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SUMMARY

The envelope model allows efficient estimation in multivariate linear regression. In this paper,
we propose the sparse envelope model, which is motivated by applications where some response
variables are invariant with respect to changes of the predictors and have zero regression coef-
ficients. The envelope estimator is consistent but not sparse, and in many situations it is impor-
tant to identify the response variables for which the regression coefficients are zero. The sparse
envelope model performs variable selection on the responses and preserves the efficiency gains
offered by the envelope model. Response variable selection arises naturally in many applications,
but has not been studied as thoroughly as predictor variable selection. In this paper, we discuss
response variable selection in both the standard multivariate linear regression and the envelope
contexts. In response variable selection, even if a response has zero coefficients, it should still be
retained to improve the estimation efficiency of the nonzero coefficients. This is different from
the practice in predictor variable selection. We establish consistency and the oracle property and
obtain the asymptotic distribution of the sparse envelope estimator.

Some key words: Canonical correlation; Dimension reduction; Envelope model; Grassmann manifold; Oracle property.

1. INTRODUCTION
1-1. Background
Throughout the paper, we consider multivariate linear regression

Y=o+ BX —uy) +e¢, (D

where ¥ € R” is a multivariate response vector and X € R” denotes the vector of random predic-
tors with mean p y € R? and covariance matrix Xy € RP*?_ The error vector £ € R” has mean
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zero and positive-definite covariance matrix ¥ € R"*”, and is independent of the predictor vector
X. The intercept € R” and regression coefficients § € R"*” are unknown parameters.

The standard approach estimates each row of § separately by regressing the corresponding
element of ¥ on X, and relationships among the elements of ¥ are not used. The envelope model
(Cook et al., 2010) makes use of the stochastic relationships among the elements of Y, and identi-
fies a part of the response that is immaterial to changes in X. Excluding this immaterial part in the
estimation of 8 leads to gains in efficiency. Building on the development in Cook et al. (2010),
several papers have applied the idea of enveloping to more general contexts, and have proposed
new models to achieve even greater gains in efficiency; see, e.g., Su & Cook (2011), Cook & Su
(2013), and Cook & Zhang (2015). Moreover, a connection between the envelope model and par-
tial least squares that has allowed for a new understanding of the working mechanism of partial
least squares was established by Cook et al. (2013).

Compared to predictor variable selection, the literature on response variable selection is lim-
ited. Response variable selection is motivated by applications in which some response variables
do not depend on any of the predictors and have zero regression coefficients. For example, the
expression levels for some genes of the fission yeast Schizosaccharomyces pombe show little
variation in a cell cycle, while the expression levels for other genes have large variation; see
§ 3-2. Finding inactive response variables can lead to more interpretable results and also improve
estimation efficiency; see §2-5. The standard procedure for identifying inactive responses is
to evaluate, for i =1, ..., 7, whether ¥; depends on X via the F test, adjusting for multiple
testing (see, e.g., Benjamini & Yekutieli 2001). However, since the relationship between the
response variables is not used, this procedure is not efficient, as is demonstrated in the simulations
ing§3-1.

In this paper, we develop a sparse envelope model that performs response variable selection
efficiently under the envelope model. We also discuss issues in response variable selection, espe-
cially how to use the inactive responses to improve estimation efficiency for nonzero regression
coefficients. Our theoretical discussion addresses both large-sample and high-dimensional sce-
narios. Throughout the paper, we assume that the number of predictors p is fixed and smaller
than the sample size n. If p is large, we can apply a standard approach such as the lasso to reduce
p before applying our method.

We use P, to indicate the projection matrix onto 4 or span(A) if A is a subspace or a matrix,
and let O 4 =1 — P4. The symbol ~ stands for equality in distribution. If 7 and V; are random
variables, V1 1L V; indicates that they are independent. The L,-norm of a vector v is denoted by
[lv]l2. For a matrix M, we use || M| for its spectral norm and || M || for its Frobenius norm. The
operator vec stacks a matrix into a vector columnwise. The Kronecker product for matrices A
and B is indicated by 4 ® B. A notation table is provided in the Supplementary Material.

1-2. Envelopes

Let (I', I'g) e R"*" be an orthogonal matrix. Then Y can be decomposed into two parts,
PrY and QOrY. We assume that these satisfy the conditions (i) QrY | X~ QrY and
(i1) cov(PrY, OrY | X) =0. Condition (i) implies that the distribution of OrY does not depend
on X. So OrY does not carry any information about 8. Condition (ii) implies that OQrY does not
carry any information about 8 through its conditional correlation with PrY. Together these con-
ditions imply that OrY does not carry any information about 8 directly or indirectly, and there-
fore OrY is immaterial to the regression. Thus we call PrY and Qr Y the material part and imma-
terial part, respectively. Cook et al. (2010) showed that (i) and (ii) are equivalent to the following
conditions: (a) B C span(I"), where B = span(8), and (b) X =3 + X =PrXPr + OrxQOr.
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When (b) holds, span(I") is a reducing subspace of ¥ (Conway, 2013, §2.3). The X-envelope of
B, denoted by Ex (B), is defined as the smallest reducing subspace of ¥ that contains 5 (Cook
etal., 2010). Consequently, £x (I3) decomposes X into variation related to the material and imma-
terial parts of Y: ¥y =var(PrY | X) and X, = var(QrY). We call (1) an envelope model when
conditions (a) and (b) are imposed. Because § is related only to the material variation, the decom-
position of ¥ suggests that excluding the immaterial information makes estimation of 8 more
efficient. In particular, massive efficiency gains can be obtained when || X, || > || X1 ||. Based on
(a) and (b), the coordinate form of the envelope model is

Y=a+TnX —ux)+e T=31+3=TQI" +TyQl}y, 2)

where 8 =Tn, ' € R"*" is an orthogonal basis for £ (BB), Iy is a completion of T", and u is the
dimension of £x (1B). The matrix n € R**? holds the coordinates of 8 relative to I', and 2 € R***
and Qo € R"=*=1 gre positive definite. If u = r, then Ex (B) = R”, which implies that there
is no immaterial information and the envelope model reduces to the standard model.

To estimate the envelope Ex (B), Cook et al. (2010) solved the manifold optimization problem

Ex(B)= argmin {log [ S|+ log |TTE7T)) (3)
span(I")eG (r,u)

where |-| denotes determinant, G(r, 1) denotes an » x u Grassmann manifold, which is the set of
all u-dimensional subspaces in an »-dimensional space. The matrix Sy is the sample covariance
matrix of ¥ and ¥, denotes the sample covariance matrix of the residuals from the regression of
Y on X. As the search of Ex(B) is on G(r, u), (3) is a Grassmann manifold optimization problem.
The objective function is nonconvex. Tools for solving nonconvex optimization problems on
manifolds, especially when 7 is large, are quite limited. Cook et al. (2016) addressed this by
converting (3) to a non-Grassmann manifold optimization, which is faster and more reliable in
such cases. Without loss of generality, we assume that I'1, the submatrix that consists of the first
u rows of I, is nonsingular. Then

r I,
= <F;> = <A> =Gy,

where 4 = le"l_l. Notice that 4 depends on I' only through span(I"): for an orthogonal matrix
O e R ifT* =T 0, then [T =T10,T =20,and 4* =T,007'T]" = 4. Because 4 is
unconstrained, (3) can be converted to the non-Grassmann optimization

A= argmin {—210g|G"G 4| +10g |G 4ZresG 4l + 10g |G 43" G 4l}. )
AeR(rfu)xu

Cook et al. (2015) developed an effective algorithm and a good starting value for solving (4).

Once we have /i, ég (B) = span(@ 4), and the envelope estimator of 8 is 3env = Pg Bols, where
/§015 is the ordinary least squares estimator of § and £x(B) is abbreviated as & if it appears in
subscripts. Cook et al. (2010) showed that fBeqy is asymptotically at least as efficient as Bojs.
A more detailed review of envelope models can be found in Cook & Su (2013, §2).
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2. SPARSE ENVELOPE MODEL
2-1. Response variable selection

In some cases, certain response variables are immaterial to X, i.e., the corresponding rows of
" consist of zeros. We call such response variables inactive. We call a response variable active
if its corresponding row in I' is nonzero. Since different orthogonal bases of a subspace have
the same row-wise sparsity pattern, the active and inactive responses are invariant under col-
umn transformation of I'. Because 8 = I'n, the regression coefficients of the inactive responses
are zero. However, an active response may also have zero regression coefficients. Proposition 1
characterizes the active responses, and shows their relationship to responses that have nonzero
regression coefficients.

In preparation, we use the covariance graph model (Cox & Wermuth, 1993) to represent the
structure of X. The covariance graph model was recently used in Chen et al. (2012) to construct
a graph-guided fused lasso penalty for predictor variable selection. Let G = (V, E) be an undi-
rected graph with vertices V' = {1, ..., r} and an edge set £ consisting of all pairs (7, j) for which
the (i, j)th element in ¥ is nonzero. The response variables ¥; and Y; are said to be connected
if there is a sequence of edges in the graph connecting vertices i and ;.

ProposITION 1. If the regression coefficients of an active response are all zero, then the
response must be connected with a response that has nonzero regression coefficients.

Proposition 1 indicates that if an active response has zero regression coefficients, it still offers
information in estimating the nonzero regression coefficients. This is a new feature of response
variable selection. In predictor variable selection, if a predictor has zero regression coefficients,
it offers no information in estimating any nonzero regression coefficients. More discussion on
Proposition 1 is in the Supplementary Material.

In this paper, we are not trying to identify the responses that have zero regression coefficients
and those that have nonzero regression coefficients; rather we are interested in identifying the
active and inactive responses, i.e., whether or not a response contributes to the material part.

2-2. Formulation

We use Y4 and Y7 to denote the active and inactive responses. The subscripts .A and 7 are
used if a quantity is associated with the active or inactive responses. Without loss of generality,
let Y = (Y}, Y])", and let ¢ denote the dimension of Y4 (¢ <7). Thus Y4 € R? and Y7 e R" 4.
Then I' and I'y should have the structure.

_(Ta _(Tao 0 _F
F—<O>, F0_< 0 Ir_q)RZFORa (5)

where I" 4 € R7*" is a semi-orthogonal matrix, I" 4,0 € RY *(¢=) s jts completion, and R €
RO —®x=u) j5 an orthogonal matrix. Since 'Y = '’y Y 4, the inactive responses do not appear
in the material part. Because g =I'n, we have B = (8, 0)", where B4 =T 41 € R7*? and the
zero matrix has dimension (» — ¢) x p. The completion of T has the general form 'y = [y R,
where I'g € R"*" %) is a completion with a block-diagonal structure, and R represents a rotation
of the orthogonal basis. Because I'g € R”* =% has a simple block-diagonal structure, it will be
convenient to use it in some of our later development. From the structure of f‘o, it is easy to
see that the immaterial part f‘(T)Y = (I} oY), Y7)" has two parts, one from the immaterial
information of the active responses FJTLLOY A, and the other from the inactive responses Y7.
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We call (2) the sparse envelope model if I" and I'¢ have the structures given by (5). We require
u < g because the dimension of I'}; Y4 should be at most the dimension of Y 4. When u =g¢,
there is no immaterial information in the active responses, and I" 4 = 1. Therefore, up to an
orthogonal transformation, I'"Y = Y4 and I'jY = Y7, and ¥ has a block-diagonal structure. If
q =r, there are no inactive responses and all rows in I" are nonzero. The sparse envelope model
is then equivalent to the envelope model.

2-3. Response variable selection via penalized likelihood

Since I' = G 4Ty, a row in T is zero if and only if the corresponding row in A is zero. To
induce row-wise sparsity in 4, we add a group lasso penalty (Yuan & Lin, 2006) to (4), so that
the optimization problem becomes

r—u

A= argmin {—2log|G;GA|+1og|GgéreSGA|+1og|G;iY1GA|+in||a,-||2}, (6)
AcRr—u)xu i=1

where a; denotes the ith row of 4 and the }; are tuning parameters.

We choose this penalty function for the following reasons. First, it treats each row of I" as a
group, so the sparsity is row-wise instead of element-wise. This fits the response variable selec-
tion context: [|a;|l2 = 0 means the (i 4+ u)th row of I" is zero, so the (i 4+ u)th response is inac-
tive. Second, it is invariant under a change of basis. Since 4 depends on I only through its span,
>iZ1 Aillai|l2 is unchanged if a different orthogonal basis of £, (B) is used. Third, the estimator
(6) has the desirable features of ,/n-consistency, asymptotic normality and selection consistency,
and has an optimal estimation rate; see § 2-5. Finally, its numerical performance is substantially
better than the performance of some alternatives, in particular the method that involves applying
F tests to each row of ﬁols, or hard-thresholding the envelope estimator; see § 3-1.

When r tends to infinity with n, we denote r by r,,. If 7, > n, both EY and Eres are singular,
which is problematic because the objective function in (6) depends on EY and the optimization
algorithm used to solve (6) requires Eres, see §2-4. We can resolve these issues by obtaining
estimators for EY and ¥ 7! directly using methods like sparse permutation invariant covariance
estimation (Rothman et al., 2008), lasso penalized D-trace estimation (Zhang & Zou, 2014), or
convex pseudolikelihood-based partial correlation graph estimation (Khare et al., 2015). Among
these methods, sparse permutation invariant covariance estimation is the only one that does not
require a sparsity structure for the target parameter in order to establish the consistency of its
estimator. Cook et al. (2012) used this method to estimate a target parameter which is not nec-
essarily sparse, and their numerical experiments showed that the estimator is very stable. In the
sparse envelope model, E;l and ¥ ~! may not contain zero elements. We then use sparse per-

and 37!

mutation invariant covariance estimators of X Pand £, and denote them by EY s res,sp-

Then & y sp and Eres sp are obtained by taking the inverses of 35! and 371 Replacing Eres

Y, sp res,sp*
and EY by Eres,sp and ZY o in (6), the optimization problem is

rn—u
A= argmin {—2log|GLGA| +10g |Gy Sres spGal +log [GYEy L Gl + > ||a,||2}
AcRn—u)xu i=1
@)

Optimization of (6) and (7) is discussed in §2-4. After we have A, an orthogonal basis of
span(G 4) is used to form I", and Iy is taken as a completion of I". The sparse envelope estimators
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of 8 and X are
IB:Pf':BOIS, Z:szrespf‘+Qf'EYQf"

The estimators for the constituent parameters are 7 = ['" Bos, 2 = [T Sres” and £ = fgf) yFo.

The sparse envelope estimators have the same form as the envelope estimators, except that I" and
["g have the special structures specified in (5).

2-4. Algorithm

We first discuss the algorithm for solving (6). Since selection of » — u tuning parameters can
be computationally intensive, we use the idea of the adaptive lasso (Zou, 2006) and set A; = Aw;,
where the w; are adaptive weights. Then the optimization becomes

r—u
A= argmin {—2log|GLGA| +10g |G E1esG 4| + 10g |G Sy G 4| + )\Zw,-||a,-||2} :
AecR—u)xu i—1
8)

The optimization problem in (8) is nonconvex and the objective function is nondifferentiable
due to the group lasso penalty. Blockwise coordinate descent algorithms have been very suc-
cessful in solving a wide class of group lasso penalized high-dimensional learning problems
(Friedman et al., 2008; Simon et al., 2013; Yang & Zou, 2015). Cook et al. (2015) used a
blockwise coordinate descent algorithm to optimize the envelope objective function (4), and the
method worked well. Here we develop a fast blockwise coordinate descent algorithm for effi-
ciently solving (8). Our algorithm cyclically updates each row of 4, such that after each operation
the objective function (8) strictly decreases. Let 4_; € RT~#~D*# be the submatrix of 4 with
row a; removed. Without loss of generality, we consider the case where a/ is the last row of 4.
Form the partitions

(L) _ (G & _(Un Un c—1_ (V" V2
Ga= <A> - (a,-T>  Fes = <U21 U22> 2 Ty o)
Let L(A) = —210g |GG 4| 4 10g |G LresG 4| 4 log |G, 27 G 4]. We can write L (4) in terms
of a; up to a constant while holding all the other rows of A at their current value 4_;: we have

L(a; | A—;) = —2log(1 + a; Bia;) + log{1 + (a; + v2)" B2 (a; + v2)}
+ log{1 + (a; + v3)"B3(a; + v3)} + const, 9)

where vy =Us,'G U, vs=V,'GVip, Bi=(,+ A", A_))~', By=Un(G'U;1G —
Uy GTUUs1G)~' and By = Vo (G™V11G — Vi ' G™V12V21G) ™', Within the blockwise
coordinate descent loops, we need to solve the optimization problem

a; =argmin L(a; | A_;) + roi a2 (10)
.

1

Unfortunately, there is no closed-form solution to (10), so we apply the majorization-
minimization principle (Wu & Lange, 2010; Lange et al., 2000; Hunter & Lange, 2004; Zhou
& Lange, 2010) within the blockwise coordinate descent loop by iteratively minimizing a func-
tion that majorizes the objective function in (9). The majorization function Q(a;) is equal to
L(a; | ;1_,-) at the current value a; and lies strictly above L (a; | /I_,-) when a; & a;. Specifically,
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the majorization function Q(a;) has the form

- _ 7 dL(a;ld-) R
Qlan) =L@ | A~) + (@ —a) ——— +0-56;(a; — a;) (a; — a;),
! al-:[zl-
where
dL(a;|A_y) _ —4Big 2B + v2) 2B3(a; + v3)
da; . l+aBia;  1+(a +v2)"Ba@ +v2) 14 (@ +v3)™B3(a; + v3)’

a;=a;

8;i = (1 + &) {4¥max(B1) 4 2¥Ymax (B2) + 2¥max(B3)}, and ymax () denotes the}argest eigenvalue
of the corresponding matrix. We must have ¢* > 0 such that Q(a;) > L(a; | A—;) holds for any
a; % a;. In this article we set £* = 107°. Then instead of minimizing (10) we solve

min{Q(ar) + Aol 1) (an

The solution to (11) has a simple closed-form expression. Algorithm 1 summarizes our blockwise
coordinate descent algorithm. It takes O3 + ru) flops to compute §;, and each update of a; to
j new takes 0 u?) flops. The starting value can be taken as the envelope estimator of A, which
is the minimizer of (4).

Algorithm 1. The blockwise coordinate descent algorithm for solving (8).

Initialize 4
Repeat until convergence of A
Fori=1toi=r —u
8i < (1 + ) {4Ymax(B1) + 2¥Vmax(B2) + 2¥max(B3)}
Repeat until convergence of a;

di,new <~ -
i da;

1 5iai_dL<ai|/1_,~> . oy
a;j=a; 5 dL(a;|A-;)

iai—

a; aj=a; 112

aj < dj new

Output A
Theorem 1 shows that Algorithm 1 has a descent property and the updates converge to a sta-
tionary point of the objective function in (8); see the Supplementary Material.

THEOREM 1. After updating a;, if a; new = ai, the objective function in (10) strictly decreases
after updating the block:

L(@inew | A—i) + Ao; @i newll2 < L (@) + Aav; |l |2

If the solution stays unchanged after each blockwise coordinate update, i.e., a;new = a; for
all i, then this solution satisfies the Karush—Kuhn—Tucker conditions, and this indicates that
the algorithm has converged to a stationary point.
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We solve the adaptive group lasso problem (8) by applying Algorithm 1 in a two-stage pro-
cedure. In the first stage, we set all w; to 1 in Algorithm 1 and obtain the group lasso esti-
mator AAlstagel. In the second stage, we set weights @; = [|@; stage1ll5 and obtain the weighted
group lasso estimator A If ldi stage1 | = 0, we exclude a; in the second stage and set a; = 0.
The parameter v can be selected by crossvalidation. Based on the discussion in Zou (2006),
it is sufficient to choose v from a small candidate set like {0-5, 1, 2, 4}. To choose the tuning
parameter A, we use the Bayesian information criterion. For a fixed A, the criterion is defined
as —2I, + (g, — u)u logn, where [, is the loglikelihood given A and g, is the number of active
responses given A. We choose the A that minimizes the criterion. This criterion is used in Chen
et al. (2010) and its consistency is proved in Zou & Chen (2012). We use the warm-start trick
of Friedman et al. (2010) to compute the solution paths along a sequence of K values of A, with
log A equally spaced between 10g Amax and 10g Amin. The solution 4 computed at A is used as
the initial value for computing the solution for A1 in Algorithm 1. An expression for the small-
est X that yields the null model is given in the Supplementary Material. Since the sparse envelope
estimator is asymptotically equivalent to the maximum likelihood estimator of the oracle enve-
lope model, see §2-5, we can use likelihood-based procedures such as the Akaike information
criterion, the Bayesian information criterion or likelihood ratio testing to select u. We compare
the performance of these procedures in the Supplementary Material.

Solving (7) follows the same procedure as solving (6). For choosing A and u we prefer cross-
validation over the Bayesian information criterion and other likelihood-based procedures because
these require the sample size to be at least moderately large in order to give good performance.

2-5. Theoretical properties of the sparse envelope estimator

Theorems 2—4 give results regarding consistency and oracle properties of the sparse envelope
estimator in the large-sample case, i.e., when 7 is fixed and » tends to infinity. Theorems 5 and 6
address selection consistency and the convergence rate when both 7, and » tend to infinity.

If S is a subspace and S is an estimator of S, we say that Sisa /n-consistent estimator
of Sif Psis a J/n-consistent estimator of Ps. Let Amax., = max(Ag, ..., Ag—u) and Apin,, =
min(Ag_y11, ..., Ar—y) at sample size n.

THEOREM 2. Assume that the sparse envelope model (2) and (5) holds, the errors ¢ are inde-
pendent and have finite fourth moment, and n"/ 2Amax,n — 0 as n tends to infinity. Then there
exists a local minimizer A of (6), such that Py is a \/n-consistent estimator of Pr and Bisa
J/n-consistent estimator of B.

Theorem 2 implies that although the objective function for the sparse envelope estimator is
based on a normal likelihood, normality is not required to establish /n-consistency of Ex(B) and
B. Theorem 3 concerns selection consistency and states that the sparse envelope model identifies
the inactive responses with probability tending to 1.

THEOREM 3. Assume that the conditions in Theorem 2 hold, and that nl/zkmin,n — 00. Then
pr(ag;=0)— lfori=qg—u+1,...,r —u

An oracle estimator must consistently select the active responses and estimate them with an
optimal rate. While the oracle property is well studied in predictor variable selection (Fan & Li,
2001; Zou, 2006), it has not been studied in response variable selection. Therefore we first discuss
how to define the oracle model for response variable selection under the standard model (1) and
then define the oracle envelope model.
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Because the definitions of active and inactive responses rely on the envelope construction, we
introduce some new definitions for the standard model. Under the standard model (1), we call a
response variable dynamic if its regression coefficients are not zero. We call a response variable
static if its regression coefficients are zero. Let d denote the number of dynamic responses, and
let Yp e RY and Y5 € R"~“ denote the dynamic and static responses. The subscript D or S is
attached to a quantity if it is associated with the dynamic or static responses. Without loss of
generality, let Y = (Y}, Y5)™. Then B € R"*” has the structure § = (85, 0)", where Bp € R¥*?
contains the regression coefficients for the dynamic responses. The oracle model is defined by

(§?>=a+<ﬁoD> (X —ux) +e, Var(s)=2=<§fs 221?‘)’ (12)

wherea € R", Bp € R?*? with d now known, and the partition of X corresponds to the allocation
of Yp and Yg. The oracle model includes the static responses Y. This is in contrast to the oracle
model for predictor variable selection, where predictors which are inactive are not included in
the model. Since Ys may be correlated with Yp, including this information can improve the
efficiency in estimating 8p. Excluding Yy leads to the model

Yp=ap+ Bp(X — ux) +¢p, (13)

where ap and ep are the first d elements of o and ¢ in (12). We call (13) the dynamic model
because it includes only the dynamic responses. It is tempting to view (13) rather than (12) as the
target model for oracle estimation, but we do not do so because (13) ignores information available
from Yg which may be used to devise a more efficient estimator in the current context. To compare
models (13) and (12), we assume normality of the error distributions in Propositions 2 and 3 in
order to get an explicit form for the asymptotic variance. Let B D.ols and ,@ s.0ls be the ordinary
least squares estimators of the coefficients from the regression of ¥Yp on X and the regression of
Ys on X respectively, and let Rp and Rg be the residuals from the regression of Yp on X and the
regression of Y on X respectively. Define X p|s = Xp — 205251 YsD.

PROPOSITION 2. Assume that the oracle model (12) holds and that the errors are normally
distributed. The maximum likelihood estimator of Bp under the oracle model is Bp.1 = Bp.ols —

B DIS ,35,015, where B D|s is the ordinary least squares estimator of the coefficients from the regres-
sion of Rp on Rg, and as n — 0o, \/n{vec(Bp.1) — vec(Bp)} is asymptotically normally dis-
tributed with mean zero and covariance matrix Vi = E;(l ® Xpis.

ProPOSITION 3. Under the conditions in Proposition 2, the maximum likelihood estimator of
Bp under the dynamic model (13) is Bp 2 = Bp.ols; and as n — 0o, /n{vec(Bp.2) — vec(Bp)}
is asymptotically normally distributed with mean zero and covariance matrix Vo = Z)_(l R Xp.

CoOROLLARY 1. Under the conditions in Proposition 2,

n-rn=sy'esps’

where p = EBI/ZZDSE? ¥sp 251/2. The eigenvalues of p are the squared canonical correla-
tions between Yp and Y.

Corollary 1 quantifies the efficiency gains obtained by including Ys. The result states that
the stronger the correlation between Yp and Yg, the greater the variance reduction obtained by
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including Ys. When Yp and Yy are uncorrelated, ,3 p.1 and ,3 p.2 have the same asymptotic vari-
ance. In that case, we can ignore Yg, since it does not carry information on Sp through Yp.

Under the envelope model, the inactive response contains information on 84 through its
covariance with the active response. We then define the oracle envelope model as

(§A> =a+Tn(X —pux)+e, XT=0Qr" +TyQl, TI'= <F6“) : (14)
T

The oracle envelope model (14) appears similar to the sparse envelope model (2) and (5), but
in (14) we know ¢ and which rows in I' consist of only zeros. We attach a subscript O if an
estimator is the oracle envelope estimator. Let Xy, x € R?*? be the sample covariance matrix

of the residuals from the regressmn of Y4 on X, and let (£ Y Y 4 € R7%4 be the ¢ x g upper left
block of EYI Let Qo = I‘OEFO Based on the structure of Fo, we partition Qo into

- Q Q
QO:( 0.4 0.4z

) QO’AER(‘]_”)X(L]_M), Qo,zeR(’_q)X(’_q).

Let QO’ AT = Qo, A— STZO, Azfzg IZQOJ 4. Proposition 4 gives the maximum likelihood estimator
B 4,0 and its asymptotic distribution.

PROPOSITION 4. Assume that the oracle envelope model (14) holds and the errors are nor-
mally distributed. Then the maximum likelihood estimator of B under the oracle model is

Ba.o = Pp,  Baols where

span(f‘A’o) = argmin log |GT2A]YA|XG| + log |GT(f];1)AG|.
span(G)eG(q,u)

Additionally, as n — oo, \/n {Vec(/§ A.0) — vec(Ba)} is asymptotically normally distributed with
mean zero and covariance matrix Vo = Z)_(l QT4Qri + (" ® TA0T 'n® F,T4,o)’ where

T=nZxn" ® Q&sz +0O® fzgjéuz + Q'@ QoA —20,® Iy

From Proposition 4, we see that Y7 appears in the objective function for span(f A.0), and
therefore affects 8.4, 0. We now define the active envelope model, which contains only the active
responses:

Ya=aa+Tan(X —px) + 64, Ta=TAQT Y + T 40004 (15)

PrOPOSITION 5. Assume that the conditions in Proposition 4 hold. Then the maximum likeli-
hood estimator of 8.4 under the active envelope model is 42 = Ple , B A.ols, Where

span(I'42) = argmin log|GTflyA|XG|+108|GTﬁ:aG|'
span(G)eG(q,u)

Additionally, as n — oo, \/n{vec(,éA,z) — vec(Ba)} is asymptotically normally distributed with
mean zero and covariance matrix V3 = E;(I QTAQr + (" ® l"A,o)T{1 n® F,Tél,o)’ where

D=nZxn"® QL +Q®Q L+ 27 ®Qo4— 2L, ® -
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Comparing Vo and V3, we see that because Q& 14|I > Qa 14, T 2_1 > T~ the oracle envelope
model (14) is more efficient than the active envelope model (15) in estimating 8 4. Therefore in
the envelope context, including Y7 also improves efficiency.

We now return to the discussion of the theoretical properties of the sparse envelope estimator.

THEOREM 4. Assume that the conditions in Theorem 3 hold. Then as n — o0, \/n{vec(,éA) -
vec(B.4)} is asymptotically normally distributed with mean zero and asymptotic variance equal
to that of B A.0- If we further assume that the errors are normally distributed, then the asymptotic
variance V is given in closed form as V = E)_(l QIAQULY+ (" ® TL0T ' ® F,Tzl,o)’ where

T=nZxn"® Q(;;II +Q QL+ Q7 ® QoA — 2L ® Iy

Theorem 4 indicates that the sparse envelope estimator is asymptotically normal, and has the
asymptotic distribution we would have if we knew in advance which responses are active and
which are inactive. The optimal estimation rate asserted in Theorem 4 combined with selection
consistency shows that the sparse envelope estimator has the oracle property: the sparse envelope
model selects the inactive responses with probability tending to unity and estimates the coeffi-
cients for the active responses as efficiently as does the oracle envelope model.

Now we discuss the convergence rate and selection consistency of the sparse envelope estima-
tor when 7, tends to infinity with n. We first make a few assumptions about the true model.

Assumption 1. There exist positive constants & and k such that Y (2) < k and yiin(Z) >
where Ymax (X) and ymin(X) are the largest and smallest eigenvalues of X.

Assumption 2. The samples of & are independent and identically sampled from a sub-
Gaussian distribution, i.e., F {exp(tlTe)} < exp(cltlT ¥t1) for some constant ¢; >0 and every
t1 € R™. Samples of X are independent and identically distributed, and X — p y follows a sub-
Gaussian distribution, i.e., E[exp{t; (X — ux)}] < exp(cat; X xt) for some constant ¢; > 0 and
every t € R,

Let s1 and s, denote the number of nonzero elements in the lower triangular parts, not including
the diagonal elements, of ©~! and & y ! respectively, and let s = max{sy, s2}.

THEOREM 5. Assume that the sparse envelope model (2) and condition (5) hold. Under
Assumptions 1 and 2, if Amax.n = o[{(rn + 5) log rn/n}l/z], then as n — oo, there exists a solu-
tion A of the optimization problem (7) such that |A — A||p = Opl{(ry + s) logr,/n}/?], and
the sparse envelope estimatorﬁ has the property that ||/§ — BllF = Op[{(ry +s) log rn/n}2].

Inspection of the proof of Theorem 5 reveals that the convergence rate of the sparse envelope
estimator is limited by the convergence rate of 3, Y. sp and Eres op- 1f we have a different inverse
covariance matrix estimator that converges at a faster rate, then the convergence rate of the sparse
envelope estimator can be improved. Assumptions 1 and 2 are required for the consistency of
Z; o and Er_esl sp- We relaxed the normality assumption in Rothman et al. (2008) to the sub-
Gaussian assumption based on the work in Ravikumar et al. (2011).

THEOREM 6. Suppose the assumptions in Theorem 5 hold, {(r, + s)logr,/n}'/> — 0 as n
tends to infinity, and {(r, + s) logr,/n}'/* = 0(Amin,n)- Thenpr(a; £0) — lfori=1,...,q —
u, andpr(a; =0)—> lfori=qg—u+1,...,r, —u.
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Fig. 1. Comparison of the standard deviations for the sparse envelope estimator (solid),

active envelope estimator (dash-dotted), oracle envelope estimator (dashed) and stan-

dard estimator (dotted). The horizontal lines mark the asymptotic standard deviation

of the corresponding estimators. The solid line with asterisks marks the bootstrap stan-
dard deviations.

Theorem 6 establishes selection consistency of the sparse envelope estimator. When 7, tends
to infinity with #, the sparse envelope estimator still identifies active and inactive responses with
probability tending to unity.

3. SIMULATIONS AND DATA ANALYSIS
3.1. Simulations

We report the results of two simulation studies, one in the large-sample setting and one in
the high-dimensional setting. In the first, we fixed p =2, » =10, ¢ =4 and u = 2. The matrix
(I" 4, " 4,0) was obtained by orthogonalizing a ¢ x ¢ matrix of independent uniform (0, 1) vari-
ates. Then we added 0 and 1 following the structure in (5) to get I" and I'y. We took 2=91,,
and the eigenvalues of Qg varied from 0-67 to 28-33. The canonical correlation between I'jY 4
and Y7 was 0-9. The elements in X and n were generated from independent N (0, 4) ran-
dom variables. We varied the sample size from 25 to 1000, and generated 200 replications
for each sample size. For each replication, we fit the standard model (1), the sparse envelope
models (2) and (5), the oracle envelope model (14) and the active envelope model (15), and
obtained their estimators of 8. The estimation standard deviation for each element in 8 was
calculated from the 200 estimators. For each sample size, the bootstrap standard deviation was
obtained by computing the standard deviations from 200 bootstrap samples. The results for a
randomly chosen element in 8 are plotted in Fig. 1. For better visibility, only the asymptotic
standard deviation of the standard model is displayed. In all cases, the standard deviations are
multiplied by /7.

Figure 1 shows that the sparse envelope estimator is more efficient than the standard estima-
tor and the active envelope estimator for all sample sizes. The ratio of the asymptotic standard
deviation of the standard estimator to that of the sparse envelope estimator is 2-71, and for the
active envelope estimator versus the sparse envelope estimator comparison, the ratio is 1-73. The
difference between the sparse envelope estimator and the oracle envelope estimator becomes
quite small for sample sizes bigger than 100, which is consistent with the optimal estimation
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Table 1. Average true positive rate (%), true negative rate (%) and accuracy (%) of the sparse
envelope estimator, hard-thresholding estimator and F test

Sparse envelope Hard thresholding F test
n TPR TNR Accu. TPR TNR Accu. TPR TNR Accu.
25 92-6 81-0 33.5 75-4 979 30-5 51.7 99-8 0-0
50 97-0 90-5 69-0 85-0 99-0 52:5 61-6 99-5 2-0
75 98-6 959 85-5 90-5 99-8 70-0 70-6 99-5 13.5
100 99-8 98-3 94.5 96-9 99-9 89-0 77-8 99-4 23.5
150 100-0 99-3 96-0 99-2 100-0 97-0 84-6 99-6 39-0
200 100-0 100-0 100-0 100-0 100-0 100-0 91-6 99-7 645

TPR, true positive rate; TNR, true negative rate; Accu., accuracy.

Table 2. Average true positive rate (%), true negative rate (%) and accuracy (%) of the sparse
envelope estimator, hard-thresholding estimator and F test in the high-dimensional setting

Sparse envelope Hard thresholding F test
n TPR TNR Accu. TPR TNR Accu. TPR TNR Accu.
50 785 99-1 6-5 53-4 100-0 0-0 352 100-0 0-0
100 91-6 99-9 54.5 62-6 100-0 0-0 559 100-0 0-0
150 98-0 100-0 91-5 81-0 100-0 20 71-2 100-0 0-0
200 99-8 100-0 98-0 86-6 100-0 12-0 85:2 100-0 10-0
250 99-8 100-0 985 89-6 100-0 19-0 95-1 100-0 48.0
300 100-0 100-0 100-0 91-8 100-0 28-0 98-4 100-0 79-0

rate described in Theorem 4. The bootstrap standard deviation is a good estimator of the actual
standard deviation. In order to evaluate the variable selection performance of the sparse envelope
model, we considered the true positive rate c¢1/¢q, where ¢ is the number of active responses
correctly chosen; the true negative rate c» /(r — ¢), where c; is the number of inactive responses
correctly chosen; and the accuracy, which is an integer taking value 0 or 1, with 1 indicating
that both the active and inactive responses are correctly chosen and 0 otherwise. The average
of each quantity is given in Table 1. The accuracy tends to 1 as » increases, which confirms
the selection consistency stated in Theorem 3. For comparison, we applied a hard-thresholding
on the envelope estimator of I' to select the active responses, with the threshold chosen by
crossvalidation. We also performed an F test on each row of ,3015 with adjustments for multi-
ple testing. The sparse envelope estimator dominates these two estimators for all sample sizes in
this case.

Now we consider the high-dimensional scenario. We set » = 1000, ¢ =10, p =5, u =2 and
varied n from 50 to 300. The first ¢ /2 rows in I" 4 were {(2/¢)"/2, 0} and the remaining ¢ /2 rows
in ' 4 were {0, (2/¢)'/?}". Then we used the structure in (5) to construct I" and I'y. The elements
in n were independent N (0, 9) random variables, 2 =0-041,, and $2¢ was a block-diagonal matrix
with the upper left block being 251, ,, and the lower right block being 4/, _,. The elements
in X were independent N (0, 1) random variables. For each sample size, 200 replications were
generated. Table 2 shows that performance of the sparse envelope estimator is better than that of
the hard-thresholding estimator and F' test in this scenario as well. A figure that describes the
convergence of ||,@ — Bl F is in the Supplementary Material.

Remark 1. The sparse envelope model also achieves efficiency gains whenr» < p < n, or with
weak signals; see the Supplementary Material.
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3.2. Data analysis

We illustrate the sparse envelope model using microarray time-course data on cell-cycle con-
trol in the fission yeast Schizosaccharomyces pombe. This dataset is analysed in Gilks et al.
(2005) using multivariate linear regression to study how gene expression levels change in a cell
cycle. The response variables are expression levels of genes. Among the 407 genes measured, 11
have missing values. We only used the genes with complete data, and this gave 396 responses,
which we log-transformed to reduce skewness. The predictors are ten equally-spaced time-points
of the cell cycle and the sample size is 177. We fit the sparse envelope model to the data, with
u = 2 suggested by crossvalidation. The model identified 25 inactive responses. This indicates
that the expression level of most genes varies in a cell cycle, but there are a few genes whose
intensities do not change in a cell cycle. Among the 25 inactive responses, gene cdc20 was also
identified by Gilks etal. (2005) to have “very little cell-cycle activity”. We estimated || ﬁols Bl F
and ||,3 Bl r by the average of 200 bootstrap samples. The ratio of the estimated || ﬂols Bl F
to | — Bllr is 1-52, which shows a clear efficiency gain due to the sparse envelope model.

4. DIScUSSION

In this paper, the sparse envelope model is developed by assuming row-wise sparsity in I"
under the envelope model. In ultrahigh-dimensional problems where 7, >> n, we need to make
additional assumptions such as sparsity of ¥ or £~! in order to establish the consistency of the
sparse envelope model. The convergence rate of the sparse envelope estimator B can be improved
to || ,3 — BllF = Op{(logr,/ n)'/2} if we assume the number of nonzero off-diagonal elements in
¥~ is fixed as n tends to infinity. It may also be of interest to study prediction performance
rather than estimation of parameters in ultrahigh-dimensional problems.

When the envelope structure does not hold, some preliminary numerical results show that the
envelope estimator may still have a smaller mean squared error than the standard estimator, as a
result of the bias-variance trade-off. The properties of the envelope estimator under this situation
are open.

ACKNOWLEDGEMENT

We thank Professors Dennis Cook, Hani Doss and Bing Li for helpful discussions and Profes-
sor Adam Rothman for providing the codes for sparse permutation invariant covariance estima-
tion. We are grateful to the editor, associate editor and three referees for comments that helped
us greatly improve the paper. Research for this paper was supported in part by the U.S. National
Science Foundation, National University of Singapore and the Natural Sciences and Engineering
Research Council of Canada.

SUPPLEMENTARY MATERIAL

Supplementary material available at Biometrika online includes a notation table, proofs of the
theorems and propositions, and additional simulations.

REFERENCES

BENJAMINI, Y. & YEKUTIELL, D. (2001). The control of the false discovery rate in multiple testing under dependency.
Ann. Statist. 29, 1165-88.

CHEN, X., LIN, Q., KiM, S., CARBONELL, J. G. & XING, E. P. (2012). Smoothing proximal gradient method for general
structured sparse regression. Ann. Appl. Statist. 6, 719-52.

9107 ‘¢ 1oquuaydag U0 SaLRIqU AJNSISATU() [[IDJA I8 /310" s[eumo(proyxo-jaworq//:dyy woiy papeoumoc]


http://biomet.oxfordjournals.org/

Sparse envelope model 593

CHEN, X., Zou, C. & Cook, R. D. (2010). Coordinate-independent sparse sufficient dimension reduction and variable
selection. Ann. Statist. 38, 3696-723.

ConNway, J. B. (2013) A Course in Functional Analysis. New York: Springer.

Cook, R. D., Forzani, L. & RoTHMAN, A. J. (2012). Estimating sufficient reductions of the predictors in abundant
high-dimensional regressions. Ann. Statist. 40, 353-84.

Cook, R. D, Forzany, L. & Su, Z. (2016). A note on fast envelope estimation. J Mult. Anal. 150, 42-54.

Cook, R. D, ForzaNI, L. & ZHANG, X. (2015). Envelopes and reduced-rank regression. Biometrika 102, 439-56.

Cook, R. D., HELLAND, L. S. & Su, Z. (2013). Envelopes and partial least squares regression. J. R. Statist. Soc.B 75,
851-77.

Cook, R. D., L1, B. & CH1AROMONTE, F. (2010). Envelope models for parsimonious and efficient multivariate linear
regression (with Discussion). Statist. Sinica 20, 927-1010.

Cook, R. D. & Su, Z. (2013). Scaled envelopes: Scale-invariant and efficient estimation in multivariate linear regres-
sion. Biometrika 100, 939-54.

Cook, R. D. & ZHANG, X. (2015). Foundations for envelope models and methods. J. Am. Statist. Assoc. 110, 599—-611.

Cox, D. R. & WERMUTH, N. (1993). Linear dependencies represented by chain graphs. Statist. Sci. 8, 204—18.

Fan, J. & L1, R. (2001). Variable selection via nonconcave penalized likelihood and its oracle properties. J. Am. Statist.
Assoc. 96, 1348-60.

FriepMAN, . H., HasTiE, T. J. & TiBsHIRANL, R. J. (2008). Sparse inverse covariance estimation with the graphical
lasso. Biostatistics 9, 432-41.

FriepmaN, J. H., HasTig, T. J. & TiBsHIRANI, R. J. (2010). Regularization paths for generalized linear models via
coordinate descent. J. Statist. Software 33, 1-22.

GiLks, W. R., Tom, B. D. M. & BrazMma, A. (2005). Fusing microarray experiments with multivariate regression.
Bioinformatics 21, 11137-43.

HUNTER, D. & LANGE, K. (2004). A tutorial on MM algorithms. Am. Statistician 58, 30-7.

KHARE, K., OH, S. Y. & RAJARATNAM, B. (2015). A convex pseudolikelihood framework for high dimensional partial
correlation estimation with convergence guarantees. J. R. Statist. Soc.B 77, 803-25.

LANGE, K., HUNTER, D. & YANG, . (2000). Optimization transfer using surrogate objective functions. J. Comp. Graph.
Statist. 9, 1-20.

RAVIKUMAR, P, WAINWRIGHT, M. J., RaskuTTl, G. & Yu, B. (2011). High-dimensional covariance estimation by
minimizing /1-penalized log-determinant divergence. Electron. J. Statist. 5, 935-80.

RoTHMAN, A. J,, BickkL, P. J., LEVINA, E. & ZHu, J. (2008). Sparse permutation invariant covariance estimation.
Electron. J. Statist. 2, 494-515.

SiMON, N., FRIEDMAN, J. H., HASTIE, T. J. & TiBsHIRANI, R. J. (2013). A sparse-group lasso. J Comp. Graph. Statist.
22,231-45.

Su, Z. & Cook, R. D. (2011). Partial envelopes for efficient estimation in multivariate linear regression. Biometrika
98, 133-46.

Wu, T. & LANGE, K. (2010). The MM alternative to EM. Statist. Sci. 4, 492-505.

YaNG, Y. & Zou, H. (2015). A fast unified algorithm for solving group-lasso penalize learning problems. Statist.
Comp. 25, 1129-41.

Yuan, M. & Lin, Y. (2006). Model selection and estimation in regression with grouped variables. J. R. Statist. Soc.B
68, 49-67.

ZuanG, T. & Zou, H. (2014). Sparse precision matrix estimation via lasso penalized D-trace loss. Biometrika 101,
103-20.

Znou, H. & LANGE, K. (2010). MM algorithms for some discrete multivariate distributions. J. Comp. Graph. Statist.
19, 645-65.

Zou, C. & CHEN, X. (2012). On the consistency of coordinate-independent sparse estimation with BIC. J. Mult. Anal.
112, 248-55.

Zou, H. (2006). The adaptive lasso and its oracle properties. J. Am. Statist. Assoc. 101, 1418-29.

[Received August 2014. Revised July 2016]

9107 ‘¢ 1oquuaydag U0 SaLRIqU AJNSISATU() [[IDJA I8 /310" s[eumo(proyxo-jaworq//:dyy woiy papeoumoc]


http://biomet.oxfordjournals.org/

Biometrika (2012), 99, 1, pp. 1-21
© 2012 Biometrika Trust Advance Access publication on 31 July 2012
Printed in Great Britain

Supplementary material for ‘“Sparse Envelope Model:
Efficient Estimation and Response Variable Selection in
Multivariate Linear Regression”

By Z. Su, G. ZHU
Department of Statistics, University of Florida, Gainesville, Florida, USA
zhihuasu@stat.ufl.edu  gzhu22@ufl.edu

X. CHEN
Department of Statistics and Applied Probability, National University of Singapore, Singapore
stacx @nus.edu.sg

AND Y. YANG
Department of Mathematics and Statistics, McGill University, Montreal, Quebec, Canada
yi.yangb @mcgill.ca

A. PROOFS

Proof of Proposition 1. We will prove this proposition by contradiction. Without loss of generality, let
{Y1,...,Y,_1} be the collection of all active response variables that are connected with a response that
has non-zero regression coefficients, and let Y,, be a response which has regression coefficient zero and is
not connected with any of the responses that have non-zero regression coefficients. We will show that Y,,
is inactive.

Let e, € R" be a vector of zeros but having 1 at its uth element and let I'* = Q. I'. Since Y, has
regression coefficients zero, 5 = Q., 5, giving B = Q., B. Therefore

B=Q.,B C Q.,span(I') = span(T"*).

Because this Y, is not connected with any of the responses that have non-zero regression coefficients,
cov{Y,, (Y1,...,Yu1)" | X} = 0,50 cov(Y,,[*"Y | X) = 0. Recall that cov(I'J Y, T"Y | X) = 0, so
cov(IJY,I*"Y | X) = 0. Notice that

span(I'™)* = span(Tg) 4 span(P,,T') = span(Iy) 4 span(e,),

where L denotes orthogonal complement of a subspace. If I is an orthogonal basis of span(I'*)~*, then
I'=pF,I'+PF.,I. So

cov(ITY, T*"Y | X) = cov(I'"Pr,Y + TP, Y, T*"Y | X) = 0.

Therefore span(I'™*) is a reducing subspace of ¥ that contains B. As T'* = Q. T, its dimension is smaller
or equal to span(T"). Since span(T") is the envelope subspace, span(I'*) = span(T"). This is because if
not, span(I'™) N span(T"), which has a smaller dimension than span(T’), is a reducing subspace of ¥ that
contains 3; and it contradicts the definition of the envelope subspace. Since span(I'*) = span(T"), the ith
row of I must be zero, and Y,, is an inactive response. O

Now we discuss about the relationship between the two statements: (a) Y¥; and Y are not connected and
(b) Y; and Y; are independent given the rest of the responses and X. If we assume normality, (a) implies
(b), but (b) does not imply (a). If normality is not assumed, they do not imply each other.
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First we show that (b) does not imply (a). Statement (b) is based on the structure of X~ ': If ¥; and Y;

s are independent given the rest of the responses and X, then the (7, j)th element in X! is zero. On the
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other hand, if ¥; and Y; are connected is based on the structure of 3. A sparse ¥~ ! does not necessarily
imply a sparse Y. For example, suppose that Y5 and Y3 are independent given Y; and X, and

111
»1=1120
103

Then

6 —3 -2
Y=|-32 1
-2 1 1

3

and Y5 and Y3 are connected.
Now suppose that Y; and Y; are not connected. Without loss of generality, we assume that Y7 and Y. are

not connected. For positive integers £ > 2and [ > 1,let Y5, ..., Y} be the responses that connect with Y7,
Yi+1,--., Yr4 be the responses that neither connect with Y; nor connect with Y., and Yiyi41,..., Y1
be the responses that connect with Y,.. Then X has a block diagonal structure as follows:

o1 Ok 0 0 0 0

Okl - Okok 0 0 0 0

0 -+ 0 Orgtkt1 - Okt htl 0 . 0

= Lo

0 -+ 0 Oktikt+1 " Oktl b+l 0 e 0

0 --- 0 0 0 Oktl+1,k+l+1 " Ok4l+1,r

0 --- 0 0 0 Orkilsl - Oy

The inverse matrix ¥~ will preserve the block diagonal structure of ¥, so the (1, 7)th element in 71 is
0. Under the normality assumption, this implies Y] and Y, are independent given the rest of the responses
and X. If normality is not assumed, this does not imply the conditional independent of Y; and Y.

Proof of Theorem 2. To prove Theorem 2, denote the objective function in (6) by fob;(A). It is suffi-
cient to show that for any small € > 0, there exists a sufficiently large constant C', such that

limpr{ inf fobj(A4+n"Y2A) > fobj(A)} >1—e (A1)
n A€RC—wxu || Al p=C "

If (A1) is established, then there exists a local minimizer A of fobj with arbitrarily large probability
such that |A — A||p = O,(n~'/?). Therefore A is a \/n-consistent estimator of A. As Pr = G4 (I, +
ATA)_lGITL‘ is a function of A only,APf is a y/n-consistent estimator of Pr. As 3 = Pr[o1s, and (B, is a
\/n-consistent estimator of (3, then /3 is a y/n-consistent estimator of /3.
Now we only need to show (A1). We write
Fobj(A) = —210g |GEG a| + log |G TresGa| +10g | GRS Gal + > Asllaill2
i=1

= f1(A) + f2(A) + f3(A) + f4(A),
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say, and we first focus on f;(A) = —2log |GG 4|. Expand f1(A +n~'/2A), we have
~1/2 —12 3R 1,78 1
filA+n7PA) = fi1(A) +n7 7 df1 (A) + 57 dfi (A) + op(n7),

—A —A
where df; (A) and dfZ(A) are directional derivatives (Dattorro, 2005, p.706). 55
The first directional derivative is

A
zfl (A) = tr {%fl(A)TA} = —4tr{(l, + ATA)’lATA}.
The second directional derivative is
—A d T
df$ (A) = —4tr ({ﬂ tr{(L, + ATA)lATA}} A>
=4 tr[{ — A(I, + ATA) Y (ATA + ATA) (I, + ATA) "+ A(L, + ATA)—l}TA]

- 4tr{([u + AT A YATA + ATAY(L, + ATA)TATA — (I, + ATA)*lATA}.

(D)

Let

then
—A
dff (4)
- 4tr[(1u + ATA)LATA(L, + ATA)TATA
(L + ATA)LAT{A(L, + ATA)LAT — IT_U}A}
_ 4tr[(1u + ATA) PATA(L, + ATA) P ATA + (I, + AT A) T AT{GA(GEGA) G — IT}A*}
- 4tr{([u + AT A YATA(L, + ATA) PATA + (I, + ATA)"LAT(IT™ — IT)A*}
- 4tr{(Iu + ATA)YATA(L, + ATA)TATA — (I, + ATA)”AIFOFSA*}.

—A —A
We substitute df; (A) and df(A) into the expansion for f1(A +n~1/2A) and get 60

FiA+n"Y2A) = f1(A) = —an Y240 {(I, + ATA) 7T ATAY
ton~! tr{([u + ATA)TATA(L, + ATA)TATA

(I + ATA)‘lAIPOPgA*}.
With fo(A) = log |G f]mSG Al the first directional derivative is
—A d T T 9 —1 T
dfs(A) = tr ﬂfg(A) A b =2tr{(GYX1esGA) T Gy Eres Ak}

Let X x, Yy and Xy x be the varAianceA matrix Qf X, the variance matrix of Y and the covariance matrix of
Y and X in population, and let X x, ¥y and X xy be the corresponding sample versions. Then by Cook
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& Setodji (2003),
n1/2(§yx — Zyx) = n_1/2(YZX — nzyx) =+ Op(n_1/2),
n'/2(Ex - Bx) = n VAXTX - nEx) + Oy(n~1/3),
n2(Sy - By) = n VHYIY. - nSy) + Op(n1/?),
s where Y, € R"¥" is the centred data matrix of Y, whose ith row is (Y; — Y)*. Since f)res = iy —
SyxXy Exy and Byt - B = -2 Ex - )2 + 0 (n7h),
Sies = By — Sy +3y) — Cyx — Syx + EYX)(E}l -3+ E}l)(ixy —Yxv +Zxv)

=X+ n1/2{ —n VAYIX - nZyx) 25 Exy + 0720y y D (XX - nEy ) 2 Sxy

—n 28y xS (XTY,e — nSxy) + 0 VA(YIY, — nEy)} +0p(n7")

=S+ n V3 (T, + Top + Tsn + Tap) + Op(n71),

where by the central limit theorem, each element in 11,,, T, T3, and T}, converges in distribution to a
normal random variable which has mean 0. As

(G 51esGa) " = (G2GA) " — (GREGA) NG SeesGa — GLEGA) (GREGA) ™ + Op(n 1)
= (GL2GA) " = n V2 GEEGA) T G (T + Ton 4 Tsn + Tun)Ga(GLEG ) !
—i—Op(n*l),

—Z*

dfs (T") can be expanded as
2t1{ (G, SresGa) " G Sres AL
= 260 {(GT2G4) " IGLEA, ) + 201/ tr{(GQEGA)*G;(TM + Top + Tap + Tan) A,
~(GEZGA) GA(Tun + Ton + Ton + T1a)Ga(GEEGA) T GATAL} + Oy(n )
= 2tr{(I, + ATA)"LGLAY + 201/ tr[(G;zGA)*G;(TM + Ton + Ty + Tan) {1,
~Ga(l, + ATA)IGIIAL] + 007
= 2tr{(L, + ATA)TTATAY + 207 2 40 { (GREGA) T G4 (T30 + Tun)Tol g ALY + Oy(n 1)
= 2tr{(L, + ATA)TTATAY + 207 2 40 {01 Q7 DT Ty, + Tun)Tolg AL} + Oy (n71).
70 The second equality is because I' = G 4I'1, so
ITGLGAT 1 =1 =171, + ATAT =1=1,+ATA= (7)) ' = (I, + ATA) ' =TT,
and
(G55G4 G = {(TTY)™SITT V(I )™S = 10T = T80 TGS = (1, + ATA) G,
Using the Cauchy—Schwarz inequality for matrix trace (Magnus & Neudecker, 2007, p.227),
tr{T1Q7 ' T" (T + Tun ) Lol AL} < AL P T2 T (T + Tan )Tl ||
= [|Al[F|T1 Q7 T (Tan + Tan)To| -
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The second directional derivative of f5 is

—A d . N T
df2(A) = 2tr ([ﬂtr{(GgEresGA)_lGIlEresA*}} A)
= 2tr{(G:r4irCsGA)71A:£ircsA*
_(GziresGA)_l(GziresA* + A}:iresGA)(GziresGA)_leiresA*}
= 2tr{(G42GA) TIATEA, — (GLEGA) T HGLEA, + ATSGA)(GREGA) LG EA, )
+0,(n~Y?)
—9 tr[ — (Lo + ATA)IGEAL (I, + ATA) G A,
HELSG ) TATS{ T, — GA(ngaA)*ng}A*} +0,(n"1/?)
- 2tr[ — (Ly + ATA)TATA(I, + AT A)"TATA
H{OTYTNT AT — Ga(l, + ATA) T GR YA, } +0,(n~Y2)

=2tr{ — (I, + ATA)T'ATA(L, + ATA)TTATA + T1Q7 ' TTATST TG ALY + Oy (n 1 ?)
=2tr{ — (L + ATA) T ATA(L, + ATA) T ATA + QT ITTAITOQIG AT} + Op(n~'/3).

A —A
Substitute dfs (A) and dfZ(A) into the expansion for fo(A +n~1/2A), we get
Fa(A+ 071 20) — fo(A)
=20 2 4 {(L, + ATA)TTATAY + 207 e {T1 QT (T, + Tap )Tl G AL
+n e = (Lo + ATA)TTATA(L, + ATA)TTATA + QT ITTATT QT § AT ) + 0p(n 1)
> 2n 2 e {(I, + ATA)TTATAY — 207 YA p|IT1 Q7 T (Tay + Tan)Tol 7
+n e — (L, + ATA)TTATAI, + ATA)TTATA + QT ITTAIT0QTEA ) + op(nh).
Since that f3 has similar structure as f2, the derivation above can be applied parallel to fs, just with Zrcs 75

replaced X5 LLet Ty, = —n— Y 22 (YTY nEy)E . By the central limit theorem, 7%,, converges
in distributlon to a normal random Varlable with mean 0. After some straightforward algebra, we have

f3(A4+n"Y2A) — f3(A)

=20 V2t {(I, + ATA)TTATAY + 20 Lt T (Q 4 nExn™ )T T, Do e AL}
+n e — (L, + ATA)TTATAL, + ATA)TTATA + (Q 4+ nExn ") ITATToQy 'TEAT }
+Op(”_1)

> o V2 tre{ (I, + ATA)TTATAY — 207 Y| Al p||T1(Q 4+ nEx 7™ )T 5,0 ||
+n e = (I, + ATA) TTATA(L, + ATA)TTATA + (2 + nExn")ITATD0 Qg 'TEALT, }
+op(nh).

Now we expand f4(A) = >°1_ " \i||ail|2. Let 67 be the ith row of A, then

q—u

> (Al + 02612 = A2

=1

Fi(A+n720) = fu(A)

Y

1 _ _

> _E(q —u)n 1/2)‘max,n Iniax (Hai”2 1H5iH2) {1 + Op(l)}
1 _ _

= o ) A ma (5 600) (1 4 0p(1))
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The second inequality is based on Taylor expansion at a;. As n'/ Amax.n — 0 as n — oo, n{fi(A+
oo n /2A) — f4(A)} = 0,(1). Collecting all the results so far

fobj(A+n"2A) = fopi(A)
> —2n M| A p||IT1 Q7 T (Tsn 4 Tun)Lollr — 207 H|A[| £ IT1(Q + nXxn™ )T T5nLol

ot tr{Q—lrfAIFOQOFgA*Fl F(Q+ Sy ITATT Qs TEA, T,
2T+ ATA) T ATTOTEAL ) — 217 (g — u)n A s (il 161]2) + 0p ().
Notice that
tr{Q‘ll“fAIPOQOPgA*Fl (4 nSxn")TTATT oy 'TTEAT — 2(1, + ATA)‘lAIFOFgA*}

= tr{Q*FfAfI‘OQOI‘(T)A*Fl +(Q+ nSxn")ITATT Oy 'TEA, T — 2F{A$FOF5A*F1}

vec(TEAI)T(Q@ Q' + Q7@ Qy — 21, @ Iy + 15x0" @ Qp 1) vee(TFALTY)
vee(TgALT1)" K vec(TALT)
> m||T5AT1 |,

where m is the smallest eigenvalue of K. The matrix K appears in (5.7) in Cook et al. (2010), by Shapiro
(1986), K is a positive definite matrix and m > 0. Since

TG AT = tr(TFANTTAIT)
= tr{IJA (I, + ATA)'ATT}
= tr{A, (I, + ATA)"LAT(I, — TT")}
= tr[(Iy + ATA)T'AN{IL — Ga(I, + ATA) ' GLIA,]
= tr[(I, + ATA) AT, — A(L, + ATA)LAT}A]
= tr{(I, + ATA)"'AT(I, + ATA)"'A}
= vec(A)"{(I, + ATA) ' @ (I, + ATA) "'} vec(A)
> mg| A%,
where my is the smallest eigenvalue of (I, + ATA)~!, we have
tr{Q_lI‘fAIFoQoFSA*F1 + (Q+nExn")ITATToQ 'THA T — 2(1, + ATA)‘lAIFOFgA*}
> mmd || A3

ss Then the terms with order ||A[|%. dominate the terms with order | A|| . When ||A| p = C for sufficiently
large C, the conclusion (A1) follows. ]

Proof of Theorem 3. We will prove this theorem by contradiction. Suppose that ||@;||2 > 0 fori = g +

1 —w,...,r —u. The first derivative of f,,; with respect to a; should be 0 evaluated at the local minimum
;. The derivative of fon; withrespecttoa] (i =q¢+1—u,...,r —u)is
0 fobj Aiaf

= —4efGa(l, + ATA) ! 4 26750 G A (G4 50esGa) T 4 267 57 GA(GLE1GA) L +

T b
da;

90 Wwhere e; be the ith column of I,.. Then

llaill2

—4eTG ALy + ATA) N 4 26780 GA (G S resGa) L 4 2687 Ga(GL S Ga) L 4 N = 0.
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Because ires, f)y and A are v/n-consistent estimators of ¥, Xy and A, ¥ = T'QI'™ + T'yQpI§ and By =
L+ nZxn™)I'T 4+ ToQlg,
—4eTG ALy + AT A) 7 4 267 510G (G SresGa) F + 2675 GA (G5 Ga)

= —4efGa(I, + ATA) ™+ 2eTNGA(GE2G ) + 2678 GA(GR S GA) L + 0,y (n1?)

= —4al (I, + ATA) ™ 4+ 2eTG (L, + ATA) ™ 427G a(T, + ATA) L+ 0,(n~Y?)

= —4al (I, + ATA) ™t + 247 (I, + ATA) "L + 247 (I, + ATA) ™1+ 0, (n"/?)

= O;D(”_l/z)-

~ ~ ~ ~ ~ ~

Then n'/? {—4egéA(Iu FATA) T 4 267 S0 GA (G SresGa) L + 2e32;1GA(é;2;1GA)—1} -
Op(1).
On the other hand, let m be the element in a, that has the largest absolute value, then |m/|/||a;]|2 > /u,

where | - | denotes absolute value. Because we have nt/ 2)\min,n — o0, there is at least one element in
n'/2)\;al /| ai||2 that tends to infinity. With (A2), this is a contradiction of

n'/? {_4egéA(1u + ATA) T 426780 GaA (G 50esGa) T + 27 S GA(GRETEGA) ™ } = 0,(1).

Therefore fori =q¢+ 1 —wu,...,r — u, a; = 0 with probability tending to 1. (]

Proof of Proposition 2 and Proposition 3. For the proof of Proposition 3, the derivation of the max-
imum likelihood estimator of Sp and its asymptotic variance under model (13) follows from standard
theory on regression. Now we start to proof Proposition 2. We need to justify the results for model (12).
First we derive the maximum likelihood estimator of Sp. As Y = (Y75, YJ)", we can partition the centred
matrix Y, accordingly into Y. = (Y., p, Y. s). We also partition the matrix >~ !into

-1 _ M, M,
vy )

The log likelihood function under model (12) is

n(r +p)
2

1
-5 tr{(Yep — 1na™ —XBE,Ye5)X (Ve p — lna — XBh, Yo 5) ).

n n 1 _
l=- log(27) — B log |Xx| — 5 log|X| — 5 tr{(X — Loux) S5 (X = Loux)™}

It is easy to show that ux = X, f]X = (X = 1,ux)"(X = 1,ux)/n, and @ = Y. Substituting these es-
timates in, the partially maximized log likelihood is

- _wlog@w) - Zlog[Sx| - 22 - Dlog Y]
1 _
_§tr{(YC,D_XcﬁE)7Yc,S)Z 1( c,D — cﬂDv ) }
__nr+p) S
= 5 log(2m) — S log[Ex| — — — S log |3

1
—5 tr{(Yc,D — XcﬁE)Ml (YC,D - XcﬁE)T + 2(YC,D - Xﬁ};)MgYZS + YC,SM3Yg)S}'

Take the derivative of [ with respect to 5p and X, we get

ol
a3~ = ~Mi(BpX; - Y p)Xe — MpY X,
9fp

ol 1

52_52 +2E ( CﬁDv )(cD— CﬂDa cS)E_l-

95

100

105
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Set the derivatives to 0 and we get BD =Y pXe (XITX.) ™t — M_lMgYasxc(XgXC)*l = BDonS —

EDSES Bsolh and E——( e,D — cBDu e,s)"(Ye,p — cﬁDa Y. s). Since Bg =0, 252551,
where S5 5 1s the sample covariance matrix of YS. We can build an equation with ¥ pg. Notice that

b = c, c c,
DS n( p —XeBp) Ve s
1 PR
= E(YC,D - Xcﬁ}))ols + XczDszslﬁS,ols)TYc,S
1 A
= E(QXCYC,D + PxY. 55, 'Shs)" Yo 5.

Solve for fJDs, we get
Sps =Y pQx. Yes(YEsQx Ysc) 1 Sg".

Substitute it into 3p, we get Sp = Ap,o1s — Bp|sBs.01s, Where Bpjs = Y7 pQx, Ve 5(YV7 ¢Qx, Yo 5)7"
contains the coefficients from the regression of Rp on Rg.

To compute the asymptotic variance of the maximum likelihood estimators, we compute the Fisher
information matrix for { vec(fSp)™, vech(X)"}, where vech is the operator that stacks the lower trian-
gle of a symmetric matrix into a vector column-wise. For an a X a symmetric matrix M, let C; and
E, be the contraction matrix and expansion matrix that connect the vec operator and vech operator:
vech(M) = C, vec(M) and vec(M) = E, vech(M). After some straightforward algebra, the Fisher in-
formation matrix J is

Yx ® (Ep — LpsEs'Ehe) 0
0 IEN (S oS YH)ET

The inverse of the upper left block of .J relates to the asymptotic variance of VGC(B p). Therefore

nl/z{vec(BDJ) — vec(Bp)} — N(0, E;l ®Xps)

in distribution as n — oo. O

Proof of Proposition 4 and Proposition 5. The proof of Proposition 5 follows from the standard theory
of the envelope model in Cook et al. (2010).

We now prove Proposition 4. The derivation of the maximum likelihood estimator of 3 4 is similar to
the derivation of the maximum likelihood estimator of 8 under the envelope model in Cook et al. (2010).

To derive the asymptotic variance, we apply Proposition 4-1 in Shapiro (1986), as there is overpa-
rameterization in the oracle envelope model. First we check the assumptions in Proposition 4-1. We
will match our notations with Shapiro’s. Shapiro’s z is our { vec(3. 41)", vech(S1)7}7, where 3 is
the estimator under the oracle model (12). Using techniques similar to those in the proof of Theorem
2 in Su & Cook (2012), we can verify that when the errors have finite fourth moments, = is asymp-
totically normally distributed. Shapiro’s & is our { vec(84)", vech(X)"}". Let | be the log-likelihood
function in (A3) and let /,,,x be its maximum value. We define the minimum discrepancy function as
SMDF = lmax — [. Since fyipr is derived from the normal likelihood function, it satisfies the four condi-
tions in Section 3 of Shapiro (1986). Our { vec(n)™, vec(I' 4)™, vech(Q)™, vech(2o)" }" is Shapiro’s 6.
Therefore the function g that connects ¢ and 6: £ = g(0) is twice differentiable. All the assumptions in
Proposition 4-1 are satisfied. Let io be the estimator of X under the oracle envelope model (14), then
n!/2[{ vec(Ba.0)", vech(S0)*}" — {vec(B4)T, vech(X)™}] is asymptotically normally distributed
with zero mean and some covariance matrix. So far in this proof, we did not use the normality of the
errors, but just require that the errors have finite fourth moments.

Using the normality of the errors gives us closed-form expressions for the asymptotic variance of
vec( B 4.0)- Proposition 4-1 indicates that the asymptotic variance has the form H(H*JH)'H™, where {
denotes Moore—Penrose inverse, J is the Fisher information displayed at the end of the proof for Proposi-
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tion 2, and H is the Jacobian matrix 9¢/9"6

I — I, @I 4 n"® I, 0 0
o 0 2C(I; TQ-ToQIT D)L C.TT)E, C.(To@T)Er—_y )’

where L = (K ,,0)" € R™*% and K, € R1"*" is a commutation matrix (Magnus & Neudecker,
1979). After some algebra similar to that in S4 in the supplementary materials of Cook et al. (2010), we
can get the closed-form for the asymptotic variance of vec(54,0):

n1/2{vec(§,47o) — vec(Ba)} — N(0,Vo)
in distribution, where Vo = X' @ T4QT, + (1" @ T40)T(n ® o) and T'=n¥xn" @ 6207.34|I +

Q® ngw + Q' ®@Qo4 — 20, @ Iy

Note: We ignored 11y, o and X x in J and H matrices. This does not affect the results because they are
not involved in the parameterization of § and ¥, and their maximum likelihood estimates are asymptoti-
cally independent of the estimates of 5 and 3. (]

Proof of Theorem 4. Let A A denote the nonzero rows in the sparse envelope estimator E, and /Alo de-
note the nonzero rows in the oracle envelope estimator. As Pr = G4 (GG A)*l % for a sequence a,, =
o(n=1/2),if Ay = Ao + Op(ay), then Ps = Pp_ + Op(ay). Therefore B—Bo= (Pr — Pfo)gols =
(Pr— Pz_)(Bois = B) + (Pr — Ps_)B = Op(an)op(1) + Op(an) = Op(an). So n*/2(3 =) =0 in
probability. By Slutsky’s theorem n!/2(3 — ) has the same asymptotic distribution as n/2(Bo — ).
From the proof of Proposition 4, we know that /2 (30 — /) is asymptotically normally distributed with
zero mean if the errors have finite fourth moment, and we can obtain the closed-form of the asymp-
totic variance if normality is assumed. Therefore the conclusion of Theorem 4 follows if we can prove
Aq = Ao+ Oy(ay) for a, = o(n=1/2). Since n*/*A\pax. — 0, Amax.n = o(n~'/2). For simplicity, we
just take a, = (172 A\paxn) /2.

Let B be a (¢ — u) x u matrix, and

Define

q—u
fobi,A(B) = —21log |GEGp| +10g |GEEy, x G| +1og |GE (551 G| + Z Aillbill2,
=1

where b; is the ith row of B. Because of the selection consistency of the sparse envelope model, A A=
arg mingepe-wxu fobj,A(B). Then it is enough to show that for arbitrarily small ¢ > 0, there exists a
sufficiently large constant C', such that

lim pr { inf fobj,A(A\O + anA) > fobj,A(A\O)} >1—e. (A3)
n AERG-wXu || Al p=C

If (A3) holds, Ay = Ao + O,(an) for a, = o(n~/2). Now we show (A3). Similar to the proof of
Theorem 2, we expand fobj)A(A\O + a,A) and compute fobj)_A(A\O +apnA) — fobj)_A(A\O). We di-
vide fobj,a(B) into four parts according to the three additions: fobj, 4(B) = f1,.4(B) + f2,4(B) +
f3.4(B) + fa,4(B). The first directional derivatives of f1 4(B), f2,4(B) and f3 4(B) at Ap are

Al
B=A4o

—A

—A
GraAo) = (S ha®],_ A} dfaio) = w{ L faalB)”

B:,ZOA}'

—A

BaAo) = tr{ 2 Fs A(B)"

145

150

155

160

165

170
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Since A is a minimizer of fi_4(B) 4 fa.4(B) + f3.4(B).

b haB)| B =0

d
— B
dB fl)A( ) B:A\o dB B=Aop B=Ao

—A —A —A
Then df1, 4(Ao) + df2.4(Ao) + dfs a(Ao) = 0. R
The calculations on the second directional derivatives of f1, 4(B), f2,4(B) and f3 4(B) at Ao and the
expansion of f 4(B) are parallel to those in Theorem 2. Assembling all those terms together, we have

Fobja(Ao + anl) — fonja(Ao)
> a2 tr{Q*1FfAfAFA70(~207AFJT47OA*AI‘1 + (2 + yEx g TT AL 4085 Yy T o AT

_ 1 _
—2(I, + AﬁAA) 1AIA1—‘A,0FJT470A*A} — Ean(q — U) Amax,n max (||ai|\2 1||61-||2) + op(afl),

where A 4 € R4~ %% contains the nonzero rows in A and A, 4 = (Ouxu, AT)" € R7*%, Based on the
definition of a,,, we have Ayax,n = 0p(ay). So the second term is dominated by the first term. Then (A3)
is established if we can show that the trace in the first term is positive. We have

tr{Q’lFTA AT 40920, AT oA T + (Q 4+ 7S xn™ ) TTAT LT 4000 T 0Au TS

0,A|Z
=21, + AGAL) T AT 40T oA 4 |
= vee(I o AuaT1) {7 @ Qoa + (24 nExn™) @ Oy Y 7 — 20, @ Iy } veo(Ty gAuaT)

> vec(FJTLLOA*AFl)T{Q*l ® 507,4 +(Q+n2xn")® QO_EA -2, ®Iq—u} vec(I' gAsal')
> m| T 0AvalT|lF

> mmg | Al

where m is the smallest elgenvalue of (I, + A% A4)~", and m is the smallest eigenvalue of 27! ®
QO,A +(Q+nExn")® Q —2I, ®1;_,, whichis a positive definite matrix by Shapiro (1986). The
derivation of the last mequahty is the same as the derivation of a similar inequality at the end of the proof
of Theorem 2. 0

Proof of Theorem 5. First, we show that
||Ere:a Sp 71HF = OP[{(TH =+ 81) log T"/n}l/Q]a (A4)
=55 = B3 lr = Opl{(ra + s2) log ra/n} /7). (AS)

Because that Y is sub-gaussian plus a constant and the residuals are not independent, Y and the residuals
do not satisfy the assumptions required for establishing the consistency of the sparse permutation invariant
covariance estimator. However the sparse permutation invariant covariance estimator depends on the data
only through a bound of the sample covariance matrix. Therefore as long as we can show that
max [Sy,ij — Sy,i5| < Oy {log(ra)/n}'/?, max|Eresij — Sijl < Cres{log(ra)/n}? (A6)
B ]
for some Cy > 0, Ces > 0, (A4) and (A5) hold.
We begin by showing (A6). Let W be an m-dimensional random vector with mean py and covariance

matrix Yy, and W — pyy follow a sub-gaussian distribution. Suppose W1, ..., W, are n independent
and identically distributed samples of W, then W = Z?:l W; and

1 & 1 & _ -
== (W =W)(Wy =W —Z Wi = pw ) (Wi — pw)" = (W — pw ) (W — pw )™
k=1 k=1

3
3
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S0
2

From Ravikumar et al. (2011), there exists positive constants C;, such that for 6 € (0, b1),

pr(|Swi; — Swiijl > 0) < pr U{ Z Wi — pw) (Wi — MW)T},, — Yw,ij
k=1

)

- - . §
+pr U{(W = puw ) (W — pw) }ij > 5}
< C) exp(—Cand?) 4 C3 exp(—Cynd?)

where | - | denotes absolute value. Let § = Cs{log(m)/n}!/? for some Cs > 0. Using the union sum
inequality, as n — oo, we have with probability tending to 1,

max |y, — Swiis| < Co{log(m)/n}'/?,
]

where Cj is a positive number.

Now we take W = (X", e™)", then W is a p + r,, dimensional random vector with mean (p%,0")",
where the 0 is an 7, dlmenswnal vector. It has a block diagonal covariance matrix with diagonal blocks
being ¥ x and X. Then by the preceding conclusion, we can find constant Cj such that max;_; |EWU —

Ywiij| < Co{log(r, + p)/n}/2. Since p is fixed, we can find Cf such that max; ; |ZWM Y| <
Ci{log(r,)/n}"/?. Then

max [Sxi; — Sx,ij| < Cg{log(r,)/n}?,
7,7
max 2., — Xij| < Cg{log(rn)/n}'/?,
7,7

max[Sox. 5] < G {log(ra)/n} 2

Since f)y = BfJXBT + ig + BfJXa + isXﬁT, we have
max [Sy,;j — Lyi;| < Cy {log(ra)/n}/?,
]
for some Cy > 0. R
As E1res - E - EEXE EXE’
i1res Y= (iaX - EEX)EgglzXa + Eax(i}l - Eggl)EXa + Eanggl(iXa - EXa)
+(EaX - EEX)(E;(l - E;(l)EXS + EEX(E;(I - E;(l)(EXa - EXE)
+(Eex — Zex)2x (Exe — Bxe) + (Sex — Bex)(Ex — 95 (Exe — Ixe)
13, - %

Using the fact that for A € R%>*92, B € R%2%9 || AB|| nax < da||Allmax|| Bl max> Where || - ||max is the
matrix max norm, we have

max |Ereb ii — Sij] < Cres{log(rn)/n}/?,

7‘)

for some Cles > 0. Therefore (A4) and (A5) hold.
We denote the objective function in (7) as fonj 2. Let a, = {(rn + s) logr,/ n}l/ 2. Theorem 5 holds
if for arbitrarily small € > 0, there exists a sufficiently large constant C, such that

lim pr{ inf fobj2(A+ anA) > fobj_rg(A)} >1—¢e (A7)
n AeR@—w)Xu ||Al|p=C
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Following the techniques and notations in the proof of Theorem 2, we expand fopj2(A + apnA) —
fopj2(A) and get

fobj2(A+ anA) — fobj2(A)
> 20, tr[(GREGA) T G (Bres,p — 2) A + (G4 ZresspGa) ! — (GREGA) T IGLZA,
+{( Té&ires,SPGA)_l - (GZEGA)_l}G,TLX(ires,Sp - E)A* + (GBE;,]épGA)_lGZ(i;;p - El_/l)A*
H(GASy 4 Ga) ! = (GRYY' Ga) 1 HGAE A,
H(GAE,Ga) 7 = (GAXy1Ga) IGL(Er g, — Sy DAL
+a2 tr{Q—lr}AgrogorgA*rl +(Q+ nExn")ITATT Q5 'TTA, T,
1
—2(Ly + ATA)”AIFOFSA*} = 5n(¢ — #)Amax,n max (lailly H18:ll2) + op(az).
210 Notice that

Sressp — 2 =3(E2l L D S 4+ 0,(EL,, — 27,

res,sp res,sp
Let || - || be the spectral norm of a matrix. For two matrices A € R%*9 and B € R%*% || AB|p <
Al B[ So

HE( rcssp )EHF < HEH Hzrcssp 1||F < k2||2rcs Sp 1HF7

and ||Sessp — || 7 = Opl{(rn + ) log r,/n}'/2]. Then

[(GEEGA) T Ch(Sressp — D)A] 2 =R Al RIS = =R I(GEDGA) | Gall

resisp
Now
(G SresspGa) ™! — (GR2G )1
= —(G2GA) (G S resspGa — GEEGA)(GRECA) ! + 0y (G S res.spGa — GLEGA)
—(GAXGa)” 1G£(§res s — D)GA(GREGA) ! + 0p[{(rn + 51) log r /n} /7]
—(GREGA) ' GRS(Srh o — BTH)BGA(GEEGA) ! + 0p[{(rn + 1) logm /n} /7]
215 SO

[{(G,Téx/\reb prA)_l - (GBEGA)_l}GZEA*]
—u 2R A Fl| S5k o — ST HIEN(GREGA) |G alle-

res,sp

Apply these inequalities to the terms in the first four lines in fobj 2(A + anA) — fobj,2(A), then

fobj2(A+ anA )_foij(A)
> 2Myan || Al p|[Eret p — 7 I + 2Moan|A ]| F[I555, — 57 F

a2 tr{QflrfA”:rOQOrgA*rl +(Q+ pSxy)ITATT Oy 'TTA, T,

. 1 .
(L, + ATA) T AITOTEAL | = 500(0 = W _max_ (lall3 " 0]12) + op(ad),

where M = —2u!/2k?||(GL2GA) " ||Gallr and My = —2[(G453'Ga) " ||||Gallr. Because
Amax,n = 0[{(rn, + 8)logr,, /n}/? = 0,(ay) and

tr{Q”FfA:fFOQOFSA*Fl +(Q+ nSxn™)TTATT Qg 'TTEA T — 2(1, + ATA)*lAIFOFgA*}

> m|| A,
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for some m > 0 by Theorem 2, the second order term of || A|| p dominates the first order term of ||A||# in
fobj2(A =+ anA) — fonia(A). Therefore (A7) holds, and || A — A|| g = Op[{(rn + ) logry/n}'/2]. As
Pr = Ga(I, + ATA)~*GY is a simple and continuous function of A, then ||Px — Pr||p = Op[{(rn +
s)logr, /n}'/?).

Since

Bols - B - iin;(l - EEXE;(l = (isX - EEX)E;(I + EEX(E;(l - 2;(1)7
there exists a constant C,,; such that

max o, ij = Bij] < Cors{log(rn)/n}'/.

Because || Bots — Bllr < (07n)"/?[|Bots — Bllmax. then
18 = Blle < (P = Pr)Bossll e + [Pr(Bots = B)llr < (P = Pr)Botsll e + [1Boss — Bll -
Therefore the sparse envelope estimator B converges to 3 with rate {(r,, + s)logr, /n}/2. O
Proof of Theorem 6. Let
5= _min_fail: >0,

then & is the smallest norm of the non-sparse rows in A. Since ||3 — || p = Opl{(rn + s)logr,/n}'/?,
and {(r,, + s)logr,/n}'/? = 0,then ||3 — B||r < /2 with probability tending to 1. This implies ||a; —

ailla < d/2fori=1,...,r,.Fori=1,...,q,|a;2 > |laill2 — §/2 > 0. Therefore the sparse envelope
estimator identifies the nonzero rows with probability tending to 1.
For a;,i=q—u+1,...,r, —u, suppose a; # 0, taking the derivative of f,},j» with respect to a;

and evaluate at a;, we have

~ ~ ~

—4efGA(Lu+ ATA) ™' + 26 S 5pG A (GAres spGa) TH + 26757 Ga(GEEy Ga) ™

at

A=t = 0.

laals
Because —4e7G 4 (I, + ATA) ™1 + 2eTXG A(GLEG )™ + 2eF 53 GA(GL S5 G a) ™ = 0, we have
| — 4 Ga(Lu+ AT A) ™" + 26 s 5pG A (G SresspGa) ~H + 26750 L Ga(GLELL Ga) Hr
= Op[{(7n + 5) logrn /n} /2.
But

‘ A

Since { (7, + s)log 7, /n}/? = 0(Amin.n), this is a contradiction. Therefore we have pr(a; = 0) — 1 for
i=q—u+1,...,r —u. 1

ar
7 /\Z H = )\z > )\min n-
l[aill2 117 ’

B. CONVERGENCE ANALYSIS OF ALGORITHM 1

In this section, we prove the strict descent property of our blockwise coordinate descent algorithm. The
proof relies on the following two lemmas.
LEMMA B1. The loss function L(a; | E_i) as defined in (9) has a bounded second derivative
d? ~
WL(CLJA,J - j {47max(B1) + 27max(B2) + 2”)/max(B3)} I;

where [ € R"*" and My < My means that My — M, is a semi-positive definite matrix.
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LEMMA B2. One can find a quadratic majorization function Q) for the loss function L(a; | g_l) in
9),1.e.,

ai a;=a;

such that Q(a;) = L(a; | A_;) when a; = @; and Q(a;) > L(a; | A_;) when a; # a,.

Proof of Lemma B1. The second derivative of L(a; | A_;) is

C;J—;L(aiﬂ_i) = —ATy + 2T + 273,
where
T = (14 ajBra;) By — 213101'&331 , (A2)
(14 afBia;)
~ {1+ (a; +v2)"Ba(a; +v2)} By — 2Bs(a; 4 v2)(a; 4+ v2)" By
N {1+ (ai +v2)" Ba(a; + v2)}
~ {1+ (a; +v3)"Bs(a; + v3)} B3 — 2B3(a; 4+ v3)(a; + v3)" B3
a {1+ (ai + v3)* Bs(a; + v3)}> '
We only prove that T defined in (A2) can be bounded as—7ymax(B1)I < T1 = Ymax(B1)1, since the
proofs for bounding 75 and 7% are very similar. We write 77 as

1/2 1/2 p1/2 1/2 1/2 1/2
(1+ a’Bya;) By — 2Bya;a™B, b1 {(Ha?Bl B, ai)1_2B1 aia; By }Bl

15

)

13

= 2 = 2
(1 + a;FBlai) (1 + a;-fBlai)
(A3)
Replace x = B;/zai in (A3), we get
T — B%/Q {1+ 2"2)I — 2xa:T}B%/2.
(14 27z)
We now prove that
T _ T
2 (1+z%x)I zzmr oy
(1+z"x)
Denote z = z/||z|| and denote M = (2"2)I — zz". Tt is easy to see that 0 < M < I. As
T T
()T = = ol (e o) = P,
el ) () [l
we have (z"x)I — zz™ > 0. Then
(I+a2"x)] —2z2™ = (1 +a2"x)] — 2(x"2)] = (1 —2"z)] = — (1 + 2"x)I. (A4)
We also have
(14 2"2)] —2z2™ 2 (1 4+ a"x)l. (A5)

Therefore combining (A4), (AS)and 1 + 2"z > 1, we have

(14 2"2)I — 2z2™
—I= =<1
- (1+ z7x)? -

Therefore

—Ymax(B1)I X —=B1 =11 = B1 = Ymax(B1)I.
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Similarly we can prove that —Vmax(B2)l = T2 < Ymax(B2)I, and —Ymax(B3)I = T5 < Ymax(B3)I.
Hence the lemma is proved. O

Proof of Lemma B2. For any a; and a, let d; = a; — a; and define g(t) = L(a} +td; | A_;) such
that

9(0) = L(aj | A~3), g(1) = L(a; | A_y).

By Taylor expansion, there exists a b € (0, 1) such that

9(1) = g(0) + g'(0) + 1/29" (b). (A6)
By Lemma B1,
d? ~
g"(b) = dde—asz(ai | A—;) ai:aj-i—bdidi
< {4Ymax(B1) + 2Vmax(B2) + 2Vmax(Bs3) } d; d;
< §,d"d;, (A7)

where §; = (1 + £*){4Ymax(B1) + 2Ymax(B2) + 2Vmax(B3)} and £* > 0. When d; # 0 the inequality
in (A7) strictly holds. Plugging (A7) into (A6) gives (Al). ]

Proof of Theorem 1. By Lemma C2, after updating a; using

} - — i . (A)
a;j=a; Héiai—%L(a”A_i) 2)

. 1 - d ~
Qi new = 5 {51'@1' — dTLiL(aiVLi)

we have
L(ai,ncw | Aifz) + AWich\ii,ncwHQ S Q(ai,ncw) + )\wiHai,ncw”Q
< Q@) + Awillai|2
= L(?iz) + /\wl||2il|\2

Moreover, if a;(new) # a;, then the first inequality becomes

L(ai,new | Av—i) + /\Wi”ai,newHZ < Q(ai,new) + /\WiHai,newH2'

Therefore, the objective function strictly decreases after updating all blocks in a cycle, unless the solution
stays unchanged after each blockwise coordinate update. If this is the case, we can show that the solution
must satisfy the Karush—Kuhn—Tucker conditions, which indicates that the algorithm has converged to the
stationary point. To see this, if @; new = @; for all 7, then by (A8) we have

} 1— )\wi
a;=a; H&l?iz — diL(al|Av_z) ol

s a;=a;

~ 1 ~ d ~
a; = 5_1 {61'(% — dTl,iL(a”A_i)

if

L(a;|A_;)

> Awi,
2

d
0;a; —
“ 7 da

7 a;=a;

and a; = 0 otherwise. By straightforward algebra we obtain the Karush—Kuhn—Tucker conditions:

d ~ a;
L(a;|A_; + Aw; - = 0, a; # 0,
dai ( | ) a;=a; HCL1||2 75
d ~ ~
L(CL1|A,Z) S )\wi, a; = O,
dai aizﬁi 2
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where ¢ = 1, ..., — u. Therefore, if the objective function stays unchanged after a cycle, the solution
satisfies the Karush—Kuhn-Tucker conditions and necessarily converges to the stationary point of the
problem. U

Now we show a figure that empirically confirms the convergence of Algorithm 1. We used the following
settings to generate the figure. We set p = 5, «w = 2, n = 50 and r = 200. The first ¢/2 rows in " 4 were
{(2/¢)*/?,0}" and the remaining q/2 rows were {0, (2/¢)*/?}". Then we used the structure in (5) to
construct I' and I'y. The errors were generated from the multivariate normal distribution with mean 0 and
covariance matrix Y = I'QI'" + ToQoI'Y, where Q = I,, and €y was a block diagonal matrix with the
upper left block being 25/,_,, and lower right block being 4I,_,. The elements in 1 were independent
N (0,42) variates. The predictors X were normally distributed with mean 0 and covariance matrix Y x =
47, Figure 1 plotted the log of the objective value in (7) minus the optimal point versus the number of
iterations. We added 10~ to avoid taking logarithm of zero at the optimal point. For comparison, we
used a subgradient method rather than the majorization-minimization method to get the solution of (9).
We included a line for the subgradient method in the figure. The same convergence criterion and starting
value were used for Algorithm 1 and the subgradient method. Figure 1 shows that Algorithm 1 takes
less iterations to converge. The subgradient method is not a descent method, as the objective value is not
monotonically decreasing. On the other hand, the objective value strictly decreases with Algorithm 1,
which confirms Theorem 1.

log(objective value - optimal point + 1073)

0 5 10 15 20

Number of iterations

Fig. 1. Comparison of convergence for Algorithm 1 (solid) and the subgradient
method (dashed).

C. SIMULATIONS

In this section, we investigate the performance of the sparse envelope estimator under three cases: the
first has u < r < p < n, the second varies the signal level o x, and the third has different values of u, i.e.,
the dimension of the envelope subspace.

In the first case with u <7 <p <n, we set n =250, r =100, v =2 and ¢ = 5. The matrix
(T4,T40) was obtained by orthogonalizing a ¢ by ¢ matrix of independent uniform (0, 1) variates.
Then we used the structure in (5) to construct I and I'y. The elements in 1 were taken to be indepen-
dent normal variates with mean 0 and variance 0-16. The error covariance matrix X followed the structure
Y =TT + TxQeI'L, where Q = I,, and Qg was a block diagonal matrix with the upper left block be-
ing 91,_, and lower right block being 41, _,. The predictors X were normally distributed with mean 0
and covariance matrix Xy = 0% I,, where 0% =0-4. We varied p from 100 to 180. For each value of
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p, 200 replications were generated. The selection performance is summarized in Table 1. The standard
deviation of a randomly chosen element in (3 is displayed in Fig. 2. When r < p < n, the sparse envelope
model still gives substantial efficient gains compared to the standard model.

Table 1. Average true positive rate (%), true negative rate (%) and accuracy (%) of sparse
envelope estimator, hard thresholding estimator and F test

sparse envelope hard thresholding F' test
p TPR. TN.R. Accu. TPR. TN.R. Accu. TPR. TN.R. Accu
100 98-8 99-7 850 904 99-8 660 598 999 0-0
120 98-6 99-6  81-0 904 997 640 606 999 1-0
140 980 99-3 780 86-4 99-0 360 586 100-0 0-0
160 928 98-6 67-0 792 98-5 230 552 1000 1-0
180 822 98-1 490 404 993 20 492 100-0 0-0

0.6

0.5 —

0.4

0.3 —

Standard deviation

0.2 —

0.1 —

0.0 T T T T T
100 120 140 160 180

Fig. 2. Comparison of the standard deviations for sparse envelope estimator
(solid) and standard estimator (dashed).

In the second simulation, we varied the signal level ox and investigated the selection performance
and efficiency gains of the sparse envelope estimator. In the simulation that generated Table 1, we fixed
p = 160 and varied ox from 0-05 to 0-6. The selection performance is summarized in Table 2, and the
standard deviation of a randomly chosen element in 3 is displayed in Fig. 3. We notice that the sparse
envelope model is more advantageous when the signal is weak. When the signal is stronger, both the
sparse envelope estimator and the standard estimator improve. But for all signal levels, the sparse envelope
estimator is more efficient than the standard estimator.

In the third case, we set r = 100, ¢ = 24, p = 50, n = 200 and varied u from 2 to 20. The matrix
(T4, T 4,0) was obtained by orthogonalizinga ¢ x ¢ matrix of independent standard normal variates. Then
we used the structure in (5) to construct I' and I'g. The elements in 77 were independent normal variates
with mean 0 and variance 0-25, and the error covariance matrix had the structure ¥ = I'QI'T + I‘OQOFOT
with Q = [, and Qo = 251,._,,. The predictors X were generated from a multivariate normal distribution
with mean 0 and covariance matrix Ij,. The selection performance under different v is summarized in
Table 3, and the standard deviation of a randomly chosen element in § is displayed in Fig. 4. We notice
that when u is small, there is a bigger immaterial part and therefore we expect a more substantial efficiency
gain by using the sparse envelope estimator.
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Table 2. Average true positive rate (%), true negative rate (%) and accuracy (%) of sparse
envelope estimator, hard thresholding estimator and I test

sparse envelope hard thresholding F' test
a§< TPR. TN.R. Accu. TPR. TNR. Accu. TPR. TN.R. Accu
0-05 546 96-1 0-0 258 98-7 0-0 2.2 100-0 0-0
0-1 70-6 96-2 100 464 98-1 5-0 17.6 ~ 100-0 0-0
0-2 852 977 390 656 98-1 14.0 302 100-0 0-0
03 87-8 979  48.0 726 98-1 20-0  44-8 100-0 0-0
0-4 92-8 98-6 67-0 794 985 23.0 552 1000 1-0
0-5 982 99-8 93.0 8§98 995 540 61.8 100-0 1-0
0-6 100-0 100-0 100-0  98-0 999 880 650 100-0 3.0

0.8 —

0.6 —

Standard deviation

0.4 —

0.2 —

0.0 T T T T T T T
0.05 0.1 0.2 0.3 0.4 0.5 0.6

Fig. 3. Comparison of the standard deviations for sparse envelope estimator
(solid) and standard estimator (dashed).

Table 3. Average true positive rate (%), true negative rate (%) and accuracy (%) of sparse
envelope estimator, hard thresholding estimator and I test

sparse envelope hard thresholding F' test
u T.PR. TN.R. Accu. TPR. TN.R. Accu. TPR. TN.R. Accu.
2 358 999 0-0 208 100-0 0-0 4-1  100-0 0-0
5 726 999 0-0 547 100-0 0-0 205 999 0-0
10 959 1000 275 882  100-0 0-0 651 99-7 0-0
15 99.9 1000 988 983 1000 588 94.-8 99.7 212
20 1000 1000 100-0 100-0 100-0 100-0 999 99-7 715

D. THE SMALLEST LAMBDA THAT YIELDS THE NULL MODEL

325 We define \* as the smallest A value such that all the elements in A are zero. By the Karush—Kuhn—
Tucker conditions of the optimization problem (8),

d ~ a;

L(a;|A_; + Aw; - NZ =0, a; 0,

da; (aild—) ai=a; ll@ill2 #
d ~ ~

L(ai|lA-;) < Aw;, a; =0,

dai a; =a; 2
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0.4 —

034 e

Standard deviation

0.0 T T T

Fig. 4. Comparison of the standard deviations for sparse envelope estimator
(solid) and standard estimator (dashed).

fori =1,...,r — u. Then we can find that

N d

N = i:lr,I.l.%,)f—u d_CLl-L(ai|A_i =0) weol), Jw;,  w; # 0.
If M is an r X r symmetric matrix and U is a set such that U = {1,...,u}, let My y denote the up-
per left block of M that has dimension u X u, My +; denote the u x 1 vector that includes the first u
elements of the (u + ¢)th column, and M 1iv = Myyiu+i — [T,uHM,}lUMUUH Then after some
straightforward calculations,
d a a a_ o
EL(ailA—i = 0) R = 2(Er‘eS)u-l-i,u-H’/(ElreS)quilU + 2(Eyl)u+i,u+i/(zyl)u+ilU —4.

Therefore we have

A= max
i=1,...,r—u

2(Eres)u-l-i,u-l—i/(Eres)u+i|U + 2(E;l)u+i,u+i/(z;f1)u+i\U - 4H2 /wi? W; 7é 0.

E. COMPARISON OF AKAIKE INFORMATION CRITERION, BAYESIAN INFORMATION CRITERION
AND LIKELIHOOD RATIO TESTING ON SELECTION OF u

The simulation settings are the same as those used in Fig. 1. We used the Akaike information criterion,
Bayesian information criterion and likelihood ratio testing with significance level a = 0.01 to select u.
For each sample size, 500 replications were generated. Results are summarised in Fig. 5. The selection
performances for all three criteria are quite close, with Bayesian information criterion slightly better for
larger sample sizes. This is because as n tends to infinity, Bayesian information criterion selects the true
dimension with probability approaching 1 while likelihood ratio testing selects the true dimension at the
nominal level 1 — «.. Akaike information criterion tends to select a larger dimension, because asymptot-
ically Akaike information criterion has positive probability in selecting a model that contains the true
model. A similar pattern is also observed in Su & Cook (2013) when comparing these three criteria. Since
Bayesian information criterion is quite stable with all sample sizes, we use it to select u for the data
analysis in Section 3-2.
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Fraction

04 - 1/

0.2 4

0.0 T T T T

400 600 800 1000

Sample size

Fig. 5. Comparison of Akaike information criterion (dashed), Bayesian information

criterion (solid) and likelihood ratio testing (dotted) on selection of w. The horizontal

axis displays the sample size, and the vertical displays the fraction of the times that the
estimated w is equal to 2.

F. CONVERGENCE OF THE SPARSE ENVELOPE ESTIMATOR 3 IN HIGH DIMENSIONAL SCENARIO

The simulation settings used in Figure 6 are the same as those used in Table 2 of the paper. Because
Theorem 5 indicates ||B— Bllr = Op[{(rs + 8)logr, /n}1/?], we plotted the average of [n/{(r, +
s)logr, Y2 B-8 |lF over 200 replications versus n. The bootstrap estimator of || B-8 |7 is com-
puted based on the average of 200 bootstrap samples With each bootstrap sample, we obtalned the sparse
envelope estimator ﬁbooc and computed || ﬁbooc [3 |7 Flgure 6 indicates that || ﬂboot [3 |7 is a good

approximation to || — || . Figure 6 also shows that || 3 — 3]| is much smaller than || 3,15 — ]| . This
is a result of the efficiency gains from the envelope construction.

G. NOTATION TABLE

The notations in this table includes all the notation in the main text as well as those in the Supplementary
material.



Sparse Envelope Model 21

8= Bllr

0.5 4

[n/{(r + s) * log(r)}]'/?

I I I I I I
50 100 150 200 250 300

Sample size

Fig. 6. Comparison of sparse envelope estimator (solid), bootstrap estimator (solid with
asterisks) and standard estimator (dashed).
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A =T,

the submatrix of A with row a; removed

the sub matrix of G 4 with row a; removed

G = (Iu’AT)T e Rrxu

loss function in the optimization of A

L(A) = ~210g |GG a| +10g| G SresCa| + log |G Gl
majorization function in the optimization of a;

predictors

responses

active response, i.e., the responses having non-zero rows in I'
inactive response, i.e., the responses having zero rows in I'
dynamic response, i.e., the responses having non-zero rows in
static response, i.e., the responses having zero rows in 3

the transpose of the ith row in A

number of dynamic responses

sample size

number of predictors

number of active responses

number of responses, when 7 increases with n, r is written as r,
number of active responses

number of inactive responses

number of dynamic responses

number of static responses

nonzero elements in the lower triangle (not including the diagonal elements) of >
nonzero elements in the lower triangle (not including the diagonal elements) of Z{,l

max{si, s2}

dimension of the envelope Ex(B)
intercept

regression coefficients
Ba=Tun

the nonzero coefficients in 3
sparse envelope estimator of 3
sparse envelope estimator of 54
active envelope estimator of 54
oracle envelope estimator of 54
ordinary least squares estimator of 5
span of 3

the envelope subspace
coordinates of 5 with respect to I'

r x u Grassmann manifold, i.e., the set of all u-dimensional subspaces in an r-dimensional space

largest eigenvalue of a matrix

smallest eigenvalue of a matrix

orthogonal basis of the envelope Ex;(B)

the non-zero rows in I

completion of I" 4

orthogonal basis of the orthogonal complement of Ey;(B)

orthogonal basis of the orthogonal complement of Es;(5) with a block diagonal structure

the first w rows in I
the last » — w rows in I
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sparse envelope estimator of I’

sparse envelope estimator of I" 4
active envelope estimator of I 4
oracle envelope estimator of I' 4

tuning parameter in the optimization of a;, A; can be written as \; = A\w;, where )\ is the
common tuning parameter and w;’s are the weights. In this paper, w; = 1/||a;%.

max(Ay, ..., A\j—y) at sample size n

min(Ag—y+1, .., Ar—y) at sample size n

coordinates of ¥ with respect to I

coordinates of X with respect to I'

coordinates of ¥ with respect to T

upper left block of €2, which has dimension (¢ — u) x (¢ — u)
upper right block of €y, which has dimension (¢ — u) x (r — q)
lower right block of 2, which has dimension (r — ¢) X (1 — q)
lower left block of o, which has dimension (r — ¢) x (¢ — )
Q0.4 — Q0,472 174

mean of the predictors X

variance of the error vector €

variance of the predictors X

variance of the responses Y

sample covariance matrix of X

sample covariance matrix of Y’

sparse permutation invariant covariance estimator of E;l
sample covariance matrix of the residuals from the regression of Y4 on X
the rows and columns in il;,l that have the same indices as Y4 in Y
sample covariance matrix of the residuals from the regression of Y on X
sparse permutation invariant covariance estimator of ¥ ;!

error vector

Kronecker product

V1 1L V5 means V7 and V5 are independent

equality in distribution

orthogonal complement

Moore—Penrose generalized inverse

spectral norm of a matrix

L5 norm of a vector

Frobenius norm of a matrix

projection matrix

I1-P

stack a matrix into a vector columnwise

stack the lower left triangle of a symmetric matrix into a vector

contraction matrix and expansion matrix: if M is an @ X a symmetric matrix,
vech(M) = Cy vec(M), vec(M) = E, vech(M)
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