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Luoshu: magic turtle? page ch1

The very first magic square appears to be the 

Luoshu (Luo River Writing) found on the back of a 

turtle on the shores of the Luo River, a tributary of 

the Yellow River in China, by the legendary 

Emperor Yu the Great (fl. 21st century BC).

Beijing

‘‘Chelonia mydas, green turtle’’, 
Cocos (Keeling) Islands 2002: Scott 336

‘‘Map of Yellow River Basin’’, 
Yellow River control plan, China 1957: Scott 326

PHILATELIC INTRODUCTION TO MAGIC SQUARES                                                                                                 page 13

Luoshu: magic turtle?
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Luoshu: the oldest magic square? page B1

The magic square known as Luoshu or Lo Shu
(Luo River Writing) was apparently found on
the back of a turtle on the shores of the Luo
River, a tributary of the Yellow River in China,
by Emperor Yu the Great (fl. 21st cent. BC).

The Luoshu magic square is based on the
3× 3 magic matrix

L =

4 9 2
3 5 7
8 1 6

 .

In the matrix L the numbers in the rows,
columns, and two main diagonals all add up to
same magic sum m = 15.

Takao Hayashi (Historia Mathematica, 14,
159–166, 1987) observed that

“It is generally accepted that the idea of magic
squares was born in ancient China and spread
over the world, although we cannot determine
the date of the birth. The oldest of all the
known documents that refer to magic squares
is the Ta Tai Li Chi (Record of Rites)
compiled by Tai the Elder in about 80 AD.”
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Fox, Moore & Penrose page c2

Fox, Moore & Penrose
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Fox, Moore & Penrose page B2

While there is an enormous body of literature
on magic squares, relatively little has been
published about magic matrices.

The term “magic matrix” seems to have
originated just over 50 years ago with a 1956
paper by Charles Fox (1897–1977), Professor
of Mathematics at McGill from 1949–1967.

A major interest in our research is to identify
old magic squares defined by magic matrices
which have a magic Moore–Penrose inverse.

For an n × q matrix A the Moore–Penrose
inverse A+ is the unique q × n matrix A+

which satisfies the 4 equations:

AA+A = A, A+AA+ = A+,

(AA+)′ = AA+, (A+A)′ = A+A,

where (·)′ denotes transpose. When A is
square and nonsingular then A+ = A−1, the
(regular) inverse of A.
The Moore–Penrose inverse is named after
Eliakim Hastings Moore (1862–1932) and
Sir Roger Penrose (b. 1931).
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The flip matrix and F-associated magic matrices page B3

An important matrix in our research is the
“flip matrix”.

We define the n × n flip matrix F as the
identity matrix with its columns reversed.

For example, the 3× 3 flip matrix

F =

0 0 1
0 1 0
1 0 0

 .

The double-flipped Luoshu matrix

FLF =

0 0 1
0 1 0
1 0 0

4 9 2
3 5 7
8 1 6

0 0 1
0 1 0
1 0 0



=

6 1 8
7 5 3
2 9 4


which defines a magic square in Kazwini’s
famos 13th century Cosmography.

Hence

L+ FLF =

10 10 10
10 10 10
10 10 10

 ∝ E,

where E has every element equal to 1.

We will say that a magic matrix A with the
property that

A+ FAF ∝ E

is F-associated.
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All 3× 3 magic matrices are F-associated page B4

A key result of our research is that the
Moore–Penrose inverse of an F-associated
magic matrix is also F-associated and magic.

The 3× 3 magic matrix may, in general, be
written as

Ta,b,x =

 x − a x − b x + a+ b
x + 2a+ b x x − 2a− b
x − a− b x + b x + a

 ,

which is F-associated for all values of a, b, x
and hence its Moore–Penrose inverse is also
F-associated and magic for all values of a, b, x .

The magic matrix Ta,b,x has determinant

detTa,b,x = 9(2a+ b)bx

and so Ta,b,x is singular if and only if
b = −2a or b = 0 or x = 0.

For example, when b = 0, a 6= 0, x 6= 0, then
the Moore–Penrose inverse

T+
a,0,x =

1
36ax

4a− 3x 4a+ 6x 4a− 3x
4a 4a 4a

4a+ 3x 4a− 6x 4a+ 3x

 ,

which is F-associated and magic.
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Pacioli & Dürer page ch3

07/06/10 1:57 PMZoom sur le timbre «Albert Dürer - Autoportrait PhilexFrance 82 - PARIS LA DEFENSE 10-24 juin 1982»

Page 1 of 1http://www.phil-ouest.com/Timbre_zoom.php?Nom_timbre=Durer_1980&type=Zoom

Albert Dürer - Autoportrait
PhilexFrance 82 - PARIS LA DEFENSE 10-24 juin 1982

Tous droits réservés

Maury n° 2047 Dallay n° 2042 Marianne n° 80-19 Yvert & Tellier n° 2090

Gravé par Georges Bétemps
D´après Albert Dürer

Chercher sur la vaste toile   -   Chercher seulement dans www.phil-ouest.com

Signaler une anomalie - Vos commentaires

Ce site a été visité 3 600 326 fois - cette page a été visitée 76 fois - précédente visite le 05/06/2010 à 14h 24mn 

Mois de juin 2010: 46 733 visites cumulées des pages pour 13 587 visites du site.

Annonces Google

Valeur Timbre Poste

Timbre

Timbre De Collection

Prix Du Timbre

Cote Timbre Rare

Lowest Prices For Gold

Coins! Free Gold Coins

Investment Guide
GoldCoinsGain.com/GoldCoinsForSale

Pacioli & Dürer
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Magic square in Dürer’s Melencolia I page B5

The magic square defined by the magic matrix

M =


16 3 2 13
5 10 11 8
9 6 7 12
4 15 14 1


is in the top-right corner of Melencolia I, the
1514 copper-plate engraving by the German
painter Albrecht Dürer (1471–1528), shown in
this 1986 stamp from Aitutaki (Cook Islands).

In A Lifetime of Puzzles: A Collection of
Puzzles in Honor of Martin Gardner’s 90th
Birthday (AK Peters 2008), David Singmaster
observes that the magic square defined by M
is given by the Italian mathematician and
Franciscan friar Luca Pacioli (c. 1446–1517) in
his De viribus quantitatis.
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Pacioli, Dürer & Guidobaldo da Montefeltro page B6

In addition to Singmaster (2008),
Neil Mackinnon (The Mathematical Gazette,
1993) also noted that the magic square defined
by the matrix M also appears in Pacioli’s
De viribus quantitatis, written 1496–1508.

This well-known portrait of Pacioli with a
“student” is attributed to Jacopo de’ Barbari
(c. 1440–c. 1515) and painted c. 1495.

Mackinnon (1993, p. 140) and Singmaster
(2008, p. 83) suggest that the “student” may
be Dürer (1471–1528), though R. Emmett
Taylor (No Royal Road, 1942, p. 203), says he
is Guidobaldo da Montefeltro, Duke of Urbino
(1472–1508).

07/06/10 1:57 PMZoom sur le timbre «Albert Dürer - Autoportrait PhilexFrance 82 - PARIS LA DEFENSE 10-24 juin 1982»

Page 1 of 1http://www.phil-ouest.com/Timbre_zoom.php?Nom_timbre=Durer_1980&type=Zoom

Albert Dürer - Autoportrait
PhilexFrance 82 - PARIS LA DEFENSE 10-24 juin 1982

Tous droits réservés

Maury n° 2047 Dallay n° 2042 Marianne n° 80-19 Yvert & Tellier n° 2090

Gravé par Georges Bétemps
D´après Albert Dürer

Chercher sur la vaste toile   -   Chercher seulement dans www.phil-ouest.com

Signaler une anomalie - Vos commentaires

Ce site a été visité 3 600 326 fois - cette page a été visitée 76 fois - précédente visite le 05/06/2010 à 14h 24mn 

Mois de juin 2010: 46 733 visites cumulées des pages pour 13 587 visites du site.

Annonces Google

Valeur Timbre Poste

Timbre

Timbre De Collection

Prix Du Timbre

Cote Timbre Rare

Lowest Prices For Gold

Coins! Free Gold Coins

Investment Guide
GoldCoinsGain.com/GoldCoinsForSale

The Dürer self-portrait on this stamp from
France 1980 was painted c. 1491. The
painting (on the right) is of Guidobaldo by
Raffaello Sanzio (1483–1520).
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De viribus quantitatis & Leonardo da Vinci page B7

Apparently the world’s oldest magic text,
De viribus quantitatis (On the Powers of
Numbers) was written by Pacioli between 1496
and 1508 and contains the first-ever reference
to card tricks as well as guidance on how to
juggle, eat fire and make coins dance.

It seems that De viribus quantitatis is also the
first work to note that da Vinci was
left-handed: Pacioli collaborated with, lived
with, and taught mathematics to the Italian
polymath Leonardo da Vinci (1452 –1519).
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Pacioli–Dürer is also F-associated page B8

The magic matrix

M =


16 3 2 13
5 10 11 8
9 6 7 12
4 15 14 1

 ,

which we now call the Pacioli–Dürer matrix,
is F-associated since

M+ FMF =


17 17 17 17
17 17 17 17
17 17 17 17
17 17 17 17

 .

The Moore-Penrose inverse

M+ =
1

2720


275 −201 −167 173
37 −31 −65 139
−99 105 71 3
−133 207 241 −235

 .

is, therefore, also F-associated and magic:

M+ + FM+F =
1
68


1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1

 .
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Magic perfume? page ch4

Magic perfume?
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The oldest magic square in India? page B9

According to Hayashi (Encyclopaedia of the
History of Science, Technology, and Medicine
in Non-Western Cultures, 2nd ed., 2008), the
oldest datable magic square in India occurs in
the Br.hat Saṁhitā, the Sanskrit encyclopedia
on divination by the 6th-century Indian
astronomer, mathematician, and astrologer
Daivajna Varāhamihira (505–587 AD).

Varāhamihira showed how to make several
varieties of perfume with precisely 4
substances selected from 16, including Agar
wood (which yields Oud perfume oil).

Varāhamihira also used the magic square
defined by the 4× 4 magic matrix

P =


2 3 5 8
5 8 2 3
4 1 7 6
7 6 4 1

 ,

with magic sum 18. In the matrix P the
integers 1, 2, . . . , 8 each appear twice.

The Brihat Samhita of Varaha Mihira: 
Translated into English with Notes
IDI558

by N. C. Iyer
Paperback (Edition: 0)

Sri Satguru Publications
ISBN 8170300940

The Brihat Samhita of Varaha Mihira: 
Translated into English with Notes
IDI558

by N. C. Iyer
Paperback (Edition: 0)

Sri Satguru Publications
ISBN 8170300940

George P. H. Styan16 Old magic squares



Sandalwood-impregnated sheetlet from Qatar page TBM-B10

This sheetlet from Qatar 2008 (Scott 1035), impregnated with a sandalwood scent, depicts
Oud perfume oil and Agar wood (centre two stamps), in addition to (on the far left) Al Marash,

“a perfume-pot that is used to spray a nice-smelling liquid (scent) on visitors,
which is a sign of hospitality and welcome”, and (on the far right) Al Mogbass (TBC).

Qatar, known officially as an emirate, occupies the small Qatar Peninsula
on the northeasterly coast of the much larger Arabian Peninsula.
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Sandalwood-impregnated sheetlet from India page TBM-B11

We believe that sandalwood was one of the 16 substances that Varāhamihira used.
This sheetlet from India 2006 (Scott 2179) is also impregnated with a sandalwood scent.
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"Cinnamon spice perfume" page TBM-B12

Cinnamon is another of the 16 substances that Varāhamihira used, and this sheetlet
from India 2009 (Scott 2321) features 7 different spices (the stamp in the centre has 3 spices)

including cinnamon. This sheetlet is apparently not impregnated with any scent.
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Varahāmihira–Hayashi perfume magic square page B13

Hayashi (1987) identifies the 16 substances,
transliterated from Sanskrit, as below and as
in the table at right, where we have combined
the magic matrix P with our best guesses for

the 16 substances in English.
The Sanskrit text below comes from the
English translation by Bhat (1993) of

Varāhamihira’s Br.hat Saṁhitā. Agar wood
(aguru) is in the (1,1) cell, sandalwood

(malaya) in the (4,1) cell and cinnamon (tvac)
in the (3,2) cell.

Bhat-1982/2003, p714

Hayashi-1987, p160

Bhat-1982/2003, p714

Hayashi-1987, p160

aguru patra turus.ka śaileya
2 3 5 8

Agar wood bay frankincense lichen
⇒ oud oil leaves resin flakes

priya ˙ngu mustā bola keśa
5 8 2 3

panic grass cypriol myrrh resin lemongrass
oil root oil leaves

spr.kkā tvac tagara maṁs̄ı
4 1 7 6

fenugreek cinnamon trangipani spikenard
oil sticks flower oil leaves

malaya nakha śr̄ıka kundruka
7 6 4 1

sandal- conch shell turpentine Deodar
wood powder resin cedar resin
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Varahāmihira–Hayashi perfume “philatelic magic square” page B14
po

sit
io

n

ratio 
18

Hayashi 
1987 My choice: English stamp plant: English stamp: country stamp: year stamp: 

Scott

11 2 aguru Agar wood => oud oil Agar wood Qatar 2008 1035c

12 3 patra bay leaves Bay laurel, Grecian laurel Greece: Mount 
Athos 2010 ``2nd 

issue''

13 5 turuska frankincense resin frankincense Oman 1985 285--286

14 8 saileya lichen flakes lichen Liechtenstein 1981 713

21 5 priyangu panic grass oil Guinea grass Bophuthatswana 1984 116

22 8 musta cypriol root oil
"Sedge in Ninh Binh is mainly 
Cyperus tojet Jormis specie 

(white flower)."
Vietnam 1974 740

23 2 rasa myrrh resin myrrh Liechtenstein 1985 822

24 3 kesa lemongrass leaves common bulrush, broadleaf 
cattail Botswana 1987 427

31 4 sprkka fenugreek oil lanceleaf Thermopsis USSR 1985 5380

32 1 tvac cinnamon sticks Indian spices: cinnamon India 2009 TBC

33 7 tagara frangipani flower oil frangipani Niue 1984 421

34 6 mamsi spikenard leaves Valerian Poland 1980 2412

41 7 malaya sandalwood sandalwood India 2007 TBC

42 6 nakha conch shell powder conch shell Travancore & 
Cochin 1950 16

43 4 srika turpentine resin Mount Atlas mastic tree Syria 2006 TBC

44 1 kundruka Deodar cedar resin Deodar cedar Pakistan 2009 TBC

Pistacia, turpentine tree
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172 perfumes page B15

To obtain a perfume mixture, Varāhamihira
mixed together precisely 4 of the 16
substances provided the corresponding
numbers add up to 18.

For example, consider the first row of the
Varāhamihira-perfume magic matrix P(

2 3 5 8
Agar wood bay leaves frankincense lichen

)
.

Then dividing by 18 yields

2
18

(Agar wood)+
3
18

(bay leaves)+

5
18

(frankincense)+
8
18

(lichen).

From the table on the right we conjecture that
Varāhamihira could have made as many as 172
different perfume mixtures in all in c. 500 AD.

1st 
substance

2nd 
substance

3rd 
substance

4th 
substance Combinations

1 1 8 8 1

1 2 7 8 16

1 3 6 8 16

1 3 7 7 4

1 4 5 8 16

1 4 6 7 16

1 5 5 7 4

1 5 6 6 4

2 2 6 8 4

2 2 7 7 1

2 3 5 8 16

2 3 6 7 16

2 4 4 8 4

2 4 5 7 16

2 4 6 6 4

2 5 5 6 4

3 3 4 8 4

3 3 5 7 4

3 3 6 6 1

3 4 4 7 4

3 4 5 6 16

4 4 5 5 1

GRAND 
TOTAL 172
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Magic Moore–Penrose inverse P+ page B16

The Varāhamihira-perfume magic matrix

P =


2 3 5 8
5 8 2 3
4 1 7 6
7 6 4 1

 ,

is not F-associated but it is “H-associated”.

The n × n magic matrix A with n = 2h and
magic sum mA is said to be H-associated
whenever

A+HAH ∝ E,

where

H =

(
0 Ih
Ih 0

)
and E has every element equal to 1.

Equivalently, the magic matrix

A =

(
A11 A12
A21 A22

)
is H-associated whenever

A11 + A22 = A12 + A21 ∝ E,

where these matrices are all h × h = n
2 ×

n
2 .

The Moore–Penrose inverse

P+ =
1

2448


−173 −65 133 241
97 277 −209 −29
−65 −173 241 133
277 97 −29 −209


is H-associated and hence magic.
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V-associated page ch5

A is V-associated =⇒ A+ is V-associated
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Magic Moore–Penrose inverse P+ page B17

The key result of our recent research is:

THEOREM 1. Suppose that the magic matrix
A is V-associated for some centrosymmetric
involutory matrix V. Then the
Moore–Penrose inverse A+ is also
V-associated and hence magic.

The matrix V is centrosymmetric whenever

V = FVF,

where F is the flip matrix.

The matrix V is involutory whenever it is
symmetric, V2 = I, and all row totals are 1.

We have not found a magic matrix A with a
magic Moore–Penrose inverse that is not
V-associated for some centrosymmetric
involutory matrix V. Maybe none exists? TBC

The Varāhamihira-perfume magic matrix

P =


2 3 5 8
5 8 2 3
4 1 7 6
7 6 4 1


is not F-associated but it is H-associated, with

H =

(
0 I2
I2 0

)
, centrosymmetric involutory. It

follows at once from our Theorem 1 that the
Moore–Penrose inverse

P+ =
1

2448


−173 −65 133 241
97 277 −209 −29
−65 −173 241 133
277 97 −29 −209

 .

is H-associated and hence magic.

The flip matrix F is also centrosymmetric
involutory.
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Most-perfect magic & Plato page ch6

Most-perfect & Plato
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Most-perfect Moore–Penrose inverse P+ page B18

The Varāhamihira-perfume magic matrix P
and its Moore–Penrose inverse P+ are both
“most-perfect”.

A magic matrix is most-perfect whenever it is

1 H-associated,
2 “pandiagonal”, and
3 enjoys the “blocks of 4” property.

A magic matrix A is said to be pandiagonal
(diabolical or Nasik) whenever the numbers in
all the broken diagonals (parallel to the two
main diagonals) as well as in the two main
diagonals add up to the magic sum mA.

Following Emory McClintock (American
Journal of Mathematics, 19, 99–120, 1897),
the n × n magic matrix A = {ai,j} with
n = 4p and magic sum mA has the blocks of 4
property whenever

ai, j + ai, j+1 + ai+1, j + ai+1, j+1 = mA

for all i , j = 1, ..., n = 4p with the subscripts
taken modulo n.

The Varāhamihira-perfume matrix

P =


2 3 5 8
5 8 2 3
4 1 7 6
7 6 4 1


is 4× 4 and so p = 1 and there are
16 blocks of 4 with entries adding to mP = 18.
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Most-perfect magic matrices page B19

All 4× 4 magic matrices that are H-associated
are pandiagonal and enjoy the blocks of 4
property, and so are most-perfect.

And all 4× 4 magic matrices that are
H-associated have a Moore–Penrose inverse
that is H-associated and hence is most-perfect.

And so both the Varāhamihira-perfume magic
matrix

P =


2 3 5 8
5 8 2 3
4 1 7 6
7 6 4 1

 ,

and its Moore–Penrose inverse

P+ =
1

2448


−173 −65 133 241
97 277 −209 −29
−65 −173 241 133
277 97 −29 −209



are most-perfect, i.e., H-associated,
pandiagonal and enjoy the blocks of 4
property.

We agree with Hayashi (1987) that
Varāhamihira probably created the magic
matrix

P =


2 3 5 8
5 8 2 3
4 1 7 6
7 6 4 1



from a classic magic matrix Q, say, with
entries 1, 2, . . . , 16.
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Most-perfect Plato magic matrix Q1 page B20

Hayashi (1987) gives four choices for such a
classic magic matrix Q but suggests that the
most likely candidate is the most-perfect

Q0 =


10 3 13 8
5 16 2 11
4 9 7 14
15 6 12 1

 .

Subtracting 8 from the underlined entries in
Q0 yields P.

Rotating Q0 by 90◦ counter-clockwise yields
the so-called “famous pandiagonal magic
square of order 4 in Islam”, the most-perfect

Q1 =


8 11 14 1
13 2 7 12
3 16 9 6
10 5 4 15

 = FQ′0 .

The well-known Sufi writer on topics relating
to mathematics, Ahmad ibn ’Ali ibn Yusuf
al-Buni (d. 1225), ascribed Q1 to the Greek
philosopher and mathematician Plato
(c. 428–348 BC) and we will call
Q1 the “Plato magic matrix”.

As the anthropologist Schuyler Van Rensselaer
Cammann (1912–1991) indicated in Part 1 of
“Islamic and Indian magic squares" (History of
Religions, 8, 1969, p. 189), however,
“this merely shows al-Buni’s contemporary
reverence for antiquity. We have no evidence
to show that the classical Greeks had magic
squares with numbers”.
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Hyderabad, Queen Mary & Plato page ch7

Hyderabad, Queen Mary & Plato

George P. H. Styan30 Old magic squares



The Hyderabad (Queen Mary) magic square plate page B21

The Plato magic matrix Q1 is also connected
to the beautiful “Hyderabad (Queen Mary)
magic square plate”, which is now in the
Victoria & Albert Museum in London.

The Hyderabad (Queen Mary) magic square plate                   page 18

The Hyderabad (Queen Mary) magic square plate                   page 14

The Hyderabad (Queen Mary) magic square plate                   page 12

The plate was made c. 1775 in the “Porcelain
Capital” Jingdezhen (Jiangxi Province, China)
and kept in the Treasure Room at the
Golconda Fort in Hyderabad (India).

It was presented to Queen Mary (1867–1953)
in 1906, when she, as Princess of Wales,
toured India with the Prince of Wales, later
King George V (1865–1936), grandfather of
Queen Elizabeth II (b. 1926).
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The Hyderabad (Queen Mary) “magic square” page B22

The plate is filled with quotations in Arabic
from the Koran and in the centre is the
“magic square”,

48 56 55 46
54 42 47 52
43 56 49 46
50 45 44 52

 .

The row and column totals are, however, not
all equal. Moreover, the numbers 41, 51 & 53
are missing while 46, 52 & 56 are duplicated.

It has been suggested that a few mistakes may
have been made because the engraver may
have had difficulty interpreting the Arabic
characters accurately.
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Magic matrix from the Rasa’il page B23

Cheng Te-k’un (1974) observes that Professor
Ho Peng Yoke (University of Malaya) has
suggested that the “magic square” on the plate
could have come from the classic magic square

R =


48 51 54 41
53 42 47 52
43 56 49 46
50 45 44 55

 ,

contained in the Rasa’il: Encyclopedia of the
Brethren of Purity, an encyclopaedic work of
3rd or 4th century Islam.

The matrix R is magic and, in fact,
H-associated and hence most-perfect.

We note that

R− 40E =


8 11 14 1
13 2 7 2
3 16 9 6
10 5 4 15

 = Q1,

the H-associated most-perfect Plato magic
matrix.

Here, as before, the matrix E has every
element equal to 1 and so subtracting 40 from
each element of R yields Q1.
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Pherū magic & Moonlight page ch8

8 Volume 4, Issue 2, Autumn 2009 compiled December 17, 2009 ESI NEWS

Prague, Czechoslovak Academy of Sciences6 ,
25th anniversary:

Czechoslovakia 1977, Scott 2146.

On 23 October 1847, Doppler be-
came Professor of Mathematical Physics
and Mechanics at the Mining Academy in
Schemnitz (now Banská Štiavnica in Slo-
vakia).

Banská Štiavnica (Schemnitz), UNESCO
World Heritage Site: Slovakia 1995, Scott 228.

The unrest that accompanied the Hun-
garian revolution forced Doppler to return
to Vienna after less than two years [64].
The Hungarian Revolution of 1848 was
one of many revolutions that year and was
closely linked to other revolutions of 1848
in the Habsburg areas. The revolution in
Hungary grew into a war for independence
from Habsburg rule. The anniversary of the
revolution’s outbreak, on 15 March 1848, is
one of Hungary’s three national holidays.

In 1848 Doppler was elected a full
member of the Austrian Academy of Sci-
ences in Vienna [22]. By a decree of the
Emperor Franz Josef I (1830–1916) of 17
January 1850, he was appointed to the
Chair of Experimental Physics at the Uni-
versity of Vienna and to be the founding
Director of the Institute of Physics.

Vienna, Austrian Academy of Sciences, 150th
anniversary, with Socrates (c. 469–399 BC):

Austria 1997, Scott 1716.

Emperor Franz Josef I (1830–1916):
Austria 1914, Scott B1 & B2.

Fate did not allow Doppler two years
for the foundation of his new institute. Al-
ready in November 1852 he was compelled
to take a holiday in Venice (which at the
time was part of Austria) in the hopes
of obtaining relief from his deteriorating
pulmonary problems. The mild climate of
Venice did not provide the expected pal-
liation. After five months illness, he died
at 5 a.m. on 17 March 1853 in the Vene-
tian Parish of San Giovanni in Bragora—
the parish where the baroque composer
and Venetian priest Antonio Lucio Vivaldi
(1678–1741) was born and baptized [22].

Venice,Saint Mark’s Square
and the Moon: Italy 2009.
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Pherū magic & Moonlight

George P. H. Styan34 Old magic squares



Pherū’s G-associated matrix page B24

We have commented on magic matrices that
are F- or H-associated and we now look at a
magic matrix that is G-associated.

We define

G =


0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

 .

In his Gan. itasārakaumud̄ı, the Jain polymath
T. hakkura Pherū (fl. 1291–1323) gives the
magic square defined by the magic matrix

Q2 =


12 3 6 13
14 5 4 11
7 16 9 2
1 10 15 8

 ,

which is G-associated:

Q2 + GQ2G ∝ E.

Since G is centrosymmetric and involutory our
Theorem 1 applies and hence the Moore–
Penrose inverse Q+

2 is G-associated and magic.

We note the “alphabet string”

F+ G+H+ I = E.

The Gan. itasārakaumud̄ı: The Moonlight of the
Essence of Mathematics, first published in the
early 14th century in Sanskrit, was recently
republished in English and typeset in LATEX
(Manohar, New Delhi 2009).

Edited with Introduction, Translation &
Mathematical Commentary by
SaKHYa = Sreeramula Rajeswara Sarma,
Takanori Kusuba, Takao Hayashi and
Michio Yano.
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Owls by moonlight from Niuafo’ou page TBM-B25

Niuafo’ou (= new coconut) is the most northerly island in the kingdom of Tonga, in the
southern Pacific Ocean between Fiji and Samoa. It is a volcanic rim island of 15 km2 with a

population of 650 in 2006. It is a still active volcano. According to Wikipedia, the barn owl (Tyto
alba) is the most widely distributed species of owl, and one of the most widespread of all birds.

George P. H. Styan36 Old magic squares



Frénicle & Dudeney page ch9

07/03/10 4:44 PMMagic Squares of Order 4

Page 5 of 14http://www.gaspalou.fr/magic-squares/order-4.htm

G 72 degree 6 
G 64 n° 2, 3, 5 
G 48 n° 1 
G 32 n° 6, 7, 8, 9 
G 24 degree 4 
G 16 n° 1 (?), 9 
G 8 (octic group) and its subgroups.

For each subgroup, the abstract definition is in the literature and I can give example of generators. 
I think G 1 152 has not subgroup of order 384. 

3.2 Group G'

The group G' (permutations) is of order 384; you have 9 elementary squares. 
This group is G 384 degree 8. 
Subgroups (non exhaustive list):

G 192 n° 4, 5 
G 128 and its subgroups (the same as above).

G 1 152 and G 384 have G 128 as a common subgroup (with also all its own subgroups). 

3.3 Decomposition

The set of 3 456 semi-pandiagonal squares is made with 9 types of squares: 

Type I Type II Type III

Type IV Type V Type VI

Type IV' Type V' Type VI'

Note: I put a double frame in a type diagram and a simple frame in a transformation diagram. 

Each type has 384 squares and a group structure.

Frénicle & Dudeney
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Bernard Frénicle de Bessy page B26

The French mathematician Bernard Frénicle
de Bessy (c. 1605–1675) identified the 880 (or
7040 = 8× 880 to include reflections and
rotations) classic 4× 4 fully-magic squares.

The English author and mathematician Henry
Ernest Dudeney (1857–1930)

classified them into 12 types. Dudeney’s types
I, II & III correspond to our H-, G- and
F-associatedness.

1 Dudeney Type I = H-associated =
most-perfect,

2 Dudeney Type II = G-associated,

3 Dudeney Type III = F-associated.

We find that the 48 (out of 880) of Dudeney
Type I are H-associated (and hence
most-perfect), the 48 of Dudeney Type II are
G-associated & the 48 of Dudeney Type III are
F-associated, and hence these 144 (= 3× 48)
all have fully-magic Moore–Penrose inverses.

None of the other 880− 144 = 736 has a
magic Moore–Penrose inverse and indeed none
of these is V-associated.

Moreover, of the 144 that are V-associated,
precisely 24 are EP: 8 each of Dudeney types
I, II, and III.
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Dudeney Types I, II, III page B27

07/03/10 4:44 PMMagic Squares of Order 4

Page 5 of 14http://www.gaspalou.fr/magic-squares/order-4.htm

G 72 degree 6 
G 64 n° 2, 3, 5 
G 48 n° 1 
G 32 n° 6, 7, 8, 9 
G 24 degree 4 
G 16 n° 1 (?), 9 
G 8 (octic group) and its subgroups.

For each subgroup, the abstract definition is in the literature and I can give example of generators. 
I think G 1 152 has not subgroup of order 384. 

3.2 Group G'

The group G' (permutations) is of order 384; you have 9 elementary squares. 
This group is G 384 degree 8. 
Subgroups (non exhaustive list):

G 192 n° 4, 5 
G 128 and its subgroups (the same as above).

G 1 152 and G 384 have G 128 as a common subgroup (with also all its own subgroups). 

3.3 Decomposition

The set of 3 456 semi-pandiagonal squares is made with 9 types of squares: 

Type I Type II Type III

Type IV Type V Type VI

Type IV' Type V' Type VI'

Note: I put a double frame in a type diagram and a simple frame in a transformation diagram. 

Each type has 384 squares and a group structure.

Q1 =


8 11 14 1
13 2 7 12
3 16 9 6
10 5 4 15

 , Q2 =


12 3 6 13
14 5 4 11
7 16 9 2
1 10 15 8

 , M =


16 3 2 13
5 10 11 8
9 6 7 12
4 15 14 1

 ,

Plato Pherū Dürer–Pacioli

H =


0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

 , G =


0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

 , F =


0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

 .
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EP magic & Schwerdtfeger page ch10

EP magic & Schwerdtfeger
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EP magic matrices page B28

Another goal in our research is to identify
singular magic matrices with a magic
Moore–Penrose inverse that are also EP.

The square matrix A with index 1 is said to be
EP whenever

rank(A : A′) = rank(A),

i.e., whenever the column spaces of A and its
transpose A′ coincide.

The singular matrix A has index 1 whenever
rank(A2) = rank(A).

To see that an EP matrix must have index 1,
we first use a formula from Marsaglia & Styan
(1974) to show that A is EP if and only if

AA+A′ = A′. (1)

Premultiplying (1) by A yields

A2A+A′ = AA′

and so

rank(A) = rank(AA′) ≤ rank(A2) ≤ rank(A)

and so A has index 1.

The group-inverse A# of the index 1 matrix A
coincides with the Moore–Penrose inverse A+

if and only if A is EP [Ben-Israel & Greville:
Generalized Inverses: Theory and Applications,
2nd ed., Springer, 2003 (paperback 2010),
p. 157.]

The square matrix A with index 1 has a
group-inverse A# that satisfies the equations

AA#A = A, A#AA# = A#, AA# = A#A.

George P. H. Styan41 Old magic squares



EP magic matrices page B29

We believe that the term EP was introduced
in 1950 in the First Edition of Schwerdtfeger’s
Introduction to Linear Algebra and the Theory
of Matrices [2nd edition (Noordhoff, 1961,
pp. 130–131)].

Hans Wilhelm Eduard Schwerdtfeger
(1902–1990) was Professor of Mathematics at
McGill University from 1960–1983.
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Shortrede, Gwalior & the “rhomboid” property page ch11

Florida Talk on Matrix & Magic Stamps: 29nov06                            page 46 

Captain Shortreede, Major-General Shortrede,
Gwalior & the “rhomboid” property

George P. H. Styan43 Old magic squares



Ancient magic square in a temple at Gwalior page B30

Journal of the Asiatic Society of Bengal, New
Series, vol. 11, no. 124 (1842), pp. 292–293.

Florida Talk on Matrix & Magic Stamps: 29nov06                            page 46 

We define the 13th century magic square

by the Shortrede–Gwalior magic matrix

W =


16 9 4 5
3 6 15 10
13 12 1 8
2 7 14 11

 .

Almost surely “Captain Shortreede” =
Major-General Robert Shortrede (1800–1868),
with the extra “e” a typo.

Gwalior is in Madhya Pradesh, about 120 km
south of Agra.
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Robert Shortrede, Sir George Everest & Sir Walter Scott page B31

From his obituary [Monthly Notices of the
Royal Astronomical Society, vol. 29,
pp. 120–121, 1868] we find that Robert
Shortrede was born on 19 July 1800 in
Jedburgh in Scotland, about halfway between
Edinburgh and Newcastle Upon Tyne.

Having “early evinced unusual aptitude for
mathematics ... thinking that India presented
ample scope for his talents in that direction,
he obtained an appointment to that country”.

Shortrede went to India in 1822 and was
appointed to the Deccan Survey. The Deccan
Plateau extends over eight Indian states and
encompasses a wide range of habitats,
covering most of central and southern India.

Shortrede was appointed to the Great
Trigonometric Survey (GTS) in which he
remained until 1845. The GTS was piloted in
its initial stages by William Lambton
(c. 1753–1823), and later by Sir George
Everest (1790–1866).

Among the many accomplishments of the GTS
was the measurement of the height of the
Himalayan giants: Everest, K2, and
Kanchenjunga. In 1865, Mount Everest was
named in Sir George Everest’s honour, despite
his objections.

The Scottish historical novelist and poet Sir
Walter Scott, 1st Baronet (1771–1832), was
an “old and intimate friend of the Shortrede
family” and both Shortrede and Scott studied
at the University of Edinburgh.
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The “rhomboid” property of the Shortrede–Gwalior matrix W page B32

Shortrede observed that the matrix W is
H-associated, from which it follows that W is
most-perfect.

We observe that W is EP and may be one of
the oldest EP magic matrices with a magic
Moore–Penrose inverse.

Shortrede observed that the (underlined)
numbers 1, 2, 3, 4 in W form a “rhomboid”

W =


16 9 4 5
3 6 15 10
13 12 1 8
2 7 14 11



as do the numbers 5, 6, 7, 8; 9, 10, 11, 12 and
13, 14, 15, 16.

We refer to this as the “rhomboid” property.

Euclid of Alexandria (fl. 300 BC) apparently
introduced the term rhomboid in his Elements
(Book I, Def. 22):

“Of quadrilateral figures, ... an oblong that
which is right-angled but not equilateral; a
rhombus that which is equilateral but not
right-angled; and a rhomboid that which has
its opposite sides and angles equal to one
another but is neither equilateral nor
right-angled.”

Wikipedia says “The term rhomboid is now
more often used for a parallelepiped, a solid
figure with six faces in which each face is a
parallelogram and pairs of opposite faces lie in
parallel planes.”
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Euclidean geometry & Collegium Maius, Cracow page TBM-B33

Collegium Maius (Latin for “Great College”) is
the Jagiellonian University’s oldest building,

dating back to the 15th century.
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Nārāyan.a’s favourite magic matrix X = HWH page B34

Hayashi (2008) reports several 4× 4 magic
squares from the Gan. ita Kaumud̄ı (1356) by
the Kerala mathematician Nārāyan.a Pan.d. ita
(fl. 1340–1400) which are EP. Moreover, most
of these, like W, have the rhomboid property.

In Part II of “Islamic and Indian magic
squares”, Cammann [History of Religions, 8,
271–299, 1969] gives Nārāyan.a’s favourite
magic square defined by the magic matrix

X =


1 8 13 12
14 11 2 7
4 5 16 9
15 10 3 6

 = HWH,

the matrix W with its main 2× 2 diagonal and
off-diagonal blocks switched.

Moreover, X is the “complement” of W in
that, since W is H-associated:

W + X ∝ E

and so X also has the rhomboid property.

We observe that 24 of the 880 magic 4× 4
matrices found by Frénicle de Bessy (1693) are
EP: 8 each of Dudeney Type I (H-associated,
pandiagonal, most-perfect), Dudeney Type II
(G-associated), and Dudeney Type III
(F-associated). And so all 24 have a magic
Moore–Penrose inverse.

But of these 24 we find only 2 with the
rhomboid property: Nārāyan.a’s favourite magic
matrix X = HWH, and the magic matrix


4 5 16 9
15 10 3 6
1 8 13 12
14 11 2 7

 = HX = WH.
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Shortrede’s “extension” & “Franklin’s Magical Square of Squares” page B35

Shortrede ends his 1842 article by extending the matrix W with an arrangement of numbers,
which also includes Nārāyan.a’s favourite magic matrix X. Also embedded are three more 4× 4

magic matrices: one EP but not rhomboid, one not EP but rhomboid,
and the third neither EP nor rhomboid.

W =

X =
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Benjamin Franklin & Peter Collinson page ch12

Three 
postage stamps

 with 
magic squares

MELENCOLIA:I 
by Albrecht Dürer
Aitutaki (Cook Islands) 
1986: Scott 391

MELENCOLIA:I 
by Albrecht Dürer 

Mongolia 1978: Scott 1039

Benjamin Franklin, Scientist 
USA 2006: Scott 4022

PHILATELIC INTRODUCTION TO MAGIC SQUARES                                                                                                  page 2

Scott numbers are as given in the Scott 2007 Standard Postage Stamp Catalogue, 163rd edition
(on paper in 6 volumes and on 12 CD-ROMs with text-searchable pdf files)  edited by James E. Kloetzel, 

pub. Scott Publishing, Sidney, Ohio, 2006 (with updates in the Scott Stamp Monthly).

Benjamin Franklin & Peter Collinson
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Franklin’s letter to Peter Collinson page B36

We believe that Shortrede’s reference to
“Dr. Franklin’s Magical Square of Squares”
is to the letter written c. 1750 by Benjamin
Franklin (1705–1790) to Peter Collinson
(1694–1768).

The letter was apparently first published in the
4th edition (1769) of Franklin’s Experiments
and Observations on Electricity [reprinted in
The Works of Benjamin Franklin (Jared
Sparks, ed.), Boston, 1840, pp. 100–103, and
digitized by Google].

Benjamin Franklin was one of the Founding
Fathers of the United States and a leading
scientist, while Peter Collinson was an avid
gardener, and the middleman for an
international exchange of scientific ideas in
mid-18th century London.

The letter included an 8× 8 and a 16× 16
magic square in which the numbers in the
“bent diagonals” (but not the main diagonals)
add up to the magic sum. The 8× 8 Franklin
magic square is

All rows and all columns and 
all bent-diagonals sum to 260

but it is not fully-magic 
(main diagonal sums to 228).  

USA 2006: Scott 4022

PHILATELIC INTRODUCTION TO MAGIC SQUARES                                                                                                page 6

Experiments and Observations on Electricity (1769) ‘’Water-spouts and whirlwinds’’ (1753), reprinted in 
The Complete Works in Philosophy, Politics, and Morals, 
of the late Dr. Benjamin Franklin ....’’, 1806, vol. II, p. 26.
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The Franklin magic matrix B page B36x

. . . defined by the Franklin magic matrix B

52 61 4 13 20 29 36 45
14 3 62 51 46 35 30 19
53 60 5 12 21 28 37 44
11 6 59 54 43 38 27 22
55 58 7 10 23 26 39 42
9 8 57 56 41 40 25 24
50 63 2 15 18 31 34 47
16 1 64 49 48 33 32 17


.

The row and column sums of B are all 260 but
the forwards diagonal sum (the trace) is 228,
while the backwards diagonal sum is 292. We
note that

228+ 292 = 2× 260.

The Franklin matrix B is only “semi-magic”.

The 8× 8 Franklin matrix B is singular with
rank 3 and index 1, but is not EP.

The row and column sums of the Moore–
Penrose inverse B+ are all equal (as expected)
to 1

260 , while the forwards diagonal and
backwards diagonal sums coincide
(surprisingly) being both equal to

17
2730

6=
1

260
.

Since B has index 1 it has a group inverse
B#. The row and column sums of B# are all
equal (again as expected) to 1

260 , while the
forwards diagonal and backwards diagonal
sums coincide again surprisingly) being both
equal to

69
1040

6=
1

260
.

And so the group inverse B# and the
Moore–Penrose inverse B+ do not coincide
confirming that B is not EP.
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Franklin’s magic square on a postage stamp page B37

We have not found any similarity between
Shortrede’s “extension” and the 8× 8 Franklin
magic square, but it is the only magic square
other than the Pacioli–Dürer magic square
that we have found on a postage stamp
(USA 2006, Scott 4022).

Three 
postage stamps

 with 
magic squares

MELENCOLIA:I 
by Albrecht Dürer
Aitutaki (Cook Islands) 
1986: Scott 391

MELENCOLIA:I 
by Albrecht Dürer 

Mongolia 1978: Scott 1039

Benjamin Franklin, Scientist 
USA 2006: Scott 4022

PHILATELIC INTRODUCTION TO MAGIC SQUARES                                                                                                  page 2

Scott numbers are as given in the Scott 2007 Standard Postage Stamp Catalogue, 163rd edition
(on paper in 6 volumes and on 12 CD-ROMs with text-searchable pdf files)  edited by James E. Kloetzel, 

pub. Scott Publishing, Sidney, Ohio, 2006 (with updates in the Scott Stamp Monthly).

The stamp also includes a whimsical
19th-century Currier and Ives lithograph
depicting Franklin and his son performing the
legendary electricity experiment with a kite
(see also the very nice sheetlet from
Sierra Leone 2002, Scott 2520).

Also shown is a schematic drawing of
Franklin’s “three-wheeled clock” from Select
Mechanical Exercises by James Ferguson
(1710–1776) and Franklin at a writing desk
from a mural by Charles Elliott Mills.

09/26/2007 03:31 PMGoogle Image Result for http://th.physik.uni-frankfurt.de/~jr/gif/stamps/sm_franklin5.jpg

Page 1 of 2http://images.google.com/imgres?imgurl=http://th.physik.uni-frank…um%3D10%26um%3D1%26hl%3Den%26client%3Dsafari%26rls%3Den%26sa%3DN

09/26/2007 03:31 PMGoogle Image Result for http://th.physik.uni-frankfurt.de/~jr/gif/stamps/sm_franklin5.jpg

Page 2 of 2http://images.google.com/imgres?imgurl=http://th.physik.uni-frank…um%3D10%26um%3D1%26hl%3Den%26client%3Dsafari%26rls%3Den%26sa%3DN

PHILATELIC INTRODUCTION TO MAGIC SQUARES                                                                                                  page 8

‘‘Steam and electric invention and its inventor’’, 
Sierra Leone 2002: Scott 2520.

There are at least 160 stamps associated with Franklin, in-
cluding these 3 from Bulgaria, France, and Sierra Leone.

‘‘Great personality of the world’’ 
Bulgaria 1956: Scott 950

‘‘Famous man who lived in France’’ 
France 1956: Scott 814
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Raghunandana, Zlobec & Khajuraho–Dudhai page ch13

Raghunandana, Zlobec & Khajuraho–Dudhai
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Raghunandana Bhat.t.ācārya (fl. c. 1520/1570) page B38

An early method for making magic squares of
order 4 having any optional magic sum is given
in Smr.titattva, the 16th-century encyclopaedia
on Hindu Law by the Bengali scholar
Raghunandana Bhat.t.ācārya (fl. c. 1520/1570).

The magic matrix

K(a) =


1 8 a− 7 a− 2

a− 5 a− 4 3 6
7 2 a− 1 a− 8

a− 3 a− 6 5 4


has magic sum 2a, and is H-associated and
hence most-perfect for all values of a, and
therefore so is its Moore–Penrose inverse.

The matrix K(a) is classic only when a = 17

K(17) =


1 8 10 15
12 13 3 6
7 2 16 9
14 11 5 4

 ,

and EP only when a = 11

K(11) =


1 8 4 9
6 7 3 6
7 2 10 3
8 5 5 4

 .

According to the Banglapedia: National
Encyclopedia of Bangladesh, “Bhattacharya,
Raghunandan (c. 15th-16th century)” was a
famous scholar of Hindu law (Smriti), born in
Nadia (now in West Bengal, India, very close
to the border with Bangladesh). He is central
to Hindu law in Bengal which is described as
pre-Raghunandan, Raghunandan, and
post-Raghunandan.

Hayashi (2008, Fig. 24) gives the matrix K(a)

and attributes it to “Laghunandana” which we
believe is a typo for “Raghunandana”.
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The Zlobec PMS is EP but not rhomboid page B39

In September 2010 we constructed a philatelic
magic square (PMS) for the 70th birthday
celebration (in Split, Croatia) of my McGill
colleague Sanjo Zlobec based on the magic
matrix S =
70 65 15 40
45 10 60 75
20 35 85 50
55 80 30 25

= 5


14 13 3 8
9 2 12 15
4 7 17 10
11 16 6 5

,
which is F-associated and so its Moore–
Penrose inverse is F-associated and magic.

Moreover, S is EP and so the group inverse
S# and Moore–Penrose inverse S+ coincide:

S# = S+

=
1

25840


205 167 −213 −23
15 −251 129 243
−175 −61 319 53
91 281 −99 −137

 .

But S does not enjoy the rhomboid property.
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The Khajuraho–Dudhai magic matrix is most-perfect but not EP page B40

The Khajuraho–Dudhai magic matrix

K =


7 12 1 14
2 13 8 11
16 3 10 5
9 6 15 4


corresponds to a magic square found in
Khajuraho and in Dudhai (Jhansi district),
both also in India (and both fairly near
Gwalior).

The Khajuraho magic square, which dates
back to the 12th or 13th century, was found
“in a Jaina inscription in the Parshvanath Jain
temple” and/or on the “front wall of the Jain
temple Jinanatha”.

The matrix K is not EP, but it is H-associated
and hence most-perfect.

Khajuraho

``Magic squares in India’’ by Bibhutibhusan Datta & Awadhesh Narayan Singh (revised 
by Kripa Shankar Shukla), Indian Journal of History of Science, 27 (1), 1992, pp. 51–120.

``... and in the Tijapapahutta 
stotra [hymn] of the Jainas, 

we find another 4x4 magic 
square interspersed with the 
blja [elements of a mantra]’’:

Parshvanath 
Jain temple

Datta & Singh (1992) noted that 
``In a Jaina inscription found 
[in Parshvanath Jain temple] 
Khajuraho occurs a 
magic square of 4x4 cells’’:

Magic Stamps                    
Florida Talk on Matrix & Magic Stamps: 8dec06                            page 31a 

Laxmi Bai, the Rani of Jhansi

The Rani of Jhansi 
(c. 1828–1858), the 

queen of the princely 
state of Jhansi, was one 
of the great women of 
the Indian rebellion of 
1857, and a symbol of 

resistance to British rule 
in India. [Wikipedia]

Khajuraho

Parshvanath 
Jain temple

Magic Stamps                    

The Dudhai magic square was carved on the
“underside of a lintel from the collapsed
doorway of a shrine known as the Chota
Surang (small tunnel)” apparently built in the
11th century AD.

The stamp (upper right) depicts Laxmi Bai
transformed from a queen into a warrior
fighting for justice. Laxmi Bai, The Rani of
Jhansi (c. 1828–1858), was the queen of the
Maratha-ruled princely state of Jhansi and a
symbol of resistance to British rule in India.
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Firth & Zukertort page ch14

Firth & Zukertort
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Firth–Zukertort is EP and rhomboid page B41

At the end of the rare book entitled
The Magic Square by W. A. Firth [sic] (1887)
is the one-page “article” entitled
“The Magic Chess Board, invented by
W. Firth [sic], dedicated to Dr. Zukertort”.

“The Magic Chess Board” is an 8× 8 magic
square with “Firth–Zukertort magic matrix”

Z=



64 21 42 3 37 16 51 26
38 15 52 25 63 22 41 4
11 34 29 56 18 59 8 45
17 60 7 46 12 33 30 55
10 35 32 53 19 58 5 48
20 57 6 47 9 36 31 54
61 24 43 2 40 13 50 27
39 14 49 28 62 23 44 1


.

Firth showed that if the top left, top right,
lower left and lower right 4× 4 squares are
stacked then they form a “magic cube”.

An n × n × n magic cube is the 3-dimensional
equivalent of an n × n magic square, with the
sum of the numbers in each row, each column,
each “pillar” and the four main space diagonals
equal to the same magic number.

The Firth–Zukertort magic matrix Z is
F-associated and hence so is its
Moore–Penrose inverse. Moreover, Z has index
1 and so has a group-inverse.

Furthermore, Z has index 1 and is EP, and
hence the Moore–Penrose inverse and
group-inverse coincide. In addition Z enjoys
the rhomboid property: we have underlined the
entries 1, 2, 3, 4.
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The Firth–Zukertort “Magic Chess Board” page B42
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Firth–Zukertort page B43

Firth dedicated his “Magic Chess Board” to
“Dr. Zukertort”, almost certainly the chess
master Johannes Hermann Zukertort
(1842–1888), who was one of the leading
world players for most of the 1870s and 1880s,
and who lost 7 12–12

1
2 to Wilhelm Steinitz

(1836–1900) in the 1886 inaugural World
Chess Championship.

We know of no other distinguished chess
player associated with a magic square (or
magic cube or magic chessboard).

The only stamps that we have found that are
connected with Zukertort are a souvenir sheet
for “Les grands maîtres des échecs” from Chad
1982 and a pair of stamps from the Central
African Republic 1983.

There is a portrait of Zukertort in the selvage
of the souvenir sheet from Chad, which shows
a single stamp with a portrait of Steinitz.
Zukertort is shown in the selvage between
Emanuel and Staunton at the top centre.

Proceeding anti-clockwise from Lasker there
are portraits of Botvinnik, Petrosian,
Capablanca, Korchnoi and Karpov.

The German mathematician Emanuel Lasker
(1868–1941) was World Chess Champion for
27 years (1894–1921) and was known for his
contributions to commutative algebra, as he
defined the primary decomposition property of
the ideals of some commutative rings when he
proved that polynomial rings have the primary
decomposition property.
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Zukertort, Steinitz et al. page TBM-B44
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Zukertort, Steinitz & Spassky page ch15

24/09/09 1:50 PMChess is Fun: Chess Positions on Stamps

Page 3 of 16http://www.queensac.com/positions.html

Steinitz v Zukertort, match, 1886
And here is the Steinitz game, the ninth game of his 1886 match
against Zukertort. 

Kolisch v Anderssen, London, match (1), 1861 This 1861 match is better
remembered for how it was timed, with an hourglass, than for this particular
game. Anderssen lost mis famous match against Morphy in 1858 but
bounced back to defeat Kolisch three years later. 

Morphy v Harrwitz, Paris, match (3), 1858 Morphy lost the first two games
of this match. According to Edge, Morphy was distracted by the night life in
Paris and had very little sleep. After his second defeat, Morphy predicted
that Harrwitz would not win another game. Sure enough, Morphy won the
next five games and Harrwitz refused to continue to play. 

Anderssen v Steinitz, Vienna, 1873 This game is hardly Steinitz's best,
despite the strong opponent. The game illustrates Steinitz's positional
understanding; Anderssen's queen is structurally out-of-play as early as
move 22. 

Ilyln Zhenevsky v Lasker, 1925 Again, not the example we would have
picked for one of Lasker's best games. Indeed, many annotators believe that
white is fine, and perhaps winning by move 23, but Ilyin-Zhenevsky

Zukertort, Steinitz & Spassky
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Zukertort, Steinitz & Spassky page B45

There are many stamps which honour Steinitz,
including the one shown in the souvenir sheet
from Chad. The only stamps per se that we
have found associated with Zukertort are two
from a set from the Central African Republic
in 1983.

According to the website “Chess positions on
stamps”, the chess position shown on the 300F
stamp is from the 9th game of the 1886
Steinitz–Zukertort championship match
though the portrait there is of Boris Spassky;
this game (with Zukertort white) was played
on 10 February 1886.

The 5F stamp shows a portrait of Steinitz
together with a position which derives from a
game Spassky played in 1953, nearly 50 years
after Steinitz died! Presumably the intent was
to put the Steinitz–Zukertort chess position on
the 5F stamp and the Spassky chess position
on the 300F stamp!

24/09/09 1:50 PMChess is Fun: Chess Positions on Stamps

Page 3 of 16http://www.queensac.com/positions.html
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Firth, Perigal & Quekett page B46

We know very little about “W. A. Firth” but
note that the title page of The Magic Square
says “W. A. Firth, B. A., Cantab., late scholar
of Emmanuel College, Cambridge, and
mathematical master of St. Malachy’s College,
Belfast.”

The preface is signed with the address
“31 Hamilton Street, Belfast” and it seems to
us, therefore, almost certain that our
“W. A. Firth” is the “William A. Firth” who
died on 12 September 1890.

From the Public Record Office of Northern
Ireland, we found that “The Will of William A.
Firth, late of Belfast, Mathematical Professor,
who died on 12 September 1890 at same place
was proved at Belfast by Margaret Firth of
Hamilton-street Belfast, Widow, one of the
Executors.”

We believe that our “W. A. Firth” is the “Mr.
William A. Firth (Whiterock, Belfast)” who
with “Mr. Henry Perigal were balloted for and
duly elected” members of the Quekett
Microscopical Club on 22 July 1881.

Henry Perigal Junior (1801–1898) was an
English amateur mathematician best known
for his elegant dissection proof of Pythagoras’s
theorem, a diagram of which is carved on his
gravestone in the churchyard of the Church of
St. Mary and St. Peter in Wennington, Essex,
England.

The Quekett Microscopical Club was named
after the English microscopist and histologist
John Thomas Quekett (1815–1861). Founded
in 1865 the Club is dedicated to optical
microscopy, amateur and professional.
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Kazwini’s Cosmography page ch16

Kazwini’s Cosmography
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Magic squares in Kazwini’s Cosmography page B47

We end this talk with comments on three
magic squares in Kazwini’s Cosmography =
Book of the Marvels of Nature and the
Singularities of Created Things by Zakariyyā’
ibn Muh.ammad ibn Mah.mūd Abū Yah.yā
al-K. azw̄ın̄ı (c. 1203–1283), first published in
the 13th century.

Four Persian translations of this book have
been digitized and copies are available
open-access online at the US National Library
of Medicine, which is operated by the US
federal government and is the world’s largest
medical library.

Shown here is Folio 310a of copy #MS P 3
from the National Library of Medicine with
two magic squares: a 3× 3 at the top and a
5× 5 near the bottom. A third magic square,
which is 4× 4, is partially visible (in the
middle), possibly from the verso.–TBC
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The 3× 3 “Kazwini magic square” page TBM-B48

We define the 3× 3 “Kazwini magic square”
Fisher’s α Index of Diversity and the Kazwini Cosmography 387

 6  1 8

7 5 3

2 9 4

Fig. 10 The 3×3 magic square in the upper left part of folio #310a [35]

al-Sizji AD 969

al-Biruni AD 1082

current

Fig. 11 Three sets of Hindu–Arabic numerals

The glyphs40 used here, which we will call Hindu–Arabic numerals41, and in
the other two magic squares in folio #310a, seem to be the same as those used
in a treatise by the well-known Persian mathematician Abu Arrayhan Muhammad
ibn Ahmad al-Biruni (973–1048) copied in 1082. al-Biruni was also a “physicist,
encyclopedist, philosopher, astronomer, astrologer, traveller, historian, pharmacist,
and teacher” [49].

The Hindu–Arabic numerals in the top row of the 3× 3 magic square seem to
come from a work of Abu Said Ahmad ibn Muhammad ibn Abd al-Jalil al-Sijzi (c.
945–1020), an Islamic astronomer and mathematician, who wrote on the geome-
try of spheres. The numerals changed their form somewhat 100 years later. In the
middle row in Fig. 11 are the numerals as they appear in a 1082 copy of one of the
astronomical texts of Abu Arrayhan Muhammad ibn Ahmad al-Biruni (973–1048).

Between 969 and 1082 the biggest change in the numerals was that the 2 and
the 3 have been rotated through 90o. This came about since scribes wrote on a scroll
which they wound from right to left across their bodies as they sat cross-legged. The
scribes therefore, instead of writing from right to left (as Arabic is written), wrote
in lines from top to bottom. The script was rotated when the scroll was read and the
characters were then in the correct orientation [29].

40 A glyph is the shape given in a particular typeface to a specific grapheme or symbol [49].
41 Hindu–Arabic numerals, also known as Arabic numerals, Indian numerals, and Hindu numerals,
form the basis of the European number systems which are now widely used [49].

by the magic matrix

K3 =

6 1 8
7 5 3
2 9 4

 = F

4 9 2
3 5 7
8 1 6

F = FLF,

the Luoshu magic matrix L double-flipped.

The “Hindu-Arabic numerals” used here seem
to be very similar to those used by the Persian
astronomer and mathematician Abu Sa’id
Ahmed ibn Mohammed ibn Abd Jalil Sijzi
(c. 945–c. 1020) and/or by the Persian scholar
Abu Arrayhan Muhammad ibn Ahmad
al-Biruni (973–1048).

  

  



  

  



  

  


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Fig. 11 Three sets of Hindu–Arabic numerals

The glyphs40 used here, which we will call Hindu–Arabic numerals41, and in
the other two magic squares in folio #310a, seem to be the same as those used
in a treatise by the well-known Persian mathematician Abu Arrayhan Muhammad
ibn Ahmad al-Biruni (973–1048) copied in 1082. al-Biruni was also a “physicist,
encyclopedist, philosopher, astronomer, astrologer, traveller, historian, pharmacist,
and teacher” [49].

The Hindu–Arabic numerals in the top row of the 3× 3 magic square seem to
come from a work of Abu Said Ahmad ibn Muhammad ibn Abd al-Jalil al-Sijzi (c.
945–1020), an Islamic astronomer and mathematician, who wrote on the geome-
try of spheres. The numerals changed their form somewhat 100 years later. In the
middle row in Fig. 11 are the numerals as they appear in a 1082 copy of one of the
astronomical texts of Abu Arrayhan Muhammad ibn Ahmad al-Biruni (973–1048).

Between 969 and 1082 the biggest change in the numerals was that the 2 and
the 3 have been rotated through 90o. This came about since scribes wrote on a scroll
which they wound from right to left across their bodies as they sat cross-legged. The
scribes therefore, instead of writing from right to left (as Arabic is written), wrote
in lines from top to bottom. The script was rotated when the scroll was read and the
characters were then in the correct orientation [29].

40 A glyph is the shape given in a particular typeface to a specific grapheme or symbol [49].
41 Hindu–Arabic numerals, also known as Arabic numerals, Indian numerals, and Hindu numerals,
form the basis of the European number systems which are now widely used [49].
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The 5× 5 “Kazwini magic square” page B49

We define the 5× 5 Kazwini magic square

by the magic matrix

K5 =


6 8 23 24 4
7 12 11 16 19
5 17 13 9 21
25 10 15 14 1
22 18 3 2 20

 ,

which is classic with magic sum 65. Moreover,
K5 is nonsingular but its inverse is not magic.

However, K5 is almost F-associated: 17 out of
25 elements of the matrix

K5 + FK5F =


26 10 26 42 26
8 26 26 26 44
26 26 26 26 26
44 26 26 26 8
26 42 26 10 26

 ,

are equal to 26.

The inverse matrix K−15 = 1
83200×


−22208 12632 10032 19912 −19088
83872 −50288 −45088 −69008 81792
−51328 22512 38112 45392 −53408
38112 −12848 −28448 −31568 36032
−47168 29272 26672 36552 −44048



is almost magic: the row and column totals are
all equal and the two traces are equal. The
rows and columns add to to 1

65 but the two
traces are 275

208 6=
1
65 .
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Tile illustrating Kazwini’s Cosmography page B50

George P. H. Styan70 Old magic squares


