
Randomvariables

idea Often in an random experiment ,
we

are not so much interested in the outcomes

themselves
, but rather in nwmericalvalues

that are assigned to these outcomes .

Mommies provide numerical summaries
of the experiment . (high dimensional , complex)
eg .

exam score . temperature .

credit score .

EI Experiment : Toss a coin toice

sample space : S = f TT .
TH . HT

. Htt Y



Let X be the number of heads in the outcome
X = { o . I , 2 )

X(TT ) -- O
.
XCTH) = I . XCHT) =/ ,

XCHH) = 2

Then X can be wewed as a function
of outcomes

-

(mapping)

Input

¥4,7
output .

O l Z



Definition ( Random variable)

Given an experiment with sample space S , a

random variable Lr . v . ) is a function from
-

-

sample space S to the real number R

s8Sz S4

.#¥n.
Note mapping itself is deterministic
randomness comes from the random experiment.



II Let Y be the number of tails

XCHH) =3
,
XCHT) - XLTH ) =/ . XCTT) --O

t t t

YCHH) = O , YCHT) - YLTH ) =/ . YCTT) --2

11 11 H

Z 2 2

We have Yes) = 2-Ks)
, for all SES

Hence 4=2 -X
l

II let I be 1 if the first toss
is Heads and 0 otherwise

.

I ( HH) = I .

ILTH) = 0
.

.

I (HT) =/ HTT) = O



K¥05provide numerical summaries

of the experiment . (high dimensional , complex)

Uservitorepresewtevent
Tossing a coin twice

s

kik:
X = O ⇐ ETTY



X = I ⇐ { TH . HTT

X = 2 ⇐ f HH t

Let
X : r

.
V

.

X : realized value
.

For a r
. v .
X

.

we use X = X

to represent an event .

X -- x ⇐ { SES
.

X = x }
This represents all s to which X assigns
number X .

e. g . When X = I



X -- I ⇐ { SES , Xcs) -_ It
11

{ HT . TH )
.

X -- O ⇐ { SES , Xcs) -_ of
11

{TT )

X -_ 2 ⇐ { SES , Xcs) =3 )
11

{ HH )
"

.



Discrete random variable
⑧

Two types of random variables

discrete V.s
. continuous

.

Discrete RV : possible values are countable

X= I
.
2
,
3
. (finite) X = I

. 2
.
3
. . . . (infinite)

e.g . # of voters , shoe size , ft of customers

Definition : A r. v . X is said to be

discrete if there is afinie list of values
ai.az . . - . . an or an infinite list of values
U f , A2 I '

' '



Continuous RV : possible values correspond to

points on some interval .

e. g. temperature . Length , weight , height .

#

O is



probabilitymao.FM#
Describe the behavior of a r . V . using
probability .

Plc claim > Im) PCsurvival time > 2 yr)

Ed Tossing a coin twice
X : # of Heads in two tosses

.

X = O ⇒ I TT } Pluto) -- RUTTD= ¥
X = I ⇐ { HT , TH ) PCX=D = MEAT, THI -- I

X = 2 ⇒ { HH ) PC#2) = RCEHHI ) =L
.

PICK-o )
,
Rex =D . Kx=2) specify the

probability of all events associated with X



Definite ( Probability Mass Function)
The probability mass function (PMF) of
a discrete r . v . X is the function p×

given by
p× (x) = RLX = x)

II Two coin tosses
.

X : # of Heads
.

P x (o) = Pl (X = o) = I
px Cl ) =p (X = I ) = I

px (2) =P ( X
= 2) = ¥

.

Py lo) for all other values of X .



PMF of RV X
.

÷
i



EI Y : # of Tails . 4=2 -X

pycyj = Rly= y) = Plz - X
-

- y )

=P ( X = 2 - y)

= Px (2 - Y)

Pylos = 70×12 - o) = Px (2) = ¥
Pye IS = Pxcz - l ) = PxCl ) = I

Py (2) = 10×(2-2) = 10×60 ) = ¥
Note X and Y have some PMF

even though X and Y are not the same

r
.
V

. ( X and Y are two different functions



PMF of RV Y

ii.



from { HA , HT . TH , TT ) to the real line .

II 1 if the first toss is Heads .↳ f
o otherwise

.

Patt :

Palo) =P (I- o) =P H
.
TTT) = I

pace) =p (Te t ) = PHAT . HAI ) = I
.



, .
PMF of RV I

o
.

O - p a b n M.

- I O l Z 3



theorem (valid PMF)

Let X be a discrete Rv .

The PMF of X must satisfy :

I
. p×cx) 30 for all value of x .

2
. ⇒ Px Cx) = / (sum over all possible values

of x)

proof : CD is true since probability is
nonnegative . X , xz . . . . X K

For G)
.

since {X = xj ) are disjoint

p Rex - x;) - Pius X -- exit)
= PC X -- X , or X-- Xa or X-- Xz .

- or ) = I



EI whether valid or not
.

→ ✓÷¥

T.io#x/.zo.o X

Top.IN#..o.z X

-

pies X



EI

x/✓Px.l5.45
4) RCXEO)

=P(X= -2 or X= - 1) =pcX= -2)tPCx= - l )

(2) R (X> - I )
= O - I -10.15=0,25

= PCK-oorx-torx-D-PCX-oltkx.tl -47*-4
= - 4-1.3-1.05

(3) Rft e- Xsl) = - 75

=P(X= -I orX-t.orx-D-PCX-D-pcx-D-PLX-D-e.is-1.4-1.3

(4) PILXCZ) = .
85



(5) PIL- Is Xc 2)

(6) PCX al )

EI Suppose that of those people that
are infected by Ebola .

loyoinfeutedbyBlood.io:/ : : ::
15% u n feces
-



Assume someone can only be infected by
one source

.

If someone infected by

bloodb-d.in#xnod
.

wine / * d
'

" "

vomit 10 d
.

" '
'

feces to d .
" "

-

(1) Find the PMF for incubation period .

X - incubation period p×cx)=PCX= x)
(2) If someone infected has no symptom up to

and including 5 days , what is the



PCIOEXS 15 / X 75)

probability that have symptoms between

10 and 15 days (excluding 15 days)

Solution :

( l ) S = { Blood . Urine , Vomit , Faces)
S , S2 S3 S4

.

The associated probabilities

PCG ) = 0.1 PCS2) = 0.35

Pls3) =0.4 PCS41=0 . 15



Si : Blood Sz : Urine

10% 35%

7
④ IN KB
I

5 10 15

Incubation period is a random variable defined on
this sample space ,

denoted by X

Xcs , ) = 5 Xc sa) = 15

X.Csg) = to Xcsy) = 10



PIE) = PCX = 5) =PCXcsD=5)
= PCs , ) = o . I

Pxclo) =p (X -- IO ) =P (X ( Ess or sat ) -- IO)
= 0.4 -10.15 =P( S3 or S4)
= 0.55 =p 3) t PlS4)

P×U5)=P(X=I5)=P(Xcsz) -45)
= PCSJ = 0.35

#

x

pxcx!
5 ' O is



B A
- -(2) PIC EX < 15 / X > 5)

BAA
-

= PCEIOEXLI5) A EX>53)

10¥ ex
-

A

Note : If 10 Exits happens then
-

B

X > 5 must happen . If SEB then SEA .

in

A

This implies Bc A. thus BAA - B

B AA -_ { to excl's } A EX >54={101×45}
-

BHence

PCBAA) -- PCB)



Hence

PCB)
at) =-

PCA)

P(105×45)
-

PCX > 5)

=PCX
PIX-4004=15)

a

=
01552 PCX=I0StPLX=I5)
015540,35

55
= -

90



For discrete RV
. knowing its PMF determines

its distribution
.

Bernoulli RV
-

Some certain RVs
'

are commonly used

Definition : An RV X is said to have the

Bernoulli distribution if X has only two possible
values
,
o and I

,

and with PMF

10×4) = PIX = 1) =p

pxco) =P (X -- o ) = I - P . CosPst)
where p is a parameter .

We write this as

X n Bern CP)

"
n

" heads as "
is distributed as

"

.



II 4) Toss a fair coin once

S = { Head . Tail l

PCHead) = I =P Hail)

Define X : number of Head
.

o and I

PMF : PCX-- o ) = PIX=/ ) = 1/2

Xn Bern (p) p -- I
1 2

(2) If it is an biased coin

PC Head ) = 2/3 PCTail ) = 43

PMF : P (X=D = 2/3 PC X=o)= Yg
Xr Bern Lp)

,
P= -5



(3) Same biased coin
.

but now let

Y be the number of Tail,
Y = I - X

PCY = o ) =p ( I-X = o) =PCX - 13=2/3
PLY = I ) = P ( I - X = 1) =P( x-- o) = Yg

11Y ~ Bern Lp)
,
P -- z

Bernoullitrial

Anexpet that can result in either success or

failure ( but not both ) is called a Bernoulli



trial .

A Beroulli RV can be thought of as the

indicator of success in a Bernoulli trial :

X = { f- if Suess w prob p

if fail w prob I - p

PCX=D =p pCX=o) = I - P

X is a Bernoulli RV which indicate

Suess /failure of this Bernoulli trial .

EI Tossing a coin once .

Success - Head - I
.

Failure - Tail -- O



Binomial
* Tossing a coin 4 times . PCHead) =Ptail ) =L

PC # of Heads in 4 losses = 2) = ?

* A family with 7 children .

PC Boy ) = 0,51

PCGirl) = 0.49

PC# of Boys = 5) = ?
-

H

X : binomial RV



Definitionlpoinomiav)

suppose that

1
.

There are n identical Bernoulli trials
.

Z . The trials are independent .

3
. Each trial has the same success probability
P

. and failure probability I - p .

4
. Let X be the number of successes in
n trials

.

X is called the Binomial random variable

with parameter n and p .
We write

.

X - Bin ( n . p )

Note : n z I Os p - I



TheoremCBinomia.ph

If X n Bin Lh . P)
,

then PMF of
X is PC k

,,

successes in n trials)
-

Pxck) =P(X-- k) = (f) pkc , - pgn
-k

for k = 0
, I , 2 , .

. . .
N

.

Let 's check
,
whether pxlk) is indeed PMF

(1) Px Ck) Z O for ka o , i , i - - n

n

k) 2 pick) = I
f- O

= Ipo ( Y) pka - pink =Cpt 9-5
um

9-



= I
"
= I

e. g . I :) I" I"
(pts)

-
= 142ps + p

-

= ?¥(f) pkg'-k
131 131 131 B )
3 b z f z f 3

(Pt E)3=+2+3pg + 3pgtp3.at?fof3pfpkg3-k
II Tossing a coin twice

X : # of Heads
2 trials

.

N -- 2
, p =P (Head) =Ptail )= I

X - Bin ( 2 , I)

PMF : Pxco) = PCX -- O )

= ( no ) poc , - pg
" - o



13k¥.-on
.

= (3) ⇐Ici - E)
"

= ,÷
. = 1 . I - IT

=L
= IT

Pxu) = PCX - t )

= ( Y ) p
'

c , - pg
" - I

= (7) E)
'

Ci - E)
"

= z . I . I

= I

P×c2) = PCX = 2)

= ( L ) pt , - pgh
- I



2

= (3) E) ( i - E)
Z - Z

=
l - ¥ . I

I
=

4-

X~BI)
k O l 2p¥¥z

IXt.CM/PMFTheorem) .

Suppose that for each student ,
the probability to pass the course test is

is 60% , Suppose that 4 students



are randomly selected and each takes the test
.

X : # of 4 students who pass the

test .

Cal . PC none of 4 passes the test)
i. e

.
PCX -- o )

(b). PC three of 4 pass the test )

i. e
. PCX =3)

cc)
.
Derive the PMF for RV X

We know N = 4
. P = 0

. 6

X - Bin ( n , p)



4=0 4=1 X=2 4=3 X=4
I

FFFF SFFF FFSS FSSS ssss¥¥¥¥¥¥¥i¥SSFF 4 ?

T.kz, !
-

-
6

141=1 141--4 (EKG 141=4 141--1

(a) PIX -_ o )

= PCFFFF)

= PLFJXPLFJXPLFJXPCF )

= ( I - p) Cl - p ) Cl - p) CI - p)

= ( I - py4



(b) P (X-- 3) = PCFSSSUSFSSUSSFSUSSSF)

= pftsss) + PCSFSSJTPCSSFSJTPLSSSF)

= (0.633/0.4) ' to . 6)310.4)
'

to . 6)310.4)'t (0.633/0.4)
'

151
= 4×(0.633×6.4) '

= f # of pts . for which X --3)xfo.by#otxsco.4y*otF--fIotswi7IItsII.IYg)xp3xu-ps'

= ( 34 ) xp3×c , - pg , pxctd-lfjpk.ci- pink
N=4

. 10=0.6 ,
k-- 3

= 17×13)

Therefore ,
in general .

pck )=P(X=k ) = (f) pkc , - p)
" -k

.

×



Plk ) --P(X=k)=( f) pkci - p)
" -k

×

If N -- 4 , p= 0.6

PIO )=P(X=o)= 0.600.44-0
4 !

=

0¥, ,
0.6%0.44=1-(0-6) ? fo . 4)

4

Pfl )=P(X= 1) =/ 0.610.44"

4 ! I 3 I 3
=

¥,
0.6 ' 0.4 = 4-(0-6) . ( 0.4)

l l

PLZ )=P(X=2)=( 4) 0.6-0.44-22

4 ! Z 2 2 2

=

¥,
0.6 - 0.4 = 6-(0-6) . 10.4)

Z 2



Pf3) =P(X=3)=( 4) 0.630.44-33

4 ! 3 I 3 I

=

3¥31
.

O -
b ' O'4=4-(0-6) . 10.4)

4 4

pf4I=P(X=4)=(4410.60.444
! 4 o

y
4 I

=

¥,
0.6 ' 0.4 = - Co - b ) . ( 0.4)

4

4--6.634


