NYA-201-05 (Calculus I Science) Final Exam May 22, 2014

1. (6 points) Given the graph of f below, evaluate the following expressions. If appropriate use oo, —oo, or “does not exist”
where appropriate.

(a) lim f(a)

T—5"

(b) lim f(z)

z—51

(c) F(f(5))

(d) lim f(z)

z——1+

(o)t LB/ = £/

h—0 h

(f) f"(4)

2. (10 points) Evaluate the following limits.

32—z -2
(a) lim —a——

: 1+x \/5+ 723
(b) Jim <6 ¥ 53;2)(2 - 59;2)
tan(66)
im —
0—0 sin(86)

(d) lim (V422 + 3z —2— 3z)

T—00

z+1
lim ————
(€) o1t T — |2 — 3z

3. (4 points) Let

L if £ <3
E+1—=x HE=9
fla) =1 s
r? — b
— if 3.
T —3) x>

Find all values of k that make the function f(x) continuous at z = 3.

2
x

4. (3 points) Find an equation of the normal line to the curve y =
T —

5 at the point with z-coordinate equal to 3.

5. (4 points) Find the derivative of f(z) = using the limit definition of the derivative.

1
2r +1
d
6. (15 points) Find Y

dz
Y 2
v,
2 r+1

for each of the following.

(a) y=

— 3% 4 cos(e?)
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(®) y:x—z}—1+ln(i>

(c) y =csc?(32%) + In(4 — x) + zed®”

(@) y=(e—1)2+2)%
() sin(z —y) =y

7. (2 points) A particle moves along a straight line with its position at time ¢ given by s(t) = t2/3(20 — t). What is the
distance travelled by the particle during the time interval [1,27]?

8. (4 points) Let f(z) = e®(a® — 322 + 6z + 2).
(a) Justify that f(x) has a root in the interval (—1,0).

(b) Justify that f(z) has only one root in the interval (—1,0).

9. (5 points) Find all the points on the graph of the equation x* + y* + 2 = 42y® at which the tangent line is horizontal.

10. (5 points) A plane, flying in a straight line at a constant altitude of 4 km, passes directly over a telescope tracking it.
At a certain moment the angle between the telescope’s line of sight and the ground is 7/3 and is decreasing at a rate of
1/2 radians per minute. How fast is the plane travelling at that moment?

11. (4 points) Find the absolute extrema of f(x) = 15+ 122 — 23 on [1,4].

12. (5 points) Find the height of the right circular cone of largest volume that can be _
inscribed in a sphere of radius R. (V = gmr?h)

h
13. (10 points) Given flx)= 66;4%6:, fx) = —%7 f(x) = 8?;56_;8;)31),

find (if any):
(a) domain of f,

(b) x and y intercept(s),

(¢) equations of all asymptotes,

(d) intervals on which f is increasing or decreasing,

(e) local (relative) extrema,

(f) intervals of upward or downward concavity,

(g) inflection points(s).

(h) On the next page, sketch the graph of f. Label all intercepts, asymptotes, extrema, and points of inflection.

14. (2 points) Given that f'(x) = 3sin(z) + % and f(37/4) =0, find f(x).
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4
15. (5 points) Compute the definite integral / (2% — x4 1) dz as a limit of Riemann sums.
1

n

n(n+1) andeQZn(n—i—l)(Qn—i—l)_
6

Note that Z k=
k=1 k=1

16. (2 points) Find a number b and a function f such that

b o= [ 4if4
/Zf(x)dxznh_{%o; 3—1—;(”).

2
(|x| +v4 - x2> dzx by interpreting it in terms of areas.

17. (3 points) Evaluate/

-2

18. (9 points) Evaluate the following integrals.

(a) /de

X

(b) / (em+1 + % + 3sec? x) dx

(©) /j(i+i>dt

19. (2 points) Given F(z) = /

x

2z :
<Sltnt) dt find F'(z).

Exam Solutions
1. (a) 0 (b) 2 (¢) 0 (d) 0o (e) 1 (£) 0

2
2. (a) lim 3o+ =5
r—1 x€X
. Tzt 7
(b) i —orei = 35
sin(66) 80 3 3

(c) gl—% 60  sin(80) 4cos(60) 4
(d) lim (2z —3z) = —o0

Tr—00

z+1 . z+1

ool T+ (2—32)  eoir 20@—1)

(e)

1 1
3. 5= \/; = k=T (extraneous), k = 4

k
gy T oA drp B2,
v (z-2)? dy|,—s  4(3) —(3)?
y(3) =9
y=3(x-3)+9=>y=32+38
S —— 5
. 2(x+h)+1 2x+1 -
5.1 -
) h 2z + 1)
1 2
6. (a) &= - —In(3)3"

6vVa2 (z+1)?
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1 1
dy _ ____ =
(b) (x+1)?2 =

/\
Lo

1
Y = —12x csc?(3x?) cot(32?) — g + 37" 4 Ga2ed”

(@) 2= (5 +2mE+0) + 2) @ -1 +2)>

(e) dy _ COS(iU—y) -y

dz = 3 4 cos(z — y)
40 —
7.8 (t) = 0— 5t = critical points: ¢t = 0,8
YA
§'(t)>0for 1 <t<8and s(t) <0 for 8 <t < 27 = distance = (s(8) — s(1)) + (s(8) — s(27)) = 128 units.
8. (a) Note f(z) is continuous on R, and f(—1) = =2 <0, f(0) =2 > 0. Conclude by IVT.
(b) Suppose f(x) has a second root in (0,—1). f(z) is differentiable on R, so Rolle’s Theorem would assure that
f'(z) = 0 at some point in (0,—1) between these roots. But f’(z) = e®(2® +8) > 0 on (0,—1). So there can be no
second root on (0, —1).
. 4(x% —5?)
9. 43 4+ dydy = 4P + 12092y =y = —o P
x° +4yy y° + L2xy“y Y 123z — y)
Y =0=2=y=2y*+2=4y?> = y==+1 Points: (1,1), (—1,-1)
10. 4 (tan(0)) = 4 (%) = sec?(9) % = -4 4
do _ _l 0=z
dt 3
tan(ﬂ/?)) o= %
do :4~1~%: 8km/min
11. f'(z) = 12 — 322 = critical points: x = 42.
f(1) =26, f(2) =31, f(4) = —1 = Local max: (2,31), Local min: (4, —1).
12. We have 1> = R? — (h — R)?> = 2Rh — h?, so
Vi(h) = %(2Rh2 — h3)
V'(h) = % (ARh — h?)
Critical points: b="R, h = %R
Check: V"(3R) = Z(4R — 6(2R)) < 0 so h = 3R yields the maximal volume. fa)
x
13. Domain: R
x—int: (In(3),0),
y—int: (0,2)
V.A.: None
H.A.:y = 6 on the left, y = —2 on the right.
Decrease: R, Critical points: None.
Possible inflection points: z = 0. 14
Concave up: (0,00), Concave down: (—o0,0), e N "
Inflection point at (0, 2). s LN s
,,,,,,,,,, P
14. f(x) = —3cos(z)+ 2 +C

—3cos(3m/4) + 3 4 O =0= O = —3+02
f(x) = —=3cos(z) + £ — %ﬁ
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15.

n 2 n
3 3 3 3 5 3. 9,\3
nlgr;oZZI ((1+nl> _<1+nz>+1>n_nli>néoz_1 (1+nz+7’[,22>n

~ lim <3n n In(n+1) 2Mn(n+1)(2n+ 1))

n—o00 n 27’),2 677,3
9 33
= — 9 = —
3+ 5 + 9

16. b=6, f(x) =V1+a

2 2
. / |:L'|dx+/ V4 —ax?de=4+2n
-2 -2

1

EN|

— 2212 +1 1
18. (a) /udmz/l—%_lﬂ—i—fdx:x—4\/§+1n|x|+6’
X

X
(b) emt 4 =) 4 3tan(z) 4+ C
() (2]t + )] = (2In(e) + ¢) — (2In[1] + 1) =3-1

10. sin(2z) — sin(x)
x



