INFINITELY MANY SOLUTIONS FOR CUBIC
NONLINEAR SCHRODINGER EQUATIONS IN
DIMENSION FOUR

JEROME VETOIS AND SHAODONG WANG

ABSTRACT. We extend Chen, Wei, and Yan’s constructions of fam-
ilies of solutions with unbounded energies ([5]) to the case of cubic
nonlinear Schrodinger equations in the optimal dimension four.

1. INTRODUCTION AND MAIN RESULTS

In this note, we consider the cubic nonlinear Schrodinger equation
Aju+ fu=u®> inM (1.1)

where (M, g) is a Riemannian manifold of dimension 4, A, := —div, V
is the Laplace-Beltrami operator, and f € C%* (M), a € (0,1).

In case (M,g) = (S* go) where gy is the standard metric on the
sphere S*, we obtain the following result:

Theorem 1.1. Assume that (M, g) = (S*,g0) and f > 2 is constant.
Then there exists a family of positive solutions (u.).., to (1.1) such
that ||Vue|| 21y — 00 as e = 0.

Theorem 1.1 extends a result obtained by Chen, Wei, and Yan [5] in
dimensions n > 5 for positive solutions of the equation

A+ fu=uv*"' inM (1.2)

where 2% := 2n/ (n — 2). The dimension four is optimal for this result
since Li and Zhu [11] obtained the existence of a priori bounds on the
energy of positive solutions to (1.2) in dimension three.

It is also interesting to mention that in case n ¢ {3,6} and f >

n(n—2)

— on S" (or more generally f > ;%

ﬁ Scal, on a general closed
manifold where Scal, is the scalar curvature), Druet [6] obtained a
compactness result for families of positive soutions (u.),., of (1.2) with
bounded energies, i.e. such that ||Vu,|| 2y < € for some constant
C independent of €. The above Theorem 1.1 together with the result
of Chen, Wei, and Yan [5] in dimensions n > 5 show that the energy
assumption in Druet’s result is necessary at least in the case of the

standard sphere.
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In case f = # and (M,g) = (S™, go), the positive solutions of
(1.2) have been classified by Obata [12] (see also Caffarelli, Gidas, and
Spruck [4]). In this case, the solutions are not bounded in L> (S")
but they all have the same energy. We refer to Brendle [2], Brendle
and Marques [3], Khuri, Marques, and Schoen [10] and the references

therein for results on the set of solutions of (1.2) in case f = 4(’;—:21) Scal
and (M, g) # (S", go). On the other hand, in case f < 48;_21) Scal, on a

general closed manifold, Druet [7] obtained pointwise a priori bounds
on the set of positive solutions of (1.2). Remark that if moreover

0< f< ﬁSC&lg is constant, then Bidaut-Véron and Véron [1]

obtained that u = f~2/4 is the unique positive solution of (1.2). We
refer to the books of Druet, Hebey, and Robert [8] and Hebey [9] for

more results on equations of type (1.1) on a closed manifold.

As in the paper of Chen, Wei, and Yan [5], we obtain Theorem 1.1
by proving a more general result in case (M,g) = (R?* d§y) where &g
is the Euclidean metric on R*. We let D'? (R*) be the completion of
the set of smooth functions with compact support in R* with respect
to the norm [|[ul| p12gey = [[Vul|p2(gs). For simplicity, we will denote
A= Ay, (50) = (), and |-[ == [|-|5 . We say that the operator
A + f is coercive in DV2 (R*) if

/ (\Vu\2 + fu*)dx > C HUH%LQ(W) Vu € D"* (RY)
R4

for some constant C' > 0. We obtain the following result:

Theorem 1.2. Assume that (M,g) = (R*,8y) and f € C% (R*) N
L? (R*) is radially symmetric about the point 0. Assume moreover that
the operator A+ f is coercive in D2 (R*) and the function r — r2f (r)
has a strict local mazimum point ro > 0 such that f (rg) > 0. Then
there exists a family of positive solutions (u.)_., in C** (R*)ND2 (R?)
of (1.1) such that |[Vue|;2gay — 00 as e = 0.

The proof of Theorem 1.2 relies on a Lyapunov—Schmidt-type method
as in the paper of Chen, Wei, and Yan [5]. This method for construct-
ing solutions with infinitely many peaks was invented and successfully
used in previous works by Wang, Wei and Yan [13,14] and Wei and
Yan [15-18]. A specificity in our case is that the number of peaks
in the construction behaves as a logarithm of the peak’s height while
it behaves as a power of the peak’s height in the higher dimensional
case (see the paper of Chen, Wei, and Yan [5]). Due to this logarithm
behavior, we need to introduce some suitable changes of variables in
order to find the critical points of the reduced energy in this case (see
the proof of Theorem 1.2 at the end of Section 2).
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2. PrROOF OF THEOREMS 1.1 AND 1.2

This section is devoted to the proof of Theorems 1.1 and 1.2. For
any integer k > 1, we let Hj, be the set of all functions u € D2 (R*)
such that u is even in x5, x3, x4 and

u(rcos(0),rsin (6),xs,xy)
=wu(rcos (0 +2n/k),rsin (0 + 2w /k) , x5, x4)

for all r > 0 and 0, x3, 24 € R. Assuming that the operator A + f is
coercive in DY? (R%), we can equip Hj, with the inner product

(u,v) g, ::/ ((Vu, V) + fuv)dz  Yu,v € Hy
R4

and the norm
HuHHk = <U7U>Hk Yu € Hk

For any k£ > 1 and r, u > 0, we define

k
Wi i= E :Ui,k,r,u
i=1
where

22

= 5 Vr e RY
1 + [L2 |5E — in7]€,7«|

Ui,k,r,u (ZL‘) :

and
Tigr = (rcos(2(i —1)7w/k),rsin(2(i—1)n/k),0,0).

Moreover, we define

k
Pk,r,u = {¢ € Hk : Z <¢7 Zi,j,k:,r,u)]{k =0 vj € {LQ}}

i=1
where

1d
wdr

i, Lkru — [Ui,k,r,,u] and Zi,2,k,7“,u = M@ [Ui,k,r,u] .

First, in Proposition 2.1 below, we solve the equation

Qk,r,u (Wk,r,u + QS - (A + f)il ((Wk,r,u + ¢)i)) =0 (21)

where ¢ € Py, , is the unknown function, @, , is the orthogonal
projection of Hy onto Py, ,, and uy := max (u,0) for all u: R* — R.

We will prove the following result in Section 3:
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Proposition 2.1. Let f € C%* (RY) N L? (R*) be a radially symmetric
function about the point 0 and such that the operator A+ f is coercive
in DY2 (R*). Then for any a,b,c,d > 0 such thata < b and ¢ < d, there
exist constants kg > 0 and Cy > 0 such that for any k > kg, r € [a, b],
and | € [eCkQ,ede}, there exists a unique solution ¢y, € Py, of
(2.1) such that

1@nrpll g7, < Cok/ . (2.2)
Moreover, the map (r, i) — ¢gr, i continuously differentiable and if
there exists a critical point (ry, ) € [a,b] X [€Ck2, ed’ﬂ of the function
(T7 M) L Ik (T, /L) =1 (Wk,r,,u + (bk,r,,u)
where
1 1
I(u):= —/ (|Vu| + fu?) do — —/ 'y dz,
2 R4 4 R4
then the function Wi, . + Ok, 15 @ positive solution in C* (R*)N
Hy. of the equation
Au+ fu=u? in RY, (2.3)
Then we will prove the following result in Section 4:
Proposition 2.2. Let f € C%* (RY)N L2 (R*) be a radially symmetric
function about the point 0 and such that the operator A+ f is coercive

in DY2 (RY). Then there exist constants cg, ci,co > 0 such that for any
a,b,c,d >0 such that a < b and c < d,

Elnp — ck? k3
FWar+ bu) =ik +af (055 = 25 0 (5] 2
as k — oo uniformly in r € |a,b] and p € [6Ck2, ede]
i Proposition 2.1.

where ¢y, 15 as

Now, we prove Theorem 1.2 by using Propositions 2.1 and 2.2.

Proof of Theorem 1.2. Since f (rg) > 0 and g is a strict local maxi-
mum point of the function r — r2f (r), we obtain that there exists
0o > 0 such that

0<rf(r) <rif(ro) Vr € [ro — do, 70 + do) - (2.5)

For any k > 1 and s > 0, we define uy (s) := e*°. By applying

Proposition 2.2, we obtain

Ty, (r, i, (5)) = cok + k3e 2+ (clf (r)s— =

+o (1)) (2.6)

as k — oo uniformly in (r, s) in compact subsets of (0,00)?. Remark
that the function

r2

—95k2 Co
s —3 e 25k <clf(r)s—ﬁ>



CUBIC NONLINEAR SCHRODINGER EQUATIONS IN DIMENSION FOUR 5

attains its maximal value at the point
__ G 1
5 (r) = crf (r)r? o
for all k > 1 and r € [rg — 09, ro + do]. We define
T (r,t) := Ty (1, e (s (1) + 1)) -
By using (2.5), we obtain that there exists ¢y > 0 such that

to < min (Sk (27”0)’ ; (sk (10 + 60) — sk (10)) g (sk (10 — d0) — Sk (To)))

(2.7)

for all k£ > 1. Since ty < sy, (ro) /2, it follows from (2.6) that
Ti (r,t) = cok + k3e—2(sk(r)+0)k? (erf (M t+0(1)) (2.8)

as k — oo uniformly in (r,t) € [rg— do,70 + do] X [—to,%0]. Since
sk (r) > sg (r9) and f (r) > 0, it follows from (2.8) that

jk (7”7 to) < jk (To, t0/2) (29)
and
Ti (1, —to) < Tk (10, t0/2) (2.10)

as k — oo uniformly in r € [rg — do, 70 + do]. Moreover, by using (2.7)
and (2.8), we obtain

Ji (1o £ 00, ) < T (10,10/2) (2.11)

as k — oo uniformly in t € [—tg,to]. It follows from (2.9)—(2.11) that
the function J has a local maximum point (7, tx) € [ro — do, 70 + do] X
[—to, to] for large k. We then obtain VZj (ry, pu (sg (1x) + tx)) = 0 and
so by applying the second part of Proposition 2.1, we obtain that the
function Wi, (si(r)+t0) T Phorpon (si (re)+15,) 1S @ positive solution of the
equation (2.3). Moreover, by using (2.2) together with the definition
Of Wi e (s (r)+t1)» We easily obtain

||V (karkaﬂk(sk(rk)‘Hk) + ¢kvrk7ﬂk(5k(7"k)+tk)) HL2 — 00
as k — oo. This ends the proof of Theorem 1.2. O

Finally, we prove Theorem 1.1 by using Theorem 1.2.

Proof of Theorem 1.1. By using a stereographic projection, we can see
that the equation (1.1) on (M, g) = (S*, go) is equivalent to the problem

4(f—2

u+ (f—2)2u =u® inR?

(1+ [yl") (2.12)

we D' (RY).
It is easy to check that if f > 2 is a constant, then the potential function
in (2.12) satisfies the assumptions of Theorem 1.2. With this remark,
Theorem 1.1 becomes a direct corollary of Theorem 1.2. U
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3. PROOF OF PROPOSITION 2.1

We prove Proposition 2.1 in this section. Throughout this section,
we assume that f € C% (R?)N L2 (R?) is radially symmetric about the
point 0 and the operator A + f is coercive in D2 (R*).

We rewrite (2.1) as
Lkmu (¢) = Qk,r,u (Nkﬂw (d)) + Rk,r,u)
where
Liryu () = Qurpe (0 — (A+ /)7 (3WE,.,9))
Nkru (¢) = (A + f)_l ((Wk,r,u + Qb)i - Wl?,r,,u - 3Wk2,r“u¢) )
Rk r,u (A + f) (Wsﬂ“:ﬂ) - Wk,r,u'
First, we obtain the following result:

Lemma 3.1. For any a,b,c,d > 0 such that a < b and ¢ < d, there
exist constants ky > 0 and Cy > 0 such that for any k > ky, r € [a, b,
and | € [e"’k2, ed’ﬂ , Ly, s an isomorphism from Py, , to itself and

1Lk (D)l = C2lI0lly, YO € Prp:

Proof. The proof of this result follows the same lines as in the paper of

Chen, Wei, and Yan [5]. O

We then estimate the error term Ry, ,. We obtain the following
result:

Lemma 3.2. For any a,b,c,d > 0 such that a < b and ¢ < d, there
exist constants ko > 0 and Cy > 0 such that

| Birpll g, < C2k/ e (3.1)
for all k > ka, v € [a,b], and p € [e*, e™].

Proof. For any ¢ € Hy, by integrating by parts, we obtain

<Rk,r,u7 ¢>Hk = /R (Wlf,r,u - AWk,r,u - fWk:,r,u> qbdflf
_ /R 4 (Wm Z e fWk,W) pdx
—O(Z/ <ZZU]kryUlkr,u+|f|> 2kry’¢‘dx> (32)

J#i =1

By using Holder’s inequality and Sobolev’s inequality, it follows from
(3.2) that

HRkﬂ%MHHk ZO(kZH 4,k T, ]kTMHL4/3+||fUzk’ru“L4/3)- (33)

JFi
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We start with estimating the first term in (3.3). Forany a € {1,... k},

we define

Qa,k,r = {(yh Y2,Y3, y4> S R4
We then write

8/3 [r4/3 o
/4Ulkw kadx Z/
R a k,r
We observe that if a # j, then
and

|17 - xj,k,r| Z |l‘ - CUoz,k,r|

for all x € Qu . For any i,j,a € {1,...,
(3.4), we obtain

8/3 4/3
Ui oy (@)Y Upp ()"

( 98/3 (2\/5)4 R

|z — Tjhe| >

: <<y17 Y2, 07 O) 7xa,k,r> > COS (W/k)} .

8/3 4/3
zk’/‘u ]krudx (34)
5 |xa,k,r - xj,k,r| (35)

k} such that i # j, by using

fa=1

2)8/3

(1 + MQ |ZL’ — Tik,r |xi,k,r

98/3 (2\/5)4 (/3

= Tjkr|

8/3
(3.6)

8/3
L (T + 2|2 — 2apel?) " |2igs

— Tk,

|8/3 if a#1

for all x € Qu s\ {Takr}- By using (3.4) and (3.6) and straightforward

estimates, we obtain

8/3

8/3 ;:4/3 . Iz
/4 Ui,k,?’”u Uj7k7r7udx - O 8/3
R | i o = Tjher

—8/3
!
D3 )

a#i ‘xi,k,r - xa,k,r

(3.7)

~8/3
i
<|~’Ui,k,r — 2y, [?

It follows from (3.7) that

Z H ik, u ]k”"vﬂ

JF#i

Now, we estimate the second term in (3.4).

[ = O (k (k/n)°)

k8/3
ps3 ]
(3.8)

Since f € L>®(R*) N

L? (R*), by applying Holder’s inequality and straightforward estimates,

we obtain

1/3
/ |fUi,k,r,u|4/3 dz =0 (/ Ui ol dx)
RAN\B (2, ,r,1) RNB(z;,k,7,1)

=0 (")

(3.9)
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and
/ |fUi,k,r,u‘4/3 dr =0 / |Ui,k,r,u|4/3 dx
B(x4,k,r,1) B(x4,k,r,1)
=0 (u*?). (3.10)
It follows from (3.9) and (3.10) that
1 Uikl pass = O (1/p) - (3.11)
Finally, (3.1) follows from (3.8) and (3.11). 0

We can now prove Proposition 2.1 by using Lemmas 3.1 and 3.2.
Proof of P'roposz'tion 2.1. We define
T (0) = Ly Qi (Nir (6) + Ricrpr)) Vo € Py
and
Vi = {9 € Popp: |0l < Cok/u}

where Cy > 0 is a constant to be fixed later on. It follows from Lem-
mas 3.1 and 3.2 that

[T (D)1, < Cr{l1 Nk (D)1 g, + Cake/ 1) (3.12)

for all k > ko, r € [a,b], and u € [eC’“Q,ede}. By integrating by parts
and using Holder’s inequality, Sobolev’s inequality, and straightforward
estimates, we obtain

<Nk,r,,u <¢) 7¢>Hk = /]1{4 ((Wk,r,,u + (b)j_ - Wl?,r,,u - 3W137r“u¢) ¢d33
= O ((IWhrull o 115, + 16117,) 14011,)  (3.13)

for all ¢» € Hy. Proceeding as in (3.4)—(3.8), we obtain

szrudx_ <Z/ zkru+ZU12kru ]kry)d )

J#
:O(k:—f—k(k:/p) In ). (3.14)
It follows from (3.13) and (3.14) that
[N @, = O (7410l +l16l%,) . (315

Letting Cy be large enough so that Cy > C1Cs, it follows from (3.12)
and (3.15) that there exists a constant k3 > 0 such that

Tk,?",,u (Vk,r,,u) C Vvk,r,,u (316)

for all k > k3, r € [a,b], and u € [eC’“Q, ed’ﬂ. Now, we prove that if & is
large enough, then T}, , is a contraction map from V;, , to itself, i.e.

| Trorp (01) — Thorpa (¢2)||Hk <Clér = bolly, Vo1, 02 € Vi (3.17)
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for some constant C' € (0,1). It follows from Lemma 3.1 that
[ Terps (D1) = Thru (02)l| 1, < vl Nk (01) = N (02) |1 g, (3.18)

By integrating by parts and using Holder’s inequality, Sobolev’s in-
equality, and (3.14), we obtain

<Nkru ) _Nk,r,,u (¢2)’¢>Hk
( Wk ST + ¢1 (Wkﬂ’,u + ¢2)i - 3Wk2,r,,u (gbl - ¢2)) ¢dl‘

= (IIkallL4 +161ll, + 102lla,)
X (I1lla, + 1621l ,) 61 = Eall, 1911, )
= O (K" + lnll g, + 2l ,)
X (I1llg, + 1621l ,) 61 = Eall, 191, ) (3.19)

It follows from (3.19) that

[Nk (81) = Nicyu (02)l] g7, = 0 (161 — D2z, ) (3-20)

\

as k — oo uniformly in r € [a,b], p € [eCkQ,ede], and ¢1, 2 € Vi, p
We then obtain (3.17) by putting together (3.18) and (3.20). It follows
from (3.16) and (3.17) that there ex1sts a constant k4 > k3 such that for
any k > ky, v € [a,b], and p € [ , ek |, there exists a unique solution
Ok € Vi of (2.1). The continuous differentiability of (7, 1) — ¢rrp
is standard.

Now, we prove the last part of Proposition 2.1. We let (rg,ux) €
la, b] x [eCkQ, ede} be a critical point of Zj. Since ¢y, is a solution of
(2.1), we obtain that there exist ¢ and ¢y such that

2 k

DI (Wkﬂ‘kyuk + ¢k77"k:/14k) = Z Cj.k Z <Zi7jyk77”k»#k7 >H,€ : (3'21)

It follows from (3.21) that

0L
0= 8: (7“1:, ,Uk)

d
- Z CJ k Z < Z.] k sThsk ) % [szrnu'k + ¢kzrvuk]rzrk
=
k
= § :Cj,k E : ( E : (RSN al,kﬂ"k#k>H,€
J=1

i=1 a=1

Hy,

d
-+ <Zi,j,k7“k ,uk7d [(bkr,uk]r "’k> ) (322)
Hy,
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and
0Ly,
0=
alu (Tk:»ﬂk)
2 k J
_chkz< H]“"k,uk? [Wk"'k#—i_gbk"'k#]u Mk>
1= Hy,
2 k L&
= Z Cj.k Z <_ Z <Zi,j,/€ﬂ”k7m€7 Za,Q,ka»#k)f[,g
i—1 — \HE o5
J i
+<Z 4 bernd > ) (3.23)
03k T3 Pkl — . .
ksHEk dILL k H=Lg Hk
For any i, € {1,...,k} and j, 8 € {1, 2}, direct calculations yield
(Zi jeropies Zo o) 1, = Njdiadjs + 0 (1) (3.24)

as k — oo where A; > 0 is a constant and d;, := 1 if & = ¢ and d;o := 0
if o # i. Moreover, since ¢, € Py, We obtain

k

d
Z <Zi,j,k,rk,p,k7 % [¢vaaHk]r:rk>

i=1 Hy,

:—Z< wkw;c]r T (b’“"k“k>

and therefore by using Cauchy—Schwartz inequality and (2.2), we ob-
tain

Hy,

k
d
Z< zykrkuk> [d)kruk]r Tk>
B k

d
Z % [Zivjvkvrvuk]r:rk

=1

Hy

19k il g, = 0 (Rpawe) - (3.25)

Hy,

Similarly, we obtain

: d
Z <Zz’,j,k,7‘k,uk7 i [¢k,rk,u]uuk>H
k
||¢k77”kvlik ||Hk =0 (ku,;l) . (3.26)

i=1
E d zykrkuy =p
Hy,

It follows from (3.22)—(3.26) that if k is large enough, then ¢y, = co =
0, i.e. the function Wi, . + @kre . 15 @ weak solution of the equation

Au+ fu= ui in R%.

By using the coercivity of the operator A + f in D12 (R*), we obtain
that u > 0 a.e. in R*. It then follows from standard elliptic regularity
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theory and the strong maximum principle that Wy, ., + @k 15 &
strong positive solution in C%“ (R*) of (2.3).

4. PROOF OF PROPOSITION 2.2

We prove Proposition 2.2 in this section. Throughout this section,
we assume that f € C% (R?) N L% (R*) is radially symmetric about
the point 0 and the operator A + f is coercive in D%? (R?). First, we
obtain the following result:

Lemma 4.1. There exist constants cg,cy,co > 0 such that for any
a,b,c,d >0 such that a < b and ¢ < d,

Elnp  cok? k3
I (Wk,r,u) = C()]C + le (7") 7 — TZILLZ +o0 (E (41)

e,

as k — oo uniformly inr € |a,b] and p € [ec’“Z,

Proof. By integrating by parts, we obtain

1

I (Wk,r,u> =3 /R4 (AWk,nM + fka”u,) Wk’r#‘dl‘ - W]inudfﬂ

2

1
/ <Z 1,k Jykrﬂ—’_fWkru Wlir,u)dx

2,7=1

:_Z/ ( zkru+ U4kr,;¢ Z ik, J’““M

J#i
+ f Z Ui,k,r,uUj,k,r,u) dx

JF

+O(ZZZ/ ik, u ]kryUlkryUmkr,yde)

i,l=1 j#i m#l

:_Z/ (f kru—’_ U4kr,,u Z i,k ]’“"M

JF#i

+ 1Y Uik J,m)dwo(ﬁzz/ e dex) (4.2)

J#i =1 j#i

Direct calculations yield

/U4kwda:_(2f) _dr (4.3)

R4 (1 + ]x|2)4

4 Jpa

and

1 ]
/ FUZ,, e = 167°f (r) 2M+0(%) (4.4)
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as k — oo uniformly in r € [a,b] and u € [e"’k2, equ. By splitting the
integral as in (3.4) and estimating each term, we obtain

2
Z/ zkru ]Jf?"lidx_Z/ lu
sz

3
i 1+,U ’x_xlkr’)

o <1 —'I_ O <]-Qi,k,r\B(mi,|zl’k7,r_12,k7r|/2)>

|xi,k,r - xj,k,r‘2

-2
s |‘T - xi,k,r| |xi,k,7« — Tjkr
0 < ’Q?i,kﬂn - xj,k,r|4 1B<$i7|$1,k,r_l‘2,k,r|/2> dx

ks dx
+O<Z \Tipr — 3/ ) 25/2)
| Lg ko a,k,r Qo k,r (1 + u ‘x — ma,k,r| )

ai

644,72 d kp=3
Sl o
oy |5 ke — l‘jm| R4 (1 + |z]%) T3 ke — Tjkr]
o L +o(52)
w222 L+ ]x\ Z

2 2
as k — oo umformly in r € [a,b] and p € [eCk ek } Moreover,
straightforward estimates give
2
/ Uz k,r qu,k T ,udx
i Y RINB@i kool i k=T kil /2)UB (@5 | i e s — 5 01/ 2))

—4 —4 —4
=0 | p § / % = ikl 1T — Tl dz
];éz R4\(B(xi,k,7'”u’|Ii,k,'r',p,7xj,k,7',p¢|/2)UB(xj,k,'r,u7‘mi,k,r,p7xj,k,'r',u‘/2))
—4

=0 (Z a 4) =0 ((k/w)?), (4.6)
j#i |xi,k,r,u - Ij,k,r,u|

U2

zkr,uU]kr,,u

dz

j#i ‘/B(xi,k,r,uvxi,kmu_zj,k,hu/Q)UB(xj,kmw|xi,kmu_$j,kmu|/2)

—4

L dz
O(Z|xk . |4/ 22)
PR LA Dkl J BO,ul @i ke — T ko, | /2) (1 + |z| )

— Tkl

Z / fUi,k,r,uUj,k,r,udx
R4

j#i \(B(Z'zkr,um UB(xjkr,uvl))

1/2
~0 / Ul
Z( R4\B($]’,k,r,u71) k * )

J#i
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d i k
R4\ B(0,1) (1 + |z| ) H

Z / fUi,k,r,pUj,k,r,,udx
B

];A’L (zzk'ru UBm]kr,u,l)

and

=0 Z/ zkr,uUjkrudx>
j;él xzkr,u
-2
udx
o[ : ;
j;ﬁz B($z,k,r,u11) |.§C - xi:k:"'yl—L’ |SE - xjvvazﬂ’
1 klnk
=0 (u Zln -0 <—r;> (4.9)
JFi 17k77‘,u - xj,k,r“u,’ H

as k — oo uniformly in r € [a,b] and p € [eCkZ,ede}. Finally, (4.1)
follows from (4.2)—(4.9). O

We can now prove Proposition 2.2 by using Lemma 4.1.
Proof of Proposition 2.2. By integrating by parts, we obtain

1
I (Wk,r,p + ¢k,r,u) =1 (Wk,r,u) - <Rk,r,u7 ¢k,r,u>Hk + 5 H¢k,r,u“?{k

1
-3 /R ) (Wi + o)y — Wity — AWE L pry) dz. (4.10)

By using Cauchy—Schwartz inequality, Lemma 3.1, and Proposition 2.1,
we obtain

1
- <Rk,r,m ¢k,r,u>[—]k + 5 ||¢k,7“,u||§—1k = O ((k/:u)Q) . (411)

Moreover, by using Holder’s inequality, Sobolev’s inequality, (3.14),
and Lemma 3.1, we obtain

[ (Wi ) = Wi = 4V 00, d

0 ([ (W 6,) )

= O (IWerall} s 9kl + 10nralll,)
=0 (VE(k/w)* + (k/u)"). (4.12)
Finally, (2.4) follows from (4.10)—-(4.12). O
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