SIMPLE ZEROS OF PRIMITIVE DIRICHLET L-FUNCTIONS AND THE
ASYMPTOTIC LARGE SIEVE

VORRAPAN CHANDEE, YOONBOK LEE, SHENG-CHI LIU, AND MAKSYM RADZIWILL

ABSTRACT. Assuming the Generalized Riemann Hypothesis (GRH), we show using the
asymptotic large sieve that 91% of the zeros of primitive Dirichlet L-functions are simple.
This improves on earlier work of Ozliik which gives a proportion of at most 86%. We further
compute an g-analogue of the Pair Correlation Function F(«) averaged over all primitive
Dirichlet L-functions in the range |a| < 2 . Previously such a result was available only when
the average included all the characters x.

1. INTRODUCTION

Montgomery [4] was the first to consider the Pair Correlation of the zeros of the Riemann
zeta-function. Montgomery’s results suggested that the distribution of the zeros of the
Riemann zeta-function follows the same laws as the distribution of the eigenvalues of a
random unitary matrix. This connection was further expanded on, and is responsible for
much of the subsequent activity in the theory of L-functions (see for example [2], [3], [6]).

One can similarly investigate the distribution of the low-lying zeros in a family of L-
function. Ozliik [5] considered a g-analogue of Montgomery’s results. His motivation was
to understand the low-lying zeros of L(s, ) on average over y modulo ¢ and @ < ¢ < 2Q).
Since the family is larger, one can obtain better results than in the case of the Riemann
zeta-function.

One defect in Ozliik’s work was that it concerns an average over all characters y rather
than just the primitive characters x. As a result, in applications this often leads to inferior
results.

Recently, Conrey, Soundararajan, and Iwaniec developed an asymptotic large sieve [1].
They devised a method to obtain asymptotic estimates for rather general averages over
primitive characters. In this paper we revisit Ozliikk’s work in the light of these recent
developments, obtaining results for primitive characters rather than all characters. As a
consequence we obtain that, in a suitable sense, 91% of the zeros of primitive Dirichlet
L-functions are simple, on the assumption of the Generalized Riemann Hypothesis (GRH).

Let @ be a smooth function which is real and compactly supported in (a, b) with 0 < a < b,
and define its Mellin transform

B(s) = /0 " (2)2 ! da.
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Let

No(@Q) =3 S;fq/)@ (Z S [B(in )|

q mod ¢q) Vx

with W a smooth function, compactly supported in (1,2), the second sum being over prim-
itive characters x, and the last sum being over all non-trivial zeros 1/2 + i~, of Dirichlet
L-function L(s, x). As we will see later (in Lemmall))

N (Q) ~ —QlogQ/ (iz)|? dx

where

A=W(1 1———-—=. 1.1
(1) |p| ( e pg) (1.1)
Our work yields the following theorem.

Theorem 1. Assume GRH. The proportion of simple zeros of all primitive Dirichlet L-
functions is greater than or equal to H in the sense of the inequality

1 2
O 3 B > gy o)

q X (mod ¢

szmple

with the sum being over primitive characters and with ® chosen so that (/Is(m) = (sinz /).

We note that the function ® satisfying ®(iz) = (sinz/z)? is not smooth, but we can still
n

(
apply Theorem [2| to @ since the condition ®(iz) < |z|~2 is good enough in our proof and
can replace the smoothness.

Ozliik obtains a similar lower bound but for all Dirichlet L-functions rather than just
the primitive L-functions. This yields an over-count and as a result Ozliik’s method is only
capable of delivering a proportion of 0.8688 ... simple zeros. This should be compared with
our proportion 11/12 =0.917.... We will explain the number 0.8688. .. in Section |§|

Following Ozliik we consider the ¢ analogue of the Pair Correlation Function, which is
defined as

2

o, . ]' W(Q/Q> * = Z Tyx

q x (mod q) | 7x

Our main result is the following.
Theorem 2. Assume GRH. Let € > 0 and A be defined as in . Then

)

o0

‘cﬁ(m)

Fo(Q* W) =(1+ o(1)) (f(a) +B(Q )2 log Q (%/

—0o0

O(@(Q ")/ f(a)log Q)

holds uniformly for |a] < 2 —€ as QQ — oo, where

_Jlal forjaf <1
fla) = {1 for |a| > 1. (1.2)
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Since primitive Dirichlet L-functions form a unitary family, we conjecture that for a > 2
the same asymptotic formula continues to hold. We obtain Theorem [2| by applying the
asymptotic large sieve. The proof of Theorem [ starts with the explicit formula, for X > 1

i) X 3 — A(n)x(n) . (1

iy _ 1yyl/2 _ _

%:q)(w)X” = E(\)®(3)X* = NS

1
+ (E) log L + O(min(X"2, X~ ?logqlog(1l + X))), (1.3)
T

where E(x) = 0 or 1 according as x # xo or X = xo and where %+z’y ranges over non-trivial
zeros of L(s,x). The term ®(1/X)log q/m contributes only when X is small. Thus, Theorem

is essentially equivalent to the following Proposition.

Proposition 1. Assume GRH. Let ¢ > 0 and X = Q%. Then

W00 5 | MR gy g

q X (mod q)
uniformly for o] <2 — € as QQ — oo, where f(a) is defined in (|1.2)).

The deduction of Theorem [1| from Theorem [2 can be found in Ozliik’s paper in section 6,
but we reproduce it in Section [5| for completeness. The remainder of this paper is devoted
to the proof of Proposition [1}

The bulk of the proof of Proposition (1] is devoted to the estimation of the contribution
of the off-diagonal terms. When a > 1 we extract an additional main term from the terms
with |m —n| < Q. Indeed it is explained in [I]: “Besides the primary terms of the diagonal,
a secondary source for contribution to the main term is not so obvious as the diagonal one;
it rests in narrow strips parallel to the diagonal. A substantial contribution may come out
of the terms a,,b, F'(m,n) with |m —n| =< @, but not strips of much smaller width”.

n=1

n<X

2. LEMMAS

As announced in the introduction we start out by evaluating asymptotically Ng(Q).
Lemma 1. Assume GRH. We have,

A A
No(Q) ~ 5-Qlog@ [ [8(in)ds

as () — oo, with

A:W(1)H(1—%—i).

3
» p p

Proof. Let N(x,T) denote the number of zeros of L(s, x) in the rectangle 0 < ¢ < 1 and
—T <t <T. It is a standard fact (see [7]) that if the conductor of x is ¢, then

T, qT log(¢T")
N(x,T)= —log — .
o T) T 08 0 <log log(¢T + 3)

uniformly in ¢7" > 1. Integrating by parts we find

~ BN 1 A 1
Sl = [ B0 PaN ) = Tiosg [ 0P + 0 L)
Tx 0 0

o log log q
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log ¢ / s e log g
= S(ix)|"der + O ————
2r J_o» [® (i) * log log q

Na(Q) := Z q/Q Z Z\(I) iy )|

and

q X (mod q) 7x
T W(q/Q) logg (QlogQ)
= ®(ix)|*dx - : ~p*(q) + O
/ool o) zq: o) 2 7 @ loglog @
where ¢*(q) = >_ 4, ¢(d)p(c) is the number of primitive characters modulo ¢. Since W is
compactly supported in (1,2) we have log ¢ = log @ + O(1) in the summation. Therefore,
log @ SN2 ¢*(q)
Ng(Q) ~ O(iz)|*dx Wi(q/Q)———. 2.1
2(@) ~ —- 7OO| (i) zq: (q/ )w(q) (2.1)

Since ¢* and ¢ are multiplicative, we have

v (q) ') e )
w(Q)qs_H(H " " )

. plp)p®  p(p*)p*

1 1 1
=1l (1 To-r  p-Dpr p25+1) = ((s)gls), (22

p

where ¢(s) is absolutely convergent for Re(s) > 0 and bounded on Re(s) > ¢ for any € > 0.
Using the Mellin inversion formula,
1

— — | Wi(s)z—* 1
W(z) 5 (C)W(s)x ds, c¢>

and (2.2)), we obtain that

27rz/ W 5)Q%ds = ( )9(1)Q + 0(QF) (2.3)

by shifting the contour to Re(s) = £. Combining (2.1)) and (2.3) we conclude that

M@ ~ LT ) [ i pae = A95Q [* iin)ae

—00

O

The next four lemmas correspond to estimates of various types of prime sums. The proofs
are standard, but we present them here for a completeness.

Lemma 2. Assume GRH for L(s,x?). Then we have
T _A@gm@ (2)=% _A%% (£) +o) (2.4

Proof. By splitting the sum into three cases n = p, n = p? and n = p* with k > 2, we get
2

zn: A(Ti)/)%(n)q) (2= Z %f]—ﬁ(% (L)+X %q) (2;_() L o),

p
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Since ® has a compact support in (a,b) for some 0 < a < b, the last sum is

A 2 2 2 10
3 (p)x(p)cb(%) « ¥ ip

p

P VaX<p<vbX
= log VbX —log VaX + O(1)
= O(1).
Hence, we prove the lemma. O
Lemma 3. As X — oo,
3 loizpqﬂ (%) — % /: 1B(it)2dt log X + O(1).

p
Proof. Note that

S (§) - S A () o0

p n

By the Mellin inversion we have

A(n)logn _, ~ A( Jogn .. ..
X (3) - / . Bobten) S S X
for ¢1,co > 0. Since Z A(n)(logn)n=° = (¢'/¢)'(s), the above integral equals
/ / (s1)® 32 (C'/O) (1 + 81 + 89) X T2 dsqds;. (2.5)
27rz (e1) J(e2)
By shifting the contour integral to Re(sy) = —c1 — €, we pick up a double pole at so = —s;.
Hence we have ([2.5)) equals
1

5 ), @(51@( s1)log Xds, + O(1)

/ / O(51)D(52)(¢//C) (1 + 81 + 82) X512 dsodls).

2m

(e1) J(=c1—¢)

For the first integral we shift the contour to Re(s;) = 0 without passing any poles and it

becomes oo X oo X
Og / B(it) B(—it)dt = Og it)[dt.

The double integral is easﬂy bounded by O(X ~¢).

Lemma 4. Assume GRH for L(s,¥). If ¥ is a principal character, then

S PR (1) x4 o)

> VP
If U is not a principal character, then
U(p)® (L) 1o
Z (p) (X) gp <. QF

E

p
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for any € > 0.

Proof. By the Mellin inversion of ®, we have

P2 (F)logp 1 [ & on- )logp
> = /(C)(I)(s)X > ds.

; 1/2+s
> VP 21 P

The sum over p has an analytic continuation via

U(p)logp L

p

where G(s) is analytic in Re(s) > 0 and is uniformly bounded for Re(s) > € > 0. By moving
the contour to Re(s) = ¢, we can prove the Lemma. O

Lemma 5. For |Re(z)| < e and Re(s) < 0, we have

S B0 )R ) = B X+ OO g2 + D),
where
1
By(m) = }Fﬂ[ (1 - ps+1) ’
1 -1
Ry(m) = H (1 + (p— 1)ps+1)

plm

Proof. By Mellin inversion of ®, we have

logp - @(p/X) L[ = e N 108 PB_s(p)R_s(p)
g P+ B-s(n)B-s(p) = 5~ (C)cb(w)X Xp: ST dw  (2.6)

for ¢ > 1/2 + e. Define a function H(w, s) by

Hw,s) = & () + 3 8P

¢ . P
¢’ log p 1 1 _1
= —(w) + 1-— 1+ :
C( ) zp: pv ( pl*s)( (p— 1)p1*8)
If Re(s) < 0, then H(w,s) is an analytic function of w in Re(w) > 1/2 and bounded on
Re(w) > 1/2 4+ ¢ > 1/2. Applying this identity to (2.6) and shifting the contour to 2¢, we
have
logp - @(p/X) _ 1 3 w, ¢ 1 1
~ .1
:<I>(§ — )XY L O(X % log(2 + |2])).

O

The next lemma can be proved by changing the sum to its Euler product. The proof is
quite standard and we omit it.
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Lemma 6. Suppose that (a,m) = 1. Then

S i = S+ KB R (o),
(dy;m)=1

where B, and Ry are defined in Lemma @ and

K(S):H(l—l—m).

p

3. PROOF OF PROPOSITION [1]

Proposition [1] is equivalent to

2
5— q/Q ogp X() ¢ (PN L f(a)n |
Z =Py Z e (x)| ~ @@ (3.1)
by Lemma [2] For notatlonal convenience we let
_logp (P
a, = \/1_9<I><Y> (3.2)
and define W(a/Q
s = Y D S e (3.3
o pla) o=
q,pr)=1

for primes p and r, then we have
S = ZaparA(p, r)= Zaf)A(p,p) + ZaparA(p, r) = Sp+ Sn,
p,r P p,r
P#ET
where Sp is the sum of diagonal terms and Sy is the sum of non-diagonal terms.

3.1. The diagonal term Sp. By (3.3) and the Mellin inversion, we obtain that

_ @Dy (9N L[ T @D | o5 gs
p)= Zq: sO(q)W(Q> 2mi /@ W) Zq: w(q)q @d
(g:p)=1 (g,p)=1

for ¢ > 1. By applying (2.2) and then shifting the contour to the line Re(s) = ¢ > 0, we
have

A = [ Weactegats (1= 2 ) (1= = + oo - o) @
— T (1)g(1) (1 _ 1) (1 -G SRR S %)1Q+O(Q€).

p —Lp (»—1Dp
By this equation and Lemma |3 we then obtain
log? p
S W10 L Lo (5) +0@Q)

_AQlogX / ®(it)|2dt + O(Q),
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where A is defined as in (|1.1)).

3.2. The non-diagonal term Sy. We first observe that

Apr= Y YWQ s~

- pla) o=
(g.pr)=1
_ W(q/Q) q
N ; ©(q) dzq Pld)n <E> (3.4)
(g,pr)=1 dlp—r
_ W (cd/Q)p(c)
> A )
d|p—r cd,pr)=1

for primes p and r. We want to replace the condition d|p — r by the character sum using

Z U(p)¥(r) = {90(@ for dlp —r, (pr,d) =1

¥ (mod d) 0 otherwise .

However, it is not effective in our application when d is large. Hence we introduce a new
parameter C' and we split the above sum according to ¢ < C' or ¢ > C' in order to handle the
condition d|p — r differently when d is large. Thus we define

U= S pta) 3 OO

; =3 p(cd)
p—r ca,pr)=—
(3.5)
W (ed/Q)p(c)
Lip,r) =Y old) > ————=
y = p(cd)
dlp—r (ed,pr)=1
so that
A(p,r) =U(p,7) + L(p, 7).
Then by calculating the sums
Sy = Z apa,U(p,r),
p#T
Sy = Z apa, L(p,r),
pFT
we can evaluate the sum
Sy =Sy + S¢. (36)

Since W is supported in (1,2), we have e¢d < Q. If ¢ > C then d < Q/C and replacing
the condition d|p — r by a character sum modulo d in U(p, ) is efficient and leads to good
estimates for Syy. We perform this computation in section [3.3]

On the other hand, in the case ¢ < C, we have large d > @)/C and the above method using
modulo d character sums does not work. So we write de = |p — r|, we replace the condition
d|p—r by e|p—r and we eliminate d from our sum by expressing d as [p—r|/e. Now we have
e < XC/@ which is small enough, so that the modulo e character sums replacing e|p — r
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works well. This allows us to resume our argument in the case of the sum S;. We consider
the sum Sy, in section |3.4] For a technical reason the above idea will be modified slightly.

3.3. Evaluating Sy. We first consider the sum U(p,r) defined in (3.5). Replacing the
condition d|p — r by a character sum, we have

=ou) Y T S ww)

c>C d ¥ (mod d)
(ed,pr)=1

We denote the sum corresponding to ¥ = Wy in U(p,7) by

Wi(ed/Q)
=Yl Y S
c>C d (p(Cd>
(cd,pr)=1
and the others by

N=Yute ¥ T PR

c>C d (mod d)
(cd,pr)=1 \1/75\1:0

Then U(p,r) = Us(p,r) + Ur(p, ) and Sy = Sy, + S, where Sy, =3, apa,Uo(p,r) and

SUE = Zp;ér aPaTUE(pv T)'
We consider the sum Sy,. Since ., p(c) =1 for k=1 and 0 for k > 1, we have

Wied/Q) _  W/Q
=L 0O D Ty T 2 oy 2O

¢ (cdpr) 1 (k,pr)=1 c(ikC
W(k/Q) Wied/Q)
=W/l — v P
R IR NI WS~ &
(k,pr)=1 c<C - (ed,pr)=1

By Mellin inversion, we have that

Uipr) == 3 ey [ WOE > o

CS

,u C /) W(S)QC@ + S>K(S>BS(pr)Rs(C)RS(pT) ds.

We move the contour integral to Re(s) = —1 + ¢ and pick a simple pole at s = 0. Then

Us(p, ) = =W (0)K (0) Bo(pr) Rolpr) L}i‘)(c) +0 <8Q5)

= )
(c.pr)=1
and so
Sv, = ZapaTBo pr) Ro(pr) Z 1e)Ro(c) < Zap|2 QE) (3.7)
c<C

p;ér (e,pr)=1
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Now we evaluate the main term of Sy,. The condition (¢,pr) = 1 can be disregarded with
an additional error term C®. Now the sum over p and r is

ZaparBo p)Bo(r)Ro(p) Ro(r) = > apa, Bo(p) Bo(r) Ro(p) Ro(r Za230

p;ér o
2
= (Z apBo(p)Ro(P)> + O(X*) (3.8)
P
by adding and subtracting diagonal terms. Similarly to Lemma [, we can obtain
~ (1
S 6, Bolp) Rolp) = VX (5) LO(x7), (3.9
p
Therefore, since the sum in the error term of (3.7)) is Zp a, K VX, we have
~ —~ R XC
Sy, = —P(1/2)*W(0)K (0)X Z % +0 (X;jL€ + ?Q5> (3.10)
c<C

by @) (9).

The next lemma shows the contribution of Ug is small, so that we can conclude

_ ,U/ RO +5 XC € QH_E
Sy = Sy, + Sy, = —0(1/2)*W X;C (X2 0 @F+-5
(3.11)
by (3.10) and Lemma 7
Lemma 7. Assume GRH. We have
QlJrs
Sup = pzraparUE(p, r) < (3.12)
p#r
Proof. We write
B logplogr P r log? p 5 (D
SW”_E;_TE$_¢<})®<X)UE@”) %;—;—¢ Qg)Udnp) (3.13)

By Lemma {4} the first sum in (3.13)) is

2

W(cd W(p)® (2) 1o
ZM(C)%:—;(CQ)Q) I %) los

c>C ¥ (mod d) | pted \/Z_?
A
Q1+5
< Z Z Q< =5
c>C 90 2Q QO

The second sum in (3.13)) is also bounded by

12X§ ! § 1 (d)<<Q1+a

og — —

22 0(0) 5 o(d)” C
=
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in a similar way. These prove the lemma. U

3.4. Evaluating S;. Recall that

W (ed
~Suie e ota)
a (ed,pr)=1

for primes p and r. For distinct prime p,r, the condition d|p — r implies (d, pr) = 1. So we
can erase the condition (d,pr) = 1, getting

Lo = X e Y ),

Using the identity

pd) 1 H<1_1>: 1 ZM(G)
pled)  olc) p) ple) L= a
we have
(e cd ,u ,u acd
- LX) D - R T 2 v ()
c<C alc,ald c<C,alc ad|p—r
(e, PT) 1 (e,pr)=1
Letting ade = |p — r|, we change the sum over d to the sum over e as follows
- Y MR s ()
¢<C,alc ( aelp—r Q@
(epr)=1
Now we can replace the condition ae]p — 1 by a character sum modulo ae, getting

Z wla)u(c) ZW(clp—H) SO(ZB) Z W) T(r).

c<C,alc ¥ (mod ae)
(c,pr)=1

Similarly to the sum U(p,r), we split the sum L(p,r) into two parts Lo(p,r) and Lg(p,r),
where Lg(p,7) is the sum coming from the principal character ¥ = Wy and Lg(p,r) is the
sum coming from the remaining non-principal characters.

We compute the contribution from Lg(p,r). Define

0 T Z aparLO(pa ’I“)
.
where a, = %2 <I>(p/ X). By the Mellin inversion, we get

=S et ()

a,c,e
P?ET alc, c<C
(ce,pr)=1
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ol TR T ()

a,c,e
ale,e<C
(ce;pr)=1

In order to separate the sums of p and r, we need the following Mellin transform
s = 1 ['(1—s)T(2)

_ 282 zs d
271 (5)F(1—3+2)(p tr )Z

lp—

for p # r, § > 0 and Re(s) < 0. Note that the (absolute) convergence of the z integral is
ensured by the fact that the Gamma factors decay like |z| =178 Using the above identity

we have
F(l —s)I'(2)
Sto = (27i)? / 5)W T1—5+2)
)

DI M D ILIDY
p,r pEre c<C CSSO(C) ale a (e,pr)=1
p#T (e,pr)=1

dz ds
¢(ae)

for £ > 0. Note that the sums over a, ¢, p and r have only finitely many terms, so that there
are no convergence issues on them. The sum over e is

2 g&i@) - go(la)C(l — 8)K(=s)B_s(pr)R_s(a)R_s(pr)
(e,pr)=1

by Lemma [0, where the functions K, B and R, are defined in Lemmas [5] and [6, The sum

p@R ) 1y (4 Reall)
2 el 1,1(1 o)

Hence, we deduce

_ O I'(1—s)I'(z)
S0 = (27i)2 /_25) (©) W(HQC(1 = )k (=) I'(l—s+2)
Nt ) Tr (. B0
%ps -2 Bs(pr) R (pr) SZC Cs(p(c)ll;[@ f(ﬁ—l)) dz ds.
p7r (e,pr)=1

We can remove the condition (pr,c¢) = 1 with an additional error O(C?*Q~2*v/X). The
double sum over primes p and r is

D BB (DR ()R ()

p#T

;,nZ

_Z % B (p)R-u(p) - LB ()R (r) = 3 LB (p) Ry (p)?

T

~ 1
= (@(5 — 54+ 2) XV L O(X ¥ log(2 + |5 — z\)))

X (:IS(% — 2) XY 4 O(X® log(2 + |z|))> + O(X9)
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by Lemma . The big-oh terms only contribute O(Q~2C% X1/2¥4¢) to Sy, so that

2 (0 (1 — Vi (—s) L= (25 1
St0 =G5 /() WOt - KR 580G

¢ R_,({ —2€ 2 v 1/2+4e
;c’:ﬁ(i)g(l_ﬁ(f—(f)> dz ds + O(Q ™% X 1/2Hie),

To evaluate the integral, we split into two cases.

+ ,z)<f>(1 —

5 Z)les

Case 1: X = Q% where 1 < a < 2. In this case, we shift the contour of s to Re(s) = 1+¢
and get

Sty = (Rer51due at s = 0) — (Residue at s = 1)

T g fy O = IR oG = o+ 80— 9
1(c) R_,(0) i
.c<ccssﬂ(0)l;[(1 6(6—1)> dz ds + O(Q > C* X /H4e)

= —(Residue at s = 0) — (Residue at s = 1) + O(Q'* X~ Q2 C* X1/2+4),

Three functions in the integrand have poles at s = 0 or s = 1. {(1 — s) has a simple pole at
0, I'(1 — s) has a simple pole at s = 1 and K (—s) has a simple pole at s = 1, since

K =T (1+ i) ~<e =9 T {1+ iy ~ s

12 l

Hence, the residue at the simple pole s = 0 is

LY I ) () I GO TR T Z C)H( RO(Q)dz

T (e) F(l + Z) 2 2 C’ C) é(g — 1)
1 11 ~ 1 p(c)Ro(c
=/, 0(5 +2)0(; - 2 2)dz - W ZC o0
~B(1/2)°W(0)K(0)X Y TR A
c<C

The residue at the double pole s =1 is

1 =~ 1 =1 -~ Q p(c) R_1(0)

7 ), B3 98 — e Tt + o) 3 ZE T (1- 7%
1 ~ 1 ~ 1 = Q

=5 - O(—= + z)<I>(§ — z)dz - BW(1)Q log X +0(Q)

— _% _Z |D(it)|dt - BW(l)Qlog% + 0(Q),

=§§ﬁfﬁ)ﬂ(1—£/_(?>) :1;[(1_]%_3).

Lc
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By (1.1) and the above, the residue at s =1 is

_% N |D(it)|?dt - AQ(log% +0(1)).

Combining all together, we get

Sp, = ®(1/2)°W XZ“ RO i/_oo |<T>(z’t)|2dt-AQ(log%—l—O(1))

27r
c<C
+ O(Q + Q—2602€X1/2+46) (314)

for 1 < o < 2 with X = Q“. Note that the first term in Sy, is cancelled with the main term

of Sy, in Equation (3.11)).

Case 2: X = @Q°, where 0 < o < 1. In this case, we shift the contour of s to Re(s) = ¢
and get

S, = —(Residue at s = 0)
I(1—s)'(2)~ 1 -1 .
(2mi? /(5) ) W EL - K (- STA st g ot -2
) p(c) R_(0) ¢ 26 y1/2+4e
cgcsw(d 1;[ (1 o — 1)) dz ds + O(Q™*C*=X/*TE)

—(Residue at s = 0) + O(Q° X' 75 + Q 22C%= X 1/2+4),
Since 0 < o < 1, we obtain that
QEXl—E — Qa-l-(l—a)a < Q

By the same argument as in Case 1, we get that

51, = 82T OK(OX T I 1 0@+ Qe

c<C

and the first term is cancelled with the main term of Sy, .

The contribution from Lg(p,r) is small by the following Lemma.

Lemma 8. We have

log plog r P r XHeQtte
Sy i BP0 (1) L (XCH
SRR VAR Q
PFT

Proof. Let a, be defined as in 1) We have that

Za’; r Z > e Y@TOW (%)

a,6,¢ (mod ae)
ac<C \1,75‘1,0 p#r, (c pr) 1
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Since W is supported in (1,2), % >lande < % < % Proceeding similarly to Sp,
we obtain

SLE _ L /W(S)QS Z ,U,(CL),LL((IC>€

s

Z Z apa, V()W (r)|p — r|*ds

271 (—e) woe al-"—SCSSO(CLC)gO(CI/e) ¥ (mod ac) P
ac<C,e<acX/Q T£Tq (e 1}7;&)7"_1

L= s)l'(z) 3 pla)pac)e’
T(l1—s+2z2) — al*scsp(ac)p(ae)
acSC,egacX/Q

Z Z apar‘l’(p)i(r)pzfsrfzdzds.

The double sum over p and r is

> @, V(p)T(r)por

p,r
pF#T
(e,pr)=1
_ Z 10§p\If <£> Z logrﬁ(r)(P(L) _ (logp)2q)<£>2
/24s—z X - rl/2+z X ~ lers X
(e, p (er)=1 (aec,p)=1
and bounded by X¢ assuming GRH. The lemma easily follows from this bound. U

3.5. Conclusion of the proof of Proposition [I} In the beginning of Section 3, we have
shown that the sum S splits into

S=5p+ Sy

with Sp the diagonal terms and Sy the off-diagonal terms. In Section 3.1 we have shown
that the diagonal terms Sp contribute

Sp ~ —QlogX/ (iz)|*dx

In Sections 3.2-3.4 we have shown that Sy = Sy + S is at most O(Q) if X = Q* with
0 < a <1 and that if X = Q with 1 < a < 2 then Sy is

oo

A N
Sy ~ 5rQUog(Q/X) [ @) P

—00

by (3.11)), (3.14) and (3.15), and choosing C' = @°. Combining the above estimates we
conclude that

S~ f(a)2QlogQ / (iz) Pdr = f(0)No(Q)

for 0 < a < 2, where f(a) is defined in[L.2] This gives the desired estimate.
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4. PROOF OF THEOREM
Recall that

c ) e L W(q/Q)
SCAUES oD D= r P I

q mod q)

ZCID i) X”X

Since W is supported in (1,2), there is no primitive character in the sum over y. Then by
the Cauchy-Schwarz inequality, we have

F@(Qa; W) == M1 + MQ + O(\/ MlMQ),

_ 1 W(q/Q) = A(n)x(n) . /n
M= sy 2 2 |12 ()

PRl C) R Y o
1 q
S — ) log—
() v
By Proposition [l M; ~ f(a) for |a] < 2—¢, where f(a) is defined in (1.2)). Also by a partial
summation and (2.3) we have

N 1 Wiq/Q) . —112 1502
M, N@(Q)Z Sg P @2X T log"Q

q

d(Q )2 1og Q (% /_OO ‘5{2:6) 2da:>_ :

where
2

and
2

_ 1 W(a/Q)
b PP D

Therefore, we have

Fa(Q W) = (1 + o(1)) (f<a> L B(Q ) log Q (% / Bin) de) )
L O@(Q 1) /Fl@) g Q).

5. PROOF OF THEOREM [I]
We reproduce here the argument from Ozliik’s paper [5]. First we need a lemma.

Lemma 9. Assume GRH. If 1 < «a < 2 is fived, and the function ® satisfies ®(x) = ®(x71),
then

! Q)ZW T Z(“ (/20 735301;3@>)%mm;> (1+3%2)

a/2(
q x (mod q) Yx 7% /200 =

Proof. We follow the argument given in [4]. Let

sin Tou 2
r(u) = ( )
TOU

and we use the identity
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1 ’YX log Q N o
N¢(Q)Z Z Do ( )‘P(wx)@(wx)—/_OOED(QB,W)r(ﬁ)dﬁ

q modq'y'\/

(5.1)
where 7(8) is the Fourier transform of r defined as

#(8) = / T ey,

—00

In this case

0 otherwise.

#5) = {(a —18))/a® if|8] < a

We plug in Fg(Q?; W) from Theorem [2| to the right-hand side of (5.1)), obtaining that the
right-hand side of (|5.1)) is

(1+o) [ (f(ﬁ) ro(Q s (5 [ |8 d)) H(9)ds

—

with f(f) is defined in (1.2)). For 1 < a < 2, we have

/f B)dp = 2 /5 a—ﬁ)dﬁ+—/1(a—6)dﬁ

and

log @ (% | )cﬁ(m]?dx)l [ w@ e

—0o0

~log Q (%/_Oo (i)

o0

N é/ong@(e—u)?du (% /_Z )@(m)]zdx>l
- 2/000@(6_“)2du (% /: )@(m)f@) B

1
«

d:c) o2 / 9(Q (o~ B

o

The last equality is obtained by the Plancherel’s theorem for the Mellin transform in the
form

1 oo e 2 o o
— ‘(I)(zx)‘ dx:/ @(e‘“)Qdu:/ ® (e "N2du

2 o oo

and the fact that the function @ satisfies ®(z) = ®(z71).
U

Proof of Theorem[1]. Pick (/I;(s) = ((e* — e7*)/2s)?* so that @(m) = (siny/7)?. We need to
check that this choice is possible, that is, that ® is real and compactly supported in (a, b)
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for some a,b > 0. Indeed, by Mellin inversion we have

1loga: for 1 < x < e?,
+ilogx fore?2<2<1,
otherwise ,

so it satisfies the required conditions. Note that ® satisfies ®(x) = ®(z71).
Let m, be the multiplicity of the zero p = %+i’y. We count zeros according to multiplicity.

In particular,

-~

D m®(i)? = > (i) (i)
Tx PV

=Ty

because on both sides a given zero is counted with weight mZC/IS(mX)Q. We have

Z (i7vy) >22 my) wx)

Tx
simple

K

sina/2(yy — wlogQ)Q

DR, Z( T ) B8,

Yy

Hence

I RPN,

I x (mod g) anl);)le
> 2 Z q/ Q) Z Z P Wx
x (mod q) 7x

q/Q (Sm (o/2(7y — 7;)10gQ))2A v
— D(1y, )P (i
Z ;m; af20 A )ogq ) TUIIY
We take o = 2 — §, with 6 > 0, in the previous lemma, and observe that

13

q/Q sin(a/2(y — 1) log Q) \~
S S Y () #00R@) < (g + <)@

q X (mod q) x; 7%

with some ¢ — 0 as § — 0". Combining the above two equations and using the fact that

y- Ma/@) q/Q S S B(i)? = Na(Q)

q X (mod q) 7x

we prove the theorem.



SIMPLE ZEROS AND THE ASYMPTOTIC LARGE SIEVE 19

6. DISCUSSION OF OZLﬁK’S RESULT

In this section we explain why heuristically one expects that Ozliik’s result provides at
most a proportion of 86% simple zeros. It is reasonable to suppose that as ¢ — oo, there
exists a k such that

Z Z > 1B(in)| ﬂ;}gt/_ @ (i) da (6.1)

q<t x (mod q) Vx
simple

Ozliik proves that

Z Z Z |<I> 11QlogQ/ (iz)|*dx.

q<Q x (mod g)  Tx
simple

We re-write the left hand side as follows

Z 5 Zi@m!—z 52 > 2 [Rne)r

q<Q X (mod ¢) x q<Q d\qx (mod d) x*
simple simple

)

where x* is the primitive character inducing x. Note that the nontrivial zeros of L(s, x) and
L(s, x*) coincide. Therefore, we get

Z Z > (i) —Z Z > (i)

q<Q x (mod q) 7x quQ mod ¢q) x
simple simple

1 1 ' o
SZ@ Z 2@ Z Z D (i)

d<Q <Q/d X (mod g) su;{l)f:)le
1 Q Q1 2
< ——K— log — — ¢ d
Nd;zw(d)ﬁd 542 /oo| ol

It thus follows that

or equivalently

-1
1 1 x ~ 11 [ 1
D(iv, )2 > — - At
Nép(@)qu(gw(q) (%q) ; (i )[* = 19 (Z do d)) 0 >

simple

where

Z Z PIGN]

q<Q X (mod q) ¥x

2 e*(
N%ng/OJ i) dxz

q<Q
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lo <A
mkAogl_Elgt/m \B (i) [2da
2m oo

and

1 1
» p p

Therefore from Ozliik’s work we obtain a proportion of
-1

11 [ 1
— — | A7' ~0.86883781. ...
12 ; dp(d) 0
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