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Exercise 1
Let f € C°(R) and periodic with f(z427) = f(z). Let a, = 5= [7_ f(t)e"™dt

N
and (Syf)(z) = > ane™®. If fis continuously differentiable at z, € [—, 7],
n=—N
then f(zo) = lim (Snf)(zo).
N—o00
Solution FHoa—t)—F(z0)
J\ZLo=t)=J(Zo) t# 0 and |t|<7T
Define F(t) = t
efine F'(t) { _ o) AP

By the assumptions on f, F' is bounded on [—7,7]. Recall the Dirichlet

Kernel Dy defined by S22 - One can verify that (Snf)(x) = (f«Dn)(x)

sn(t/2)
and that 5~ [* Dy =1.
Then
(57)(e0) ~ 7o) = 5 [ flwo ~ D@~ (o)
= o [ (o 1)~ fa0)) D (D)t

1 ™

-5 [ )msin((N+l/2)t)dt

From here we write sin((N + 1/2)t) = sin(Nt) cos(t/2) + cos(Nt) sin(t/2)
and take the limit as N — oco. Since the terms in the integrand not depending
on N are bounded this integral converges to 0 by the Riemann-Lebesgue lemma.

Exercise 2

The Volterra integral operator T': L%([0,1]) — L?([0, 1]) given by (T'f)(x) =
Jy f(y)dy for = € [0,1] is compact with spectrum = {0}.

Solution



T is a bounded operator since

1 x 2
1712 = / ( / f(y)dy) i
1
< / 1]12de

< [I£113

Notice that we can rewrite T as (T'f)(z) = fol k(z,y) f(y)dy where k(z,y) =

1 y<z
{ 0 y>=x

Since k : [0,1]2 — C € L?([0,1]?), T is Hilbert-Schmidt and therefore com-
pact.

From the general theory of compact operators, A # Oand\ € o(T) — A is
an eigenvalue, and since L2([0,1]) is infinite dimensional, 0 € o(T). Suppose
that fol fy)dy = Af(z). Since f € L'([0,1]), by the fundamental theorem of
calculus we may differentiate the equation to obtain f(x) = Af’(x) which has

solution f(z) = ceX for A # 0. Putting back into the integral equation will give
that ¢ = 0, and we conclude that A # 0 is not possible.

Exercise 3

The Medellin transform defined as M : L2(R*,dt/t) — L*(R), (Mf)(z) =
\/% Jo 0o f ()t~ 1dt is a unitary operator.

Solution

An alternate definition, perhaps more standard, of the Medellin transform
is M : L?(R*) —>L2(R~). (MS)(@) = 7=y / t1/2 gy, )

Consider the map ¢> L2(R+) — L%(R) (¢f)(2) = e*/2f(e?). ¢ is unitary
since [|f[|3 = [, e*)2dz = [;°|f(w)|*du = || f||3 and is easily seen to be
surjective. _ _

Now notice that M = Fo¢, where F denotes the Fourier transform. Indeed,
\/% ffoo eZ/Zf(eZ)eﬂmdz _ \/% fo (t)tie=1dt

Similarly one checks that M = F~1 o ¢ where ¢ : L2(R*,dt/t) — L*(R)
(6f)(2) = f(e?) and F~! denotes the inverse Fourier transform. ¢ is unitary
sinice [[9£]3 = [, |£(e)2dz = [ | F(w)[*Ldu = || I3,

In either case, we have the composition of two unitary maps, so the Medellin
transform is unitary.

Exercise 4

Let 2 C C be open and H be the subspace of L?() consisting of holomorphic
functions on 2. Then 7-[ is closed subspace of L?(Q) and hence a Hilbert space
with inner product (f,g) = [, f(z + iy)g(x + iy)dzdy



Solution

Obviously the second part of the statement follows from the first as closed
subspaces of Hilbert spaces are Hilbert spaces with the same inner product. We
shall need the following result from complex analysis:

Let {f,(2)}52; be a sequence of complex-valued functions analytic on an
open connected set D C C which converge uniformly to f(z). Then f(z) is
analytic on D.

We also need the following inequality for finite measure spaces:

If u(Q) < oo, then for 0 < p < g < 00, |flly < || f]lqu(Q)*/P~1/4 which is

q

proved by using Holder’s inequality with conjugate exponents % and =

19107 = [ 1071 < WP ool 2, = 7m0 5

Let g be a holomorphic function on 2. Then by the mean value property
of holomorphic functions for any z € Q and any r = r(z) > 0 sufficiently
small so that B(z,7) C Q we have f(z) = #fB(z T)f(Q)dA Then |f(2)] <
#Hf”LB(z,T) < ﬁHfHZB(z,r) < ﬁ”f”g In particular, if K C C is compact,
and z € K, then |f(z)| < ﬁ”f”g where 7, = d(K,Q°). Hence if {f,} is
a Cauchy sequence in L?(Q), then {f,} is uniformly Cauchy on all compacts

K C Q, and therefore converges uniformly on all compacts K C 2. Combining
this with previous result stated earlier completes the proof.

Exercise 5
Let {¢n}52, be an orthonormal basis for H. Then:

L V2eQ ¥ lon(2) < samaee

n=0

2. B(z,w) = Y. on(2)pn(w) called the Bergman kernel converges absolutely
n=0

for (z,w) € 2 x Q and is independent of the choice of orthonormal basis.

3. The linear transformation T': L*(Q) — H, (T'f)(z) = [, B(z, w) f(w)dw
is the orthogonal projection onto H.

4. In the special case where  is the unit disc, f € H iff f(z) = > a,z" for

n=0
S 2
some a,, satisfying 3 % < 00. Also {z"/21}>  is an orthonormal
n=0

basis of X and B(z,w) = m

Solution
We start with a lemma: Let {a,}52,, {bn}52, be sequences of complex

(e}

numbers. Then [ > |b,|2 = sup | D anbyl.
n=0 > lan|?<1 n=0



(o)
By Cauchy-Schwarz, we have [ Y [b,]2 >  sup | Z apby|. By taking
\/ n=0 S an|2<1 =
b, n< | &
V) = ﬁ { bél Z > % the supremum attains nZ::O b 2.

J=0

™M=

[ee] (o]
1. For Y |as|? < 1, from the previous exercise we have | 3 an¢n(2)] <

n=0 n=0

Now taking a,, = a%N) = N% {
;0 lpj(2)]2

en(z) n<N

TR 1
Vrd(z,0°) H nX::O Clncpn<2')H2 = Jmd(z,0°)° 0 ns N

and applying the lemma yields the result.

2. The fact that B(z,w) converges absolutely follows from applying Cauchy-
Schwarz and invoking the previous result, (and remembering that for com-
plex series, convergence implies absolute convergence).

3. Since H is a Hilbert subspace of L?*(Q) we may complete {p,}°, with
{wk}k °, to an orthonormal basis of L?(2). For f € L?(), say f =

Z nPn + Z br, we have
k=0

(TH)(2) = /Q <i on(2)p (w)> (i amPm (W) + i@#ﬁk(“ﬁ) dw
- Z Z mpn (2 / on(w)om(w)dw + Z Zbk‘pn / On(W)thy (w)dw

n=0m=0 n=0 k=0
= Zan¢n(z)
n=0

The fact that the kernel B(z,w) is independent of the choice of basis is
now easy to see, because if B(z, w) corresponds to {¢,} and B(z,w) corre-

sponds to {@,, }, then for all f € L*(2) we have [, (B(z, w) — B(z, w)) f(w)dw
which implies that for all z, B(z,w) — B(z,w) = 0.

4. Ifn=m

n+1 _
<§0na <Pn> = / 2"z"dz
B(0,1)

:"“/ / 2drd = 1
r=0J0=

If n #m,



Vin+1)(m+1)
(fn, om) = et Jn) / S
T B(0,1)
VEFDmED 1
_ (n + (m + ) / prtmeif(n—m), 110
s r=0J0=0

If f € H, then f(z) = an2™ for some a,. Then f = 3 an\/7557¢n

n=0 n=0

(&)
and so Z:O|an|2nL_|r1 < 00.
n—=

00
Finally B(z,w) = Z \/@Z” RTHW:%
n=0

where we used the fact that for [(| < 1, == = _ (" implies ﬁ =
n=0

i

(n+1D(0)" = sy

» 1=¢
0

2 (n+1)¢"

n=0

Exercise 6

Let L be a linear partial differential operator with constant coefficients.
Then the space of solutions u of Lu = 0 with v € C°°(RY) is infinite
dimensional for d > 2.

Solution

First we argue that a non-constant polynomial in two variables has un-
countably many zeroes. If p(z,y) € Clz,y] then we can find polyno-
mials ¢,(y), .-, ¢n(y) with g,(y) not identically zero such that p(z,y) =
n

> qi(y)z®. Let A, denote the set of zeroes of ¢, (y) in C and for fixed A,
i=0

Z, the set of zeroes of p(z,A) in C. Since ¢,(y) is not identically zero,
A, is a finite collection and so C \ A, is uncountable. Now for fixed
A € C\ A, the polynomial p(z, A) is of degree n, and therefore has at

least one zero. It follows that |J 2, x {A} is an uncountable distinct
AEC\A,

union of zeroes of p(x,y). This same argument can be done for higher

dimensions. For simplicity of notation, we continue in 2d.

Now we need to show that we can find infinitely many solutions to P(£)4(€)
0 with u € C*°(R?). Most of the work is already done because we can find
an infinite sequence of distinct roots (rgk), rék))zozo, ie. P(rgk), rék)) = 0.
Take then 4% (&1,&) = eriVatrVe g s easy to check that u*) ¢
C>(R%) and that the collection {&(k) : 0 < k < N} is linearly indepen-
dent for all N.



Exercise 7
@

Let f € L*(R?). Then there exists g € L*(R?) such that ()" f(z) =

g(z) in the weak sense iff (27i&)*f(€) = §(€) € L2(RY).

Solution

We let L = (6%)& so that L* = (—1)ll (%)alpha. Notice that L*¢)(¢) =
)

(—D)lel(2mig)ah(€) = (2mi€)*ep(€)

If (27i&)*f (&) = g(£), then by Plancherel’s formula we have for any ¢ €
e

[ a@i@ = [ aie
S CORGEG

= [ fOL* ()
Rd

= | f@)L*y(x)
Rd

so g = Lf weakly. Conversely, suppose g = Lf weakly. Then

which implies that (27i€)f(¢) = §(¢)



