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Reading assignment: Zou (2006); Zou (2018)
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PRECURSOR
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Motivation of Sparse PCA

Pitprops Data: N = 180 and p = 13. SPCA generated very sparse

loading structures without losing much variance.
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SCoTLASSO

Jolliffe, Trendafilov, and Uddin (2003) proposed SCoTLASS, which

successively maximizes

max
∥bk∥=1

b
⊤
k Sbk

s.t. b
⊤
j bk = 0, h < k, ∥bk∥1 ≤ t

Nonconvex optimization problem, high computational cost.
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INSIGHT
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PCA – equivalent form

SPCA extends the reconstruction view of the PCA to derive sparse

PCs. Recall that the first PC v1 can be defined as

v1 =argmin
b

1

N

N

∑
n=1

ÂÂÂÂÂxn − bb
⊤
xn

ÂÂÂÂÂ
2

subject to ∥b∥2
= 1

(1)

We reformulate (1) as

v1 =argmin
a,b

1

N

N

∑
n=1

ÂÂÂÂÂxn − ab
⊤
xn

ÂÂÂÂÂ
2

subject to ∥a∥2
= 1 anp a = b
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PCA – equivalent form

The following theorem says that we can drop a = b and still recover v1

exactly.

Theorem 1

For any λ > 0, let

(â, b̂) =argmin
a,b

N

∑
n=1

ÂÂÂÂÂxn − ab
⊤
xn

ÂÂÂÂÂ
2
+ λ∥b∥2

subject to ∥a∥2
= 1

Then b̂∝ v1
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PCA – equivalent form

Theorem 2

Let B̃ = (v1,⋯,vK)

B̃ =argmin
B

N

∑
n=1

ÂÂÂÂÂxn −BB
⊤
xn

ÂÂÂÂÂ
2

subject to B⊤
B = Ik

One can show that, for any λ > 0, let Â = (â1,⋯, âk) ∈ Rp×k and

B̂ = (b̂1,⋯, b̂k)

(Â, B̂) =argmin
A,B

N

∑
n=1

ÂÂÂÂÂxn −AB
⊤
xn

ÂÂÂÂÂ
2
+ λ

k

∑
j=1

∥bj∥2

subject to A⊤
A = Ik

Then âj = vj and b̂j ∝ vj for j = 1, 2,⋯, k.



Proof

Use the notation A = (a1,⋯,ak) ∈ Rp×k and

B = (b1,⋯, bk) ∈ Rp×k.

Let A⊥ be any orthonormal matrix such that A = [A,A⊥] is p × p

square orthonormal.

For any matrix X and orthogonal matrices A and A⊥:

∥XA∥2
F + ∥XA⊥∥2

F = ∥XA∥2
F = tr(A⊤

X
⊤
XA)

= tr(AA⊤
X

⊤
X) = tr(X⊤

X)

= ∥X∥2
F



Proof

We have

N

∑
n=1

∥xn −AB⊤
xn∥2

= ∥X −XBA
⊤∥2

F

= tr((X⊤
−AB

⊤
X

⊤)(X −XBA
⊤))

= tr(X⊤
X − 2AB

⊤
X

⊤
X +AB

⊤
X

⊤
XBA

⊤)

= ∥XA⊥∥2
F + tr(A⊤

X
⊤
XA − 2AB

⊤
X

⊤
X

+BA
⊤
AB

⊤
X

⊤
X)

= ∥XA⊥∥2
F + tr(A⊤

X
⊤
XA − 2AB

⊤
X

⊤
X

+B
⊤
X

⊤
XB)

= ∥XA⊥∥2
F + ∥XA −XB∥2

F

tr(AB⊤
X

⊤
XBA

⊤) = tr(BA⊤
AB

⊤
X

⊤
X), since AB⊤ is a square

matrix.



Proof

Let

Cλ(A,B) =
N

∑
n=1

∥xn −AB⊤
xn∥2

+ λ
k

∑
j=1

∥bj∥2

Hence, with A fixed, solving

argmin
B

Cλ(A,B)

is equivalent to solving the series of ridge regressions

argmin
B=(bj)kj=1

k

∑
j=1

∥Xaj −Xbj∥2
+ λ∥bj∥2



Proof

It is easy to show that

B̂ = (X⊤
X + λI)−1X⊤

XA

Then using Lemma 1

Cλ(A, B̂) = tr((XA)⊤(I − Sλ)(XA))

Rearranging the terms, we get

Cλ(A, B̂) = tr(X⊤
X) − tr(A⊤

X
⊤
SλXA)

which must be minimized with respect to A with A⊤
A = I.

This is equivalent to

min
A
Cλ(A,B) ⟺ max

A
tr(A⊤

X
⊤
SλXA)



Proof

Hence A should be taken to be the largest k eigenvectors of

X
⊤
SλX.

If the SVD of X is

X = UDV
⊤

It is easy to show that X⊤
SλX has eigen-decomposition

X
⊤
SλX = V D

2(D2
+ λI)−1D2

V
⊤

hence

Â = V [, 1 ∶ k] = (v1,⋯,vk)



Proof

Now plugging X = UDV
⊤ into

B̂ = (X⊤
X + λI)−1X⊤

XA

= V (D2
+ λI)−1D2

V
⊤
Ip[, 1 ∶ k]

Therefore B̂ ∝ V [, 1 ∶ k]



Lemma 1

Consider the ridge regression criterion

Cλ(β) = ∥y −Xβ∥2
+ λ∥β∥2

Then if β̂ = argminβ Cλ(β)

Cλ(β̂) = y⊤(I − Sλ)y

where Sλ is the ridge operator

Sλ =X(X⊤
X + λI)−1X⊤

See proof in Zou (2006)



SPARSE PCA
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Sparse PCA

The sparse PCA criterion for the first k sparse principal components is

defined as

(Â, B̂) =argmin
A,B

N

∑
n=1

ÂÂÂÂÂxn −AB
⊤
xn

ÂÂÂÂÂ
2
+ λ

k

∑
j=1

∥bj∥2
+ λ1

k

∑
j=1

∥bj∥1

subject to A⊤
A = Ik



Computation of Sparse PCA

If A is fixed, the optimization problem of B is

B
+
=argmin

A,B

N

∑
n=1

ÂÂÂÂÂxn −AB
⊤
xn

ÂÂÂÂÂ
2
+ λ

k

∑
j=1

∥bj∥2
+ λ1

k

∑
j=1

∥bj∥1

For B+
= (b+1 ,⋯, b

+
k), this can be decomposed into

b
+
j = argmin

A,B
∥Xaj −Xbj∥2

+ λ
k

∑
j=1

∥bj∥2
+ λ1

k

∑
j=1

∥bj∥1

The above is an elastic net penalized least square problem
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Computation of Sparse PCA

If B is fixed, the optimization problem of A is

A
+
=argmin

A,B

N

∑
n=1

ÂÂÂÂÂxn −AB
⊤
xn

ÂÂÂÂÂ
2

subject to A⊤
A = Ik

We can see that when k = p, it is the Procrustes rotation problem.

Analytical solution: compute the SVD (X⊤
X)B = UDV

⊤ and set

A
+
= UV

⊤
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Computation of Sparse PCA

The SPCA algorithm iterates between the elastic net regression step

and the SVD step till convergence.

The output is the normalized B matrix for j = 1,⋯, k

vj = b̂j/∥b̂j∥
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Example: Pitprops Data
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