
Name:

Instructor: Dr. R.A.G. Seely Test 2
(version A)

Maths & Logic (360-124)

Do question 1 on this sheet (be sure to put your name on it!), and the rest of the test (on the
next page) in the workbook provided.

(Marks)

1. Given the following derivations, show that each is correct by filling in correct justifications (names of rules(6)

and line numbers, as required). (To illustrate what I want, I have done the first line for you.)

1 A→ B ∨ C

2 B → D ∧ E

3 D → (E → F )

4 ¬(F ∧ A)

5 A

6 B ∨ C (→E), 1, 5

7 B

8 D ∧ E

9 D

10 E

11 E → F

12 F

13 F ∧ A

14 ⊥

15 C

16 C

17 C

18 C

19 A→ C

1 L→ C ∨ T

2 ¬B → ¬L

3 C → ¬B

4 L

5 C ∨ T

6 C

7 ¬B

8 ¬L

9 ⊥

10 T

11 T

12 T

13 T

14 L→ T

(Please turn the page over for the rest of the test.)
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2. Give correct derivations for each of the following valid arguments. Be sure to only use the basic “intro”(5×2)

and “elim” rules (or, if you do use a “derived rule”, state it explicitly before you start your derivation,
and if it isn’t one we did in class, provide a derivation for your derived rule). Be sure to correctly justify
each line in your derivation.

1 ¬p ∨ q

? p→ q Find a proof

1 B ∧ C → ¬A
2 A→ C

? (C → B)→ ¬A Find a proof

3. Show the following is not valid by the method of tableaux. Use your tableau to give appropriate truth(5)

values to all “atoms” which invalidate the argument (i.e. so that the premises are true, but the conclusion
is false). (Hint: Do the “non-splitting” decompositions first!)

1 ¬(P ∨Q)

2 P ∨R

3 S → P ∨ U

? ¬S ∧ (Q ∨ U)

For questions 4 and 5, a bonus (2 marks for each argument, with a maximum of 4 bonus marks total) will be
given for using both methods (derivation and tableau).

4. Show that the following arguments are valid, by any formal method you like: tableaux, truth tables, or(5×2)

formal derivations. Be sure to be precise, however, and use only formally valid methods (no “waffle”!)

1 A→ (C ∨D)

2 ¬B → ¬A
3 C → ¬B
? A→ D

1 (A→ B) ∨ C

2 A→ ¬C
3 B → C

? ¬A

5. Translate the following into a formal argument, and prove it is valid by any formal method you like. (The(5)

same “caution” applies to this problem as to the previous, however.)

Bill will be happy only if Cathy gets accepted to med school. Either Bill will be happy or Cathy
and Doris will celebrate. If Cathy gets accepted to med school, then she will celebrate. So
therefore Cathy will celebrate.

Use the following abbreviations: A = Cathy gets accepted to med school; B = Bill is happy; C = Cathy
celebrates; D = Doris celebrates.

6. Write a brief essay (about 200-300 words) on one of the following topics (if you write on both, I will treat(4)

one as a bonus). The first topic is technical, and does depend on understanding material from the course;
the second is not technical. In either case, the clarity and coherence of your argument is crucial to getting
a good mark.

• Here are two possible new derivation rules: (NR1), (NR2). One is a good addition to our system, the
other is not. Which is the good one; which the bad? Why? Explain why one would not want to
have the bad derivation rule among the rules for valid derivations. (What makes it “bad”?)
...

...

n p ∨ q

n + 1 ¬p
...

...

m q (NR1), n, n + 1

...
...

n q

n + 1 p ∨ q
...

...

m ¬p (NR2), n, n + 1

Be sure to give precise and valid technical reasons — this question is not a matter of mere opinion!

• Discuss the following statement.
“Mathematicians do not study objects, but relations between objects. Thus, they are free to replace
some objects by others so long as the relations remain unchanged. Content to them is irrelevant:
they are interested in form only.” (Jules Henri Poincaré, (1854-1912))

(Total: 40)
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The Answers

1.

1 A→ B ∨ C

2 B → D ∧ E

3 D → (E → F )

4 ¬(F ∧ A)

5 A

6 B ∨ C (→E), 1, 5

7 B

8 D ∧ E (→E), 2, 7

9 D (∧E), 8

10 E (∧E), 8

11 E → F (→E), 3, 9

12 F (→E), 10, 11

13 F ∧ A (∧I), 5, 12

14 ⊥ (¬E), 4, 13

15 C (⊥E), 14

16 C

17 C (R), 16

18 C (∨E), 6, 7–15, 16–17

19 A→ C (→I), 5–18

1 L→ C ∨ T

2 ¬B → ¬L

3 C → ¬B

4 L

5 C ∨ T (→E), 1, 4

6 C

7 ¬B (→E), 3, 6

8 ¬L (→E), 2, 7

9 ⊥ (¬E), 4, 8

10 T (⊥E), 9

11 T

12 T (R), 11

13 T (∨E), 5, 6–10, 11–12

14 L→ T (→I), 4–13
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2.

1 ¬p ∨ q

2 p

3 ¬p
4 ⊥ (¬E), 2, 3
5 q (⊥E), 4
6 q

7 q (R), 6

8 q (∨E), 1, 3–5, 6–7
9 p→ q (→I), 2–8

1 ¬p ∨ q

2 ¬p
3 p

4 ⊥ (¬E), 2, 3
5 q (⊥E), 4
6 p→ q (→I), 3–5

7 q

8 p

9 q (R), 7

10 p→ q (→I), 8–9

11 p→ q (∨E), 1, 2–6, 7–10

1 B ∧ C → ¬A
2 A→ C

3 C → B

4 A

5 C (→E), 2, 4

6 B (→E), 3, 5

7 B ∧ C (∧I), 5, 6
8 ¬A (→E), 1, 7

9 ⊥ (¬E), 4, 8
10 ¬A (¬I), 4–9
11 (C → B)→ ¬A (→I), 3–10

3. T(¬(P ∨Q))X
T(P ∨R)X

T(S → P ∨ U)X
F(¬S ∧ (Q ∨ U))X

F(P ∨Q)X
F(P )
F(Q)

T(P )
×

T(R)

F(¬S)X
T(S)

F(S)
×

T(P ∨ U)X

T(P )
×

T(U)
◦

F(Q ∨ U)X
F(Q)
F(U)

F(S)
◦

T(P ∨ U)X

T(P )
×

T(U)
×

SO: P = Q = ⊥, R = S = U = >
or P = Q = S = U = ⊥, R = >
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4.
1 A→ C ∨D

2 ¬B → ¬A
3 C → ¬B
4 A

5 C ∨D (→E), 1, 4

6 C

7 ¬B (→E), 3, 6

8 ¬A (→E), 2, 7

9 ⊥ (¬E), 4, 8
10 D (⊥E), 9
11 D

12 D (R), 11

13 D (∨E), 5, 6–10, 11–12
14 A→ D (→I), 4–13

T(A→ C ∨D)X
T(¬B → ¬A)X
T(C → ¬B)X
F(A→ D)X

T(A)
F(D)

F(¬B)X
T(B)

F(A)
×

T(C ∨D)X

T(C)

F(C)
×

T(¬B)
F(B)
×

T(D)
×

T(¬A)X
F(A)
×

T((A→ B) ∨ C)X
T(A→ ¬C)X
T(B → C)X
F(¬A)X
T(A)

F(A)
×

T(¬C)X
F(C)

F(B)

T(A→ B)X

F(A)
×

T(B)
×

T(C)
×

T(C)
×

1 (A→ B) ∨ C

2 A→ ¬C
3 B → C

4 A

5 ¬C (→E), 2, 4

6 A→ B

7 B (→E), 4, 6

8 C (→E), 3, 7

9 ⊥ (¬E), 5, 8
10 C

11 ⊥ (¬E), 5, 10
12 ⊥ (∨E), 6, 7–9, 10–11
13 ¬A (¬I), 4–12

5.

1 B → A

2 B ∨ (C ∧D)

3 A→ C

4 B

5 A (→E), 3, 4

6 C (→E), 1, 5

7 C ∧D

8 C (∧E), 7
9 C (∨E), 2, 4–6, 7–8

T(B → A)X
T(B ∨ (C ∧D))X

T(A→ C)X
F(C)

F(A)

F(B)

T(B)
×

T(C ∧D)X
T(C)
T(D)
×

T(A)
×

T(C)
×

6. (NR1) is valid — it is the rule called DS in the text.
(NR2) is not valid — p and q could both be true.
This could be illustrated with tableaux (far right):

T(p ∨ q) X
T(¬p) X
F(q)
F(p)

T(p)
×

T(q)
×

T(q)
T(p ∨ q) X
F(¬p) X
T(p)

T(p)
◦

T(q)
◦

An invalid rule is “bad” because it would allow one to construct derivations for invalid arguments,
destroying the whole point of derivations (which is to guarantee validity).

Re the “non-technical” essay: you might note that the very notion of validity illustrates this idea (since
it is a matter of pure form, and does not concern itself with content).


