Final Examination Calculus III
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Spring 2000

1. Approximate fJ° e dz with 4 decimal place accuracy. (6%)

2. Obtain the first five non-zero terms of the Maclaurin series for :

X

(0) () = - (3%)
(b) g(x) =e€e"sinx (3%)
3. Consider :I;B_ﬂ
3 cos x
(a) Expand the numerator and denominator separately using power series. (4%)
(b) Use your result for 3a to calculate lim rosmr (2%)

=0 g3 cosx
4. Using the Binomial series for f(z) = /1 + x to approximate /105 with |error| <107%.  (6%)

5. Consider the space curve R(t) = (t,2cost,2sint)

)
S

a) Draw a rough sketch of the curve. (0 <t < 27)

(
(

)
S

) (
b) Write the parametric equations of the tangent line to the curve at P(0,2,0). (
(c¢) Calculate the length of the curve from P(0,2,0) to Q(m, —2,0). (2
(d) Find ar , an, T and N. (
(e) (

e) Determine the curvature at P(0,2,0).
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6. Given the curve z =1*—4t , y=1>— 3t* (at right)
(a) Find the coordinates of all the points at which the curve is not smooth. (1%)

(b) Explain why the curve has no vertical tangent lines. (2%)

(c) Write, but DO NOT EVALUATE, an integral for the length of the curve in the

second quadrant. (Hint: Find the values of ¢ for which the curve crosses the axes. ) (2%)
(d) Demonstrate that the curve is concave up in the second quadrant. ( Hint: Find 3272 .) (2%)

7. Calculate the area which lies inside the circle r = 3sinf and outside

the limacon 7 =2v/2 —sinf (depicted at right) (4%)



10.

11.

12.

13.

14.

15.

Consider f(z,y,2) =2y -2z +y—2*4+8=0 Po=(1,-1,2).

(a) Write the equation of the tangent plane at F .
(b) Find the derivative of f in the direction of v = (2,1,—1)at Py .
(c¢) Determine the maximum rate of increase of f at Py and the direction in which

it occurs.

z=f(z,y), x=rcosb, y=rsinb

. Jdz 0z
(a) Find o + 50

0=\ (92\" 1 (92\*  [(0z)’
(b) Demonstrate (8_:1;) —I_(a_y) zﬁ(%) —I_(E)

Find and classify the critical points of f(z,y) = 2* 4+ y* — 82% — 6y + 2

Find the maximum and minimum values of f(x,y,z) = 62 + 3y + 2z — 7 on the ellipsoid

422 + 292 + 22 =170

In the following problem, set up but
DO NOT ATTEMPT TO EVALUATE THE INTEGRALS.

(a) (i) Roughly sketch the region bounded by the parabolic cylinder y =1 — z?
and the planes z =0, 2 =3 and y=0.

(ii) Write an integral to calculate its volume.

(b) (i) Roughly sketch the region bounded above by the cone z = /2 + y?
and below by the sphere 2% +y? + 22 = 2

(ii) Write an integral using spherical coordinates to calculate its volume.

FEvaluate

V2 VA-y? 24,2
(a) / / ! " TV dady
0 y

(b) /;6 /; cos(y?) dydz

Perform the following conversions (simplify as much as you can).

(a) Write in spherical coordinates : (:1;2 + 9 4 22)2 = 22(:1;2 + y2)
1

b) Write in Cartesi dinates: r= ———
(b) Write in Cartesian coordinates: r Gy

2 2

Establish the formula A = wab for the area enclosed by the ellipse T + Y using a

a? b2

double integral and a change of variable.
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