Final Examination 201-NYB-05 December 2016

1. Evaluate the following integrals.
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. Evaluate the following limits.
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. Evaluate each improper integral or show that it diverges.

(a) /Om(—xe_x) dx
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(b) /0 7@ - 1)2/3 dz

d
. Give the solution of the differential equation cos x d—y = sinx+/y? + 4 which satisfies y = 0 if z = 0.
x

. Find the area of the region bounded by y; = 2% + 22 + 3z 4+ 1 and 3, = 2® + = + 4.

. Let R be the region bounded by z = 0, f(z) = 1 + x and g(z) = 2> + x. Set up, but do not evaluate, an
integral which represents the volume obtained by revolving R about:

(a) the z-axis;
(b) the line x = 3.

. Find the arc length function for the curve z = y -3 ln y, taking ( 1) as the starting point.

. Determine with justification, whether the sequence {a,} converges or diverges. If a sequence converges, find
its limit.
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b) ap = — 2
(b) an = G oy
= /1 1
. For the telescopi jes Y (= — ,
or € telescoping series Z <7’L n+2)

(a) give a formula for s,, the sum of the first n terms of the series, and (b) find the sum of the series.
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10. Determine whether each series is convergent or divergent. Justify your answers.
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11. Determine whether each series is absolutely convergent, conditionally convergent or divergent. Justify your
answers by displaying proper solutions.
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12. Find the radius and interval of convergence of the power series

i ()" +1)"

—~ 57/n
13. For the function f(z) = G find the Taylor series around z = 1. Write the first four terms of the series
x

explicitly, and express the series using appropriate sigma notation.



Solutions

1. a. If y = v/sin x then 2y dy = cos x dx and cos? x = 1 — y#, so

3
Ccos” x 4 1.5 2 .2 p
dx =2 |(1— dy =2 — +a=%£(5—sin“x)Vsinx + a.
J — J( y*) dy ( 59) 5( )

b. If y = arcsin(x?2) then dy = 2x(1 — x*)"1/2 dx, so

J x arcsin (x?)

2
dx = %Jy dy = % (arcsin(x2)> + b.

V1— x4
c. The resolution into partial fractions of the integrand is
x+6 2 2x +3

x(x2+2x+3) x x2+2x+3
where the coefficient over x is found by inspection (covering and evaluating) and the coefficients

over x2 + 2x + 3 are obtained by comparing the quadratic and constant terms of the numerator.

The integral of the second partial fraction is

2 2 1
szf;x+3+ (x+1]2+2} dx =log(x* +2x +3) + 3 v2arctan (3v/2(x +1)) + ¢,

and therefore

X+ 6 X
——— —  _dx =log ——~—— — 1\/2arctan (}/2 1
Jx(x2+2x+3) %8 2 gy 3 2v2aran (av2(xd 1) te

d. Repeated partial integration and absorbtion gives
Jsin(log x) dx = xsin(logx) — x cos(log x) — Jsin(log x) dx

= %x (sin(logx) — cos(logx)) + d.

e. Ify = vx2—4,theny? = x> —4,s0y dy = x dx and

yy dy 2ydx dy 2(x*—4)  _ 8dx dy
d(@)_ﬁi X3 X2 X3y Ty y2id
Therefore,
dx y 1 dy x2—4 T
Jﬁ 8X2 Jy +4*W+1éarctan(2 X 4)+E

f. Multiplying and dividing by /3 4 x omits —3 from the domain of the integrand, and gives

Jidx:?)arcsin(%) de—?)arcsm( x) —V9—x%+f,

V9 — x2
where in the second term y = V9 — x2, so that dy = —(x/y) dx.

2. a. Revising the expression in the limit and using the fact that lim sind _ 1 gives
90

log(sinx) _ 1+10g(5i“")/(logx) _

a8 log(sin2x)  x—0+ 1+ log ($82%) /(log 2x)

b. Ify = %ﬁ—xandz:l/y then

lim (tanx)?*" ™
xt b

—2y
) . lim ¢20082)/z 1

Z—00

= i ty) 2 = li ~
i, o)™ = i, (cosy - 2
by elemenatary properties of the logarithm (the definition of log z implies that 0 < logz < z if
z > 1, which immediately gives 0 < (log 2)%/2z° < (2a/b)%2 %2 forz > 1and a,b > 0).

c. Combining terms and using the Maclaurin expansion of the exponential function gives

e —1—3x 2+gx+287xz+

li = lim :Q.
xlir}) x(e3x —1) x—0 3_|_ X+ 3 952 4. 2

(Alternatively, two applications of 'Hopital’s rule could be used.)

3. a. Partial integration gives

[o0)

J(—xe*") dx = lim (x +1)e"
t—o0

0

- t+1
x :lim{ T —1}:—1,
t—o0 e
0
via basic properties of the exponential function (the inequality shown in Part ¢ of Question 2
3PY° for a,b,c,y > 0).

immediately gives 0 < y®/e®¥ < (2a/b)%~
b. Integrating by inspection gives
2

dx
X im 3k —1
J(x—1)2/3 Jm 3vix

0
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4. For — % T<X < %71, the equation in question is equivalent to

1 dy

Jorid dx

which is equivalent to y + 1/y2 + 4 = A secx (in which A = e€). The initial condition y = 0

if x = 0gives A = 2,50y + /y? +4 = 2secx. To express y as a function of x, observe that
subtracting y and squaring gives 4sec? x — 4y secx = 4, or y = sec x — cos x = sin x tan x.

=tanx, or log (y +Vy2+ 4) = log(secx) + C,

5 fy=x’+x+4andy=x>+x2+3x+1thenY—y=—x>—2x+3=(3+x)(1—x),
which is positive if —3 < x < 1 and vanishes if x is —3 or 1. So the area of the region enclosed by
the curves is

1 1
y :J(—x2—2x+3)dx:(—%y3—xz+3x>
-3 -3

1
— 28 __ 32
7—7+8+12—7.

—3

6. Ify =x+1landy = x3 + x theny —y = 1 — x3, which is positive if 0 < x < 1 and vanishes
if x = 1. The solid obtained by revolving R about the x axis consists of annuli of inner radius
x% 4+ x and outer radius x + 1, for 0 < x < 1, so its volume is equal to

1

ﬂJ{('X +1)2— (x> + x)z} dx.

0
The solid obtained by revolving R about the line defined by x = 3 consists of concentric cylindrical
shells of radius 3 — x and radius 1 — x3, for 0 < x < 1, so its volume is equal to

1
ﬂJ(3 —x)(1—%x%) dx.
0

7. Ifx = —y — ilogy,then

dx 1 1-1\2 12,1, 1. 2 1 1. —1\?
1+<dy> :1+(§y—§y )ZEU + 35+ 3Y :(§U+§y >,

and hence

which is the length of the curve between ( 1-1) and (x,y) ify > 1, and is —1 times the length of
the curve between (4, ) and (x,y)if0<y < 1L



8. a. Since
2

. 1/t _ .
113}](1+t) =e, nlglgoanrl 5

and
n 3n—1, 2n
_(3In+1 (14 2 2 an1
m=m-1) ~ 3n—1 ’
it follows that lim an = e2/3.
n—oo

b. Since

n3(2n)! ns n

an = = =

2n+2) (2n+2)2n+1) 2(1+1/n)(2+1/n)’
it follows that the sequence { a, } diverges to co.

9. If 1 1 1 1
. d Ap=-—+——,
an n+2 an " n + n+1
then an = A, — A, 1 for n > 1, and the sum of the first n terms of the series is
1 1

a1+a2+~~~+an:A1fAn+1:%7777.
Hence, the sum of the seriesis lim (a; +a; + -+ an) = %
n—oo

10. a. If n > 1 then

- n2+3 - vynZ oo 1
" 3n2+7 7 3n2+7n2 10n’
so the comparison test implies that }_ an diverges with the harmonic series.

b. Since ‘% (x4 logx) = %x*5/4(4 — log x) is positive if 0 < x < e* and negative if x > et

it follows that

logn  logn 1 4 1
O<an="737 =041 754 < ¢ no/i’
4

for n > 1. Therefore, the comparison test implies that 3~ a,, converges with the p-series _ n—>/4.

11. a. Since )2~ ™ is a convergent geometric series, and

an

T1.3.5.7--(2n+1) 357 Tant1 - \2
for n > 1, the comparison test implies that ) (—1)™a,, is absolutely convergent.
b. If n > 3 then

n! 1 2 3 n <1)n,

n ‘n n .
> — SO lim a, = oo.
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Hence, the vanishing condition implies that }_ (—1)™a, is divergent.
c. If n > 1then

an

1 1 V2 o1
- > L A
VAn+3 7 /5n+3n 4 /n
so the comparison test implies that 3 a,, diverges with the p-series _ n /2. On the other hand,
1 1
= > =
Von +3 v5n + 8
if n > 1, and lim an = 0, so the alternating series test implies that }_ (—1)™an is convergent.
Therefore, the series } cos(nm)an = ) (—1)™an is conditionally convergent.

an >0,

an An+1

12. If x # —1land

(=™ (x+1)"™ . ‘an+l . 1 1
= —————, then Iim|——| =lim ———=|x+ 1| = =[x + 1],
" 5ny/n on 5 l+l/n| =5 |
so the ratio test implies that ) &, is absolutely convergent if |x + 1| < 5, ie, —6 < x < 4,
and divergent if x < —6or x > 4. If x = —6 then _ o, = Y n~/? is a divergent p-series

p= % <1),andif x =4then ) oy =) (—1 )"n 12, which is convergent by the alternating
series test(n ™12 > (n+1)"1/2ifn > 1,and lim n~/2 = 0). Therefore, the raduis of convergence
of )~ oy is 5, and the interval of convergence of )~ oty is (—6,4].

o0
13. From the expansion 1/(1+t) = Y (—1)*t* (a geometric series), it follows that

1 1 1 1 &< (—1)k
- . :72( k) (x —1)k
24+ x 3 1+ 1(x—1) 3k:o 3

-3 Garx-n

k
= =D+ Hx -1 —gx—13+---,

which is valid if %Ix — 1| < 1, or equivalently, —2 < x < 4.




