THE DOUBLING ARCHIMEDEAN ZETA INTEGRALS FOR p-ADIC
INTERPOLATION

ZHENG LIU

ABSTRACT. We compute the archimedean doubling zeta integrals which appear in the interpolation
formulas for the p-adic L-functions of Siegel modular forms constructed in [Liul6].
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The doubling method, discovered by Garrett [Gar84], Bocherer [B85] and Piatetski-Shapiro—
Rallis [PSR87], provides an integral representation of automorphic L-functions for classical groups in
terms of Siegel Eisenstein series. It has been vastly applied to study the properties of automorphic L-
functions, inculding defining local L-factors [LR05, Yam14], showing the meromorphic continuation
of the global L-functions and locating the possible poles [PSR87, KR90], proving the algebraicity
of the critical L-values normalized by a Petersson inner product period when the representation
is algebraic [Shi00, Har81, Har08], and constructing the p-adic interpolation of those normalized
critical values [BS00, Liul6, EW16, EHLS16].

For many applications, a key technical ingredient is about proving the desired properties of the
doubling zeta integrals

(00.1) Zo (o) = [ 660, 1) (rlo)e ) do

at an archimedean place v | oo, where (m,(g)v1, v2) is a matrix coefficient of the local representation
at v of the cuspidal automorphic representation on a classical group G we are interested in, ¢ is
the doubling embedding of G x G into a group that doubles the size of G, and f,(s) is a section
inside the degenerate principal series on the double sized group. In [KR90], it has been shown that
for all s € C there always exists an f,(s) such that (0.0.1) is nonzero; thus the possible poles of the
L-functions are determined by those of the Siegel Eisenstein series. For arithimetic applications,
the f,(s) used in [KR90] is not good enough. One further requires that with the choice of the
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archimedean sections, the Siegel Eisenstein series are algebraic at the points corresponding to the
critical points of the L-function. To this end, a rich theory of algebraic differential operators has
been developed [Shi84, Shi90, Har86, B6c85,Ibu99] when G is symplectic or unitary with a Shimura
variety. The argument in [Har86] shows that the algebraic differential operators, which give rise
to sections with potentially nonvanishing archimedean zeta integrals, constructed through different
approaches agree up to scalar. In [Har08,Liul6], the nonvanishing of the archimedean zeta integrals
for those sections has been verified for the unitary and symplectic cases. When the holomorphic
discrete series is of scalar weight, the holomorphic differential operators have been written down
explicitly and the corresponding archimedean zeta integrals have been computed in [Shi00, BS00].
For vector weights, a special case is considered in [Gar08] for the unitary group U(a,b) with the
requirement on the weight 7 X 75 that one of 7 and 7o is scalar.

In this paper, we compute the archimedean zeta integrals for general vector weights at s = sg
in the case when G = Sp(2n) /g, so corresponds to a critical point and the section fe(s) is chosen
as in the construction of the p-adic L-functions in [Liul6]. Let us briefly recall the setting and
notation loc. cit. Let H = Sp(4n) g (the doubling group on which the Siegel Eisenstein series live)
and Qg C H be the standard Siegel parabolic subgroup. Given an (n + 1)-tuple of integers

(t, k) = (t1, ... tn, k), >ty >k>n+1,

and supposing that the archimedean component of the irreducible cuspidal automorphic represen-
tation of G(A) is isomorphic to Dy, the holomorphic discrete series of weight ¢, then in order to
study the critical value at s = k —n or so = n + 1 — k of the standard L-function, we picked an
archimedean section (denoted as fy 100 in [Liul6))

H(R _ 2n+1
fet € IndQ( ])R) sgn®| - |F= 72

H(

(see §1.1 for the precise definition). Let v; € D; be the highest weight vector inside the lowest
Kg-type and ’UEV be its dual vector in the contragredient representation.

Theorem 0.0.1 (Theorem 2.4.1).
=0 tj+nk272 it fnk+2n2+2nﬂ_f >0 tj+nk+3"2% n

Ton(k) dim (GL(n), ) jHlF(tj —j+k—n).

ZOO (fk,§7v£/7/l)§) =

Plugging this result into the interpolation formulas of our previously constructed p-adic L-
functions, we verify that the archimedean factors in the interpolation formulas agree with the
conjecture of Coates—Perrin-Riou [CPR89, Coa9l].

Unfolding the definitions in [Coa91, §5] for our case, the modified archimedean Euler factor for
p-adic interpolation of the critical values to the right (resp. left) of the center is defined as

n
EL (5, Dy x sgn®) = ~0(s,5gn®) 7! H e TS T (s + ti —J)
j=1

n
(resp. Ex (s, Dy x sgn®) = He*(‘s“j*j)%ﬂc(s +t; — 7).

j=1

(See also [Liul6, §1] [LR18, §2.3] for the formulas of the modified Euler factor at p for p-adic
interpolation in our case.)

Let € (resp. €p) be a geometrically irreducible component of the spectrum of the Hecke alge-
bra acting on ordinary (resp. P-ordinary) families of Siegel modular forms of genus n and tame
principal level N as in [Liul6] (resp. [LR18]). Here P C GL(n) is a standard parabolic subgroup

corresponding to a partition n = ny + -+ + ng. Let ¢ : Q*\A* — C* be Dirichlet character
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with conductor dividing N > 3. In [Liul6, Theorem 1.0.1] (resp. [LR18, Theorem 2.6.2]), we con-
structed an (n + 1)-variable p-adic L-function ug ¢ 5, 3, (resp. a (d + 1)-variable p-adic L function
Hgp,b,81,8.) associated to € and ¢ (resp. €p and ¢) for a given pair of positive definite symmetric
n X n matrices (1, f2) with entries in Q.

Corollary 0.0.2. If the weight projection is étale at the classical point x € €( Qp) (resp. x €
¢p(Q,)) with image T, € Homeont (Tn(Zp), p) (resp. T € Homeons (Tp ;)) and if the

algebraic part k of k and the algebraic part t, of T, (resp. t£ of t) satisfy te1 Z >lpn > k>
n+1 (resp. til > .. Ztidezn—l—l), then

( /Z } fﬁdﬂ(ﬁ,as,ﬁl,ﬁz) (z)

P

R ¢ PN W (et ) N i (B, p)e(B2, W (9))
=i~ (1) vol (T()) S a AP s

X Ef(k—n,mp x ¢ X EX(k —n,mp x ¢7 T LA (k —nymp x 97T,

and resp.

(L

P

K dpigp 6,6 ,52> (z)

2 2

. o T, T, —p9) 9~ Xjmites ¢(B1, e 52,€P‘W( )
=i 2 2 2 ¢(—1)"vol (F(N)) H;}ZIJ(l_p—Qj) dim (GL(n EZ (¢, P)

XE;(n+1_k77Tac X¢X)Ego(n+1_kaﬂm X(ZSX)LNPOO(n"i_l_kﬂTm X ¢X)-

Here the finite set s, consists of an orthogonal basis of ordinary (resp. P-ordinary) holomorphic
Siegel modular forms of genus n, weight t, (resp. (til, e ,til,tiz, .. ,tfzz, .. ,tf’d, e ,tf,d)) and

v~ ~\~

ni n2 ng
tame principal level N on which the Hecke algebra acts via the Hecke eigensystem parameterized
by x. For B;, i =1,2, ¢(-,3;) denotes the B;-th coefficient of the q-expansion. See [Liul6, Theorem
1.0.1] (resp. [LR18, Theorem 2.6.2]) for the definition of the Siegel modular form eW (p) (resp.

epW(p))-

Note that in the above interpolation formulas, the second line aligns with the conjecture of
Coates—Perrin-Riou and the first line is independent of the cyclotomic variable k. The interpolation
formula for pix 4 g, g, follows directly from Theorem 2.4.1 and [Liul6, Theorem 1.0.1], and the one
for g ¢ 8, 5, follows from Theorem 2.4.1, [LR18, Theorem 2.6.2] plus the functional equation for
the archimedean doubling zeta integrals [LR05] [LR18, (2.7.1)(2.7.2)].

We end the introduction by sketching the idea of our computation of Z., ( frts vt , vt) The section
fr,t is constructed by applying differential operators to the canonical holomorphic section of scalar
weight & (defined as in (1.1.1)). The restriction of fi; to G(R) x G(R) can be expressed as a matrix
coefficient of the Weil representation (of Sp(2n, R)xO(2k,R)). We work with the Schrédinger model
of the Weil representation. Denote by M, ; the space of a x b matrices. There exists a polynomial
P,gt € C[May,,2k] such that fy (S;,la(g, 1)) equals the matrix coefficient attached to the Schwartz
function ¢Po (X) = Pgt(X) —mIXX on My, 2k(R) = M, 95 (R) x M,, 2 (R) (Proposition 1.3.2). Let
92k C C[M,, 2] be the space of pluri-harmonic polynomials as defined in [KV78]. It is acted on

by GL(n) through the left transpose translation and by O(2k) acts through the right translation.
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Inside $,, 2k ® $p 2k, there is a unique irreducible component (as an algebraic GL(n) x O(2k)-
representation) on which the action of GL(n) has highest weight . The polynomial Plg,z has a

projection P,? ;’l’inv into Vit ® Vi it (which corresponds to the holomorphic projection on the

restriction to G x G of nearly holomorphic Siegel Eisenstein series on H). The Schwartz function
¢ photinv (X) = P,?(zl’mv(X)e*”TrXtX belongs to the unique direct summand of the G(R) x G(R)-
k.t [i3

representation S (M, o (R) x Mnygk(R))O(%’R) which is isomorphic to D;XD;. Taking into account
Harish-Chandra’s formulas on formal degrees of discrete series, we reduce to compute the inner
product associated t0 ¢ photinv via (1.3.3).

kot

In general, it is very difficult to write down explicitly the polynomial P,? ?l’inv, but it can be char-
acterized uniquely (up to scalar) inside Vg ;¢ ® Vi 4 by its invariance under the diagonal action
of O(2k) and being of highest weight for the GL(n) x GL(n)-action. We introduce another two
polynomials Q. ; ® @ki and Zy 4 in Vi 4 ® Vi . They are characterized (up to scalar) by that Qj
is of highest weight for the action of both GL(n) and O(2k), ék,g is of highest weight for the action
of GL(2n) and lowest weight for that of O(2k), and Zj; is invariant under (a,'a™!), @ € GL(n), and

is of highest-lowest weight for the action of O(2k) x O(2k). The way we compute the inner product
of @ phoviny is to link it first to that of ¢q, , ® qﬁékt, and then to that of ¢z, ,. Both Qr; ® Qr,
k.t it it it t t

and Il;t are very easy to be written down explicitly and the inner product associated to ¢z, , is
particularly easy to compute.

Notation. For a positive integer m, define the algebraic groups Sp(2m) and O(2m) as
0 1.,
-1, 0 ’

For a pair of positive integers m, ma, we denote by M,,, m, the space of m; X mg matrices.
Let G = Sp(2n) g and H = Sp(4n) g, and we fix the embedding

so(zm) ={g € Grem) 9 (5 )a-

O(2m) ={v € GL(2m) : yy = 12} .

t:GxG— H

ait 0 b O

aq bl as b2 0 an 0 b2
<61 d1>x<02 d2>)—> cgc 0 di O
0 (&) 0 dg

The standard Siegel parabolic subgroup Qi C H consists of elements whose lower left 2n x 2n-
blocks are 0, and the doubling Siegel parabolic subgroup Q% C H is defined as

1, 0 0 O
_ 0 1, 0 O
i, 0 0 1,

Denote by K¢ the maximal compact subgroup of G(R) which we identify with U(n,R) = {g €
GL(n,C) : 'gg = 1,,} via (_ab 2) — ai + b. We fix the Haar measure on G(R) as the product

measure where the one on K¢ has total volume 1 and the one on G(R)/Kg =2 H,, = {z =x+iy €
Mpn(C), %2 =2,y >0}isdet(y) ™™t [ dxidyi;
1<i<j<n
4
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1. REDUCING TO A SIMPLER INTEGRAL

1.1. The archimedean section in the doubling zeta integral. We first recall the choice
in [Liul6] of the section fj; inside the degenerate principal series

I(k) = Tndg) (o sen®| - [F=757 = {f . H(R) — C smooth : f (<‘3 tAB_1> h) = (det A)’“f(h)}-

Inside I(k), there is the canonical holomorphic section fy, j defined as

A B . _
(1.1.1) Frk ((C D>> = det(Ci + D)™".
The torus C* acts on H(R) by
-1
. ulo, vlgy, ulo, vlg, _ . X
z-h= <—U12n U12n> h (_Ul% U12n> , z=u+1iv e C”.

The induced action on (Lie H)¢ decomposes it as

(Lie H)c = (Lie H)z "' @ (Lie H)2 @ (Lie H)g ™,
where (Lie H)(a:’b, a,b = 0,41, is the subspace on which z € C* acts by the scalar 2 ?z7%. Let
qj; = (Lie H)(El’1 and we fix the following basis of it

~ - 0 Eij+Eji) — -
“E,ij:“;rf,ﬂ:c<o " JZ>C g 1<, j < 2n,

where ¢ = - Lontlon) (g E;; is the 2n x 2n matrix with 1 in the (4, j) entry and 0 elsewhere.
V2 Zlgn 12n

Define the following matrices with entries in q};,

n n
ot

it =(Fmy Fro\™ - (ﬁ#) _
Uho Bie)n Y )1<ij<on

Explicit formulas on the equivalence between the action of q;} and the Maass—Shimura differential
operators are given in [Liul6, §2.4].
For (k,t) with t; > ...t, > k, define the following polynomial on entries of n x n matrices,

n—1
ti—t; _
Qi = H det i+l Qeth—tn,
=1

where det; stands for the determinant of the upper left j x j block. The section f, € I(k) is
defined as

Piiro
(1.1.2) Jet = Qry = | S

473

Our goal is to compute the following archimedean zeta integral which appears in the interpolation
formulas of the p-adic L-functions for Siegel modular forms [Liul6, Theorem 1.0.1],

(1.1.3) Zoso (frog v vt) = /G(R) frr (Sg'e(g,1)) {g- v/, v) dg,
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where v; is the highest weight vector inside the lowest Kg-type of the weight ¢ holomorphic discrete
series D; of G(R), and v} is the dual vector of v; inside the contragredient representation of D.
The pairing (, ) appeariﬁg in the above identity is the natural pairing between D; and D, under
which <vtv ,v£> = 1. The convergence and nonvanishing of the integral (1.1.3) have been proved
in [Liul6, Proposition 4.3.1] using ideas from [JV79, Har86,Li90].

1.2. Basics on Weil representation. We recall some formulas on the Schrodinger model of Weil
representation which will be used in our computation of (1.1.3). Let m be a positive integer and
O(2k,R) be the definite orthogonal group attached to the symmetric form (z,y) = Z?il xjy; on
R2*. Denote by woy the Weil representation of Sp(2m, R) x O(2k, R) on S(M,, 2x(R)), the space of
C-valued Schwartz functions on M, o (R).

For ¢ € S(M,, 2x(R)) and v € O(2k,R), <g talil> , <_(1) 16”) € Sp(2m, R), we have

sl D) = (o)
on ((§ 101) 1) 90) = (deta)t =),

a
0 ]-m —-m e Tra
cuzk(<_1 0),1) ¢x) =i ’“/ o(y) ™ Y dy.
m Mm,?k(R)
More generally, for g = <CCL Z) € Sp(2m, R),
(1.2.1)
o << 2) ,1> o) = e(g)ti~Fronke / dley+laz) T (FTCAV YT DY) g,
(R™ / ker c)@R2k
where €(g) = sgn(det ajay) for
Lne; 0 0 0
o al b1 0 0 0 lj as bg . rankc
9=\ 0 t;! 0 0 1, 0]\o t?) )= ‘
0 1 0 0

-

1.3. Siegel-WEeil sections and matrix coefficients. The Siegel-Weil sections inside (k) are
images of the map

fsw : S(May 2 (R)) — I(k)
¢ +— fsw(h) = war(h, 1)$(0).

The canonical holomorphic section (1.1.1) is the image of the Gaussian function, i.e.

Jrp = fsw (X — 6_7TTTXEX) :

Multiplying with the Gaussian function defines an embedding from the space of polynomial
functions into the space of Schwartz functions. For a positive integer m, we define

C[Mm gk] — S( m2k(R))

(1.3.1) P(2) s bp(x) = Plz) " T

Later we will mainly focus on the image of (1.3.1) for m = n,2n which is dense inside S(M,, 2x(R))
and stable under the action of (Lie Sp(2m))c x O(2k,R). In particular, our chosen section fj; in
(1.1.2) belongs to the image of the composition of fsw and (1.3.1) with m = 2n.
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Given o € Sym(2n,R), set

~ 0 o\ _
IUJE,O'ZC<O 0>c1.

If P(X) is a homogeneous polynomial on Ma, o, of degree d, an easy computation using the formulas
in §1.2 gives
(1.3.2)

Wok (ﬁEU, 1) (pp(X)) = 2mi (Tro X'X) (P(X) + polymonial in X of degree < d) e T TXX

from which it follows:

Proposition 1.3.1. There exists a polynomial function P,S’t on May 21 (R) of the form

Pz?,; <X = (i;)) = Q. 4(21'72) + polynomial in X of degree < 2 th —2nk

such that
frp = 2" 20 fo (éf)p,gt) :

Let S(M,, 2x(R))? be the G(R) x O(2k, R)-representation which equals S(M,, 2x(R)) as a C-vector
space and on which (g,v) € G(R) x O(2k, R) acts through woy,(g”, ). Here the superscript ¥ denotes

1"> (which is also called the MVW involution on G and is introduced

the conjugation by (10 0
n

in [MVWS7)).

As G(R) x O(2k, R)-representations, S(M, ox(R))" is isomorphic to the contragredient represen-
tation of S(M,, 2x(R)), and we have the following G(R) x O(2k, R)-invariant C-linear pairing
(1.3.3)

<7 > : S<Mn,2k<R)) X S(Mn,Qk(R))ﬁ —C

(1, 2) — (@1, P2) = /Mn’%(R) #1(x) wop, <(10n _g”> ,1> ¢ () d.

Suppose that 6 € S(Man a1 (B) s the form 6 (71) = 611) i) with 61,60 € S(My 1))
Direct computation using (1.2.1) shows that

(1.3.4) faw(8) (Si'e(g,1)) = "™ (wor(g, 1)1, d2) -
(The G(R)-invariance of the pairing (, ) is also reflected by the invariance property

fow (Sg'e(g1,92)) = fow (S;Ilb(gghgﬁgg))

of Siegel-Weil sections.)

For each g € G(R), we can define a linear functional MC,, 25 (g, -) on S(Ma, 21 (R)) by taking the
matrix coefficients of the Weil representation on S(M,, 2x(R)) x S(M,, 2x(IR))?. More precisely, we
define it as

MCw,2k (ga ) : S(MQn,2k(R)) —C

¢ — MCyi(g, ¢) = / war (¢ (1, (1, 6")) 1) ¢ <x> dz.

Mn,2k‘(]R)

Combining Proposition 1.3.1 and (1.3.4) we immediately get
Proposition 1.3.2.

fkvi (Sﬁlb(g, 1)) = ink Q_Zt‘j+nk MCw,Qk (ga ¢PIS,L) .
7



1.4. Pluri-harmonic polynomials. In [KV78], pluri-harmonic polynomials are introduced to
study the theta correspondence between Sp(2m,R) and O(2k,R). The image of pluri-harmonic
polynomials by the map (1.3.1) corresponds to lowest K-types in the holomorphic discrete series
appearing in the decomposition of the Weil representation.
Definition 1.4.1. A polynomial P(z) in C[M, ox] is called pluri-harmonic if

2k 82

———P(x)=0.
— &nwaazﬂ (fL‘) 0

for all 1 <1i,5 <n. We denote the space of pluri-harmonic polynomials on M, o} as Hp 2k

For

k k
T=(u v)n € M, 21(R),

define
z(z) =u+iv € M, ,(C), Z(xz) = u—iv € M, ;(C).
Given t; > -+ > t, > k, define Qpyz, Qrs € C[My.01] as
Qrt(2) = Qe ((2(@)ij)1<ij<n) » Qra(x) = Qi (F(@)ij)1<ij<n) »

which are easily seen both pluri-harmonic.

The group GL(n,C) (resp. O(2k,C)) acts on C[M,, 2] by left transpose translation (resp. right
translation). The pluri-harmonic polynomial @y, generates an irreducible algebraic GL(n,C) x
O(2Fk, C)-representation Vi 1, inside $y, 25, and we have

V)’J,k,ﬁ & (z — k‘) X )\@, k‘),

where ¢ — k stands for the irreducible algebraic representation of GL(n) of highest weight (¢ —
k,ta—k,...,t,—k). The restriction to SO(2k, C) of the irreducible algebraic O(2k, C)-representation
A(t, k) is still irreducible, and its highest weight is

(t1 —k,to—k, ... .ty —k,0,...,0).

The pluri-harmonic polynomial @k,t also generates Vi 1. Both Q; and @M are of the highest
weight for the action of GL(n,C), and Q (resp. @kt) is of the highest (resp. lowest) weight for
the action of O(2k,C).

For pluri-harmonic polynomials on M, o, the GL(n, C)-action is closely related to the action of
Kg = U(n,R) via the Weil representation on their images under the map (1.3.1).

Proposition 1.4.2. For P € §, 9, and <i Z) € G(R),

Wok <(‘CL Z) , 1> ¢p(x) = det(ci + d)FP ((ci + d)~z) emHlaith)(eitd) et

In particular, for (_a

b 2) € Kg (ai+b e U(n,R)) we have

b .
W2k ((ab a) 71> ¢p = det(ai + b)k¢(ai+b)-P-

Proof. 1t follows from combining the formula (1.2.1) and [KV78, Lemma 4.5]. O
8



By studying the space of pluri-harmonic polynomials, the following theorem on theta correspon-
dence between G and O(2k,R) is deduced in [KV78].

Theorem 1.4.3 ( [KV78, Proposition 6.11, Corollary 6.12, Theorem 6.13]). Assume that k > n+1.
o (Theta correspondence) As a representation of (Lie G)c x O(2k,R),

(1.4.1) Im(1.3.1),,_, = P DEALE).
t dominant

tn>k

e Under the isomorphism (1.4.1), the lowest Kg-types of the holomorphic discrete series
correspond to pluri-harmonic polynomials. In particular,

PQu, € (lowest Kg-type in Dﬁ) X A(t, k),
and is the highest weight vector for the action of K x O(2k,R).

We record here another fact about pluri-harmonic polynomials which will be used in the next
section. Denote by C[z'z] the subspace of C[M, o] spanned by polynomials in entries of z'z.
By [KV78, Remark under Lemma 5.3|, if £ > n then

C[My 2k] = Hn2k @c Cla'z].

Hence for t; > ...t, > k> n—+ 1, we have
(1.4.2) embedding (1.3.1),,_,, (Virs ©c Cla's]) = Dy BIA(L k).

Next we consider the space £, 21 ®c 2k C C[May, o). First we define
7 -
Py € Vo ke ©c Vi oy By <X = (é)) = Qr.t(x1) Qrt(72).

(Note that P,?ft’l does not belong to 2, 2x.) The group O(2k, C) acts on 9y, 2k, Q¢ Hp 2 diagonally by

right translation. Since dimc (A(, k) @ A(t, k))o(%#c)
polynomial

= 1, there exists a unique a pluri-harmonic

hol, i
P € (Vake @c Vo ke

such that it is the the highest weight vector for the action of GL(n, C) x GL(n, C) and its evaluation
at

1, 0 0 0 1, 1\
1.4.3 n no .
( ) ( 0 0 1, 0 > n (zlk —Z].k;)

equals 1.

)O(Zk,(C)

Remark 1.4.4. The invariant pluri-harmonic polynomial P,?’ b has been used in [Ibu99] to con-
struct holomorphic differential operators. From P,?’(Zl’inv c;ne can define a polynomial Rj; on
Sym(2n) such that P,?le’inv(X) = Ry (X'X). Suppoée that Z = (Z;j)1<i j<on is the coordinate
of the Siegel upper half space for Sp(4n). Then Ry, (%) composed with the restriction from H

to G x G sends holomorphic Siegel modular forms of scalar weight k£ on H to holomorphic Siegel
modular forms of weight tX ¢ on G x G.
9



1.5. Rewriting the zeta integral in terms of Q.

Proposition 1.5.1.

Zoo (g vy ve) = K27 25% dim A(¢, k) /

. <w2k(97 1)¢Qk¢7 ¢ék,£> <9 . U£/7U£> dg

Proof. The proof goes in two steps.
Step 1: Verify for all g € G(R) that

(1.5.1) MCiap (g, ¢P£31,m) = dim A(t, k) MCiy 21 (g, ¢P1?21) — dim A(t, k) <w2k(g, 1)é0r., %k) .

Let N, € GL(n) be the unipotent radical of the standard Borel subgroup of upper triangular
matrices. Then
hol,i Ny (C)xNp(C
P, P € (Vaks ®c Vo) ()

We fix a basis of vy,...,vg of A(t,k) (d = dim A(¢, k)) such that each v; is an eigenvector of the
standard maximal torus consisting of

ay

il —ily il —ily

(lk 1 ) 'akalﬂ <1k 1 )7160(2]{;7((:), ai,...,a, € C*,

—1
Ay

and v; is the highest weight vector. Denote by vY,..., vy the dual basis for (¢, k). We can fix
an isomorphism

(1.5.2) (Vorkt @c Ve ket

such that P,?ft’l is mapped to v; ® vy. Then this isomorphism maps PI? (zl’inv to C Z;lzl v; ® v for

Na(@XNa(©) 0 5 1) @ A(t, k)Y

a constant C. We have the commutative diagram

(Vake ®c Vﬁ,k,z)Nn(C)XNn(C) —— AL, k) @ AL, k)Y

l v @ vy = 1
evaluated at (1.4.3) v;@uj—=0ifi# lorj#1
C

The composition of the horizontal and vertical maps sends P,? (zl’inv to C', and the diagonal map
sends it to 1. Therefore, C' =1 and (1.5.2) maps P,??l’inv to Z;l:l v; @ v{. For each g € G(R),

P ®P— MCw,Qk (g7¢P1 @ ¢P2)
. . ., Ny (C)x Ny (C) .
defines an O(2k, R)-invariant pairing on (V@M ®c Vﬁ’k’z) and it must agree up to scalar
with the composition of (1.5.2) and the natural pairing on A(t, k) ® A(t, k)Y, which maps v; ® vy

to 1 and Z;lzl v; ®v) to dim A(L, k). Thus,

MC, 2k (g7 ¢P:21,inv> = dim A(¢, k) MC,, 2k (g, pr]?;l)

and Step 1 is done.
Step 2: Verify that

MC,, , vy, d _/ MC,, 7 oLime Y, da.
/G(R) 2k (g ¢ng£> <9 Uy UL> g G(R) 2k (g ¢P£’§1 )<g vy U§> g
10



By (1.4.1), viewing S(May, 21,)°*®) as a representation of G(R) x G(R), it decomposes as a direct
sum of Dy X Dy for ¢ dominant and ¢,, > k. We claim that

(1.5.3) Opp, = Gpparinn € 4 Dy K Dy
- t’ dominant

2k S 1<t

The claim implies that the matrix coefficient MC,, o, (-, o) PO, qbphol,im) pairs trivially with the
A k.t

matrix coefficient <g . viv ,U§>. We are left to prove the claim. For r > 0, by considering the
decomposition of C[M,, 2¢|=" via the action of O(2k,C), we know that

(1.5.4) C[My,24]%" C $57, 01, ® 955, @ Cla'e].

Here we use the superscript =" (resp. ") to indicate degree < r (resp. homogeneous of degree 7).

The polynomial
/ (T o t
P (X = <$2>> = Qg g(21772)

belongs to C[May, 2] °*C)| and for the action of GL(n, C) x GL(n, C) it is fixed by N,,(C) x N,,(C)
and of weight (¢,1). Hence its projection to the first factor on the right hand side of (1.5.4) with
r = Y t; —nk must be a multiple of P,?’Zl’mv. We have

(1.5.5) P’;t =C- P]?(zl,inv + R, Ce (C, R e C[M2n72k]22tj_2nk N (xltxl, .1‘2t$2)(C[M2n72k]

where (z1%1, 2'2)C[Ma, oi] denotes the ideal generated by entries of 1% and z2'r2. Evaluating
(1.5.5) at (1.4.3), we get C' = 1. Taking into account Proposition 1.3.1, we deduce that

Pl?,; - P;?zl’inv € Hn2k® ﬁn,%)gztrm*l ® Clz1'w1, 22"0)
which implies the claim (1.5.3).
Combining Step 1, Step 2 and Proposition 1.3.2 proves the proposition. O

2. COMPUTING THE SIMPLER INTEGRAL

In this section we compute the right hand side on the identity in Proposition 1.3.2.

2.1. The formal degrees of D;. Let Vﬁok‘lgw (resp. VYJO,;IZW) be the subspace of V§ ¢ which is

of the highest (resp. lowest) weight for the action of O(2k,C). Thanks to (1.4.2), there exist
isomorphisms
¢ rembedding (1.3.1), ( ﬁ?k'gw ®c C[l’tl‘]) — Dy,
19 ~
¢ :embedding (1.3.1), _. ( 5O,k'fzw ®c C[x%]) — D/,

and Q¢ € Vﬁok'lgw (resp. QVM € Vﬁo,fzw) is mapped to a multiple of v; (resp. v’). Since the pairing
(1.3.3) is G(R)-invariant, we know that for all g € G(R),

211 (o Doauin65,,) _ (a-wat)

(Paeta,) ()

11



Therefore,

(2.12) /G(R) <w2kz(97 Doqu, ¢@k¢> (g0, v) dg = <¢Qk’£’ 65, .
d

where d(Dy, dg) is the formal degree of the holomorphic discrete series D; with respect to our chosen
Haar measure dg on G(R).

Remark 2.1.1. Thanks to the compactness of the orthogonal group we consider here, the Weil
representation decomposes as a direct sum of irreducible representations and we easily deduce the
identity (2.1.1). If the orthogonal group is not compact, then the ratio of the two sides will be a
constant depending on k,¢. Such a ratio has been computed in [Liul5, LL16] for the unitary case
when one of the unitary groups has signature (n, 1).

Now it remains to compute the pairing <¢Qk’£, ¢Qk t>.

2.2. The pairing of ¢¢,, with gb@kt. First we define another element 7, inside the space
O-HW o 170-LW b

Vst ©Vigi as

Ti (w1, 72) = Qi <(tz(1’1)2($2))upper left 1 x n—block) o (w1, m2) € Mypop(R) X My o (R).

In order to see that Zj,; € Vﬁ(?,;}gw ® Vﬁ%fgw, we notice that the right translation on z(x1) and Z(x2)
by : :

a; x - 0%
as - *

€ GL(k,C)
ay

is by H?Zl az-j*k like Q.+, @k,é‘ It is also easy to see that for all @ € GL(n,C),

(2.2.1) Ik’t(axl, tailil,‘g) = Ik,t(xl, xg).
Proposition 2.2.1.
00, ., D5 — (—i)%i=1% dim (GL(n )7t Tpi(x, e~ 2m Tra'e dx,
Qk.t Q L
TR My 24 (R)

where dim (GL(n),t) is the dimension of the irreducible algebraic GL(n)-representation of highest
weight t.

Proof. The proof goes similarly as the first step in the proof of Proposition 1.5.1. Consider the
C-linear pairing
() VW x vOIW — ¢

(Q1, QZ) — <¢Q17 ¢Q2> .

For a € GL(n,C), denote by L(a) the left translation by a on C[M,, 2]. Due to the G(R)-invariance
of the pairing (1.3.3) and Proposition 1.4.2, the pairing (, ) has the equivariance property that

(L(a+ib)Qu, L(ai — 0)Qs) = <w2k ((_“b 2) ,1) ¢Q1,w2k< (_“b 2)19 , 1> ¢Q2> — (Q1, Q)

for all a 4+ ib € U(n,R). On the other hand, for the GL(n, C)-action by left transpose translation,
Vﬁok‘lgw and Vﬁ(?,;lzw are both isomorphic to the irreducible algebraic GL(n)-representation of highest

12
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weight ¢. Thus, there exists a basis vy,...,vq (resp. wi,...,wq) of
dim (GL(n),t)) consisting of weight vectors such that

Vﬁ?,;gw (resp. Vﬁ(?,;fzw) (d=

d d
v = Qk‘yl’ wp = Qk»t’ (Ui,’wj) = 0, 7 # j, L(a) X L(ta_l) (ZUJ X ’UJJ) = Z’UJ & ’U)j, a c GL((C)
j=1

i=1

Then (2.2.1) implies that 7 ; equals a multiple of Z?Zl vj X wj. The linear functional of evaluating

at x = (1n 0) annihilates all the weight vectors in Vﬁ(?,;}fw, ﬁ(?,;’%w except vy, wi. Its evaluation

at Iy ; shows that

(2.2.3) dim (GL(n),t)~" - the value of Z;, under the pairing (2.2.2) = <¢Qk,y 95, t> .
Since wok <<10n _3"> ,1) acts by (_i)zyzltj on ¢g for all Q) € Vﬁ(?,;fzw due to Proposition 1.4.2,
the left hand side of (2.2.3) equals the right hand side of the identity in the statement of the

proposition and we finish the proof. O

2.3. Computing the integral involving 7, ;. The integral on the right hand side of the identity
in Proposition 2.2.1 is particularly convenient to compute.

Proposition 2.3.1.
stk L D = —k+n+ 1)
[[o T(n—3j+1)
Proof. We use z as the coordinate of M, ;,(C) and identify M,, o (R) with M, ;,(C) via z = z(z) =

u+ v for x = (u v). Then
(2.3.1)

_ t N g
/ Tps(z,2) e 27T gy = 2 Lj=tin
My, 21 (R)

Tpi(z, ) e " Tre's g — 2_"k/

t = —27 Trz'%z
Qk,ﬁ (( zz)upper left n x n-block) e TR ‘dZd?‘
Mn,k(c)

Mn,Qk’(R)

Every z € M), ;,(C) can be uniquely written as

™ w2 - Wipn Wipgl - Wik
e 0 ro -+ w2 Wopyr o W2 e U(n,R), ri,...,r € Ry,
o : : : : : ’ wi; €C,1<i<ni<j<k
0 0 - ™ Wppt1 0 Wik

Let wy be the Haar measure on U(n,R) such that the total volume is 1. Then there exists a
constant Cj, . € R>g such that

|dzdZ| = Cp i, 7"%"_17"5"_3 oot |dridrs .. dry, dw dw A wy|, dw = /\ dw;j.
1<i<2
i<j<k
By evaluating the integral of the Gaussian function e_TthE, we get

n
Coge =27 (2m) "7 [[T(n—j+ 1)
j=1
By definition

t,— 2t1—2k
Qk,;(( Zz)upper left n x n-block) =T ! T

13
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Hence,

(231) =9 nk an/ 2t1 —2k+2n—1 gtz 2k+2n— 3 ) 2tn 2k+1 —271'2] 1 ] drl...drn

X H / =2 |wiy ? dw;; dw;;

1<i<2
2<5<k, i<

n
n ) n(n+1) .
:2—nk ka | | 2—”(271_)—21':1 tj+nk—== | | F(tj —k4+n+1-— j)
Jj=1
O]

2.4. The archimedean zeta integral. We sum up results in previous sections towards computing
0 (fké, vg,vé). Combining Proposition 1.5.1, (2.1.2) and Propositions 2.2.1, 2.3.1, we get

i 2= btk =230 titnk =300 ti4nk g5 At k) H] Tt —g—k+n+1)
dim (GL(n), 1) d(Dy, dg) [[[oiT(rn—j+1)

Zso (fk,bvzavi) =

The dimension of the O(2k)-representation A(¢, k) equals the dimension of the irreducible algebraic
SO(2k)-representation of highest weight (t; — k,...,t, — k,0,...,0). The Weyl dimension formula
tells that

e = T =

1<i<j<k
SO
[T (ti—tj—i+i)(ti+t;—i—j)
1<i<j<n F(tj —J+ k— n)
dim A(¢, k t:—1
m A === @iy AL G S e
1<i<j<k Isjsn
i<n

=t —i+J) i+t —i—7J
_1Si1;[jﬁn( ! it : T -9 Lt —j+k—n)
- 92nk—n(n+2) —n? Lo, (k) I‘(tj —j—k+n+1)

1<j<n

According to the formulas on the formal degree in [HC76, Corollary of Lemma 23.1](see also
[HII08, Lemma 2.3]), we have

Q_Tn_dimG(R)/K'Hk G(R)/K(27r)# positive roots of G

D,.dg) = Hoy (t =1,y —
d(Dy, dg) vol(T, dT) vol(K, dK )1 }:[0< (2 tn =)
e "
2T T -ttt —i— ) [ - ).
Hj:l F(J) 1§g§n ! ! 1;[

Combining all the formulas proves our formula for the archimedean zeta integral.

Theorem 2.4.1. For integers t1 > to > --- > t, > k > n+1, let fi; be the section inside the
degenerate principal series I(k) on Sp(4n,R) as defined in (1.1.2). Let vy be the highest weight
vector in the lowest Kg-type of the holomorphic discrete series Dy, and UZ € D) be its dual vector.

Then we have the following formula for the doubling archimedean zeta integral associated with fy
14



and the matrixz coefficient <g . vg/, v£>,

Zoo (fk,bvzavt) =

[B85]
[Boc85)|
[BS00]
[Coadl]
[CPR8Y)
[EHLS16]
[EW16]
[Gars4]
[Gar08]
[Har81]
[Hars6]
[Har08]
[HC76]
[HI108]
[Tbu99)]
[IV79]

[KR90]

[KV78
[Li90]

[Liul5]
[Liul6]

[LL16]

[LRO5]

[LR18]

I(tj—j+k—n).

2
i—zyzltj+nk2—22?:1tj—nk+2n2+2n7r— Ty titnk4 30 0
=1

F2n(k) dim (GL(n)v D

J
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