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DMITRY JAKOBSON, SERGEY NORIN, AND LISE TURNER

ABSTRACT. We study the distribution of coefficients of rank polynomials of
random sparse graphs. We first discuss the limiting distribution for general
graph sequences that converge in the sense of Benjamini-Schramm. Then we
compute the limiting distribution and Newton polygons of the coefficients of
the rank polynomial of random d-regular graphs.

1. INTRODUCTION

Dichromatic polynomial is the most general graph invariant satisfying deletion-
contraction properties. It contains important information about G, in particular
about its connectivity properties, and about nowhere-zero flows on G. In Statis-
tical Physics, it describes the partition function for the Potts model on G. When
restricted to certain curves (or points), the dichromatic polynomial specializes to
some well-known graph invariants, including chromatic polynomial, the number of
spanning trees, the number of acyclic orientations etc. It is closely related to impor-
tant invariants in knot theory, including the Jones polynomial. Equivalent forms of
dichromatic polynomial include the Tutte and the rank polynomials of the graph.
The Tutte polynomial is perhaps better known. (See [Wel] for an excellent survey
on the properties of the Tutte polynomial.) In this paper, however, we consider
rank polynomials (defined in , focusing on the coefficients, as it turns out that
the behaviour of the coeflicients of rank polynomial is more tangible.

We focus on the asymptotic properties of the rank polynomial, focusing primarily
on the sparse graphs. The asymptotic behaviour of many graph invariants, includ-
ing Laplace spectrum, cycle distribution, colouring properties, non-concentration of
eigenvectors etc. has been studied extensively before. However, several asymptotic
properties of the rank and Tutte polynomials have not been considered before, to
our knowledge. In our paper, we focus on the coefficients of those polynomials. We
first study Newton polygons for the rank polynomials for random regular graphs in
We determine them for d-edge connected d-regular graphs (Theorem, then
describe them for general graphs.

Next, we define probability measures describing the concentration of the (nor-
malized) coeflicients of those polynomials. The coefficient measure for the rank
polynomial is defined in

In sections [ and [B] we discuss the limiting distribution of the coefficients of the
rank polynomial associated for Benjamini-Schramm convergent sequences of graphs
and compute it exactly for random d-regular graphs.
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The questions considered in this paper were suggested by numerical experiments
in the paper |[RT], where some a priori results on the coefficient measures for the
Tutte polynomial were also established.

2. RANK POLYNOMIAL

Let G be a graph without loops or multiple edges, with the vertex set V = V(G)
and the edge set E = E(G). We let |[V(G)| = n and |E(G)| = m. We denote by
G| A the subgraph of G whose edge set is A and whose vertex set is V(G), and we
denote by k(H) the number of connected components of a graph H.

The rank polynomial Rg of a graph G with n vertices and m edges, cf. [Bigl]
Definition 10.1] is defined by

(2.1) Rolr,y):= Y. am(@A,@),
ACE(G)

where r(G|A) = n—k(G|A) denotes the rank of G|A, and s(G|A) = |A|—n+Ek(G|A)
denotes the co-rank of G|A.

It is easy to see that Rg(z,y) is indeed a polynomial. Let Gi,...,Gj be the
connected components of G|A; we see that

k k
4] =Y IB(G) = Y _(IV(Gi)l = 1) = n — k(G|A),
i=1 i=1
therefore s(G|A) > 0. The above argument also shows that s(G|A) = 0 if and only
if G|A is a forest. Also, clearly r(G|A) > 0, and the equality holds if and only if
A =(. Thus A = ) corresponds to the constant term 1 in Rg(z,y).

Denote the coeflicients of the rank polynomial by p;:

(22) RG(‘xa y) = Z prsxrys'

Thus p,-s denotes the number of subgraphs of G with rank r and co-rank s. Those
coefficients are the entries of the rank matriz p,s(G) of the graph G, see [Bigl] Ch.
10] or [G-Rl Ch. 15].

2.1. Newton polygon of the rank polynomial. In this section we consider the
Newton polygon II(R¢g) for the rank polynomial R¢. is the convex hull of the set
of all lattice points {(r,s) € Z?: p,.s # 0}.

We start by making some simple observations about II(Rg). We first remark
that all the points lying on the line segment Iy(G) := {(a,0) : 0 < a < m — 1}
belong to II(Rg): They correspond to forest subgraphs of G with a edges. This
segment coincides with II(R¢) if and only if G is a forest. From now on, we assume
that G is connected and has at least one cycle; in that case Ip(G) is a proper subset
of H(RG).

If the graph G|A has one connected component and contains all the vertices of
G, then r(G|A) = n — 1; its co-rank varies between s = 0 (a spanning tree) and
s=m—n+1 (A= E); accordingly all the points {(n —1,0) : 0 <b<m—n+1}
belong to II(Rg). The tangent of the angle a(m,n) that the line from (0,0) to

_ m—n+l1 m 1.

(n—1,m —n+1) forms with the z-axis satisfies tan a(m,n) = =24= = o —
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Accordingly, if we denote by ag the angle formed by the sides of TI(Rg) at the
origin (0,0), it will satisfy

S [E(GIA)
0= sup

—— — 1.
ACE:(G|A) has cycles |V(G|A)| -1

In general, the supremum need not be attained for A = E.

Ezample 2.1. Consider a graph G(n, s) consisting of complete graph K,, 1 on (n+1)
vertices; and a path of length s starting at one of the vertices of K,,+1. If we take A
to be all the edges of K, 11, then tan a(A) = % —1= ”T_l If we take A = F,

_ (n+1)n/2+s

7= — 1 <tana(A) by an easy calculation.

then we get tan a(E)
For regular graphs, II(R¢) also need not be a triangle.

Ezample 2.2. Consider a graph G(k,q) constructed as follows: take ¢ > 2 disjoint
copies of the complete graph Kj; then connect those graphs by edge switching
along a cycle of length q. Clearly, after removing 2 < p < g “cycle” edges from
that graph, we will get a graph G,(k,q) with p connected components. It is easy
to show that for £ > 5, we shall have

_ qk(k—3) _ qk(k—3)+2
2(kq —p) 2(kq —1)
It follows that II(Rg(k,q)) is not a triangle.

tana(Gp(k,q))

= tan a(G(k, q)).

The situation is simpler for d-edge connected d-regular graphs.

Theorem 2.3. Let G be a d-edge connected d-regular graph (d > 3) on n vertices.
Then the Newton polygon II(Rg) of the rank polynomial Rg is the triangle T'(n, d)
with the vertices at (0,0),(0,n—1) and (n —1,m —n +1).

Proof: Let A, = (0,0), B, = (0,n—1) and C,, = (n—1,m —n+1) be the vertices
of T'(n,d); since d is fixed, we suppress the dependence on d.

We have shown previously that the line segments [A,, B,] and [B,, C,] belong
to the boundary of TI(R¢); it remains to be shown that II(R¢g) C T'(n,d). Equiva-
lently, all points in II(R¢) lie below the line segment [A,,, C,,]. The tangent of the
angle a(G) formed by the sides C,,, A,, and B,,, A,, of T, is equal to

m—-n+1 dn/2-n+1
n—1 n—1 '

tan a(G) =

Let A C E; suppose the graph G|A has connected components. The number of
edges in E'\ A satisfies

(2.3) B\ Al > %7

by the d-edge connectivity of G: for a fixed component C of G|A, there are at least
d edges with exactly one endpoint in C.
The monomial corresponding to the graph G|A corresponds to the point C'(A)

with the coordinates (n—k(A), |A|—n—+k(A)), hence the tangent of the angle a/(A)
formed by the lines A, B,, and A,,C, is given by

_JAl=n+ k()

tan a(A) " h(A)
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To prove the theorem, it suffices to show that tan «(S) < tan «(G), which is equiv-
alent to

(dn/2 = n+ 1)(n — K(A)) > (|A] = n+ k(A))(n — 1).
After cancellations and multiplication by 2, we get dn(n — k(A)) > 2(n — 1)|A] or
dn? — 2(n — 1)|A| > k(A)dn. This can be rewritten as

I,:=dn+2(n-1) [d; — k'(A)] =dn+2(n—1)|E\ Al >dn-k(A).
Substituting (2.3)), we find that the left-hand side I,, satisfies
d-k(A)

I, >dn+2(n-1) 5 -

Accordingly, it suffices to show that
dn+ (n—1)d-k(A) > dn - k(A).
But the latter is equivalent to
dn > d-k(A),

which is clearly true. (I
We remark that random d-regular graphs are a.a.s. d-edge connected [Boll.

Corollary 2.4. The conclusion of Theorem holds for random reqular graphs
with probability tending to 1 as n — oo.

3. NEWTON POLYGON OF THE RANK POLYNOMIAL FOR GENERAL GRAPHS

In this section we describe the Newton polygon of the rank polynomial for general
graphs. The key relevant notion turns out to be the so-called k-edge-connectivity,
defined in [BC] and also [Gol80, [Gol81].

Let G be a connected graph with n vertices. For k < n, the k-edge-connectivity
Mi(G) is defined to be the minimal number of edges that need to be removed from
G to separate GG into k connected components.

We remark that the notation in [BC] is slightly different from ours: \; in [BC]
equals to our \;41; our notation is consistent with the notation in [ZHLS].

Consider the vertical line {r = const} C Z?; we would like to determine the
largest s such that the point (r, s) lies in II(Rg). Let A C E(G), and let 27 (G14)y5(G14)
be the corresponding monomial in Rg. We have r(G|A) = n — k(G|A) (from [2.2),
so fixing r is equivalent to fixing the number k = k(G|A) of the connected compo-
nents of the graph (G|A). For a fixed r, we would like to find the largest possible
s = s(G|A). We remark that r(G|A) + s(G|A) = |A], so finding the largest s is
equivalent to finding the largest |A| such that removing E'\ A from the graph G dis-
connects it into k connected components. By the definition of k-edge-connectivity,
we have m — |A| = A\;(G) and therefore |A| = m — A\, (G).

We summarize the above discussion.

Theorem 3.1. Let G be a connected graph with n vertices and m edges, and let
IT1 =T1I(Rg) denote the Newton polygon of the rank polynomial Re.

(a) The lower part of the boundary OII contains the horizontal line segment
connecting the points (0,0) and (n — 1,0);

(b) The right part of the boundary OIL contains the vertical line segment con-
necting the points (n — 1,0) and (n —1,m —n + 1);
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(¢) The upper part of the boundary OII coincides with the (“upper”) convex hull
of the set of points

{(n—k,m— (@) :1 <k <n},
where A\, (G) denotes the k-edge-connectivity of G.

It is clear from that if the graph G, is obtained from the graph G; by
adding several new edges (G1 C G3), then any monomial appearing in Rg, also
appears in Rg,, since any subset A of E(G1) is also a subset of E(G3). It follows
that TI(Rg,) C II(Rg,). It was shown in [BClL Corollary 2] that A\x(K,) = (k —
1)(2n — k)/2. Accordingly, for any graph G on n vertices, II(R¢) lies below the
“upper” convex hull of the set

{(n—k,nn—-1)/2—(k—1)2n—k)/2): 1 <k <n}.

Below, we summarize some of the known results about A\;(G). It was shown in
[BC, Theorem 1] that for 1 < k < j < n, we have

G-DG-k+1)
3.1 Aj > = -
&y EGANG k)
A special case is A; > X\j_15(j — 1)/[(j + 1)(j — 2)]. Also, it was shown in [BC|
Theorem 2] that if G has minimum degree §, 1 < k < n and \(G) > |n/k],

then A\ (G) > d. It was also shown in [BC| Corollary 4] that for a d-regular graph
i(i—1)
2

Ak

containing an i-clique K, for d > in/(i+ 1) we have \j11 = di — . It was also

shown in [ZHLS, Theorem 2.5] that for n > 1 > 1, we have
(3.2) N 2 122G
We next discuss the values of Ax(G) for small k£ and small n — k. Clearly,
A1(G) = 0 for connected graphs; A\o(G) is the edge connectivity of G. Clearly,
A2(G) < 0(G), the minimal degree of G. Next, A, (G) = m for connected graphs.
Let A C E(G); the graph (G, A) has the same vertex set as G, and its edge set
coincides with A; note that (G, A) is in general different from the graph (G|A) For
simple graphs G, if the set A C F contains at least 2 edges, then (G, A) has at
most (n — 2) components, so A,—1(G) = m — 1, hence the point (1,1) € II(Rg).
Also, if G has girth 3 (contains triangles), then A,,_2(G) = m — 3, hence the point
(2,3) e I(Rg).

4. BENJAMINI-SCHRAMM CONVERGENCE AND THE COEFFICIENT MEASURES.

Below, we define a probability measure that describes the relative size of the
coefficients of the rank polynomial; we call it the coefficient measure. Recall that
the coefficients p,.s of the rank polynomial Rg were defined in The monomials
of R¢ are in bijection with subsets of E(G), where |E(G)| = m, hence

(4.1) Z prs = 2.

Also, for any A C E we have r(G|4) < n —1, and s(G|A) < |A| < m. It seems
natural to consider a probability measure associated to Rg defined as follows

(12) pr(@) = 5> palrs) - 6(r/n, s/m),
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By the previous remarks, pr(G) is a probability measure supported in the triangle
with vertices at (0,0), (1,0) and (0,1).

Consider a sequence G; of graphs such that |[V(G;)] — oo and G; — T in
the sense of Benjamini-Schramm. In this section we study convergence of the
coefficient measures p(G;). Let us first recall the definition of Benjamini-Schramm
convergence. For a graph G and rooted graph g, an integer r, let P(G, g,r) denote
the probability that the ball of radius r centered at a uniformly random vertex of
G is isomorphic to G. We say that a sequence of graphs G; with |V(G;)| — oo
and a uniformly bounded maximum degree is Benjamini-Schramm convergent if
P(G;,g,r) converges for all g and . In the remainder of the paper we study
the behavior of coeflicients of rank polynomials of Benjamini-Schramm convergent
sequences of graphs. First we show that the coeflicient measures converge.

Theorem 4.1. Let G; be a Benjamini-Schramm convergent sequence of connected

graphs. Then ur(G;) converges to a point mass.
Proof. Recall that we need to show almost sure convergence of W and

of ‘A"‘_lvl(gégﬁ(&mi)‘ , where A; is a subset of E(G;) chosen uniformly at random.

It is well known (see e.g. [, ]) that the average degree of G; converges to some
constant d.
Next let us consider the convergence of % For each i, |A;| is a binomial

[E(G)| | A 1
2

. . E(G;
random variable of mean and variance % Thus EG] has mean 5

and variance m Since the G; are connected, |E(G;)| — oo. Thus the mean
is constant and the variance tends to 0 and so we have almost sure convergence of
i to 3

Finally, consider the limit of the quantity k‘&,c'zc‘;A)') We again use the technique
of showing that the expected value converges while the variance tends to 0. For a
vertex v and a graph H, let ¢(v, H) be 1 over the size of the component containing
vin H. Then k(H) = ZUEV(H) ¢(v, H). For every positive integer R and a graph
H define kr(H) to be the number of components of size less than R in H, and let
cr(v, H) = c(v, H)x (c(v,H) > ). We have kr(H) = > vev(m) Cr(v, H), and in
particular

(4.3) k(H) — < kp(H) < k(H).

V()|
R

For a rooted graph g, let ¢, /2(g) be the random variable equal to cg(v, k), where
h is the subgraph of g obtained by taking a subset of edges of g uniformly at random.
If a vertex lies in a component of size less than R, all the information about the
component is entirely contained in B(v, R). Let S be the set of all rooted graphs

of radius R. Thus clearly
kR(Gi|Ai)>
e
V(Gi)l
1

= _ Z c1/2(v, B(v, R))
|V(Gl)| veV(V(G;))

(44) &= Py(B(v,R) = g)ci/a(9)
ges
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It follows that E4, (%&“;‘l’)) converges to a limit ar for every R as i — oo.

Moreover from (4.3]) we have

It follows that there exists a limit limp_,oc vr = @, and that E4, (ﬁﬁéf‘)ﬁ) con-
verges to this limit, as desired.

We now need only show that Var (%) tends to 0. Fix ¢ > 0. We use
the same ¢ and cr as above. However, since no confusion is likely to arise, we will
omit the G;|A;. We will also simply write V for V(G;). Note that cg(v) <1 and
c(v) — cr(v) < 1/R for all vertices v.

Var (Zvev c(v)) _ Var (ZDEV cr(v) + (c(v) — CR(U)))
V(@) V(@)
_ Var (Zvev CR(U)) Var (ZUGV c(v) — CR(”))
V(&) V(@)
+ Cov (Zvev cr(v), > pev cr(v) — C(U))
2
V(G)|

Var (Zuev cR(v)) E [(ZUGV c(v) — CR(U))Q}
< 5 + 5
V(@) V(@)
E[Yiev cr() - Yoy cr(v) = c(v)]
V(&P
Vo By @) | VG /R | [V@F /R
V(@) V(&) V(&)
< Var (3 ,ev cr(v)) 2

veF R

Choose R large enough that % < €.

The variable cg(v) is independent of cg(w) for all but O(|V(G)]) pairs of vertices
(v,w). This is because there are O(|V(G)]) pairs of vertices within distance R of
each other. The variance of cg(v) and the covariance of (cg(v),cg(w)) are both
bounded above by 1. Thus

Var (X,ev cr(v)) _ O(V(G)])

= =o(1
V(G V(G M

+

+

Var (Z?)EV CR(U))
V(@)

and so — 0. Since |V (G;)| — oo we have

- Var (Zvev c(v)) .
oo V(@)

for all € > 0 and so Var (%) — 0.

Thus the expectation converges and the variance goes to 0 and so % -«

almost surely.



8 D. JAKOBSON, S. NORIN, AND L. TURNER

. . r(Gi|Ay) . s(GilAq)
Thus, putting all of this together, we have that viGo 1—aand BGH

% — ﬁ + 55 almost surely. O
In general, it may not be easy to find . However, section [5| does this in the case
of random regular graphs.

5. GENERATING FUNCTIONS FOR THE NUMBER OF COMPONENTS IN RANDOM
SUBGRAPHS OF RANDOM REGULAR GRAPHS

Let G = (V, E) be a d-regular graph with |V| = n. Suppose we take a subgraph
F C FE by independently and uniformly choosing each edge with probability 1/2.
Then, using generating functions we find a concentration in the limiting coefficients
of the Tutte polynomial.

Lemma 5.1. Let G € G(n,d) be random and let F be a random subset of G. As
n — oo, the probability that a component chosen uniformly at random contains a
cycle tends to 0.

Proof. As n — oo, for ¢ > 3, the number of i-cycles in a random G € G(n,d) is
asymptotically Poisson with mean (d — 1)*/(2i), [Bol, p. 56]. In particular, the
mean converges to a finite limit as does the variance.

We claim that the mean number of components in F' is at least %. Each
vertex has probability 2= of not having any neighbours in F. Now construct an
independent set in G as follows. We work with two sets: A the set of accepted
vertices and P the set of potential vertices. Start with A empty and P = V. Now
choose any vertex v € P and add it to A. Remove all the neighbours of v from
P. Continue this procedure until P is empty. A cannot contain any vertices which
are neighbours in G. Also, since every step removes at most r + 1 vertices from
P while adding one to A, |A] > 5. Now the number of these vertices which
are alone in their components in F' follows a binomial with probability 27". This
probability does not depend on n. Hence, by the strong law of large numbers,
the number of vertices in A which are isolated in F' converges almost surely to
27" |A|. Furthermore, the number of components is bounded above by n. Thus,
k(F) = O(n) almost surely.

We first consider components in F' of size at most m for each m. These can only
contain cycles of size up to m. The expected number of such cycles in G is

m i
Z M < (d o 1)m+1
P 29
In particular, this expectation does not depend on n. Furthermore, since the dis-
tribution is asymptotically the sum of independent Poisson random variables, it is
a Poisson.

Now let n — oo. Choose a vertex v, uniformly at random in each graph. The
property of v, being in a component of size m can only depend on edges incident
to less than a bounded number of vertices N, (vertices in the component and their
neighbours). Thus the probability that v, lies in a component of size at most m
stays constant when n > N,,. Then the probability that v,, is in a component of size
at most m converges to a positive limit p,,. Hence the number of such components
is ©(n). Hence the probability that any given component of size at most m in a
graph of size n contains a cycle is ©(1/n).
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Since all components in any finite graph must have finite size, > <, pm = 1.
Now let € > 0. Choose M large enough that " -, pm < €/2. Now the probability
that a given component of size at most M contains a cycle is ©(1/n). Thus it tends
to 0. Choose N large enough that for n > N it is at most €¢/2. Thus the probability
of a randomly selected component containing a cycle is less than e.

Thus the probability that a randomly selected component contains a cycle tends
to 0 as n — oo. (]

Lemma 5.2. Fiz an integer radius R. Let G,, € G(n,r) be chosen uniformly at
random. Let v, be chosen uniformly at random from the vertices of G,,. Then as
n — oo, the probability that there is a cycle contained in Bg, (v, R) tends to 0.

Proof. First of all, we know that |Bg, (vn, R)] < S5, d* < df+1 since this would
be the size of a tree with this degree rooted at v,,. Hence Bg, (vn, R) cannot contain
cycles of length more than d®+!. Hence we may ignore such long cycles.

The number of cycles of a given length in a random regular graph of size n is
asymptotically Poisson with finite mean and variance. Let C,; be the number
of cycles of length at most [ in G(n,d). The sum of independent Poisson random
variables is Poisson so C), ; is asymptotically Poisson with finite mean and variance.
Then, for any € > 0, there is an M such that lim,_,o, P(Cp; > M) < e.

Fix € > 0, set [ = d®! and choose M large enough that lim,, o P(Cy; > M) <
€. Let A,, be the event that Bg, (v,, R) contains a cycle.

lim P(A,) = lim P(A,N{C,,; > M})+ lim P(A,N{C,; < M})
< lim P(Chy > M)+ lim P(A, N {Ch < M}
< et lim P(A, 0 {Coy < M)

If Cp; < M, then there are at most [M vertices in cycles shorter than [. If
Bg,, (v, R) contains an entire cycle, then it must contain an element of a cycle of
length at most [. The probability that a given vertex is an element of such a cycle
if C,,; < M is at most % Hence P(A, N{C,; < M}) < MTZQ This tends to 0 as
n — o0o. Thus, for all € > 0,

lim P(A4,)<e

n—oo

and so P(A;) — 0 which is want. O

This in fact simply states that a sequence of random regular graphs of increasing
size will almost surely converge to a tree in the sense of Benjamini-Schramm. Thus
we may apply Theorem [{.1] Clearly, the average degree will be the constant degree
d. The tricky part is to find a. For this we use 4.4, The limiting probability of
having a tree neighbourhood is 1 for any radius so it suffices to find the expected
inverse of component size in a tree. For convenience, set k =d — 1.

Definition 5.3. Let v be a vertex in a k-ary tree whose root may have k41 children.
Randomly select a subset of the edges of the tree by randomly and independently
including each edge with probability 1/2.

Let g(z) = 3_72, aja’ be the function such that for small j, a; is the probability
that the component of a vertex v has size j.

Let f be the analogous generating function in the case where v is the root and
it only has k children.
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We obtain a recurrence relation for f by adding a layer at the root. The new
root can have from 0 to k children. Each of these will have a certain number of
descendants with probabilities given by coefficients of f. Furthermore, we have
added one vertex to our tree. Thus we have

(14 f(x)*
flz) ==z ok
In fact the root of the tree may have as many as k 4 1 children. Thus

L+ f(x)*t 1

9(z) = r——p 5 = 5 (1+ f(2))f(2)

Lemma 5.4. The expected value of 1 over the size of a component in such a random
subset of a k-ary tree whose root may have up to k+1 children is % (f(l) — %f(lﬁ)

When k=2, f(1) =1 and when k > 3, f(1) is the solution to 28p = (1+ p)* in
the interval (0,1).

Proof. If g has power series Z;’;l ajz’, then the expected number of components
isn Z;’il %aj. Multiplying the terms by 7 yields the power series for
T
t
(5.1) K(z) = / #dt
0

To compute this, implicitly differentiate the recurrence relation for f and simplify
by the same relation.

x))k 2))k-1
f(x) = w +kxf’(x)%
f(z) = %x) +kf’(:c)1j:(;f(>m)
' fl) \ _ =)
f(x)( @) T
P (4 ) - k@) = T f(;”f(@

(10 - uwp2) =242

Thus, by the fundamental theorem of calculus, and since f(0) = 0,

(5.2 K@) = 5 (0 - 5 (0)?)

Thus the expected number of components is
1 k—1
- 1) — ——f(1)?
5 (-5 r)

To give us an idea, we now compute p = f(1). This is the total probability that
a random k-ary tree will have finite size. Thus it lies in the interval [0, 1]. It solves
the equation 2Fp = (1 + p)*. For k = 2, the only solution is p = 1. For r > 3,
there are two solutions in the interval. Now we know that all the coefficients of f
are non-negative. Thus f is increasing. Also f(0) = 0 and f is continuous. Thus,
we must have f(1) being the smaller of the two roots by the intermediate value
theorem. This incidentally means that, with positive probability, the random tree
is infinite when k& > 3. [l



COEFFICIENTS OF RANK POLYNOMIALS 11

Recall that the degree of the graph is k + 1. The generating functions f(x) and
g(z) were defined in

Definition 5.5. We thus have a = a(k + 1) given by the formula oo = K (1), where
the function K (z) was defined in and computed in

The values of « are given in a table below:
D «

1 1

\[ _9 5\/52—11

4 | =~ 0.087378 | ~ 0.03796

We may then apply the proof of Theorem to obtain convergence to a specific

delta function.

Corollary 5.6. Let G € G(n,d). Then the coefficient measures ur defined z'n
converge weakly as n — oo to the §-measure

B Aa—1) 1
(5(d1,2d2/d) =0 (]. —OZ,T + 2) )

W [N &

where o = a(d),d = k + 1 was defined in[5.5,

6. FURTHER QUESTIONS

The questions considered in this paper can be formulated for different classes of
graphs. It seems interesting to consider planar graphs; for example, every knot can
be represented using its planar projections, giving rise to 4-regular planar graphs.
However, regular planar graphs are quite different from random regular graphs; in
particular, as |E(G)| < 3|V(G)| for every non-null planar graph G d-regular planar
graphs only exist for d < 5. Also, random 3-regular planar graphs are typically not
3-connected. The probability that a random 3-regular planar graph is 3-connected
is exponentially small in the number of vertices; we refer to [Kan, Thm 6.4.1] for
precise asymptotics of that probability. Similar results hold for d > 3. Accordingly,
Theorem does not apply for random planar regular graphs. Also, the number
of spanning trees in random regular planar graphs grows slower [JR] [Ly] than in
general regular graphs [McK]. It would be interesting to study the limiting shapes
of the Newton polygons, and the limiting distribution of the coefficient measures
for random planar regular graphs (and more generally for random planar graphs of
bounded degree).

It seems interesting and challenging to extend our results to the Tutte polyno-
mial. (The Tutte polynomial of graph G can be defined from the rank polynomial
by

Tg(fﬂ,y) = (1‘ - 1)_n+1RG($ -lLy- 1)

It also seems very interesting to explore in more detail the restrictions of the 2-
variable polynomials considered in this paper to some specific curves; and to study
the distribution of the corresponding zeros, e.g. of the chromatic polynomials, or
of Alexander polynomial of a random knot, considered in [RivI6]. We remark that
the expected value of T for subgraphs obtained by randomly deleting edges from
G were considered in [Wel, Thm 6.3].

It seems interesting to study the limiting distribution of zeros of Rg (or, equiv-
alently, Ti), considered as subsets of R? and C2.



12 D. JAKOBSON, S. NORIN, AND L. TURNER

REFERENCES

[Bigl] N. Biggs. Algebraic Graph Theory. Cambridge Mathematical Library. Cambridge Univer-
sity Press, Cambridge, Second Edition, 1993.

[Big2] N. Biggs. Algebraic potential theory on graphs. Bull. London Math. Soc. 29(6) (1997),
641-682.

[BDS] N.L. Biggs, R.M. Damerell, D.A. Sands. Recursive families of graphs. J. Combin. Theory
B 12 (1972), 123-131.

[BC] F.T. Boesch and S. Chen. A generalization of line connectivity and optimally invulnerable
graphs. SIAM Jour. Appl. Math. 34, No. 4 (1978), 657-665.

[Bol] B. Bollobas. Random Graphs Cambridge studies in advanced mathematics. Cambridge Uni-
versity Press, Cambridge, Second Edition, 2001.

[BCKL] C. Borgs, J.. Chayes, J. Kahn, and L. Lovész, Left and right convergence of graphs with
bounded degree. Random Structures & Algorithms 42 (2013), 1-28.

[Cat] P.A. Catlin. Supereulerian graphs: a survey. J. Graph Theory 16 (1992), 177-196.

[CS] S-C. Chang and R. Shrock. Tutte polynomials and related asymptotic limiting functions for
recursive families of graphs. Adv. in Appl. Math. 32 (2004), 44-87.

[Chung] F.R.K. Chung. Spectral Graph Theory. CBMS Regional Regional Conference Series in
Mathematics, 92. AMS, 1997.

[C-V] K. Costello and V. Vu. The rank of random graphs. Random Structures and Algorithms,
33(3) (2008), 269-285.

[CsFr] P. Csikvari and P. E. Frenkel. Benjamini—Schramm continuity of root moments of graph
polynomials. European Journal of Combinatorics 52, Part B (2016), 302—-320.

[G-R] C. Godsil and G. Royle. Algebraic Graph Theory. Springer, 2013.

[Gol80] D. L. Goldsmith, On the second order edge-connectivity of a graph, Congressus Numer-
antium 29 (1980), 479-484.

[Gol81] D.L. Goldsmith, On the nth order edge-connectivity of a graph, Congressus Numerantium
32 (1981), 375-382.

[Gros] J. Grossman, D. Kulkarni, M. Devadatta, I. Schochetman. Algebraic graph theory without
orientation. Proceedings of the 3rd ILAS Conference (Pensacola, FL, 1993). Linear Algebra
Appl. 212/213 (1994), 289-307.

[JR] D. Jakobson and L. Rivin. Eztremal metrics on graphs I, Forum Math. 14(1), (2002), 147-163.

[Kan] M. Kang. Random Planar Structures and Random Graph Processes. Habilitationsschrift,
Humboldt-Universitat zu Berlin, 2007. http://edoc.hu-berlin.de/habilitationen/kang-mihyun-
2007-07-20/PDF /kang.pdf

[Kun] J. Kung. Preface: Old and New Perspectives on the Tutte Polynomial. Annals of Combi-
natorics 12 (2008), 133-137.

[LFH] Y. Liao, A. Fang and Y. Hou. The Tutte polynomial of an infinite family of outerplanar,
small-world and self-similar graphs. Physica A 392 (2013), 4584-4593.

[Ly] R. Lyons. Asymptotic Enumeration of Spanning Trees. Combinatorics, Probability and Com-
puting 14 (2005), 491-522.

[Man] A. Mani. On some Tutte polynomial sequences in the square lattice. Journal of Combina-
torial Theory, Series B 102 (2012) 436-453.

[McK] B. McKay. Spanning trees in regular graphs. European J. Combin. 4 (1983), no. 2, 149-160.

[Pal] E. M. Palmer. On the spanning tree packing number of a graph: a survey. Discrete Mathe-
matics 230 (2001) 13-21.

[Riv14] I. Rivin. Spectral Ezperiments+ Experimental Mathematics, Volume 25, Issue 4, (2016),
379-388.

[Riv16] I. Rivin. Random space and plane curves. arXiv:1607.05239

[RT] I. Rivin and L. Turner. Tutte Polynomials for Random Regular Graphs: Experiments. With
an Appendix by M. Medeiros Charbonneau, I. Rivin and L. Turner. In preparation.

[Sok] A. Sokal. Bounds on the complex zeros of (di)chromatic polynomials and Potts-model par-
tition functions. Combin. Probab. Comput., 10 (1) (2001), pp. 41-77.

[Tut] W. T. Tutte. On dichromatic polynomials. Jour. of Comb. Theory 2 (1967), 301-320.

[Wel] D. Welsh. The Tutte Polynomial. Random Structures and Algorithms, (1999), 210-228.

[Wor] N.C. Wormald. The asymptotic connectivity of labelled regular graphs. J. Combin. Theory
Ser. B 31 (1981), 156-167.



COEFFICIENTS OF RANK POLYNOMIALS 13

[ZHLS] L. Zhang, K. Hennayake, H.-J. Lai and Y. Shao. A lower bound on the l-edge connectivity
and optimal graphs. Jour. of Combinatorial Mathematics and Combinatorial Computing 66

(2008), 79-95.
E-mail address: jakobson@math.mcgill.ca

E-mail address: snorine@gmail.com
E-mail address: lise.turner@mail.mcgill.ca

DEPARTMENT OF MATHEMATICS AND STATISTICS, MCGILL UNIVERSITY, 805 SHERBROOKE STR.
WEST, MONTREAL QC H3A 0B9, CANADA



	1. Introduction
	2. Rank polynomial
	2.1. Newton polygon of the rank polynomial

	3. Newton polygon of the rank polynomial for general graphs
	4. Benjamini-Schramm convergence and the coefficient measures.
	5. Generating functions for the number of components in random subgraphs of random regular graphs
	6. Further questions
	References

