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A Algorithms

A.l1 Bisection Line-search for BFGS

This line-search is performed in each (inverse) BFGS update iteration. It aims to find an appropriate

positive step size ¢ that satisfies the Wolfe conditions in (17).
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Algorithm S1: Bisection line-search for the (inverse) BFGS

Input: o, p

Output: ¢

Constants: ¢c; = 107%,¢, =0.9,a =0
1 Initialization: ¢ = 1, phase = A, accept = False;
2 repeat phase A

3 if Condition 1 holds then

4 if Condition 2 holds then

5 ‘ accept = True

6 else

7 | t=2t

8 end

9 else

10 phase =B

11 exit;

12 end
13 until accept;
14 if phase = B then

15 b=t

16 repeat phase B

17 told =1

18 t=(a+0b)/2

19 if torg =1 then

20 cannot find proper ¢
21 exit;

/* exit BFGS
/* switch to GD

22 end

23 if Condition 1 holds then
24 if Condition 2 holds then
25 ‘ accept = True

26 else

27 ‘ a=t

28 end
29 else

30 ‘ =t
31 end
32 until accept;
33 end

*/
*/




A.2 Backtracking Line-search for Gradient Descent

This line-search is performed in each gradient descent update iteration. It aims to find an appropriate

positive step size ¢ that satisfies the Armijo-Goldstein condition

9(€& —tVg(&)) < g(&) — ct|Vg(©)l3

where £ is the parameter of interest (o or w in our case) and ¢ € (0, 1/2] is some constant.

Algorithm S2: Backtracking line-search for gradient descent
Input: &
Output: ¢
Constants: ¢ = 0.5

1 Initialization: ¢t = 1, accept = False;

2 repeat

3 | ifg(€&—1tVg(€)) < g(€&) — ct[|[Vg(€)]|3 then
4 | accept = True

5 else

6 | | t=09t

7 end

8 until accept;




A.3 Gradient Descent Update for the Weights in the SKtweedie

Algorithm S3: Gradient descent for weight
Input: X, y, A\, Ao, o™ w(™
Output: w(m™+1)
1 Initialization: £k = 0, w
2 repeat gradient descent loop
3 | Generate new kernel matrix K(w(™")) as defined in (12)
4
5

(m,0) m)

call Algo. S2 to find step size ¢t(™*)

forj=1,...,pdo
(m,k+1)

6 Compute w; using (18)
7 end

8 k:=k+1

o | if wim*tl) = 0, then exit;

10 until convergence;
1wt = wimk)

B Fitting the Ktweedie Model with an Intercept

This section discusses the implementation details when there is an intercept term in the model.

Denote by g(ay, a) the objective function in (10). It is convex in (o, ), which allows convenient

(k)

1) with o fixed at ag

alternating minimization. Based on Algorithm 1, after updating a®) to a!

in each iteration k£ (Line 6), we update aék) to oz(()kﬂ)

dg(ap,aF+1)
dag

. This can be done by solving the equation

= 0 analytically,

S yiexp[(1 — p)K[ a* Y]
S expl(2 — p) K alk+] -

aékﬂ) + log

C Proof of Theorem 1

Proof. According to Theorem 6.5 (Nocedal and Wright, 2006), in order to show the global conver-
gence of BFGS in our algorithm, we only need to check the following two conditions (Assumption

6.1 Nocedal and Wright, 2006) are satisfied:



1. The objective function g is twice continuously differentiable.

2. There exist positive constants m and M such that, for all o,
ml, < Vg () < ML,.

where I,, is an n X n identity matrix.

Since Algorithm 1 is descending along its iterations thus we can restrict the domain of c to the
sublevel set Lo = {a € R": g(a) < g(a!”)}. Since g is a convex function, set L, is convex
compact. Without loss of generality, assume not all ;’s are zero. Define 7; = K/ acfori =1,... n.
It follows that the set

Co = {T: (Tl,...,Tn)Tioé€£0}

is convex compact. Therefore for all a € Ly, ; is bounded by 7,,.,, where

Nmax = Max sup |n;] < oo.
12020 el

Also y;’s are bounded by vVpnax = maxi<i<p V; and Ymax = Maxi<i<p Y. Let
W; = v; ((p - 1)y¢€(1*p)” +(2— p>e(2fp)n)
Note that w; is bounded by

0| < _ (p—1)Tmax _ (2—p)Tmax = .
[nax sup @] < Vmax (Ymax(p — 1)e + (2= pe ) = Winax

We can see that

V?g (o) = Kdiag [y, o, . . . , 0, K + MK
j (wmaXAmaX(KK) + Amax(K))Ina Va € ‘CO-

where Ay,.x(A) represents the largest eigenvalue of matrix A. Thus g («) is strongly smooth on the

sublevel set L£,. We can also show that g («) is strongly convex on L. It can be shown that w; can



be lower-bounded on £,

—1\** _
iz <’0 ) vi ()70 T (> 0) + (2 — p)e” C7mesT (y; = 0) > 0

_1\* %
Wmin = min { <g—> mln w; (yi)Q_p 3 (2 - P)e_@_p)nm"} .

We see that w; > wy,;, > 0. Therefore

V?g (o) = Kdiag [y, ws, . . . , w0, K + AK

= (wminAmin(KK) + Amin(K))Ina va S Rn

This shows that g(«) is strongly convex. We have proved that Assumption 6.1 in Theorem 6.5
(Nocedal and Wright, 2006) holds so that Algorithm 1 has global convergence.

By Theorem 6.6 (Nocedal and Wright, 2006), in order to show that the update %) generated by
Algorithm 1 converges to a* at a superlinear rate, we only need to show that g is twice continuously
differentiable and that the Hessian matrix Vg is Lipschitz continuous (Assumption 6.2 Nocedal

and Wright, 2000), i.e. for all a, &’ € domyg, there exists a positive constant L such that,
[V2g(e) = Vg(e)]], < Ll = &,

where the norm applied to the matrix is the spectral norm.

We consider a vector-valued function h(t) : R — R satisfying hy,(t) = b' V2 f(a+t(a/ —a)),



then by the mean value theorem

hi(1) — hp(0)
1-0

= hy (1) (mean value theorem, 7 € (0, 1))
Z Z] Balaalaaj l(a; - O'/j)

0
Z Z] 80@5&?{304 (Oé; - aj)

b [Vg(a) — Vig(a')] =

In the sublevel set L, the values of third derivatives of g in (1) can be upper-bounded

0’g(a)

——— <D 2
80&180&1'8@]' - ’ ()

where D > 0 is a constant. Therefore the Ly norm of the vector b' [VZg(a) — V2g(a’)] can also

be upper-bounded

Ib"[V?g(a) = V2g(a)]ll> < DVn| YD bila)
i
< Dv/n-n|blz)le — all.
The above inequality indicates that V2g is Lipschitz continuous, since that
[V2g(e) = V2g(@)[|, = max [[b'[VZg(a) = V2g(a)]]

Ibll2=

< max DV~ n[bllfe’ — ol

= Dvn-n|a’ — alfs,

where the first line follows by the definition of the spectral norm. Therefore Assumption 6.1 in

Theorem 6.5 (Nocedal and Wright, 2006) holds. ]



D The Derivative of the SKtweedie Objective Function

The objective function is

g(a,w) =1 +1ls+p+pe

_ %i (yi exp [~(p — DK(w)! 04) ................. )

i=1 p—1
+ %Z (exp & _2"_)12(‘”)1' o] ) ........................ (1)
F MO K (W) Qi (p1)
A0l T W (p2)

where

Kwox,woOx;) KWOx,woOxy) -+ K(WOx,wox,)
KwoOx,woOx)) K(WOX,WOXs) -+ K(WOX,WOX,)

Kwox,wox)) KwWoOx, wdOxXs) -+ KWOx,wWw0OxXx,)

and K (-, -) is the RBF kernel function with tuning parameter o. Fori,j = 1,2,...,n,
K(w); =k(woOx,wox,) =exp(—0c-|[|[woOx; —wOx;3).

For clarity, divide the objective function into four parts g(a, w) = Iy + Iy + p; + p2 and derive

individually. First, we take derivative of [; with respect to w,



o 1~ 9h OK(w)
aw_ni:1 OK(w); ow '

where

ol

oK(w), P [—(p— DK (W), o] -

with 7, = —y;exp [—(p — 1)K(w), ] is a scalar, and

OK(w);,  0[K(w)ia, K(W)a, ..., K(W)i)

_ R™<P
ow ow © ’
with
OK(w)i;  Ok(w O x;, WO X;)
ow ow
_ Oexp(—0 - [wOx; — WO X,[3)
B ow
=exp(—0 - [woxi —wox3) (—20) (xi — %) © (xi —x;) O W
= ¢ (% — %) O (% — %) Ow,
for the scalar ¢;; = —20 - exp(—0 - [|w ® x; — w @ x;,]|3). Therefore,
Ci1 (Xi — Xl) ® (Xi — Xl) Ow
OK(w); | cio- (% —%X2) O (X —X2) OW
ow
Cin* (Xi = Xp) O (X — X)) OW
Put it together,

%:l m_aT. Cio+ (X; —X2) © (X; —X2) OW .
ow n 4 :

=1




Next, we derive l,. Similar to the above,

8l2 1 - 812 ) aI((W)Z

ow  n — OK(w); ow

Ci1 (Xl —Xl) ® (Xl —Xl) Ow

n
1 T Ci2
=Y ¢-a-
n-
1=1

Cin * (Xi —Xp) @ (X; — X,) OW

where (; = exp [(2 — p)K(w)/a] ,i=1,2,... n.

i
Next, take the derivative of the first penalty p; w.r.t. w,
n

op1 - Ip1 IK(w);
ow 1 Zl ]Zl OK(w),;,  Ow

= )\1 Z Z ;0 —812(:\;)”

i=1 j=1

Finally, Ops /0w has the following form,

0
P2 _ \,.
ow
Note that the gradient is scaled by the weights except for the last term, thus agéfu’f")
J

U)j:O.

10

= Ao, for all



E Parameter Orthogonality

Following (5), g(y|u, ¢, p) is the density function, for y, we have [ g(y|u,

0
0= a—/g(y!u, b, p)dy

/ g(ylu, ¢, p) Og(ylp, ¢, p )dy

(Y|, &, p) op
310gg(y|u , P)
pr— d
/g(y ou y

_E, [ﬁlogg ylp, o, p )} |

Since

_ N
9|, ¢, p) a(y,¢,p)exp{g (1 — 2_p>},

dlogg (ylu,p,d)  y—p

Jt pur

the density satisfies

Therefore

logg(ylw, d.p)] [0 y—u)]
5| e =2 g (

k=
|

dlog g(y|u, b, p)}

11

¢, p)dy = 1. Therefore



also

02bgg@ﬂu¢¢ﬂ} {0 (y—-u)]
E —E|—
opdp dp \ opr

Y —

=E |lo .
{ e ¢up}
y—

—logu-E
e[
dlog g(ylu, ¢, p)

o

—logu-E[

=0.

Therefore p is orthogonal to both ¢ and p (Cox and Reid, 1987, 1989; Jgrgensen and Knudsen,
2004). The statistical consequences of this orthogonality is that the maximum likelihood estimates

{t 1s asymptotically independent to ¢ and p.

12



F Additional Tables and Figures

Table S1: The mean computation times for Case I Model 1 based on 20 replications for different
values of ¢.

¢ MGCV TDboost TGLM RBF Laplace

0.1 0.020 0.971 0.001 0.638 1.273
0.5 0.055 0.994 0.001 0.672 1.340
1.0 0.019 0.970 0.001 0.687 1.457
20 0.022 0.982 0.001 0.682 1.611

Table S2: The mean computation times for Case I Model 2 based on 20 replications for different
values of ¢.

¢ MGCV TDboost TGLM RBF Laplace

0.1 0.130 4.211 0.002 0915 2.095
0.5 0.037 4.369 0.001 0.958 3.444
1.0 0.064 4.230 0.001 0976 4.469
20 0.130 4.132 0.001 1.027 5.822

Table S3: The mean and standard errors of MADs, p and &5 based on 20 independent replications.
True p = 1.5 and true ¢ = 0.5

~

Model MAD 0 )
1 0.096 (0.004) 1.503 (0.0126) 0.497 (0.008)
2 0.088 (0.003) 1.441 (0.024) 0.505 (0.013)
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Table S4: The mean computation times for Case II based on 20 replications for different values of ¢.

¢ MGCV TDboost RBF Laplace

0.1 0.703 0.088 0.417 0.436
0.5 0.686 0.088 0.672 0.706
1.0  0.679 0.088 0.202 0.276
20 0.756 0.088  0.236 0.274
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Figure S1: Fitted F(x) vs. true F(x) in Model 1 from a sample run (top to bottom ¢ =
0.1,0.5,1.0, 2.0).
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Figure S6: Variable selection results using SKtweedie with the Gaussian RBF kernel (left: p = 10,
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Figure S7: Variable selection results using the SKtweedie with Gaussian RBF kernel (p = 200)
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Figure S9: A heatmap of the log incremental losses by accident year and development year.
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Figure S10: The ordered Lorenz curves for the auto-insurance claim data. In all four plots, the
Ktweedie serves as the competing model.
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