Appendices

A.1 Connections with Fisher’s discriminant analysis

For simplicity, in this subsection we denote 717 as the discriminant directions defined by Fisher’s
discriminant analysis in (4), and 6 as the discriminant directions defined by Bayes rule. Our
method gives a sparse estimate of 6. In this section, we discuss the connection between 6 and
1, and hence the connection between our method and Fisher’s discriminant analysis. We first
comment on the advantage of directly estimating € rather than estimating 7. Then we discuss how
to estimate 1) once 0 is available.

There are two advantages of estimating € rather than 7). Firstly, estimating @ allows for simul-
taneous estimation of all the discriminant directions. Note that (4) requires that i, 31, = 0 for
any [ < k. This requirement almost necessarily leads to a sequential optimization problem, which
is indeed the case for sparse optimal scoring and ¢; penalized Fisher’s discriminant analysis. In
our proposal, the discriminant direction 6y is determined by the covariance matrix and the mean
vectors u;, within Class k, but is not related to 8, for any [ ## k. Hence, our proposal can simulta-
neously estimate all the directions by solving a convex problem. Secondly, it is easy to study the
theoretical properties if we focus on 8. On the population level, 8 can be written out in explicit
forms and hence it is easy to calculate the difference between 6 and 6 in the theoretical studies.
Since 17 do not have closed-form solutions even when we know all the parameters, it is relatively
harder to study its theoretical properties.

Moreover, if one is specifically interested in the discriminant directions 7, it is very easy to
obtain a sparse estimate of them once we have a sparse estimate of 6. For convenience, for any
positive integer m, denote 0,, as an m-dimensional vector with all entries being 0, 1,, as an m-
dimensional vector with all entries being 1, and I,,, as the m x m identity matrix. The following
lemma provides an approach to estimating 7 once 6 is available. The proof is relegated to Section
A2

Lemma 3. The discriminant directions 1 contain all the right eigenvectors of Qo119 correspond-
ing to positive eigenvalues, where 8y = (0,,0), Il = Ix — 1,15, and 8o = (p1—f, . . ., b — 1)
with i = Zszl T J-

Therefore, once we have obtained a sparse estimate of 8, we can estimate 7} as follows. Without
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loss of generality write 6 = (é%, 0)", where D = {j : ., # 0}. Then 6, = (0, 8). On the other

hand, set & = (fu, — f&, ..., fix — f1) where i, are sample estimates and j1 = Y 1 | 7y fuy. It
follows that 6,118, = ((0A0775H5§ 5)"0)". Consequently, we can perform eigen-decomposition
on éo,ﬁnég 5 to obtain 5. Because D is a small subset of the original dataset, this decomposition

will be computationally efficient. Then 7) would be (73, 0)".

A.2 Technical Proofs

Proof of Proposition 1. We first show (15).
For a vector 8 € RP, define
1 .
LMSPA(g ) = 5¢9T§:¢9 — (frz — f11)70 + \||6]|1, (22)
LROAD(G \) = 0730 + \||6]| (23)

Set @ = co(N\)"1OMSPA()N). Since 87 (fus — p1) = 1, it suffices to check that, for any 6’ such

that (0)"(f12 — p1) = 1, we have LROAP (9, _2A_) < LROAD(g/ _2X_) Now for any such &',

? Jeo (M) ? Jea (M)
MSDA . 9 TROAD g 2A
L% (co(A)0', A) = co(A)* L™ (0', —<7) — co(N) (24)
|co(A)]
Similarly,
LMSPA(£0(M)0, \) = ¢o(N\)2LEOAD (9, | Q(AA)I) — co(N). (25)
Co

Since LMSPA(¢o(\)@, A) < LMSPA(¢(X\)@, \), we have (15).

On the other hand, by Theorem 1 in Mai & Zou (2013b), we have

ADSDA _ AROAD A
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Therefore,

A 2\ 2n|c1()\)| )
OROAD — OROAD ( )\ 27
2n|01 DSDA (2n|cl(/\)|)\> )8
( Tl ) o] @
= (c1(aN))” 10DSDA ah) (29)
Combine (29) with (15) and we have (16). ]

Proof of Lemma 1. We start with simplifying the first part of our objective function, %H,fﬁlﬂk —
(P — f11)" 6.

First, note that

1 .- 1 <&
-0.30, = - 01106 01m 30
Qk k 2l;1klkal (30)
1, . 1 . 1 . 1 .
= ngjgjj + B Z Ori1Okjo1j + 5 Z OriOkm0jm + 5 Z 'legkmo'lm (31)
I#j5 m#j I#£5,m#j
(32)

Because 6;; = ¢, we have Zl# Or10k;01; = Zm# O1;0km0 jm. It follows that

1 .- 1, . . 1 .
59;2& = EszUjj + Z OrjOri01j + 5 Z OriOkmOim (33)
4] 1A jmt

Then recall that 6% = [t — f11. We have

p
(for — 1) 0k = > 60 = 050 + > 60k (34)
=1 1]

Combine (33) and (34) and we have

1 e N .
50132916 - (Mk - H1)T0k (35)
1, . . 1 .
= 59,%]0]5 + ) OhOhdi; + 3 > OabkmOim — 050k — > 6Ok (36)
] 1)) m;éj oy
= ija” (Y6100 — 05)0k; + Z OriOkmGim — Y _ 0 O (37)
I#5 m;éa I#j #3
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Note that the last two terms does not involve 6 ;. Therefore, given {O,j/, j' # j}, the solution

of 0 ; is defined as

K
. 1
axg , ity D (500 + (3t = )6} + N6l
k=2 1]
which is equivalent to (17). It is easy to get (18) from (17) (Yuan & Lin 2006). O

Proof of Lemma 2. 'We start with the first conclusion. If all elements in X, pe are equal to 0, then
we must have 3; pX 7'ty p = 0 and hence maxjepc{ZfZQ(Ej,DE{j’lDtk,D)Q}l/Q = 0. It follows
that Condition (C0) holds.

For the second conclusion, note that, when o;; = p'i_j land D = {1,...,d},forj € D€, we have

3, p = o/ %8, p. Consequently,

E] DEDD - Pj_d(od—b 1)-

Hence,
K

Y (ZoEppten)’ = Zt2d—ﬂ <1

k=2

which implies Condition (CO).
For the third conclusion, note that, if 3 is compound symmetry, then we can write Xpp = (1 —

p)Is + plyl]. Straightforward calculation verifies that

1 I _ p
L—p™ " [+ (d=Dpl(1-p)

273,17.) — 1d1§

Consequently, for any j € D,

-1 T
EJ,DED,D =al,
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dp
C1-p 1+ (d—-1)p

). Therefore, by Cauchy-Schwarz inequality, we have

K K K
S (0 Sphtin)? = a3 (Litep)” < 0> S {(LL) (6 ptEn)}
k=2 k=2 k=2
K K
=atd)y D thy=dld)y Dt =ad’d
k=2 jeD JED k=2

where we use the fact EkKﬂ tij = 1 for any 5 € D. Hence,

K
_ dp dp dp
Y o35 tep)? M = ad = 1— = <1
{;( sp2pptrn) ) “ 1—p( 1—|—(d—1)p) 1+ (d—1)p
and we have the desired conclusion. L]

In what follows we use C' to denote a generic constant for convenience.
Now we define an oracle “estimator" that relies on the knowledge of D for a specific tuning

parameter A:

é%rade = arge mln Z{ Gk DED pOrp — (NkD — D) 0y D} + )‘Z H@ I (38)

2, Dy
Jj€ED

The proof of Theorem 1 is based on a series of technical lemmas. For convenience, in what
follows we simply write 85%° as 0. This convention shall not be confused with the generic  in

an objective function.

Lemma 4. Define 03°%°()\) as in (38). Then 0, = (837%'°,0),k = 2, ..., K is the solution to (10)

if
K
max D> {(Spe p 5 "); — (g — fua) 22 < . (39)

j€D*C

Proof of Lemma 4. The proof is completed by checking that 6, = (ég}%de(A), 0) satisfies the KKT

condition of (10). L]

Lemma 5. For each ]C, EDC,DEB}D(NR,D — Hl,D) = Mg,pc — H1,pC.
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Proof of Lemma 5. For each k, we have 0, pc = 0. By definition, Opc = (X7 (e, — p1))pe.

Then by block inversion, we have that

ek,DC = _(ZDC,DC - EDC,DED,DED,DC)_1<ZDC,DZB}D(”’/’€,D - Ml,D) - (Mk,DC - M1,DC))7
and the conclusion follows. O]

Proposition 2. Under Condition (C1), there exists a constant ey such that for any 0 < € < €y we

have

. . ne? Cn
pr{|(ﬂkj - Mlj) - (Mkj - Mlj)| > 6} < CGXP(—C?) + CGXP(—E), (40)

k‘:27__,7K,j:1,...,p;

2
pr(loy; — 0] > €) < Cexp(=C=) + Cexp(=753), i.j = L...,p. (41)

Proof of Proposition 2. We first show (40). We start with the fact that, conditional on Y, fi; ~
N (pugj, Z—Jlj) Therefore, for any s > 0, we have

g2
oS

pr(fie; — g > €|Y) = pr(es(ﬂkj—ukj) > |Y)<e ¥ FE {es(ﬂkj—ukj) | y} — o 5T 2my

Let s = ke and we have
Ojj
N nkez 2
Prifng — iy 2 €| V) < exp(—5 —) < exp(=Crnye”),
17

where the last inequality follows from the assumption that o;; are bounded from above. Repeat

these steps for yy; — fix; and we have
pr(fin; — prj < —€ | Y) < exp(—Cnge?)

Hence,
pr(ling — pg| > €| Y) < Cexp(—Cnge?)
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It follows that

pr(lfng — iyl = €) < E(pr(|fun; — pug| 2 € | V) < B(C exp(=Cnye?)) (42)

= E{Cexp(—Cnxe’)1(ng > mn/2)} + E{Cexp(—Cnye®)1(ny < mn/2)}  (43)

For the first term, note that, if n; > mn/2, we must have

C exp(—Cnye®) < Cexp(—Cmpne®) < C’exp(—C’?),
where the last inequality follows from Condition (C1). Hence,
2
9 ne
E {C exp(—Cng€’)1(ng > mpn/2) } < C’eXp(—C’?). (44)

For the second term, note that
E{Cexp(—Cnye*)1(ny, < mn/2)} < Cpr(ny, < mpn/2)),

Define W* = 1(Y" = k). Then W* ~ Bernoulli(r) and ny = Y ., W' By Hoeffding’s

inequality we have that

pr(n, < mgn/2)) |—2:VVZ EWY| > m1./2) (45)

< Cexp(—Cnm}) < Cexp(—Oﬂ

) (46)

where the last inequality again follows from Condition (C1). Combine (43),(44) and (46), and we
have the desired conclusion.

A similar inequality holds for fi;;, and (40) follows.
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For (41), note that

3

k=1Y

1
- n—KZ

k=

T
% = n—KZ B
K

K

m m m m 1 A~ ~
X" = )(Xj — My )+ n— K E k(i — foes) (g — His)
k=1

(X" = ) (X" — fung)
(

3

—_
B

Y

ne(fiki — i) (flac — fokg)-

[
S
~e

_l’_

S

| =
=
ngls

=1
Now by Chernoff bound, pr(|€7g)) — 0] > €) < Cexp(—Cne?). Combining this fact with (40),

we have the desired result.

Now we consider two events depending on a small € > 0:

Ale) = {|6s; — oy < gforanyizl,--- ,pand j € D},

B(e) = {l(fm; — firj) — (s — p1;)| < € forany k and j}.

By simple union bounds, we can derive Lemma 4 and Lemma 5.

Lemma 6. There exist a constant €y such that for any € < €y we have

e Cn.
1. pr(A(e)) 21— C’pdexp(—C’nm) - CK exp(—ﬁ),
ne? Cn. .
2. pr(B(e)) > 1 - Cp(K —1) exp(—C’?) - CK exp(—ﬁ),
3. pr(A(e) N B(e)) > 1 — v(€), where
(6) = Cpdexp(—C"S) + Cp(K — 1) exp(~C"S) 4 20K exp(~ S
v(€) = Cpd exp 7 p exp i exp(—773)-
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Lemma 7. Assume that both A(e) and B(€) have occurred. We have the following conclusions:

||2D,D — ZJD,D||c>o <€
”2DC,D - ZDC,DHOO < €]
(B — 1) — (e — 1) ][00 < 6

| (ftr,0 — 10) — (Mo — p1D)|1 < €

1
Lemma 8. If both A(e) and B(e) have occurred for € < = we have

”25,123 - Ei}le < ep?(1—e) ™!,

e
1— e

”ﬁ}DC,D(ﬁ:D,D)_l — Epep(Epp) e <

Proof of Lemma 8. Letn, = Hﬁ]np —3pDlcs M2 = HEAIDQD — Xpe plloc and nz = H(ﬁlp,p)_l —

(Xp.p) |- First we have
15 < |(Zp,0) Mo X [(Zp0 = Bp,0) o0 X [[(Zp,0) Moo = (0 +715) M1
On the other hand,
||2DC,D(2D,D)71 - EDC,D(ED,D)AHM < |’2DC,D — Xpe plloo X H(ZA]D,D)il - (ED,D)AHOO
+H2DC,D — Zpeplleo X [(Zpp) o
HZpe plloe X [[(Ep0) ™" = (Zp,0) oo
< ez 4 e + ©ns.

By om1 < 1 we have 3 < ©*n1(1 — ¢n;)~! and hence

@YEe

||$3DC,D($3D,D)_1 — e p(Epp) e < 1 :
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Lemma 9. Define
0% p = Spp (i — fu,p). (47)
€(14+ pA)

A ()0
Then |60}, — 0 <7
[ kol < 1— e

Proof of Lemma 9. By definition, we have
Hiz_a,lp(ﬂk,p — fu.p) — X5 p (o — p1.p) 1
<125 — Epplill (b — f11,0) — (x> — p1,p)|1x

HIZoo il (fep — Br.p) — (B — 1)l + 125 — Ep'plhllep — pipl

pe(1+ pA)
1— e

A
Lemma 10. If A(¢) and B(¢) have occurred for € < min{i, m} then for all k

16157 (A) — Bkpllos < 4.
Proof of Lemma 10. Observe §97'¢ — X5 p(fkp — fu1,p) — ASp'ptyp. Therefore,
65— Bl
< 1605 — rplle + M5 — Eppl 6]l + AIEpp [l 1tk p]lc

where égvD is defined as in (47). Now ||tz |« < 1 and we have

- we(1 + @A) + A
Horacle -0 o < <
10D kDl < —

4.

]

Lemma 11. For a sets of real numbers {ay, ..., an}, if S, a2 < k2 < 1, then S0 (a;+b)? < 1

11—k

Yook

as long as b <
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Proof. By the Cauchy-Schwartz inequality, we have that

N N N
> (ai+b)? = Y al+2> ab+ NY (48)
i=1 i=1 i=1
N N
< > al+2,| (O a?)- Ni2+ N (49)
i=1 i=1
< K426V NB + Nb* (50)
— K
which is less than 1 when b < . 0
VN
We are ready to complete the proof of Theorem 1.
. . . A
Proof of Theorem 1. We first consider the first conclusion. For any A < £ and e < mm{@, 1—|——A}’
¥
consider the event A(e) N B(e). By Lemmas 4, 6 & 10 it suffices to verify (39).
For any j € D¢, by Lemma 5 we have
|(Bpe 0015 ); = (kg — )|
pepYyp 7)j Hkj — Hj
C A (oracle ~ A
< (e85 ™) — (SpeoBin)s + (it = firg) = (s — 1)
< |(Spepbn™); — (Spe pbrp);| + ¢
< |(Zpe06in); — (Spe pBip);| + € + M(Zpe pBplptin);|
(Spep05")); — (Spe pOr.p);| + €
< (Zpep); = (Bpe,p);ll 105 p — Brplloo + 10kl (Xpe,p); — (Zpe p);llx
+(Zpep)ill 10k — Opllc + €
< Ce. (51
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(Spe p3ppb0); — (Spe pEppten))]
< ||2DC,D21_7,1D - EDC,ng}D”OOHEk,D —tepll0o

+||EDC,DEB’1DHOOHEIC,D —tr,Dloc + ||2DC,D2{>,1D - ZDC,DZB}D‘|OO|(tk7D)j|

0i; 110,51 — 0x;110.51

ltej — tes| = | - |
T 1051111051
105 — O 11051] + Omax |05 — 0,51
B 1051111051
Cy

S K1)

Therefore,

A (Zpe pXp pten);|

Cpe . Copl
+7
1— e OpinvV K — 1

< M(ZpepEppten);| + CA?

< M(EpepEpptrn)il + Al

)

Under condition (CO0), it follows from (51) and (53) that

(B, 0055 ") — (g — i) < M(SpepBppten);| + CN

(52)

(53)

(54)

Combine condition (C0O) with Lemma 11, we have that, there exists a generic constant M > 0,

such that when A < M (1 — k), (39) is true. Therefore, the first conclusion is true.

Under conditions (C2)—(C4), the second conclusion directly follows from the first conclusion.

Lemma 12. Under the conditions in Theorem 1, under A(e) U B(¢), we have that
- €
164l < (A + P52

28
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~

Proof. Under the conditions in Theorem 1, we have that, under A(e) U B(e), 0 = (Bzr%de, 0). It

follows that

K

< > @)

while by the definition of é,g,p, we must have

—_

]

1 4 - - R ) . 1, . . R ) -
5(92f%C1€)T2D7992f%de — (e — ) O > 2<0k p)" o0 p — (fur — 1) 60} p
Hence
K
1 A
<316 < KA+KM
— 1 — e

where the last inequality follows from Lemma 8. Finally, note that ||0|; < > ZkK:Q(é%aCle)?

and we have the desired conclusion. O]

Proof of Theorem 2. We first show the first conclusion. Define }7(02, ..., 0k) as the prediction

by the Bayes rule and }A/(BAQ, ey 0 k) as the prediction by the estimated classification rule. Also

i+ p
X=——=)

By, + fu
: (x -

S )"0k + log (7 /7).

define [, = 70y + log(m/m ) and I, =
Define C'(¢) = {|7x, — 7| < min{miny /2, €}}. By the Bernstein inequality we have that
Pr(C(e)) < Cexp(—Cn/K?).

1
Assume that the event A(e) N B(e) N C(e) for € < min{2—, 5 oA
¥ ¥

} has happened. By

Lemma 6, we have

2 2

€
KdQ) C’Kexp(—C’KQ) Cp(K —1)exp(— C’n?)

Pr(A(e)NB(e)NC(e)) > 1-Cpdexp(—Cn
(55)
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For any ¢y > 0,

~

R,—R < Pr(Y(0,,...,05)#Y(6,,...,0x))
< 1—Pr(|ly — | < €0/2,|lx — li| > €0, for any k. k)

< Pr(|ly — lg| > €/2 for some k) + Pr(|l;, — Ijs| < € for some k, k).
Now, for X in each class, [, — [+ is normal with variance (0, — 0;/)"3(60), — 6y~ ). Therefore,

Pr(|ly, — | < € forsome k, k') < Y Pr(lly —lw| < e | Y =k )my

k
OEO
< VIR
N k%// g {(ek - Ok/)TE(ek - ek’)}l/z
S CKQEQ.

On the other hand, conditional on training data, Zk — {3, is normal with mean

~

(1 + fu) O (o + )" O

uk, k) = pi (6 — 6y) — 5 5

+ log 7, /71 — log mx /1
and variance (ék — Ok)TE(ék — 0;,) within class £’. By Markov’s inequality, we have

Pr(|l — x| > €p/2forsome k) = > mp Pr(|l — I > €/2| Y = K/)
k/
maxk(ék — Gk)TE(ék — sz)}
(o — u(k, k') '

< CE{
Moreover, under the event A(e) N B(e) N C(e€), by Lemma 12,

m]?X(ék —0,)"%(0; — 6,) < max 161 — Okll1 121 oc 165 — Okl

IN

mgX(Héklh 10kl Z] oo /|65 — Or]loe < CA
X 1 X
lu(k, k)] < |pp(Or — Or)| + §|{(u1 + fur) — (p1 + i)} (0 — 65|
1. 1 .
+§|{(M1 + foi) — (1 + pi) } 10k ] + §|(M1 + )" (0 — 6y)]

30



+| log 7y /71 — log mx, /1|

IN

Chi A

Hence, pick ¢y = Ms\'/3 such that ¢g > C;\/2, for C} in (56). Then Pr(][k—lk| > €o/2 for some k) <
C\'/3, Tt follows that |R,, — R| < M\'/3 for some positive constant M.

Under Conditions (C2)—(C4), the second conclusion is a direct consequence of the first conclu-
sion. 0

We need the result in the following proposition to show Lemma 3. A slightly different version
of the proposition has been presented in Fukunaga (1990) (Pages 446-450), but we include the

proof here for completeness.

Proposition 3. The solution to (4) consists of all the right eigenvectors of X~'%, corresponding

to positive eigenvalues.

Proof. For any m;, set u, = X/2;. It follows that solving (4) is equivalent to finding

(ul,...,u} ;) = argmaxu; X~ /2§,67 X2y, s.t. ufu, = 1 and ufu; = 0 for any [ < k.
ug
(56)
and then setting 1, = X~ 2uj. It is easy to see that u}, ..., u}_, are the eigenvectors corre-

sponding to positive eigenvalues of X~1/28,5 X ~1/2. By Proposition 4, let A = X71/2§,67, and
B = X7'/2 and we have that i consists of all the eigenvectors of X~'§,8] corresponding to

positive eigenvalues. [

Proposition 4. (Mardia et al. (1979), Page 468, Theorem A.6.2) For two matrices A and B, if x is
a non-trivial eigenvector of AB for a nonzero eigenvalue, then' y = BX is a non-trivial eigenvector

of BA.

31



Proof of Lemma 3. Set d = (0p,0) and 6g = (01 — 1, - .., i — f2). Note that 1, = Z,ﬁiQ i —
(K — 1)p = K(ft — ). Therefore, §y = 6 — 261515 = 6(Ix — +1x1%) = OIL
Then, since 8, = X'4, we have 8,11 = X', and 6,I15] = X~'8,d7. By Proposition 3,

we have the desired conclusion. ]
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