classes to special values of L-functions, and form the technical heart of the
proof of theorem 1.

Observe that when £ is an n-admissible prime, the local cohomology group
H I(Koo,g, T}.,,) decomposes as a direct sum

I:II(KOO,Z)Tf,n) = Hﬁln(KOO,EvTf,n)@ﬁ;rd(KOO%Tf,n)
= Hg, (Koo, Trn)®H (Koot Thin)-

The map 0y is simply the projection onto the second factor, while v, can be
extended naturally to a map

et H' (Koo, Trn) — Hiy (Koo, Tpn) = H (Koo, Tyn) [ Hopa (Koo, Tt )
defined as the projection onto the first factor.
Theorem 4.1 If( is an n-admissible prime, then vy(k(¢)) = 0. The equality
Oe(k(l)) = Ly (mod p")

holds in HY

sing(Koo,t, Trn) = N/p"A, up to multiplication by elements of Z)
and G .
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Note that the ambiguity in the statement of theorem 4.1 is unavoidable, since
the identification of Hy (Koo, Trn) with A/p™A, and the element L, are

sing

both only defined up to multiplication by elements in Z; and G.
Theorem 4.1 is proved in section 8.

The second theorem describes the localisation of k(¢;) at an n-admissible
prime {5 which is different from ¢;. Recall the discrete subgroup I” of
PSLy(Q,) and the Z/p"Z-valued eigenform g in Sy(7 /I, Z/p"Z) attached
to f and (¢1,¢5) in proposition 3.12.

Theorem 4.2 The equality
vy (R(61)) = Ly

holds in If[én(Koob,Tf’n) ~ A/p"A, up to multiplication by elements of Z
and G .

Theorem 4.2 is proved in section 9.

Since the definition of ¢ is symmetric in ¢; and /5, one obtains the fol-
lowing reciprocity formula for the classes x(¢):

Corollary 4.3 For all pairs of n-admissible primes {1, ¢y attached to f, the
equality
ve (K(l2)) = vey (K(61))

holds in A/p"A, up to multiplication by elements of Z and G .

4.2 The argument

To an ordinary eigenform f € Sy(7 /I') with coefficients in Z, one has associ-
ated two invariants: the p-adic L-function L,(f, K') € A (section 1) and the
Selmer group Sely,, (section 2). This section explains the proof of theorem
1. In our approach based on congruences between modular forms, it is indis-
pensable to prove the following generalisation which is stronger insofar as it
applies to all p-isolated modular eigenforms in Sy(7 /I") with coefficients in
7, satistying assumption 2.1.

Theorem 4.4 Let [ be an ordinary eigenform in Ss(7 /T") with coefficients
in Zy, which is p-isolated, and satisfies assumption 2.1. The characteristic
power series of Sel}fC>o divides the p-adic L-function L,(f, K).
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Proof. By proposition 3.1, it suffices to show that
¢(Ly)? belongs to Fitto(Sely @, O), (38)

for all homomorphisms ¢ of A into a discrete valuation ring O. For this it is
enough to show that

cp(ﬁf)2 belongs to Fitto(Selv,n ®,0), foralln>1. (39)

Fix O, ¢, and n. Write 7 for a uniformiser of O, and let e := ord,(p) be the
ramification degree of O over Z,. Write

ty = ords(o(L)).
Assume without loss of generality that
1. ty < oo. (Otherwise, (L) = 0 and (39) is trivially verified.)

2. The group Sel}/m ® O is non-trivial. (Otherwise, its Fitting ideal is equal
to O and (39) is trivially verified.)

Theorem 4.4 (or rather, equation (39)) is proved by induction on ;.

We begin by describing the construction of certain cohomology classes at-
tached to an admissible prime ¢. Let ¢ be any (n+t;)-admissible prime, and
enlarge {(} to an (n + ts)-admissible set S. Let

k(l) € HY (Ko, Tintt,) C HY(K,, Tfnrey)

be the cohomology class attached to ¢ as in section 4.1, and denote by x(¢)
the natural image of this class in

M = HY(K oo, Tynia,) @, O.

Note that this module is free over O /p"**1)| by proposition 3.3. By theorem
41,
ordy(ky,(0)) < ordx(Oeky(0)) = ordx(p(Ly)) = ty,

so that ¢ := ord,(k,(¢)) < t;. Choose an element k,(¢) € M satisfying

TR (0) = K (0).
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Note that 7, () is well defined modulo the 7'-torsion subgroup of M, which
is contained in the kernel of the natural homomorphism

ﬁé<Kw7 Tf,n+tf) Qe 0— ﬁé<KW7Tf,n) R 0.

To remove this ambiguity, let «[,(£) be the natural image of the class 7, (/)

in Hy(Ko, Tn) ® O. The key properties of the class K, ({) are summarised
in lemmas 4.5 and 4.6 below.

Lemma 4.5 The class r,({) enjoys the following properties:
1. ord.(x],(£)) = 0.
2. Oy, (£) =0, for all g fENT.
3. vk, (L)) = 0.
4. ord.(Oeri,(0)) =ty —t.

Proof: The first property follows from the fact that ord,(x,(¢)) = t. The sec-
ond is a direct consequence of the fact that x(£) belongs to Hj (Ko, Tfn4t;),
while the third and fourth follow from theorem 4.1.

Lemma 4.6 The element 0y(r,(€)) belongs to the kernel of the natural ho-
momorphism

A

e H,

1
sing

(Ksoit; Tyn) ®p O — Selj, @, O.

Proof: Let I, denote the kernel of ¢. By the global reciprocity law of class
field theory, the class &, (¢) satisfies

Z(aq(’%eo(é))a Sq)q =0, (40)

qls

for all s € Selyq4,[l,]. (Here, s, simply denotes the natural image of s in
Hg (Kq oo, Afnst;).) On the other hand, n'A,(£) = K, (¢) has trivial residue
at all the primes ¢ # ¢. Hence, for such primes, the element 0,(%,(¢))
annihilates

7Ttl—lﬁln([<oo,<17 Af7n+tf) [Ieo] ) Hi%n(Koo,qa Af,n) [Lp] :
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Hence, if s belongs to Sely,[I,], the terms in the sum (40) corresponding to
the primes g # ¢ are zero. Hence so is the term corresponding to £. It follows
that J,(k[,(¢)) annihilates the image of Sely,[I,] in H, (Keo e, Asn), as was
to be shown.

We now turn to the proof of (39), in the case where ¢; = 0, which provides
the basis for the induction argument.

Proposition 4.7 Ift; =0, (i.e., L; is a unit) then Sel},, is trivial.

Proof: Since L; is a unit, theorem 4.1 implies that 0y(k,(¢)) generates
Hsling(Koo,e,Tf,n) ®, O, for all n-admissible primes ¢. Hence the map 7,
of lemma 4.6 is trivial for all such primes. This is enough to conclude that
Sel}/vn is trivial. For otherwise, Nakayama’s lemma implies that the group

Self,,/my = (Sels,[ma])"

is non-zero. Let s be a non-trivial element of Sely,,[m,]. By part 1 of theorem
3.4, s can be viewed as an element of H'(K, As;). Invoking theorem 3.2,
choose an n-admisible prime ¢ such that vy(s) # 0. The non-degeneracy of
the local Tate pairing implies that 7, is non-zero, a contradiction.

Turning now to the general case of equation (39), let II be the set of
rational primes ¢ satisfying the following conditions:

1. ¢ is (n + tf)-admissible.

2. The quantity ¢ = ord,(k,(¢)) is minimal, among all primes satisfying
condition 1.

Note that the set II is non-empty, by theorem 3.2. Let ¢ be the common
value of ord,(k,(¢)) for £ € II.

Lemma 4.8 One hast < t;.

Proof: Suppose not. Then ord,(k,(¢)) = ty, for all (n+ty)-admissible primes
(. Let s be a non-zero element of H*(K, A;1)NSel;,,, which exists by theorem
3.4. Invoking theorem 3.2, choose an (n + ¢;)-admissible prime ¢ such that
ve(s) # 0. By lemma 4.5, the natural image of 0;(x[,(¢)) in H'(Ky, Tf1) ®,0O
is non zero. By lemma 4.6, it is also orthogonal to v,(s) with respect to
the local Tate pairing, contradicting the fact that the vectors 9y(x[,(f)) and
ve(s) are both supposed to be non-zero and that the Tate pairing is a perfect
duality between these two one-dimensional vector spaces over O/.
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Lemma 4.9 There exist primes {1,y € I1 such that (¢1,0s) is a rigid pair.

Proof. Choose any {; in II, and let s denote the natural image of x,(¢,) in

f{é(KOOa Tf,n) Ry Of(r) = (Hé(Koo’Tf,n)/mA> ® (O/n)
C HYK,Ty,) ® (O/m),

where the last inclusion (cf. part 2 of theorem 3.4) is induced from the core-
striction map and the natural projection 7%, — T%;. Observe that the
class s is a non-zero element of H'(K,Ty;) ® (O/7) which satisfies 9,(s) = 0
for all ¢ f¢;N. Invoking theorem 3.10, choose an n + ts-admissible prime (o
such that

1. vg,(s) # 0, and
2. either (¢, ls) is a rigid pair, or Sely, (Q, Wy) is one-dimensional.
The reader will note that:

£ = ord,(rp() < orda(k,(62)) < orde(vn (kp(2))). (41)

The first inequality holds by the minimality assumption made in the choice
of the prime ¢;. The second inequality is a consequence of the fact that vy,
is a homomorphism. By the reciprocity law of corollary 4.3, and the choice
of 62,

ordx (v, (K (l2))) = orde(vr, (K (£1))) = ordz (ki (£1)). (42)
(To see the second equality, note that the inequality
ordy(ve, (ky(£1))) = ordx(ky(£1))

is clear, and that strict inequality holds precisely when vy, (s) = 0.) Com-
bining (41) and (42), it follows that that the inequalities must be equalities
throughout, so that

t = ord.(ky(l1)) = ord (K, (l2)).

Hence ¢5 belongs to II. If (¢,45) is a rigid pair, we are done. Otherwise,
the group Sely, (Q, W) is one-dimensional. In that case one can repeat the
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argument above, with ¢; replaced by /¢5, invoking this time theorem 3.11
instead of 3.10 to obtain a pair (fs,¢3) satisfying the conclusion of lemma
4.9. This completes the proof of the lemma.

Let (¢1,¢2) be a rigid pair of (n + ts)-admissible primes in II, whose
existence is guaranteed by lemma 4.9. By theorem 4.2, note that ¢t =1, =
ord,(¢(L,)), where g is the p-isolated eigenform in Sy(7 /I") attached to f
and ({1, {y) through proposition 3.12.

Let Sely, ¢, denote the subgroup of Sely,, consisting of classes which are
locally trivial at the primes dividing ¢, and ¢;. By definition, there is a
natural exact sequence of A-modules

0— Sf,, — Sel}, — Seliy,r,] — 0, (43)

where SZI s, denotes the kernel of the natural surjection of duals of Selmer
groups. Note the natural surjection given by local Tate duality:

77f : (]:Isling(KOO,fn Af,n) EB Hsling(KOOfw Afﬂ)) - S{lfg
induced from the inclusion
(Ste,) C Hy (Koo, Agn) @ Hi (Koo, Ag).

The domain of 7y is isomorphic to (A/p™A)?, by lemma 2.7. Let nf denote
the map induced from 7, after tensoring by O via ¢. The domain of n]f is
isomorphic to (O/p"O)?. By lemma 4.6, the kernel of 57 contains the vectors
(OeyK1,(€1),0) and (0, O, K, (£2)) in

(e Kotrs Apn) © Ho(Kowss Ara) ) 850 = (0/p"O)*.
By part 3 of lemma 4.5,
ty —t, =ord. (0, Iifp(él)) = ordﬂ(agﬁ;(ég)).
Hence
72t =t) belongs to the Fitting ideal of S{Mz ®, O. (44)

One may repeat the above argument with the modular form g. Thus we
have an exact sequence similar to (43) but involving ¢ instead of f:

0— Sgl@ — Selé — Sel[vmﬂ — 0, (45)

n
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as well as a surjection given by local Tate duality:
Mg (Hén(Koo,Zu Afm) D Hén(Koo,fzv Af,n)) - Sglég‘

By global reciprocity, the kernel of the map 77 obtained from 7, after ten-
soring by O via ¢ contains the elements

(vey K, (01), vey i, (£1)) = (0, v, k0, (41))
as well as (vg, k7,((2),0). But
ordy (v, k(1)) = ordy(ve, ki, (€)) =ty —t = 0.

It follows from this that the module S, ®, O is trivial, and the natural
surjection

Sely,, ®, O — Seljy,y,) ®, O is an isomorphism, (46)
Recall that, by lemma 4.8,
tg < tf,

and that the eigenform ¢ satisfies all the hypotheses of theorem 4.4, including
assumption 2.1, in light of the fact that ¢; and /5 are admissible. One is thus
in a position to invoke the induction hypothesis to conclude that

¢(L,)? belongs to the Fitting ideal of Sel!,, ®, O. (47)

The theory of Fitting ideals implies that
a2t = p2(tp—te) 12
€ TFitto(S! ,, ® O)Fitto(Sel), ® O), by (44) and (47)
= Titto(S7,,, ® O)Fitto(Sely, ., ® O), by (46)
C Fitto(Sely, ® O), by (43).

Hence (39) is proved: ¢(Ly)* belongs to the Fitting ideal of Sely, ®, O.
Theorem 4.4 follows.
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5 Shimura curves

The construction and the properties of the Euler System used in the argument
of section 4 are based on the geometry over Z of certain Shimura curves, which
is reviewed in this section.

Let M be a positive integer, and let M = M*™M~ be an integer decom-
position of M such that M~ is a squarefree product (possibly empty) of an
even number of prime factors. Following [Ro] and [BD1], one may attach
to such a decomposition a Shimura curve X+ p-. If M~ is equal to 1,
X+ m- is the classical modular curve Xo(M) of level M. In the general
case, Xy+ - is the Shimura curve with level MT-structure associated to
the indefinite quaternion algebra of discriminant M ~.

5.1 The moduli definition

The curve X = X+ 5~ has the following moduli interpretations.

Models over Z[+7]

Let B be the indefinite quaternion algebra over QQ of discriminant M~. Fix
a maximal order Ry in B, and an Eichler order R of level M* contained
N Ruypax. Write F = Fy 1 for the functor from the category of schemes

over Z[%] to the category of sets which associates to a scheme S the set of
isomorphism classes of triples (A, ¢, C), where:

1. A is an abelian scheme over S of relative dimension 2,
2. 1 Rupax — End(A) is an action of Rpax on A,

3. C is a level MT-structure on A, that is, a subgroup scheme of A of
order (M™)? which is stable and cyclic for the action of Rpax.

If M~ is strictly greater than 1, the functor F is coarsely representable by a
smooth projective scheme Xz 1, over Z[+-], with smooth fibers. Let Ho be
the complex upper half plane, and let R{ be the group of norm 1 elements in
R. Fix an embedding of B in M»(R), and write 'y, ; for the natural image of
R{ in PGLy(R). The group ' 1 acts discontinuously (on the right) on H,
and the complex points X (C) of the generic fiber X = Xy are identified with
the Riemann surface Hoo/I'oo 1. For more information, see [BC], chapter 111
and [Bu].
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If M~ is equal to 1, then B is isomorphic to the split quaternion algebra
M,(Q), and one may assume that R,.y corresponds to the standard maximal
order M5(Z). A triple (4,14, C') as above is then of the form (Ex E, t, CgxCg)
where F is an elliptic curve, Cg is a level M-structure on E, and the action
¢ is the natural matrix action of Ms(Z) on E x E. Thus, the functor F is
coarsely representable by the affine modular curve Yy (M) Z{L]- The projective
completion Xo (M) 1y of Yo(M)z 1, obtained by adding a “finite set of cusps,
is a moduli space for generalized éihptm curves with level M-structure. See
[DR] and [Bu].

Models over Z; for £ | M+
Assume that £ is a prime dividing exactly MT. (This is the only case which
is relevant to the arguments of this paper.)

The reader is referred to [Ed], sections 3 and 4, [DR], [KM], and [Bu] for
the definition of the variant of the moduli functor F which can be used in

this case. The resulting canonical model Xz, is a nodal model of X, in the
sense of [Ed]. That is:

1. Xy, is proper and flat over Z,, and its generic fiber is X (viewed as a

curve over Qy),

2. the irreducible components of the special fiber Xy, of X7, are smooth,
and the only singularities of X, are ordinary double points.

More precisely, the special fiber Xg, consists of two copies of the irreducible
curve (Xps+ /00 )r, intersecting transversally at the supersingular points,
which are identified via the Frobenius morphism at £. (Note that X+ /¢ -
has good reduction at ¢, and a description of (Xps+ /7,1~ )r, follows from the
model (XMJF/Z,M’)Z[W] given above.)

Models over Z, for 0| M~

Assume that M~ is strictly greater than 1. Fix a prime ¢ dividing M.
As before, one may define a model Xy, of X over Z, via moduli. The new
moduli functor Fz, on schemes over Z; is defined similarly to F; 1), except
for the requirement that the action ¢ be special in the sense of [BC], section
II1.3. The functor Fz, is coarsely representable by a scheme Xy,, which is a
nodal model of X. A more precise description of Xy, is given in section 5.2
where, in particular, it is explained that the irreducible components of Xy,
are rational curves.
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5.2 The Cerednik-Drinfeld theorem

(References: see [JoLil] and [BC]| for details, and [BD3], section 4 for an
exposition.)

Assume that M~ is strictly greater than 1, and let ¢ be a prime dividing
M~. Let B be the definite quaternion algebra over Q of discriminant M~ /¢,
and let R be an Eichler order in B of level M*¢. Set B, = B ® Z, and
Ry = R® Zy, and fix an isomorphism x, : B, — M,(Q,) mapping R, onto
the standard Eichler order of level ¢ in Ms(Z,), consisting of matrices which
are upper triangular modulo ¢. Write I'y, respectively, I'y;; for the image
of R[3]*, respectively, R[3]} in PGLy(Qy), where R[] is the subgroup of
norm 1 elements in R[]

Let C; be a completion of an algebraic closure of Q,, and let H, be the
(-adic upper half plane, viewed as a formal scheme over Z,. The generic fiber
of ﬂg is identified with a rigid analytic space H, over Q, whose C,-valued
points are

He(Cp) = PY(Cy) — PH(Qr) = Co — Qo
The special fiber of H, consists of an infinite sequence of projective lines,
intersecting at ordinary double points. The ¢-adic group I'y; acts disconti-

nously on H, and H, on the right. The action on H,(C;) is given by the

rule
az+b

cz+d’

2y =

where v~ is represented by (z Z)

The quotients ’Hg /Te1 and Hy/T'py exist in the category of formal schemes
and of rigid analytic spaces, respectively. Since the irreducible components
of the special fiber of 7:(g have finite stabilizer in I';;, it follows that the
irreducible components of the special fiber of H,/I';; are rational curves.

Write Xze for the formal completion of Xz, along its special fiber, where
Xz, is the model of X over Z, introduced in section 5.1. Let X" be the rigid
analytic space over (Q, associated to X. Fix a quadratic unramified extension
Qg2 of Qy, and denote by Z,2 the ring of integers of Q.2 and by F,2 its residue
field.

Theorem 5.1 The formal schemes )A(ZZ and T:Zg/FM are naturally isomor-
phic over Zep. In particular, X* is isomorphic to He/T's1 over Qp, and Xp,
is isomorphic to the special fiber of He/T's1 over Fp.
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Theorem 5.1 can be proved by comparing the moduli definition of X7, given in
section 5.1 with Drinfeld’s interpretation [Dr] of H,, where the base-change of
H, to the maximal unramified extension of Z, is identified with the classifying
space of certain formal groups of dimension 2 and height 4 which are endowed
with an action of the local order Ry.x ® Z,. To obtain the version of the
Cerednik-Drinfeld theorem given here, one must descend the isomorphism
obtained from the above comparison to Z,, using the arguments of Jordan
and Livné in [JoLil]; see also [BC], chapter III.

5.3 Character groups

Let ¢ be a prime dividing exactly M, and let Xz, be a fixed nodal model
of X over the unramified quadratic extension Zgp of Z,. (It is convenient to
extend scalars from Z, to Z,2, also in view of the isomorphism of theorem
5.1.) The dual graph G, = Ge(X) of X at ¢ is defined to be the finite graph
determined by the following properties:

1. the set of vertices V(Gy) is the set of irreducible (geometric) components
of the special fiber Xp

027

2. the set of (unoriented) edges £(Gy) is the set of singular points of Xp

027

3. two vertices v and v’ are joined by an edge e if v and v’ intersect at the
singular point e.

Let zy = £ be a local equation for Xz, at the double point e. The assign-
ment e — v, equips the graph G, with a weight function v : £(G;) — N.

Fix an orientation on Gy, that is, a pair of maps s, : £(Gy) — V(G,) such
that s(e) and t(e) are the ends of the edge e, called the source and the target
of e, respectively.

Let Z[V(G)| and Z[E(G,)] be the module of formal divisors with integer
coefficients supported on V(G,) and £(G,), respectively. Let Z[V(G,)]° and
Z1E(G,)]° be the submodule of degree zero divisors in Z[V(G,)] and Z[£(G,)],
respectively. Let

0, : ZIE(G)] — ZV(G)

be the Z-linear boundary map defined by the rule 0,(e) = t(e) — s(e).
Let J = J(X) be the jacobian of X, and let Jz, be the Néron model
of J over Zp. Write Jg, for the special fiber of J, J](F)£2 for the connected
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component of the origin in Jg,, and ®, = ®,(X) for the group of connected
(geometric) components Jg,, / Jlgﬂ. Denote by X, = Xy(X) the character

group Hom(Tg ,, G,,) of J at £, where T, is the maximal torus of JI(F)ZQ.

Proposition 5.2 The module X, is isomorphic to the kernel of 0., and hence
fits into the exact sequence

0— X, — ZIEG)] 2 ZV(G)]° — 0.

Sketch of proof: The module X, is canonically identified with the integral
homology group Hi(Gy, Z). Since the kernel of the map 0, (which depends on
the choice of orientation on G,) computes H;(Gy,Z), the proposition follows.
(For more details, see [Ed], section 1.)

The character group X, for £ | M+

Let Xz, be (the base change of) the model of X at a prime ¢ dividing exactly
M introduced in section 5.1. Let Sy = S;(X) be the set of supersingular
points of the special fiber Xp,. By the facts recalled in section 5.1, Sy is
equal to £(Gy); furthermore, V(G,) contains two elements, say v; and vy. Fix
an orientation on Gy, so that s(e) = vy and t(e) = vq for all edges e.

Proposition 5.3 The character group X, is identified with the group Z[S,]°
of degree zero divisors with Z-coefficients supported on Sy.

Proof: In view of the above remarks, proposition 5.3 follows directly from
proposition 5.2.

The character group X, for | M~
Let 7; be the Bruhat-Tits tree of PGLy(Qy).

Proposition 5.4 The dual graph G, is identified with Ty/Ty ;.

Proof: 1t follows from theorem 5.1, using the fact that 7;5 is identified with
the dual graph of the special fiber of the formal scheme H, (see [BC], ch. I).

From now on, fix the following orientation on £(Gy). Let vy be the vertex of
7, corresponding to the local maximal order My(Z,). Say that a vertex of
7, is even or odd depending on whether its distance from vy is even or odd,
respectively. Since the elements of I'y; have determinant 1, they send even
vertices of 7, to even ones, and odd vertices to odd ones. Thus, there is a well
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defined notion of even and odd vertex for the quotient graph G,. Define the
source and target maps s,t : £(Gy) — V() so that s(e) is the even vertex
of e and t(e) is the odd vertex of e.

Write d, for the restriction to Z[£(Gy)]|° of the map 0. (relative to the
above choice of orientation).

Proposition 5.5 The module X, fits into the exact sequence
0= X, — ZIEG)* = ZV(Ge)"

Proof: By the choice of orientation made above, the elements of H;(Gy, Z)
belong to Z[£(G,)]°. Proposition 5.5 follows directly from proposition 5.2.

5.4 Hecke operators and the Jacquet-Langlands corre-
spondence

(References: see [Ril], [Ri2] and [JoLi3].)

Assume that M~ is strictly greater than 1, and let ¢ be a prime dividing M.
This section is concerned with the study of natural families of Hecke operators
acting on the terms of the exact sequence of proposition 5.5. The natural
Hecke algebra acting by Picard functoriality on the jacobian J = Pic’(X )
induces an action on the character group X;. On the other hand, in order to
define an action of Hecke operators on Z[€(G,)]® and Im(d,), one must use
the interpretation of these modules in terms of double coset spaces provided
by lemma 5.6.

Remark: A Hecke correspondence 7' on X induces endomorphisms 7" and &
of J via Picard (contravariant) and Albanese (covariant) functoriality. The
reader is referred to the discussion in [Ri2], pp. 445-6 for details on the
definitions. Unless stated otherwise, the Hecke actions considered in this
section and in the following ones will be induced from the Hecke action on
J obtained from Picard functioriality. If wys+; denotes the Atkin-Lehner
involution defined in [BD1], section 1.5, the relation

U)M+71T’UJM+71 = 5

holds. (This can be seen by imitating the arguments in proposition 3.54 of
[Sh].) In particular, the Hecke operators corresponding to the primes which
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do not divide M induce the same endomorphism via Picard and Albanese
functoriality. (For the primes dividing M, this can also be checked by
observing that the corresponding Hecke operators are involutions; in this
case, a general property of curves shows that the two functorialities induce the
same endomorphism.) In view of the above remarks, the detailed discussion
of Hecke actions contained in chapters 3 and 4 of [Ri2] extends to the more
general setting of this paper.

Let B, R and k, be as in section 5.2, and let R be the Eichler order of level
M™ which contains R and is mapped by k; to My(Z,). Use the notations of
formula (12).

Lemma 5.6 1. The set £(Gy) is identified with the double coset space
RA\B*/B*.
2. The set V(Gy) is identified with the disjoint union (EX \EX/BX) x{0,1}
of the double coset space R \B*/B* with itself.

Proof: Strong approximation (see [Vi], p. 61) yields the identifications
\ oA 1 AX oA 1
R\B*[B* = RA\BY/R]", R'\B*/B" = R;\B}/R[}]".

Let G, be the graph T:/Ty, and let E(g}) be the set of oriented edges of G.
Using the map ¢, one obtains the identifications

RA\B*/B* = £(G), R\B*/B* =V(G).

To conclude, observe that £(G,) is identified with c (G¢) by mapping the
unoriented edge {v,w} (mod I'y;) to the oriented edge (v, w) (mod I'y) if v
is even, and to (w,v) (mod I'y) if v is odd (see [BD4], lemma 2.2 for more
details). Moreover, the disjoint union V(G) x {0,1} is identified with V(Gy)
by mapping (9,0) to the even lift of © and (7, 1) to the odd lift of ¥, under
the natural projection V(G,) — V(Gy).

Let R R e
a: R*\B*/B* — R \B*/B*

be the natural projection induced by the inclusion B C R. Denote by w the
element of B* whose local components away from ¢ are equal to 1, and whose
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local component at ¢ maps by x; to the diagonal matrix diag(1, ¢). Since the
Eichler order S = ngw—l N B of level M™ contains R, there is a natural
projection from R*\B*/B* to S*\B*/B*. Call 3 the composition of this
projection with the identification of $*\B*/B* with EX\B */B* induced
by the assignment b — b

Let

X} = Z[R\B*/B*]°, rtespectively, X} = Z[R \B*/B*]°

be the module of degree zero formal divisors with Z-coefficients supported
on R*\B*/B*, respectively, on EX\BX/BX.
Define a degeneracy map

dy: X) — (XKH)Q

by extending by linearity the rule di(z) = (8(x),0) — (0,a(z)) for x in
R¥\B*/B*.

Proposition 5.7 The modules Z[E(G,)]® and Tm(d,) of proposition 5.5 are
identified with X] and (X]')?, respectively. Moreover, the map J, corresponds
under these identifications to d, (up to sign).

Proof: Lemma 5.6 implies directly that Z[£(G,)]° and Im(J,) are identified

with A] and with a submodule of Z[Ex\éx/BX]Q. A more careful study
shows that d, is surjective, and corresponds to §, under the above identifi-
cations. Proposition 5.7 follows.

Let T be the Hecke algebra acting faithfully on A, induced by the Hecke
algebra acting on the jacobian J (by Picard functoriality). The module
Z[E(Ge)]° is also endowed with a faithful action of an algebra T’ of Hecke
correspondences, coming from its double coset description given in lemma
5.6: see [BD1], section 1.5 and also section 1.1. Similarly, the identification of
Im(d,) with (X}")? equips Im(d,) with the diagonal action of Hecke operators
T for ¢ not dividing M /¢, and U} for q dividing M /{. Moreover, the quotient
Im(d,) of Z[E(G,)]° is stable for the induced action of T’: denote by T” the
algebra quotient of T’ acting faithfully on it. Write T for the polynomial
ring with Z-coefficients generated by the indeterminates Tq, for primes ¢ not
dividing M, and Uq, for primes ¢ dividing M. Note that the Hecke algebras
T, T and T” are natural quotients of T.
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Proposition 5.8 1. The exact sequence of proposition 5.5 is equivariant
for the natural actions of T on Xy, Z[E(G,)]°, and Im(4,) defined above.

2. For q # (, the q-th Hecke operator T, € T' (¢ fM) or U] € T" (q|M)
acts on Tm(d,) ~ (X}')? via the diagonal action induced by the natural
q-th Hecke operator T;' (q fM) or U} € T (q|M ), respectively, acting
on the double coset space X;'. Moreover, the induced action of U, € T’
on Im(d,) is given by the formula (x,y) — (I)x —y,lx), where T} is
the (-th Hecke operator acting on X'

3. The Hecke algebra T’ is isomorphic to the Hecke algebra acting on mod-
ular forms of level M which are new at M~ /€. Its quotient T, respec-
tively, T" is isomorphic to the Hecke algebra acting on modular forms
of level M which are new at M~ , respectively, which are new at M~/
and old at ¢.

Sketch of proof:

Step 1: Recalling that M~ is divisible by an even number of primes, fix a
prime m such that m # ¢ and m | M~. Denote by X', respectively, X"
the Shimura curve X+ pr- /em, respectively, X+ pr-jom- Write X, (X7),
respectively, &,,(X") for the character group of X', respectively, X" at m.
These character groups are described in proposition 5.3: one has

Xm(X/) = Z[Sm(X/)]Ov Xm(X”) = Z[Sm(X//)]()'

Let a be the natural projection from X’ to X”, and let b be the composition
of the Atkin-Lehner involution at ¢ acting on X’ with a. They induce a
surjective degeneracy map

by — ay : X (X') — Xm(X”)z.

The module X,,(X’), respectively, X,,(X”) is equipped with the action of
a Hecke algebra induced by the Hecke algebra acting (by Picard functorial-
ity) on J' = Pic’(X"), respectively, J” = Pic’(X"). Moreover, X,,(X")? is
endowed with a quotient Hecke action, induced by the map b, — as.

Step 2: The assignment sending a supersingular modulus to its ring of en-
domorphisms equipped with an orientation sets up a bijection of S,,(X’),
respectively, S,,(X"”) onto the set of B*-conjugacy classes of oriented Eichler
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orders in B of level MT¢, respectively, M (see [BD2], section 2). These
conjugacy classes are classified by the elements of the double coset space
R*\B*/B*, respectively, BX\éX/BX (see [BD3], section 1). One obtains
the isomorphisms

X (X)) >~ X, X, (X"~ X/

It can be checked that the above identifications are Hecke equivariant, and
that the degeneracy maps d, and b, — a. coincide (up to sign) under these
identifications.

Step 3: The previous steps give a geometric interpretation of the sequence
of proposition 5.5 in terms of the Shimura curves X, X’ and X”. Then, the
proof of proposition 5.8 in the special case where M~ = ¢m is a product of
two primes is contained in Ribet’s paper [Ri2]: see theorem 3.19, 3.20 and
3.21. The details on the general case are provided in [Ril].

Let us state for future use the exact sequence of character groups considered
in the proof of proposition 5.8.

Proposition 5.9 Letm be a prime # { which divides M~. There is a Hecke
equivariant exact sequence

0 — Xo(Xar+ vi-) = X Xarremni-jom) — Xon(Xar+mni-jem)” — 0.

Remark: The identification of the group Z[£(G)]” with X, (X ar+em,ri- /em)
and of Im(8,) with X, (Xa+m m-/em)? can be made entirely canonical. The
reader should consult [Ril] for a thorough discussion of this issue.

Corollary 5.10 (The Jacquet-Langlands correspondence) The subring of the
endomorphism ring of J generated by the natural Hecke correspondences on
X is wdentified with the Hecke algebra acting on cusp forms of level M which
are new at M~.

Proof: By theorem 5.1, combined with the theory of ¢-adic uniformization
of Mumford and Tate (see [GvdP], chapters VI and VIII), J = Pic’(X) has
purely toric reduction at ¢. Hence, the Hecke algebra T acting on A,(X) is
canonically identified with the Hecke algebra acting on J. The result follows
from the interpretation of T given in proposition 5.8.
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5.5 Connected components

Let ¢ be a prime dividing M ~, and let ®, be the group of connected compo-
nents of J at /¢, defined in section 5.3.
Let us begin by reviewing Grothendieck’s description of ®,. Let

<,>2X5XXE—>Z

be the natural monodromy pairing on X,. It is defined to be the restriction to
Xy, by the embedding of proposition 5.2, of the diagonal pairing on Z[E(G,)]
given by the rule

(e,€') = Vel er,

where v, is the weight of the edge e defined in section 5.3. Let
JjiXe— X

be the map induced by the monodromy pairing, where &, denotes the Z-
dual of A,. Using the notations introduced before proposition 5.8, note that
the map j is T-equivariant, provided that the action of T on the source of
j is induced by Albanese functoriality and the action of T on the target of
7 is induced by Picard functoriality. The reader is referred to the remark at
the beginning of section 5.4, where these two actions are compared, and to
[Ri2], pp. 448-9 for an extended discussion.

Proposition 5.11 The group ®, is canonically identified with the cokernel
of j, and hence fits into the Hecke-equivariant exact sequence

0— X -1 x5 o, — 0.
Proof: See theorem 11.5 and 12.5 of [Groth], and section 1 and 2 of [Ed].
Corollary 5.12 There is a natural map
ZV(G)]” =5 .
Proof: Recall the exact sequence

0— X, - ZIE(G,)] 2= ZV(Go)] — Z — 0
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of proposition 5.2, where the map from Z[V(G,)| to Z is the degree map. The
free Z-modules Z[E(G,)] and Z[V(G,)] can be identified canonically with their
Z-duals, by using their distinguished bases. Taking the Z-dual of the above
sequence yields

0 — Z — ZV(G0)] 2 ZIE(G)] - &Y — 0,

where the map from Z to Z[V(Gy)] is the diagonal embedding, and 0* sends
a vertex v to — > e if v is even, and to >, _, e if v is odd. Let jg
denote the map from Z[E(G,)] to itself induced by the pairing ( , ) defined
above. Note that the map j of proposition 5.11 is equal to ¢V o jy o 7. Since
®, is identified with the cokernel of j, the assignment sending an element x
of Z[V(G,)]° to the element (7, 04" o jy)(y) of ®,, where y is chosen so that
O.(y) = x, defines the sought-for map wy.

Using the notations of proposition 5.8, say that a T-module C' is Eisenstein
if the relations .
T,c=(qg+1)c forqgtM

hold for all ¢ in C.

Proposition 5.13 The restriction of the map w, of prop. 5.12 to Im(d,),
viewed as a submodule of Z[V(G)|° via prop. 5.5, induces a T-equivariant
map

Wy : Im(é*)/((Ué)Q — 1) — (I)g.

Furthermore, the kernel and cokernel of W, are Fisenstein.

Remark: The proof of proposition 5.13 follows the argument in the proof
of theorem 4.3 of [Ri2], where the result is proved in the special case where
M~ is the product of two primes. See also the previous work of Jordan and
Livné [JoLi2]. For the details on the Hecke compatibility in the statement of
proposition 5.13, see chapters 3 and 4 of [Ri2], particularly remark 3.24, and
the remark at the beginning of section 5.4.

Sketch of proof: Let j' be the map from Z[£(G,)]° to its Z-dual (Z[E(G,)])Y
induced by the pairing ( , ) defined before. Similarly, let

() :2V(G)] x ZV(G)] — Z
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be the pairing defined by the rule ((v,v")) = v,0,,, where the weight v, of
the vertex v is defined to be the order of the stabilizer in I'y; of any lift of v
to V(7). (Note that the quantity v, defined in a more geometric fashion in
section 5.3, could equivalently be defined to be the order of the stabilizer in
I'y; of any lift of e to £(7;).) Let

J" : Im(d,) — Im(d,)"

be the map induced by ( , )). Fix a prime divisor m # ¢ of M~ and
let @/ | respectively, ®” denote the group of connected components of the
Néron model over Z,,: of the jacobian of Xpr+m ar-/em, Tespectively, of
Xartmm-jem- The groups @ and @) are Eisenstein. This follows from
a generalization to Shimura curves of theorem 3.12 of [Ri2], which can be
obtained from the results of [Bu| and [JoLi3]. The analogue of proposition
5.11 applied to the character groups at m of X+ v /om and Xastom ar- 7em,
respectively (see theorem 11.5 and 12.5 of [Groth], and section 1 and 2 of
[Ed]), combined with proposition 5.9 and the proof of proposition 5.8, yields

the identifications
O, = (ZIEG)")" /7 (ZIE(GD)]"), @), x @), =Tm(d,)" /5" (Im(6.)).

- G
M : Im (S* — —Z
R TGER)
be the composition of the isomorphism of Tm(d,) with Z[£(G,)]°/i(X,), in-
duced by §,, with the map induced by j’. Set

o:Im(d,) — Im(d), (x,y)— ((C+Dx+T)y, T/z+ £+ 1)y).

One obtains a commutative diagram

0 — Im(s) 25 Im(s)” — @ xd" — 0
17 1% !

3t ZIE(G)O)Y
0 — Im(,) —> % — o — 0,

where ¢ is induced by the Z-dual of d,. Note that §) is injective, and its
cokernel is identified with ®,, in view of proposition 5.11. Moreover, the
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cokernel of o is identified with Tm(d,)/((U;)? — 1). For, a calculation shows
that the composition of the isomorphism

(x,y) = (-IE,TZHI’ - y)

of Im(4,) with o gives the action of (U})?> — 1. Proposition 5.13 follows from
the snake lemma applied to the above diagram.

Let Xz, be (the base change of) the model of X introduced in section 5.1,
and let Xr, be the special fiber of Xz,. Write

D =) npP € Div’(X)
P

for a degree zero divisor on X with integer coefficients, and Supp(D) for the
support of D. Assume that D satisfies the following assumptions:

1. each P € Supp(D) is defined over Qyz,

2. each P € Supp(D) reduces modulo ¢ to a point r,(P) which belongs to
a unique irreducible component of X, (that is, 7,(P) is not a double
point in Xp,, ).

Thus, D determines an element
re(D) = E npre(P)
P

in Z[V(G,)]°. Consider the specialization map
O J(Qpz) — Dy

Proposition 5.14 Let D € Div’(X) be a divisor satisfying the above as-
sumptions, and let [D] € J(Qy2) be the class of D. Then

9e([D]) = we(re(D)).

Proof: Tt follows from Edixhoven’s results in [Ed], section 2. (These results
are built on Raynaud’s description of 9, in terms of the minimal model of X
over Zg, given in [Ray].)

o7



5.6 Raising the level and groups of connected compo-
nents

Let f : E(T)/F — Z, be a form on 7 /T, defined as in section 1. Thus, f
is attached to an integer factorization N = NTN~, where N~ is squarefree
and divisible by an odd number of primes and N* is divisible by p. (Note
that this differs slightly from the notation of section 1, where N was written
as pNTN~ and Nt was assumed to be prime to p.)

Let m be a distinguished prime divisor of N~. In what follows, ¢ denotes
a prime number which does not divide N. Write T = Ty+ y-, respectively,
T, = Tn+ ny-¢ for the Hecke algebra acting on cusp forms on I'y(N), respec-
tively, on I'o(N¢), which are new at N, respectively, at N~ ¢. Denote by t,
and u,, respectively, T, and U, the Hecke operators in T, respectively, in Tj.

The form f yields a surjective homomorphism

f:T—2Z/p"Z

(still denoted by f by an abuse of notation). Write Z; for the kernel of f,
and my for the unique proper maximal ideal of T containing Zy.

In view of corollary 5.10, T can be identified with the m-new quotient
of the Hecke algebra T+, n-/m acting faithfully on X+, n- /. Since the
character group X, (X n+m n- /m) arises from the m-new part of Jy+, n-/m,
it follows that T acts naturally on it (by Picard functoriality).

Theorem 5.15 Assume:

1. my is residually irreducible,

2. the completion X (Xn+mN-/m)m; Of X(Xnt+mN—/m) at my is free of
rank 1 over the completed Hecke algebra Ty,

3. 0 is a n-admissible prime relative to f.
Then:

1. There exists a surjective homomorphism
fg : Tg — Z/an

such that fo(T,) = f(t,) for all ¢+ NC, fo(U,) = f(u,) for all ¢ | N,
and fo(Up) = €, where € = £1 is such that p" divides { + 1 — ef ().
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2. Let Iy, C Ty denote the kernel of the homomorphism f;, and let ®, de-
note the group of connected components of the Néron model of Jy+ n—¢
over Zg2, defined in section 5.3. There is a group isomorphism

(IJK/IfZ ~ Z/an

Remark. Compare the proof of theorem 5.15 with section 7 of [Ri2], in which
the special case where M~ is a product of two primes and Z; = my is a
maximal ideal is treated.

Proof: The second assumption implies the existence of an isomorphism
Xm<XN+m,N_/m)2/If ~ (Z/an)2

Write T; and Uy for the Hecke operators in T+ n-. By proposition 5.9 and
proposition 5.8, there is an action of Ty, n- on Xy, (Xn+m n- /m)2, induced
by the diagonal action of ¢, for ¢ t N¢ and u, for ¢ | N, and such that the
Hecke operator Uj acts via the formula

(z,y) = (tex —y, Lx).

Since ¢ is n-admissible, ¢, is equal modulo Z; to €(¢ + 1). By combining this
relation with the above formula for the action of U; and with the fact that
p > 5, one obtains that U} + € is invertible on X, (X n+m n-/m)?/Zy, and that
the isomorphisms

X Xt 211, Up = ©) 2 XXy )T (UD? = 1) = /9",

hold. Hence, the action of T+, n- on the above quotient is via a surjective
homomorphism

fg/ : TN+£,N— — Z/an

Write Z;, for the kernel of f,/. By proposition 5.13 and the residual irre-
ducibility of my, combined with proposition 5.9 and the remark after it, one
finds an isomorphism

o/ Tpy = Xn(Xnvtmn-m)*/(Zp, (U)° = 1).

It follows that f,’ factors through T, giving the sought for character f,, and
that ®,/7;, is isomorphic to Z/p"Z.
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Write X® for the Shimura curve X NtN—0 J @ for the jacobian of X and
Pic(X®) for the Picard variety of X¥). Denote by X, the character group
of J® at ¢, and by Ta,(J®) the p-adic Tate module of J®. Note that the
Hecke algebra T, acts faithfully on J©.

Lemma 5.16 Under the assumptions of theorem 5.15, the exponent of the
Z-module Ta,(J®)/Z;, is equal to p™.

Proof: Since Ta,(J®)/Z;, is naturally a T;/Z;-module, and T,/Z;, is iso-
morphic to Z/p"Z, it follows that the exponent of Ta,(J®)/Z;, is at most
p". On the other hand, the Mumford-Tate theory of /-adic uniformization,
combined with the Cerednik-Drinfeld theorem, (see section 5.2 and [GvdP],
chapters VI and VIII) shows the existence of a symmetric pairing

[, ]ZX@XX@H@; (48)

such that there exists an exact sequence of T;[Gal(Qy2/Q2)]-modules
0— X L X @Qs — JOQp) — 0, (49)

where X, denotes the Z-dual Hom(X,,Z) of X;, and where the map j is
induced by [ , ]. The sequence (49) is Hecke-equivariant, provided that the
action of T, on the first term is induced by Albanese functoriality, and the
action on the second and third term is induced by Picard functoriality. Note
also that the need of extending scalars to Q2 in (49) arises from the fact
that the isomorphism of rigid spaces stated in theorem 5.1 is only defined
over Qg2 and not over Q. The pairing [ , | is related to monodromy pairing
of section 5.5 by the rule

Ord€0[7 ]:<7 > (50)

(see [M], theorem 7.6). In view of theorem 5.15, choose an element ¢ of
®,/Zy, of order p", and lift ¢ to an element ¢ of ®, of p-power order ",
with n’ > n. In view of proposition 5.11, fix an element b € X,” such that
74(b) = &, and let a be the element of X such that p”'b = j(a). Formula (50)
shows that ord, of the period j(a) € &) ® Q) is divisible by p™. Thanks to
the sequence (49), the choice of a p™-root of j(a) determines an element # of
J®O[p™'] defined over an unramified extension of Q,, whose natural image in
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®, is equal to & Writing ¢ for the image of £ in J[p™]/Z;,, then the natural
image of ¢ in ®,/Zy, is equal to c. Since

Ta,(J) /I, = JO /Ly,

it follows that ¢ is an element of order > p" in Ta,(J®¥)/Z;,. Since the
exponent of Ta,(J®)/Z;, is at most p”, this proves lemma 5.16.

Theorem 5.17 Under the assumptions of theorem 5.15, the Galois repre-
sentations Ta,(J®)/Z;, and Ty, are isomorphic.

Proof: Let my, be the maximal ideal in T, containing Zy,. (Thus, T,/my,
is isomorphic to Z/pZ.) The proof is naturally divided into two steps. In
the first step, one works modulo my,, and a known result of [BoLeRi] on the
structure of Ta,(J¥)/m;, is invoked.

Step 1. This first step shows that Ta,(J“)/my, is isomorphic to T;;. Taking
p-torsion in the sequence (49) yields the exact sequence of T,[Gal(Qyz/Qy2)]-
modules

0— XY ®pu, — JOp — Xi/p — 0. (51)
After tensoring (51) with Ty/my,, one finds
0 — (&) /ms,)/P) @ i, — JOp] fmy, — Xofmy, — 0, (52)

where ) is a certain submodule of &}’/my,. Taking Galois cohomology over
Qg2 of (52) yields an exact sequence

Xp/my, — H'(Qe, (& /my,) /) ® 1) — (53)

- H1<@€27 J(g) [p]/mfz) - Hl(Qﬁ? Xf/mfz)'
Note the identifications

HY (Qe, (X fmp,) V) @ ) = (X [my,)/ V) @ H (Qez, p1y) =
(X /my,)/Y) © Qi /(Q)" = (X /my,) /Y, (54)
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where the last equality follows from the fact that ¢ is an admissible prime
and hence p f¢* — 1. Moreover, J[p]/m;, = Ta,(J©)/m;,, and

Hl(QgQ, Xg/mfz) = Homunr(Gal(ng/sz), Xg/mfl) = HOIII(Z/pZ, Xg/mfé)
by local class field theory, since p f¢> — 1. Thus, (53) can be re-written as

Xyfmy, — (X) fmp,) /Y — H (Qee, Tay(JO) fmy,) — Hi(Qee, Xo/my,).
(55)

The first map in (55) is induced by the monodromy pairing on X,: this
follows from the definition of the sequence (49) which induces (55); see also
the proposition on page IV-32 of [Se2], which covers a special case. By
proposition 5.11, one obtains the exact sequence

0— (I)f/mfz - Hl((@f2> TaP(J(Z))/mfe) - H&nr(@@’ Xé/mfz)7
(56)

where ®,/my, is a quotient of ®;/my,. By the main result of [BoLeRi], the
module Ta,(J®)/my, is semisimple over F,[Gal(Q/Q)], and hence is iso-
morphic to & > 1 copies of Ty, by the Eichler-Shimura relations. Hence,
HY(Qgz, Ta,(J©)/my,) is isomorphic to HY(Qg, Ty1)*. In view of the re-
sults of section 2.2, the F,-vector space H'(Qg,Tf1)" is 2k-dimensional;
furthermore, it can be decomposed as the direct sum of two k-dimensional
subspaces, one of which generated by unramified cohomology classes, and
the other by ramified cohomology classes. Since ®,/my, is 1-dimensional by
theorem 5.15, it follows from (56) and the proof of lemma 2.6 that ®,/my, is
equal to ®;/my,, and that k is equal to 1. Hence Ta,(J®))/my, is isomorphic
to Tﬁl.

Step 2. Tt remains to show that Ta,(J®))/Z;, is isomorphic to T},. There is
a natural Gg-equivariant projection

TaP(J(E))/Ife — Tap(‘](g))/mfe' (57)

In view of lemma 5.16, let ¢ be an element of order p™ in Ta,(J®)/Z;,, and let
t = m(t). Since T, is irreducible, there is an element g € Gg such that ¢ and
#9 are a basis for Ta,(J®)/m;,. Nakayama’s lemma shows that Ta,(J®)/Z,
is generated by t and t9. Moreover, since g acts as an automorphism of
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Ta,(J9)/Z;,, the order of ¢ is equal to the order of t. Finally, using the
assumption made in the introduction that the Galois representation 7 has
image isomorphic to GLy(F,), one checks directly that the submodules gen-
erated by t and 9 have trivial intersection, so that Ta,(J®))/Z;, is isomorphic
to (Z/p"7Z)?. This implies that Ta,(J®)/Z;, is isomorphic to T},,.

Remark:
1. Repeating the argument in the proof of the first step of theorem 5.17,
with p" replacing p and the ideal Zy, replacing my,, yields the exact sequence
(analogue of (56))

0— ®/Z;, — H (K, Ta,(J9)/Zs,) — Ho (Kp, X0/ Z5,), (58)

unr

where ®,/Z;, is a quotient of ®,/Z;,. This exact sequence will be of use in
the proof of corollary 5.18.

2. In view of remark 1, equations (49) and (54), with Z;, replacing my,, show
that the natural Kummer map from J®(K,) to H'(K,, Ta,(J®)/Z;,) factors
through the map of specialization to connected components from J (K,) to
éﬁ/zfr

Recall the quadratic imaginary field K introduced in the previous sections.
Note that the n-admissible prime /¢ is inert in K by definition, so that the
completion K, is isomorphic to Qp. Given m > 0, let O,, = Z + p™ " Ok
be the order of K of conductor p™*. Let K,, be the ring class field of K
of conductor p™*!, and let f(oo be the union of the f(m (The field f(oo was
introduced in section 2.1.) The field K,, can be constructed by adjoining
to K the value j(O,,) of the modular function j (viewed as a function of
lattices) on O,,. By the theory of complex multiplication, K,, is an abelian
extension of K, which contains the Hilbert class field K of K. The Galois
group of K,, over K is cyclic, of order p™(p — e(p))/u, where e(p) is equal
to 1 or —1 depending on whether p is split or inert in K, respectively, and
where u denotes half the order of the group of units of K. Write G,,, for the
Galois group of K,, over K, and G for the Galois group of K., over K.
By class field theory, the Galms group Go is identified with the group Gao
defined in section 1.2 in terms of the ideles of K.

Write @y, respectively, ®; . for @, Py, where the sum is taken over the

primes \ of K,,, and of K, d1V1d1ng l, respectively, and @, denotes the group
of connected components of J® at A. Define (I)g, respectively, ®, to be the
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inverse limit of the groups ®,,,, respectively, <I>27m with respect to the norm

maps. Since the prime ¢ is inert in K, it splits completely in Ko /K. Hence,
the choice of a prime of K, above ¢ identifies ®, with &, ® Z[G], and @,

with ®, @ Z]|G«]. It follows that the identification of ®,/T;, with Z/p"Z of
theorem 5.15 yields isomorphisms

Oy/Ty, = Ap"A, /Ty, ~ Z/p"[Gu].
Write JO(K.)/Zy,, respectively, JO(K.)/Z;, for the inverse limit of

the modules J(K,,)/Z;,, respectively, J(K,,,)/Zs, with respect to the
norm maps. The inverse limit of the maps of specialization to connected
components yields the maps

Op: JO(KL) /T, — /Ty, ~ A", (59)

O+ JO(RL)/Ts, — /Ty, = 2/p"[Cd]. (60)
Corollary 5.18 1. There is an isomorphism

Dy /Ty, — Hygpy (Ko, Thn),

sing
which is canonical up to the choice of an identification of Ta,(J®)/Z;,
with Tfm-

2. There is an isomorphism

Oy/Ty, — Hg(Koot, Than),

which is canonical up to the choice of an identification of Ta,(J®)/Z;,
with Tf’n.

3. There 1s a commutative diagram
j(f)(KOO)/Ifz - ﬁl(KomTf,n)
lég \L@g
b/T;,  — Hhy(Keor Trn),
where the top horizontal arrow arises from the natural Kummer map,
the lower horizontal arrow is the isomorphism defined above, and Oy is

the residue map defined in section 2.2. Furthermore, there is a similar
commutative diagram having the group J(K)/Z;, as its source.
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Proof: By theorem 5.17, Ta,(J®)/Z;, is isomorphic to T},. Hence, by the
results of section 2.2, H'(Ky, Ta,(J9)/Z;,) is free of rank two over Z/p"Z;
moreover, its submodule of unramified classes has rank one. By theorem
5.15, ®,/Zy, is isomorphic to Z/p™Z. The exact sequence (58) shows that all
the elements of ®;/Z;, map to ramified classes. It follows that ®,/Z;, is equal
to ®,/Zy,. Furthermore, the residue map induces a surjection of ®,/Zy, onto
the rank one group Hj, (K¢, Tf,). This defines the isomorphism stated in
part one of corollary 5.18. The second part is a formal consequence of the
first. The third part follows from the definition of the isomorphism in part

two, combined with the remark 2 after the proof of theorem 5.17.

6 The theory of complex multiplication

(Reference: [BD1], section 2.)

Fix a positive integer M, a rational prime p, and an imaginary quadratic
field K of discriminant —D, such that p | M but p? f M, and (M, D) = 1.
Define an integer decomposition

M=MtM"

such that (M*, M~) =1, and M is divisible by p and by the primes divisors
of M/p which are split in K. Assume that:

1. M~ is squarefree,
2. M~ is the product of an even number of primes.

Let X = X+ - be the Shimura curve attached in section 5.1 to an
Eichler order R of level M in the indefinite quaternion algebra B of dis-
criminant M ™. For all m > 0, there is a point P, on X, which has complex
multiplication by the order O, of K of conductor p™*! (introduced after
the proof of theorem 5.17). More precisely, let (A, tm, Cy) be a triple cor-
responding to P,, via the moduli interpretation of X given in section 5.1.
Write End(P,,) for the ring of endomorphisms of A,, which commute with
the action ¢, and respect the level structure C,,. Then,

End(P,,) ~ O,,.
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The point P, is called a Heegner point of level m. By the theory of complex
multiplication, P,, is defined over the field K, (defined after the proof of
theorem 5.17). Choose the P, so that they are compatible, in the sense that
for all m > 0, there is an isogeny of degree p? from A,, to A,,., which is
equivariant for the actions ¢,, and ¢,,,1, and preserves the level structures
Cp, and C,y1.

One has the following interpretation of the sequence {P,,} in terms of
the Bruhat-Tits tree at p. Given a point P on the Shimura curve X+ /p p-,
corresponding to a triple (A,:,C), let T) denote the tree of p-isogenies
of P. The vertices of T correspond to points of X+ /p,M~ Trepresenting
moduli related to (A,t,C) by an isogeny of p-power degree. Two vertices
of TP) are adjacent if the corresponding moduli are related by an isogeny
of degree p?. Thus, the oriented edges of 7) are naturally identified with
points on X. The tree 7 is isomorphic to the Bruhat-Tits tree 7, and has
a distinguished vertex vp corresponding to P. There is a unique point P on
X+ /p,m~ such that:

1. End(P) ~ Ok,
2. P, corresponds to an edge of the tree 7(7), with origin in P.

Then, the points P,, determine a half line of 7) originating from P, with
no back-trackings.

7 Construction of the Euler System

Notations and assumptions being as in section 5.6, the construction of section
6 yields a compatible family of Heegner points

P, € XY(K,,)

for all m > 0 (the notation X was defined right before lemma 5.16). View
P,, as an element of the Picard group Pic(X®)(K,,). Since the ideal Z;, is
not Eisenstein, the natural inclusion

JO(K) /Zg, — Pie(X ) (Kn) /T,
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is an isomorphism. Let a; be the unit root of Frobenius at p. Write P, for
the image of a,™P,, in J“(K,,)/Zy,. The points P}, are norm-compatible.
Hence their images by the coboundary maps

JO(K ( )/If[ — H (KmvTap(J(g))/Ife)

yield a sequence of cohomology classes which are compatible under the core-
striction maps. The choice of an isomorphism of Ta ( 9)/Z;, with Ty,
which exists by theorem 5.17, gives a class &(f) in H (K, Tfn), where
HY(K+,Ty,) denotes the inverse limit under the corestriction maps of the
groups HY(K,,, Ts,). Define s(£) in H' (Ko, Ts,) to be the corestriction
from K. to K. of &(¢). In other words, writing Q,, for the norm from
K. to K., of P the class k() is the natural image in Fll(Koo, Ty,) of the
sequence @, via the coboundary maps.

8 The first explicit reciprocity law

This section is devoted to the proof of theorem 4.1, notations being as in the
previous sections. Recall that the class k(¢) is constructed from a family of
points on the Shimura curve X©; hence, it can be viewed as an element of
the usual (compactified) Selmer group of J© over K, relative to the Galois
module Ta,(J)/Z;,. This shows that x(f) belongs to HN (Ko, Tty).

Recall the groups (I)g and <I>g, and the maps 84 and 84, which were defined
in section 5.6 (see equations (59) and (60)).

Lemma 8.1 Theorem 4.1 is implied by the equality

a({Pn}) =Ly (mod p").

Remark: Note that the terms in the equality of lemma 8.1 are well defined
only up to multiplication by elements of Z; and of G,

Proof: The element (?@({Qm}) is mapped to dy(x(¢)) by the isomorphism of
corollary 5.18. Since 0y({Qy}) is the norm of 9,({ P}, }), and Ly is the natural
image of L; in A, the claim follows.
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In view of lemma 8.1, one is reduced to studying the specialization of the
Heegner points P,, to connected components. To begin with, it is necessary
to recall the f-adic description of the point P,, given in section 5 of [BD3],
and based on Drinfeld’s moduli interpretation of the ¢-adic upper half plane.
Let P,, denote the reduction of P,, modulo a fixed prime above ¢, and let

End(P,,) — End(P,,)

be the map obtained by reduction of endomorphisms. Recall that End(FP,,)
is isomorphic to the quadratic order O,,. Moreover, the ring End(Pm)[%]
is isomorphic to R[7], where R denotes an Eichler order of level N* in the
definite quaternion algebra B of discriminant N~, which can be chosen to be

independent of m. Extending scalars by Z[4], one obtains an injection

It can be shown that W0 is well defined up to conjugation by elements in

R[3]}. Therefore, W% can be identified with an element of the space

(Hom(K, B) x V(Ty)) /T4,

by mapping ¥? to the pair (¥,,, v,,), where ¥,, is the extension of scalars of
U0 “and v, is the vertex of 7; corresponding to the unique maximal order of
By containing V,,,(O,,). The embedding ¥,, induces an action of K, on H,,
having two fixed points which belong to K, — Q,, and which are conjugate
by the generator of Gal(K,/Qy). Then, P, is identified with the image in
H/Ty1 of one of these two points, via the isomorphism of theorem 5.1. (A
suitable condition of normalization specifies which point corresponds to P,,,
but this will not be of use here.) Let

7o Ho(Cp)/Tyy — V(G) UE(Ge) = V(1) UE(TL)) /T

be the reduction map (see for example chapter I of [BC|, and also sections
1 and 6 of [BD3]). Here G, is the dual graph 7,/ of X at £. Given P
in X®(Cy), viewed as a point in H¢(Cy)/Ty1, r¢(P) is equal to a vertex v if
the reduction of P modulo ¢ lands in the single irreducible component of the
fiber Xﬁl corresponding to v, and r¢(P) is equal to an edge e if P reduces to
the singﬁlar point corresponding to e. The above description of P,, in terms
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of an f-adic argument in H, shows that the image of P,, by r, is equal to
the vertex vy, (mod I'y;). This follows from the GL2(Qy)-equivariance of the
reduction map, combined with the fact that P,, corresponds to a fixed point
for the action of ¥,,(K, ) on H,(C,) and v,, is the unique fixed point for
the action of V,,(K ) on V(7;) UE(7,). Hence, the reduction of P,, modulo
¢ lands in the single irreducible component of the fiber XI(F‘?Q defined by v,,
(mod I'y1). Furthermore, by proposition 5.14, v,, (mod I';;) computes the
image of P, in the group of connected components ®;,,,/Z;,.

On the other hand, recalling that p divides the level of the order R, strong
approximation (see [Vi], p. 61) gives an identification

(Hom(K, B) x V(T2))/Ts1 = (Hom(K, B) x £(T;))/T)

where, in the notations of section 1.1, 7, = 7 and I'), = I'. The compatibility
condition on the Heegner points P, translates in the condition that they may
be represented by pairs (¥, e,,) in Hom(K, B) X £ (7,), where ¥ arises from
an embedding

00 : Ok[1/p] — R[1/p)]

which does not depend on m, and where the e,, determine a half line with no
back-trackings in 7,. The results of [BD3], section 5 show that the action of
@oo on the P, is compatible with the action of éoo on the edges e,,, which was
defined in section 1.2 using the embedding W. Fix a prime A of K., above
l, and set \,, = Ao N f(m. For o € éoo, write 0y, (P?) for the natural image
of P? in the group of connected components ®,, /Z;, ~ Z/p"Z. The use
of proposition 5.14 described above, together with the identification coming
from strong approximation, shows that the map 0,, on the points P can
be viewed as a function

£(T,)/T, — Z/p"L.

By multiplicity one, this function is equal modulo p” to the eigenform f
introduced in section 5.6 (up to multiplication by an element of (Z/p"Z)*).
By comparing with definition (17), one finds that the equality

O, (Pr) = [0,€m]y  (mod p") (61)

holds for a suitable choice of Ao (Note that the possible choices of A\, are
permuted by G,. Similarly, the choices of embedding ¥ and of a sequence of
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edges in the definition of the p-adic L-function given in section 1.2 show that
L ¢ is well defined only up to multiplication by elements of éoo) It follows
from (61) that

M, (0P) =a, "o, enly (mod p").

In view of equation (20) and of the definition of L #, this concludes the proof.

9 The second explicit reciprocity law

This section is devoted to the proof of theorem 4.2. Recall that ¢/; and /5
are distinct n-admissible primes relative to f, such that p"™ divides /1 + 1 —
erag, (f) and ly + 1 — exay,(f), with € and €y equal to £1. Let T, be the
Hecke algebra acting on X (). As in the previous sections, equip J*) with
the action of Ty, induced by Picard functoriality. Since f is p-isolated, the
assumptions of theorem 5.15 are satisfied in the current setting. Thus, by
theorem 5.17, Ta,(J®)) /Zy,, is isomorphic to T}, as a Galois module. Fix
such an isomorphism. Then, the map

T (Ke,) [Ty, — HY(Key, Tay(J) /T4, )
arising from Kummer theory yields a map
J(Zl)(Kb)/Ifél - Hl(waTf,n)' (62>

The image of (62) is equal to H{, (K, Ty,), since Ty, is unramified at ¢
and /s, is a prime of good reduction for J). Since p # ¢5, the map induced
by reduction modulo /5

JON Ky /Ty, — T (Fe) /Iy, (63)

is an isomorphism. Hence, by composing the inverse of (63) with (62), and
fixing an identification of H} (Ky,,Ty,) with Z/p"Z (use lemma 2.6), one
obtains a surjective map

J(Fp) /Ty, — Z/p"L. (64)

Let Sy, C X (51)(15‘43) denote the set of supersingular points of X 1) in charac-
teristic £, and let Div(Sy,), respectively, Div’(S,,) be the module of formal
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divisors, respectively, degree zero formal divisors with Z-coefficients sup-
ported on Sy, .

One may define two different actions of T,, on Div(S,) and Div’(S,,), by
using either Picard or Albanese functoriality (see the remark at the beginning
of section 5.4, which explains that these two actions differ by an Atkin-
Lehner involution wy+ ;). The latter action is the usual action defined on
supersingular points, and is more natural if one views the supersingular points
as being points in X (1) (IFZ%) The former action is more natural when viewing
divisors on supersingular points as giving rise to points in Pic(X (Zl))(F@) and
J (‘51)(]F£%), on which the action of T, was defined via Picard functoriality.
Since fy, is an eigenform for wy+;, which acts via multiplication by =£1,
the choice of a specific Hecke action makes no difference for the purpose of
establishing the T, -equivariance of the maps defined below; let us make the
convention that the Hecke action on supersingular points be the Albanese
one.

Since the inclusion of Div®(S,,) in Div(S,,) induces an identification of
DiVO(SgQ)/Ife1 with Div(Sy,)/Zy, (use the fact that Ty, is not Eisenstein),
one obtains a natural map

Div(Se,) = J(Fe3) /T, (65)
The composition of (65) with the surjection (64) yields a map
v : Div(Se,) — Z/p"Z.

Write Ty (¢t Nt1) and Uy (g | N4y ) for the g-th Hecke operator in Ty, , and T,
and U, for the natural image of T and U, respectively, in Ty, /T, = Z/p"Z.

Thus, the following equalities modulo p™ hold: T, = aq4(f) for ¢ + Nty,
U, = ay(f) for g | N, and Uy, = €;.

Lemma 9.1 The relations

Y(Tyx) = Tyy(z) (g1 Nbily), Y(Uyz) = UqV(x) (¢ | Ny,

V(Tpx) = Teyy(2),  v(Frobe,z) = ey(2)
hold for x € Div(Sy,).
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Proof: As observed in the proof of lemma 2.6, Hf (Ky,, Ty.,) is identified with
the module T}, /(Frob;, — 1)T},, of G K,,-coinvariants of Ty ,,. Therefore, the
map 7 is defined by sending a point z to the image of ((Frobj, — 1)/p")z in
Tt/ (Froby, —1)T},. The first two identities are a direct consequence of this
description of v. As for the last two identities, note that the Eichler-Shimura
relations identify T}, with the correspondence Frobg, + Frob,,, where Frob,,
denotes the transpose of Froby,. Furthermore, on points defined over Fy,
one has Frob,, x = (,Froby,z, and hence Ty,x = (5 + 1)Frobg,z. The claim
follows from the fact that Frob,, acts on T, with eigenvalues ey and eyfls,
which implies that Froby, acts as e on the quotient T, /(Froby, — 1)T} .

Proposition 9.2 The map v is surjective.

Proof: Recall that p divides exactly N*, and that the Shimura curve X =
X () was defined in section 5.1 in terms of an Eichler order R of level N*
in the indefinite quaternion algebra B of discriminant N~ ¢;. Let J = J@)
be the jacobian of X. Write J(Fy;)** for the subgroup of J(Fgz) generated
by divisors supported on supersingular points. Since the map (64) is surjec-
tive, it is enough to show that the natural image of J (IFZ%)SS in the group

J(Fg)/Zy, is equal to the whole group. Let I'®2) denote the group of norm
one elements in R[1/f5]*/{£1}. Let X be the Shimura curve defined in the
same way as X but imposing an extra I';(p)-level structure. Let T2 be the
finite index subgroup of I'“2) consisting of elements which are congruent to
the standard unipotent matrices modulo p. Write .J (Fgz) for the Fpz-points
of the jacobian of X, and J (IFZE)SS for the subgroup generated by divisors
supported on supersingular points. Since ['®) ig torsion-free, the results of
[I2] (see in particular remark G, page 19) establish a canonical isomorphism

J(F)/J(Fe)™ = (D)), (66)

where (f(b))“b denotes the abelianization of %), By fixing an embedding
of B in My(Qy,), one obtains an action of I'*2) on the Bruhat-Tits tree 7y, .
Let vy be the vertex of 7,, such that the stabilizer f‘q(,?) of vy in 1:“(62) is
the subgroup of integral elements (relative to the fixed embedding of I'*2) in
M5(Qy,)). Let ey be the edge originating from vy such that the stabilizer i)

of eq is the subgroup of f’q(ff) whose elements are upper triangular modulo /s,
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relative to this embedding. Write v; for the target of ey. Note that FUO ), e-
spectively, Féf) can be identified with the discrete subgroup of SLy(R) which
defines the Shimura curve X, respectively, the Shimura curve Xo(ﬁg) defined
in the same way as X, but with an extra I'y(f;)-level structure imposed.
The group T'®®) acts on the tree Ty, with the closed edge attached to ey as
a fundamental region. Hence the exact cohomology sequence in proposition
13 of sec. I1.2.8 of [Sel], in the case i = 1, M = F, and G = I'*>) becomes

0 — Hom(I'® F,) — Hom(l\? F,)®Hom(l'\ F,)
d (62
—_— Hom(Fgﬁ ), Fp> (67)

The modules appearing as the source and target of d are identified by duality
with two copies or one copy of the p-torsion in the jacobian of X and XO(KQ),
respectively. Moreover, the map d corresponds under these identifications to
the map denoted «, in the statement of theorem 2, p. 451 of [DT]. This
theorem (the analogue of Thara’s lemma in the setting of Shimura curves)
states that the action of Gg on each Jordan-Holder constituent of the kernel
of d factors through an abelian quotient of Gg. View f;, as a mod p" modular
form (with trivial character) on X, and write fle for the associated ideal

in the Hecke algebra ']T’gl. Let my, be the maximal ideal of ’]Tgl containing

7 fi, - oSince my, corresponds to an irreducible mod p Galois representation,
it follows from the sequence (67), combined with the semisimplicity result of
[BoLeRi] and the above mentioned theorem of [DT], that Hom(T'*2)| F,)[m fo,]

is trivial, and therefore that (I'(2))/ my, Is trivial. By Nakayama’s lemma,
this shows that

(D) /Iy, = 0. (68)

Equation (66) then implies that the natural image of j(IFgg)SS in j(IF@)/ffel
fills the whole group. Finally, the cokernel of the natural map

T (Fg) — T (Fy) (69)

can be identified with an abelian quotient of the (finite) image of I'y(p) in
SLy(Z/pZ), and hence has order dividing p— 1; see for example the results of
chapter 7 of [Co|, particularly in pages 107 and 110. It follows in particular
that the composition of the map (69) with the projection from J (Zl)(Fgg) to
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JE(F 2)/p" is surjective. When combined with the fact that J (Fgz)** maps

surjectively to J (Fe2) /ffe1 (as noted after equation (68)), this implies that
J(Fgz)** maps surjectively to J(Fy2)/Zy, , as was to be shown.

Remark: The proof of proposition 9.2 relies crucially on the analogue of
Thara’s lemma proved in [DT]. In turn, proposition 9.2 provides the key step
in the proof of theorem 9.3, a raising the level result which is a theorem of
[DT] (extended to mod p" modular forms).

Following the notations of proposition 3.12, let B’ be the definite quaternion
algebra of discriminant N~ ¢;¢5, R" an Eichler Z[1/p|-order of level N* in B,
and I the group (R')*/Z[1/p]*. The next result contains the part of the
statement of proposition 3.12 that remains to be proved.

Theorem 9.3 There ezists an eigenform g € So(7T /1", Z/p"7Z) such that

qu = aq(f)g ((] /{/N£1€2)7 Uqg = aq(f)Q (Q|N)a
Upng=e€1g9, Ung = eag.

Proof: Write Ty, = Tn+ n-¢ for the Hecke algebra acting on cusp forms
on I'g(N¢;) which are new at N~¢;, and Ty, s, = Tn+s n-¢, for the Hecke
algebra acting on cusp forms on T'g(N¢1¢;) which are new at N=¢;. By
theorem 5.15, there is a mod p™ modular form

fgl : Tgl — Z/an

such that fy, (T,) = f(t,) for all ¢ ¥ Nty, f,,(U,) = f(u,) for all ¢ | N,
and fy, (Up,) = €1fe,. Recall from the proof of theorem 5.15 that the homo-
morphism fy, arises from the group of connected components at ¢; attached
to the Shimura curve X = X N+ N-¢- Consider now the Shimura curve
X8 .= X iy, y-g,, on which the elements of Ty, ,, act as correspondences.
By proposition 5.3, the character group X, of X (21) at ¢, is identified with
the module Div’(S,,) defined at the beginning of this section; here Sy, is
viewed as the set of supersingular points in X (42’61)(1&3) by the results of sec-
tion 5.1. Furthermore, the action of Ty, s, on Ay, induced from the action on
Pic?(X (2% defined by Picard functoriality is compatible with the standard
(Albanese) action of Ty, via correspondences on the set of supersingular
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points (see [Ri2], p. 445). The results of [Wa] on the endomorphisms of super-
singular abelian surfaces, combined with strong approximation, yield a Ty, 4, -

compatible identification of S, with £ (T)/T'. (Note that X, = Div’(S,)
pertains to the fy-new part of the jacobian J24) of X(“2:4) being X, the
character group of the maximal torus of J¢%) over IF@.) Therefore, the

map 7 defined above can also be viewed as a Z/p"Z-valued map on E (7)/17,
whose values are not contained in any proper subgroup of Z/p"Z, by propo-
sition 9.2. This map defines the sought-for modular form g on I, as can be
seen by appealing to lemma 9.1. More precisely, let T (for ¢ not dividing
Niyly) and Uy (for q dividing N¢1/f;) denote the Hecke operators in Ty, g, .
(Note the discrepancy between the notations for the Hecke operators used in
this proof and those used in the statement of proposition 3.12, which are also
reproduced in the statement of theorem 9.3; in this proof, and throughout
the section, the symbols T; and U, are used to indicate the Hecke operators
in Ty,.) Since the Hecke operators at ¢ # ¢ in Ty, and Ty, ,, act in the
same way on « and g, respectively, lemma 9.1 implies directly the relations
of theorem 9.3 for all g # /s:

T59=Tyy=a.(f)g (¢ INGLlz), Ug=Uy=ayf)g (gNl),

(in particular one has T/} g = e1g). As for the operator Uy, it is known that
Ujx = Frobg,x for x € Sy, (see [Ri2], proposition 3.8). Hence, lemma 9.1
yields

(Ug9)(x) = y(Froby,x) = e2g(x).
This concludes the proof.

The proof of theorem 9.3 implies the following result.

Corollary 9.4 Under the indentification of Sy, with E(T)/F’, the map ~
corresponds to an eigenform g € So(T /T, Z/p"7) satisfying the conclusions
of theorem 9.3.

Consider the sequence {P,,} of Heegner points P,, € X(“)(K,,), constructed
in section 6. Fix a prime A, of f(oo above f5, and let \,, = Ao N IN(m Since
{5 is inert in K, the point P,, reduces modulo \,, to a supersingular point
P, € X®W)(Fy ). Identifying F, with Fe, P,, can be viewed as an element

of Sy,. lIdentifying S,, with E(T) /T, the sequence {P,,} can be described
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by a sequence of consecutive edges {e,,} in £ (7)), modulo I, in such a way

that the map End(P,,) — End(P,,) of reduction of endomorphisms modulo
Am induces by extension of scalars an embedding

v:K— B,

which is independent of m. Then, the natural Galois action of G+ on the
P, is compatible with the action of G, on the e,, via ¥, which was defined
in section 1.2. Writing

Lym = a,™ Z g(oPy) -0t € Z/p"Z|G),

aeém

it follows that the sequence {Lym} defines an element of Z/p"Z[G ], equal
to L4. Define the local cohomology groups

Hio (Kot Trn) := ©xjes Hi (Ko )x, Trn),
where the sum is taken over all the primes of K,, dividing 5, and

Hf%n(ROO,Zw Tf,n) = 1£n Hén(Km:ZQ ) Tfﬂ)?
m
where the inverse limit is taken with respect to the natural corestriction
maps. The fixed identification of Hf (Ky,,T},) with Z/p"Z, together with
the choice of the prime A\, yields the identifications

Hén([(m,ﬁzv Tfyn) = Z/pn[ém]7 I:Iflin(f(ooyfw Tfm) = Z/pn[[éoo]]-

In view of corollary 9.4 and the definition of the map +, the image of P, in
Hl%n(f(m,gw T}.,,) corresponds to [',g,m (mod p"), and the image of the compat-
ible sequence {P} in H (Koo, Trn) corresponds to £, (mod p*), under
the above identifications. Recall the class #(¢;), defined in section 7 as the
image of the sequence {P*} in H'(Ku,Ty,) by the coboundary map. The
value v, (7(£1)) at £y of &(£;) is naturally an element of H}. (Ko ,, Ts.), and
is equal to the image of {P%}, and hence to £, (mod p"). Since L, is the
image in A of £,, and s(f;) is the corestriction from K, to K. of &(()),
theorem 4.2 follows.

Remark: The result proved in this section can be viewed as a generalization
of the main result of [BD5]. The proof given here follows closely the approach
in [Va2], avoiding the study of certain groups of connected components which
was involved in the methods of [BD5].
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