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ABSTRACT. The large sieve inequality is equivalent to the bound Ay < N+Q% -1
for the largest eigenvalue A\; of the N by N matrix A*A, naturally associated
to the positive definite quadratic form arising in the inequality. For arithmetic
applications the most interesting range is N =< Q?. Based on his numerical data
Ramaré conjectured that when N ~ aQ? as Q — oo for some finite positive
constant «, the limiting distribution of the eigenvalues of A*A, scaled by 1/N,
exists and is non-degenerate. In this paper we prove this conjecture by establishing
the convergence of all moments of the eigenvalues of A*A as  — oo. Previously
only the second moment was known, due to Ramaré. Furthermore, we obtain an
explicit description of the moments of the limiting distribution, and establish that
they vary continuously with a. Some of the main ingredients in our proof include
the large-sieve inequality and results on n-correlations of Farey fractions.

1. INTRODUCTION

Let F¢ denote the set of Farey fractions of order (), that is the set of reduced
fractions ¢ with 0 < a < ¢ < Q. In particular |Fo| = >_ o »(q) ~ 2Q%as Q — .
The large sieve inequality states that, for any sequence of complex numbers a(n),

SIS atmed)]| < (¥ + @2~ 1) Y Jam))® (1.1)

0cFq n<N n<N

The large sieve was first discovered by Linnik [11], who applied it to bound the
number of moduli ¢ for which the least quadratic non-residue exceeds ¢°. Since its
inception the large sieve fascinated analytic number theorists, not the least because
of the variety of its incarnations (probabilistic [16], arithmetic [11], analytic [4]).
The form (1.1) is the outcome of a long chain of improvements, due among others to
Bombieri [5], Bombieri-Davenport [4], Gallagher [9], Montgomery [13], Montgomery-
Vaughan [12], Rényi [16], Roth [17], Selberg [18], ... One of the major applications of
(1.1) is the Bombieri-Vinogradov [3] theorem on primes in arithmetic progressions.
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A fruitful point of view is to interpret (1.1) in terms of the eigenvalues \; > Ay >
...2 Ay = 0 of the N x N symmetric positive definite matrix,

A*A = ( Z e((ni — n2)9)>1<n17n2<N where A = (e(n@)) bery

0cFq 1<n<N

Note that v A1 = vAs = ... > /Ay > 0 are the singular values of A and the
following idenity holds trivially:

> i =Tr(A*A) = |FglN.

i<N
Since || Av||? is equal to (1.1) when v = (a(1),...,a(n)) and A\; = ||A]]? = [|[A*A]| =
|AA*|| the large sieve inequality (1.1) is equivalent to A\; < N + Q? — 1. Tt is very
desirable, from the point of view of applications, to replace the inequality (1.1) by
an asymptotic equality. In the range N < Q* ¢ one can adapt the results of Conrey-
Iwaniec-Soundararajan [6] to obtain an asymptotic for a class of sequences a(n).

We would like to investigate the problem of refining the large sieve inequality to

an asymptotic equality in wide generality, and in particular in the range N =< Q2.
This range is particularly interesting from an arithmetic point of view; for example it
comes up naturally in the proof of the explicit Brun-Titchmarsh theorem. As a first
step in this direction, one would like to understand the limiting distribution of the
eigenvalues of A*A, that is the limiting distribution of the sequence of probability
measures on [0, 00) given by

1
HQN = 3 > G

i<N
where 0, denotes the Dirac probability measure supported at A € R. It turns out that
this is relatively easy when the ratio Q*/N either tends to infinity or to zero. When
N/Q? — oo as Q — oo, then since the rank of A*A is < @Q?, it follows that most
eigenvalues are zero, therefore pg y — . On the other hand, when N/Q* — 0 as

@) — oo, then according to a deeper result of Ramaré [14] concerning the asymptotic
behaviour of }7,_\ A7, one concludes that when N/Q* — 0 all but o(N) of the

77
eigenvalues cluster close to |Fg|. We will be concerned with the remaining regime
N = Q2.

In [14, 15] Ramaré conducted several numerical experiments that suggested the
existence of a non-degenerate limiting distribution function as soon as the ratio %
tends to a finite limit with () — oo. In support of the numerical data Ramaré
established in [14] the convergence of the second moment

Mg (2) = /Ooo Pugn(t) = + 3 (3

iISN
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as ) — oo. The form of the second moment (in particular its variation with %)
ruled out the possibility of convergence to any standard probability law.
In this paper we estimate all moments of 1 v,

a0 [ an -y 3 (3) < 51
i<N

1
~ Nt Z e((m —n9)by + (ng —ng)ba+ ...+ (ny — nl)eg),
01,....00€Fq

1<ni,...,ng<N

(1.2)

and prove Ramaré’s conjecture, that is the weak*-convergence of pg y to a limiting
distribution when N ~ aQ?:

Corollary 1. Suppose that N ~ aQ? as Q — oo for some fized constant o € (0, 00).
There exists a non-degenerate probability measure p, on [0,00) such that

QN — fa

as ) — o0o. Moreover i, is determined by its moments

Mifa) = [ )
0
explicitly described in Theorem 1 below.

Remark 2. In principle our proof delivers a rate of convergence. For example, when
N = | Fg| our approach shows that convergence of the £*" moment occurs at a rate of
at least < Q% for some exponent &, > 0. Since our proof reveals that 6, < ¢4 for
some absolute constant A > 0, it is possible to show by Fourier analytic techniques
that when N = |Fg| (and thus o = 3/7?) there exists a § > 0, such that for any
fixed smooth function f,

/0 " ) duon(t) = / " FE)dpalt) + O((log @)~)

as (Q — 0o. More generally this holds whenever N = aQ?+ O(Q?*™") for some 1 > 0.

We include below an empirical approximation for the probability density function
of p3/x2, based on an approximation with @ = 500 and N = |Fsg0| = 76116 '. This
resembles the previous data obtained by Ramaré [15]. There is a large number of
eigenvalues in [0,0.01] (roughly 10%) and we have omitted them from the graph
(they contribute a disproportionate 6 on the scale of the graph). Note that when
N = |Fg| there are no eigenvalues that are equal to 0, since in this case det A is just
a non-zero Vandermonde determinant.

IThe computation took less than a day, requiring 8 cores and 44GB of RAM memory. We used
a custom C program invoking LAPACK linear algebra routines. The code is available on request.
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Approximation for the p.d.f of ys3/.»
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The description of the moments M,(«) is rather complicated, so we start with
some preliminary remarks. Since A\; < 1 + %2 < 1+ a ! + o(1), all probability
measures fig y are supported in [0, C'(«)] for some constant C'(a) > 0, so we have
for free that

o<mm0=/’#w@mw<cm%
0

In particular, if each Mg(¢) converges to a limit C; as @ — oo, then pg n AN u for
some probability measure u supported in [0,1 + o~'] with moments C, . We also
notice that the first moment is trivial:

1 A*A | Fol 3
Mo(1) = — T ( ) — el 2

o) =3I (5 N " Ta

For ¢ > 2, our starting point will be the analysis of the exponential sum in (1.2).
This is a sum of =< N? oscillating terms, which by the large sieve are bounded by
< N1, s0 close to square-root cancellation. Our task is to refine this bound to an
asymptotic equality. We accomplish this in the theorem below.

Theorem 1. (i) For each ¢ > 2, there exists a continuous function My(a) on (0, 00)
and some explicit exponent 8, > 0 such that, given 0 < y; < 79, one has

N
) + Ot (@)

Mo(t) = Me( 5
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whenever 1nQ* < N < 7Q* as Q — oo. Precisely, taking (A,0) = |A|, A =
(Ar,..., A1), B=(Bi,...,Bi1), sinc(z) := =2 if v # 0, sinc(0) = 1, and

B

hap(z,y) = —"7—,
A,B( y) y(A'y—BZE')

Dap = {(z,y) €[0,1)* 12 < y,0 < Ajy — Bix < 1,Vi € [1,£ — 1]}, (1.3)

we have

= == Z // sinc (maha, g, (z,y)) sinc (raha, | 5, ,(2,9))
Da

7r
ABeZl !
(Ai,Bi)=1,Yi
A2 B240,Yi (1.4)

-2
X H sinc (WahAi,Bi(xa y) - ﬂ-ahAi+1,Bi+1(x7 y))da:dy € [O> OO)
i=1
(ii) The expression defining M,(«) above is absolutely convergent.
(iii) For each £ = 2, there exists kg > 0 such that, given 0 <y < 7o, one has

| Me(a) = My(B)] <q 3 [ = BI™
for all a, B € [y1,72].

We highlight that both continuity and absolute convergence of the expression
defining M,(«) are non-trivial. Parts (ii) and (iii) in Theorem 1 will be proved in
Section 4, while part (i) will be proved in Section 5.

With Theorem 1 at hand the deduction of our main result Corollary 1 is immediate.

Deduction of Corollary 1. The large sieve inequality yields supp ugy C [0,1 + %2]
for all (). Hence there exists a positive constant K such that supp pg n C [0, K] for
all (). Banach-Alaoglu’s theorem shows that the sequence of probability measures
(to.n) on the compact set [0, K] has at least one cluster point p, in the weak*
topology on C([0, K])*, and p, is a probability measure on [0, K]. Theorem 1 shows
that any two such cluster points p, p, have the same moments M;(«), ¢ € N, thus
It = [y by Stone-Weierstrass.

It remains to show that the limiting distribution u, is not degenerate, that is its
variance M(2) — My(1)? = M,(2) — (==)? is non-zero. For a > 1 this is impossible,

since by Proposition 4 from Section 2, the second moment is > % > (=2-)2. For

a < 1 according to Ramaré’s formula or the proof of Proposition 4 below,ﬂ ¢
1,
e 3 6 1 [78T a’~1¢(s)
Pdpg(t) = — + — - — ds.
/0 Halt) = o F i ST D2 9% (2—s)
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Shifting the contour of integration to Rs = 1, we collect a pole at s = 0 that
contributes (==)?. We conclude that

e

[eamo-(2)1>

0 gte

Notice that the rightmost term is strictly less than
KRS
m?a 7w Jg |1 +it)t  wla’

It follows that the left-hand side of (1.5) is > 0 and hence the distribution (%) is
not degenerate. 0

3

m2a

6 1 1+4i00 OKS_1C(S)
720 i i s(s+1)(2 = 9)%((2— 5)

ds|. (1.5)

One wonders if p,, is absolutely continuous with respect to the Lebesgue measure,
except for possible atoms at 0 (which arise naturally when N > (14 ¢)|Fgp|, since A
is not of full rank as soon as N > |Fgp).

The result in [2] shows (after a small modification) that when N = |Fg|, there
exists a positive measure g,, supported on [%, o0) when ¢ = 2 and on a countable
union of surfaces in R*~! when ¢ > 2 (thus in particular having Lebesgue measure

zero support when ¢ > 3), such that,

Sé(Q; f) = % Z FQ(Ql — 92,92 — 93, e ,94_1 — 9@) = 2/ fdgg + 0(1),

01,...00€F [0,00)~1
distinct
as Q — oo, for smooth functions f compactly supported in (0, 00)*"?
denotes the Z‘ !-periodization of f given by

Foly)== Y f(N(m+y)), yeR"'/z"

meZé—1

, Where Fg

Concretely, the measure g, is supported on the union of all surfaces o g(Da ) with
A, B e Ng_l, (AZ, Bz) = 1,V’i, (I)A,B = TOTA7B, TA,B = %(hA17B17 RN h'AlflvBlfl) and
T(x1,...,20-1) = (1 — T2, To — T3, ..., Tg_o — Ty_1,Tg—1). 1t is important here that
the support of f is compact, as it implies that the number of (2¢ — 2)-tuples (A, B)
that produce non-zero terms in \/‘[0700)5*1 f dgy is finite. However, when the support of
f contains 0 or when f is not compactly supported, the question of convergence of
such an expression becomes delicate, in particular since we do not have non-trivial
point-wise bounds for g, as soon as ¢ > 2.

There is a close relationship between (1.4) and the density g,. Using the absolute
convergence of (1.4) and an explicit formula for g,, provided by instance by formula
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(1.4) in [2], it is possible to re-write M,(«) in (1.4) as

3 /-1 3 )
0 sinc (W alm 4.+ xg_l)) Hsinc (W gxl)dgé(z1, o ee1), (1.6)
i=1

% [0700)571 3

where the measure g, is defined in a similar way as gy, but summing over the larger
range (A, B) € Z*~2 with (A;, B;) = 1 and A? + B? # 0 for all 4 (in particular the
support of gy still has zero Lebesgue measure in R~!). From this we see that the proof
of absolute convergence of the expression defining M,(«) amounts to establishing
bounds for the decay rate of g, in an averaged sense.

We close by mentioning that two of the remaining challenges are to determine finer
properties of the distribution function of the limiting probability measure p, and to
obtain information about the limiting eigenvectors of the large sieve matrix A*A.
We hope to come back to these questions in a later paper.

1.1. Outline of the argument and plan of the paper. We now highlight the
main steps in our proof. We first address in Section 2 the case ¢ = 2, adapting
techniques from [2]. This recovers Ramaré’s initial result. It is not clear how to
proceed when ¢ > 3 without introducing a smoothing on the nq,...,n, variables.
Since our sum is highly oscillating, it is also not immediately clear that a smooth-
ing can be efficiently introduced. Ramaré remarks in his paper [14] that this is a
significant stumbling block. In Section 3 we show that one can introduce a sub-
stantial smoothing by using the large sieve inequality. After having smoothed, we
would like to relate the question of computing the moments to the n-correlation
function of Farey fractions which was computed in [2]. Here an initial obstacle is
that the variables 6; are chained in a circular manner, requiring us to control simul-
taneously N(6; — 60s), N(02 — 03),..., N (6, — 61). We resolve this problem by using
a Fourier analytic trick, which reduces us to the case where we need to understand
Ny —603),...,N(0,_1 — 0y), that is, without the circular chaining. We then adapt
in Section 5 the argument from a paper by Zaharescu and the first author [2] where
the higher correlation measures of Farey fractions are computed. One of the key
arguments from [2] relies on the divisor switching technique. It is interesting to no-
tice that this is also the crucial ingredient in the recent work on the “asymptotic
large sieve” by Conrey-Iwaniec-Soundararajan [6]. Finally, in order to conclude the
computation carried out in Section 5, we need to establish the absolute convergence
of the expression defining M, («). This requires a rather substantial elementary argu-
ment that splits into several cases. We perform this analysis in Section 4. The main
ingredient is a counting lemma for simultaneous solutions to a system of equations
of the form A;B;11 — A;11B; = A;. In a subsequent paper we hope to apply this
argument to analyze the behavior at infinity of higher correlation functions of Farey
fractions, which was only worked out for the pair correlation.
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2. MOMENTS OF SECOND ORDER

We first consider in detail the case ¢ = 2. An asymptotic formula for Mg (2) was
previously established in [14]. Here we follow a different approach in the spirit of [2].
Denote by Hy the characteristic function of the interval [+, 1]. We can write

Z Z ((n1 — no) 91—92))HN<N)HN<N)

91 GQE.FQ n1,no€ZL

3 Sl X () ().

01 ,02€Fq neZ n2€Z

(2.1)

The inner sum in (2.1) is seen to coincide with (N — [n|)x(-ny,n](n), and so

M) =15 3 o(n) 3 elnlts —0). (22)

n=—N 61,026 F0
where
¢(x) == (1 = e))xi12(2) = (X * X(-1.0) (2):
Using also
Xo,1(z) = e ™ sinc(mz),
we find

Y(x) = 6(x) = Ro1y (%) -1/ (x) = sine’ (mz) = P(—). (2.3)
From (2.2) and (2.3) we infer

2) = %Z FO(5) S ene - 6), (2.4

01,02€Fg

thus it suffices to reprove an analogue of [2, Theorem 2| with the compactly supported
smooth function H there being replaced by v here.

2.1. An asymptotic formula for 9t;,(2). We follow closely Sections 2 and 4 in [2]

with
1 ~
a=59(5)

Consider the Mobius function g and the summation function
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An application of Mébius inversion shows that (see, e.g., formula (1) in Section 12.2
of [7]), for every function f:QnN[0,1] — C,

k .
>0 =3 () 3 6(3)
0eFq j=1

In particular this provides the following well-known identity:

S end) =Y dM(%), neZqQeN. (2.5)

0eFq din

For n = 0 this corresponds to [Fq| = >, M(%)
Poisson’s summation formula [8, Theorem 8.36] holds true when applied to a pair
(¥n, ¥p), where 1y, (x) :=1p(hz), h > 0, because |[¢(x)| < (1+| aranz and ¥ has compact

support. Proceeding exactly as in [2], we arrive at the following closed form analogue
of formulas (4.4) and (4.5) in [2]:

Mo2) = 3 wlriulrs) Y <d1’d2>z¢<[dgzz]>

r1,m2€[1,Q] d1€[1,%] nez
dge[l,%]
1 niN (2.6)
=y 2 mroutm) 3 0> 0 w(os).
71,r2€[1,Q)] 66[1,min{%,%}] n€Z ¢ el1, %} 1z
qze[lv%}

This sum is split as M (2) + MG (2) + M7 (2), with terms arising from the contri-

bution of n = 0, wA(x) = Y(z )X{0<\x\<A}a and respectively (x)x{jz|>a}, Where we
take A := N1/2 < Q.
The contribution of n = 0 is given by

fmé@):% > pu(r)u(ra) (dy, ds)

r1,m2€[1,Q)] die

b T (@) -2

d17d2€[17Q]

the last equality being noticed at the top of page 420 in [14].
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The contribution of n with ~== > A to the inner sum in (2.6) is

q1q39° Z L  @e® N ol

STNT 2 S TNT Agg | AN
n>7q}\?26
hence
1 2of @ \?( Q2 Q' -1
2?(-5) (-5) @
MO <gm XY o) \ns) < ane <€ 28)
r1,72€[1,Q] 5e[1, m}
Finally we estimate im” (2). In this situation we have 0< | rin 5 < A, leading to
N < Aqigad < AQ mm{ql, g2} and thus min{q, ¢2} > +5. We also have
7120 A AQ2
0 < J - < A.
[n|rired < rirg N N <

To estimate

Snnan@= Y w1,

q1G20
mln{‘h 42}> AQ
q €1, Q5]q2€[1 Tz(;]
(Q1 q2)=1

we take f(,y) = (), Q= {(.) s ¢ < %,y < G minfa,y} > 25, and
apply the following:

Lemma 3 (Lemma 2 and Corollary 1 in [1]). Suppose that Q C [1, R)? is a region
with rectifiable boundary and f € CY(Q) with Df = ‘af‘ + ‘ } and || ||s denoting
the sup norm on . Then

men / f(z,y)dxdy + Erq.r,

(m,n)eN
(m,n)=1

with
Erar < ||Dflloo Area() log R + ||fHoo(R + length(99) log R).
Furthermore, if Q) is also convex, then
Erar < ||Dflloo Area(2) log R + || f|lco R 10g R.
It is plain that |¢(z)| < 7r2 > and [¢(z)] < 2, thus on € we have |f(z,y)| <

52 2,2 4 1 52 2 2 N 1 1 F) + 1
T < B mgee and (D)@ y)] < SR BEC L) < B <«
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This yields

6 niN
Sr1,r2,6,n(Q) = ﬁ // @D(@)dxdy + Er1,r2,6,n(Q)> (29)
x<%,y<%
min{x,y}}%
with error terms
Q? Qlog Q)
Er T n LK ——" 555 5 9o o
1r26n(@Q) In|@Q r?ris? 5@+ r2r2§2n?
summing up in My (2) to
1 log Q 1 (log Q)°
Q) =+ Z 0B m6n(Q) < Z s S :
N [n|,r1,r2,6>1 Q n,r1,r2,0>1 7"17“2577, Q (210)
[n|rirad<<A nrirad<KA

With the change of variables (z,y) = (Qu, Qv) the main term in (2.9) becomes

632 // zﬂ(QZé\iw)dudv (2.11)

[AQ2 7«16 AQ2 725]

When 0 < min{u,v} < &5 and max{du,dv} < 1 we have AZX. > N . L >

AQ? Q2uvé Q2 wvd
% . mm{u 7> A, so wA(QZéfw) = 0. Thus the expression in (2.11) amounts to

6Q2 // Q26 dudv+O<Q2 = ﬁ) (2.12)

T15]

with the total contribution of the error term to 9 (2) being

2
<= > ! <<QlogQ<<5(Q).

N 031 7’1’/"2(52 N
nrired<KA
Using (2 11), (2.12), ¢(z) = ¢(—z) and the change of variable (u,v) — (u, )
with A = =5 u'Zl;, the main term in (2.9) becomes, up to an additive error of order

O(ﬁ),

6N M/T / ~ 6N|n| /A /% YA oy
™ 5 )y N rz\n\ u)\2 Y N nfryras J 2 r2lnl A
Q2 Q2
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We infer that

g _ 12 /A vO), (@A
M) =25 D wroutran s X log (57 * s ) A+ E(Q).

2
A
nrlrzég%

Taking K = nriryd € [1, ATQQ] and using

Z p(r)p(re)n = o(K)

n,ri,ro=>1
nrire|K
and [¢(z)] < %5, we infer
12 @b Q2 A
my(2) = )+ EQ)
Kell, AQQ
oY QA
= N ZW p(K) max 0, log (= 22 tdA + E(Q)
Ke[l,7°35]
18 Q4 A 3 Q? (2.13)
18 3 Q2
_F' / wA)gz<P~N ) dA+OA ) +E(Q)
18 N 3 (log Q)3
= ) el o (B,
with the function go defined as in [2] by
3 272 U
m(;u) = ﬁKe[l )‘P(K) log (?)7 (2.14)

being continuous, supported on [, 00), with ||g}| < 00 and ga(z) =1+ O(2) as
x — 0.
Using the dominated convergence theorem we conclude that,

Proposition 4. If N ~ aQ? for some o > 0 as Q — oo, then

lim Mo (2) = My(a) = 3+<3>2 2/°°.2( )<3 )d
im —) = sinc”(rau)gs | =u ) du.
Q ¢ ? e 2 a Jo P2\

Remark 5. Since [¢(z)] < &5, ¢ € C'([0,00)) and [|g2]|sc < 1, it is easily seen, by
truncating the integral in Proposition 4 at Q%/2, that if

N = aQ*(1 4+ 0(Q™?))
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for some 8 > 0, then
Mo(2) = My(a) + O(Q™"?).

Using a different description of go(z), due to R. R. Hall and presented in [2], we
also see that this main term matches the expression given in Theorem 1 (we however
do not need this, since we reprove Proposition 4 in Section 5, when dealing with the
general case of all £ > 2).

2.2. Comparison with Ramaré’s main term. Ramaré’s estimate of 9t (2) pro-
duced the following main term (see the formula between (46) and (47) and formula

(47) in [14]):

Vol @ b(ﬁ), (2.15)

Mo(2) ~ = + 33 0

where )
i —gTioo s C(S)
o i s(s+1)(2—s)2 ((2—y9)

Employing formula (4.15) in [2] we can write

ds. (2.16)

17 .
g2<3 )_27r2_ 187 ((s—1) v

3w 2mi Ju o ((s) s
5 (2.17)
SELap N L <C U )
© 3u? 2mi 9 o C(L4s) (1482
Employing also Fubini we infer
/ 3
= — sinc? (o) gs —u) du
g Hioo 1 ults C(s)
_ : : dsd
i), sine “(au )/g_m w2 1+s)? clts) 0 (2.18)
9,
1 §+zoo 00 Lin2
_ / ¢(s) / sin”(au) duds.
i 9 oo (14 5)2C(1+5s) Jo ud=s
Employing the identity (cf. formula 3.823 page 454 in [10])
00 Lin2 1—
/ S”;V“T dz = —2"72T(1 — v) cos (%) if1<Rev<3,  (2.19)
0

/000 M du = a®"*21°T (s — 2) cos (g) = (33)3 ' (z(i);)o(z(_%sl))’
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which we insert into (2.18) to derive

2 [9/8+ (2a)7°T(s) cos (%) ¢(s)

]a - — 2 . d .
7i Jogs e @ =)L =5)(L+s) C(L4s)"
The functional equation
(1 s)
((s) = . - (-9
(2m)'=ssin (T52)T(s)
and the change of variables s — 1 — s provide
9/8+ic0 s .
I, = i (f> 1 d=s) o

T Jo/g—ioe N/ (2—=8)(1—5)(145)% ((1+s)

1 —1/8+ioo

i ! : (s) ds.

1-s
T —1/8—ico (5) s(L1+s)(2—-5)* ((2-5)
Finally, inserting this into (2.13) we infer

2 6
MG (2) ~ % : pInN/QZ
_@ 61 /_1/8“0o (@/N) L)
N w2 omi ) g ies(s+1)(2—5)2 ((2—s) 290
B Q_4 ‘ i —1/8+i00 (N/Q2)s . C(S) i ( : )
N2 7 Ciseice S(sH1)(2—=5) ((2—)
Q' N
= 5(ga):

From (2.7) and (2.20) we notice that our main term My(«) in the asymptotic
formula for M (2) given in Proposition 4 coincides with the one in [14, Theorem
1.1].

3. SMOOTHING OF Mg (¢)

As seen in the previous section, when dealing with 9t (2) it is possible to proceed
directly without smoothing the characteristic function Hy. However, smoothing
becomes necessary for ¢ > 3, due to the accumulations of terms. In this section we
show that this can be efficiently achieved employing the large sieve inequality.

Let 0 € (0,1). We pick a function fs € C2°(R) such that 0 < f5s <1, fs = 1 on the
interval [6, 1], and supp f5; = [0, 1+ d]. Consider © = (0, ...,0,) € F, the function

h@(l’l, e ,LL’[) = 6(5(71(91 — 95) + 1’2(92 — 91) + -t LL’[(H[ — 95_1))

= e((z1 — 22)01 + (x2 — 23)02 + -+ - + (zp — 21)0y), (3.1)
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and its smoothed form
T T
h(;;@(l’l, Ce ,l’g) = h@(l’l, Ce ,l’g)f(;(Nl) tee f(g (NZ) . (32)

In this section we will show that the large sieve inequality allows us to replace
Mo (L) by its smoothed version

1
Mess(l) == NeT Z hs.o(ny, ... ,n0)

91,...,9e6]:Q
N1,...,neEZL
' (3.3)
= N€+1 E h(g;@(nl,...,ng).
01,....00€Fq

0<ny,...,ng<(14+5)N

On the other hand we have

Mo(l) = ﬁ Z he(ny,...,ne) 1l <%) SRR %Y (%»

01,....00€Fq
0<n,....,ne<(14+6)N

where 1g denotes the characteristic function of a set S.
For disjoint subsets M, A, B of [1,{] consider

1
1
I./(\/l),A,B = W Z Z h(s;@(nl, e ,ng),

01,....00EF N1y
! e=re {j:0<n;<éN}=A
{k:N<np<(14+6)N}=B

2 1 ny Ny
If(\/l),A,B N Z Z h@(”h---,ne)l(o,u(N) 1o, <N)

01,....00€F N1,..0,Mp

! e {j:0<n;<éN}=A
{k:N<np<(14+6)N}=B
{i:6N<n; <N}=M

If B # (), then Ij(\%l),A,B = 0. We have

2 1
Mo() = Y. Iodas  Mes)= > Ii.s
AUBUM=[1,{] AUBUM=[1,/]

. 1 2 .
Employing I[(L)ZLM = I[(L)ZLM we can write

2 1
Mo(l) = Mos(t) = D (Tihas—Tilas): i
AUBUM=][1,(] (3.4)
MA[LL]

We will now bound the contribution of each If(\h{ 45 With M # [1, (] using the large

sieve inequality. The contribution of I/(\i), 5 Will be dealt with in identical manner
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by taking f5(%) = 1(0,1)(#) in the argument that is about to follow. For this reason

we will only write down the argument for 7 M{ - Consider

Tng = e(nb) f5<%>, 0<n<(l+0d)N,0 € Foy,

and the rectangular matrices A, B € M{sny,7,|(C), M € Mn_{sn,7,|(C) with entries
Zng where € Fgand 0 <n < 0N for A, N <n < (14+0)N for B, and 6N <n < N
for M, respectively. Clearly A*A, B*B, M*M are |Fgl| X |Fg| matrices with

(A*A)gr gn = Z e(n(@” — 9/))f5(%>,

0<n<dN
(B*B)gf’gw = Z 6(72,(9// - ‘9/>)f5 (%)7 (35)
N<n<(1+6)N
(M*M)glﬂn = Z 6(77,(9” — 9/))f5 <%> .
IN<n<N

Writing

M = diag < f(;(%

N——

)5N<n<]v ' <e(n0))5N<n<Nv

GE.FQ

A = diag ( f(;(%)) (e(n8) )

0<n<O6N 0eFq

B = diag (@ [ fs| — ) : (n9>)N<n<(1+5)N
N<n<(1+46)N 0cFq
1,

and employing 0 < fs < 1, the large sieve inequality provides

|IM*M|| < N+Q* and max {[|[A*A|, |B*B|} <N + Q. (3.6)

Since max{rank(A), rank(B)} < 0N, we have max{rank(A*A), rank(B*B)} < JN.
Since rank(X; - - - Xy) < min{rank(X),...,rank(X,)}, we infer

¢

rank <H(M*M)a"(A*A)BT(B*B)%> < ON (3.7)
r=1

whenever «,, 3,7, € {0,1} and there exists rq € [1,¢] such that 3,, > 0 or ,, > 0.

On the other hand, setting S(r) := A, B or M according to whether r € A,

r € Borr € M and using (3.5), we see that the (6',60")-entry of the product

H L(MHM)IM) (A* A)LA) (B B)15() of ¢ matrices of the form M*M, A*A or B*B
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is given by

> elmo = 00)5s( et 00)5(5)

01,....,00-1€Fq
0<n,....,ne<(140)N
nr€S(r),Vre([l,f

. -6(71@—1(9@—1 - 9@—2))]06(%)6(“4(9” o 94_1))%(%)'

In conjunction with the definition of Ij(&l),A,B, (3.1) and (3.2) and setting 6y = 6, =
0" = 6", this further leads to

1 1 n,
I.SVI),A,B = N+ Z Z He(nr(er - er—1>)f5 (N)

01,...00€Fqg  {j:0<n;<éN}=A r=1
{k‘:N<nk<(1+6)N}:B 3 8
(N e N} (3.8)

14
_ NLI Tr (H(M*M)W(T’) (A*A)lA(’“)(B*B)ls(”).

r=1

Employing (3.8), the inequality Tr(X) < rank(X)|X|| for any square matrix X,
and inequalities (3.6) and (3.7), we infer

1
) sl < ~rON(V + Q) <, 6 whenever M #£ [1,0]. (3.9)

A similar bound holds on Iﬁi{Aw with f5(%) = 1(0,1)(5) above, hence (3.4) and (3.9)
yield
gﬁQ(ﬁ) = EUIQ;(;(ﬁ) -+ 05(5) (310)

4. ANALYSIS OF THE MAIN TERM M;(«)

Fix k =¢—1 > 1 and a constant o > 0. For every A, B € Z, A? + B? # 0,
consider the function (54 g, defined by

abB
allyy) = —F——F———. 4.1
ﬁA,B, (LL’ y) y(Ay _ BSL’) ( )
Let § denote the set of functions F' : R — C that satisfy
1
F(0) =1, F(~u)=F(u), |F(u)|<min{1, m}, Vu € R.
Denote
F(—ax) 1) Fla =z Fa) itk > 2,
= = 4.2
vrio... o) {F(—xl)F(:cl) k=1 2



18 FLORIN P. BOCA, MAKSYM RADZIWILL

For every A = (Ay,...,Ay),B = (By,...,By) € ZF, consider the function in two
variables

\I]F;A,B,a(xa y) = \I]F (ﬁAl,Bl,a(x> y)> ey ﬁAk,Bk,a(za y)), (43)
and the set Da g defined in (1.3). Consider also
holF)i= Y maxlAPIBEY [[ Wramalo)ldedy € (0.00]
apezr MM Pas
(A;,Bi)=1V1i
A24 B25£0,Vi

Recall that we take (A,0) = |A|, so if B; = 0 for some 7 in some non-zero term of
It so(F), then |A;] > 1
The aim of this section is to prove the following:

Proposition 6. There exists d = 0y > 0 such that for every a > 0 we have

sup Iy 5.0 (F) <g aF141 < 0.
FeF

In particular this establishes part (ii) in Theorem 1. Before starting the proof of
Proposition 6, we note its subsequent important consequence, which gives part (iii)
in Theorem 1.

Corollary 7. Let 0 < 3 < 7y, be given. With M,(«) as in (1.4), and uniformly in
0,8 € bynuya), we have

[ Mi(r) = Me(B)] g o = B
for some exponent ky € (0,1).

Proof. Consider

Gr(a,l) = Z //D VraBalr,y)dedy.

A, BezF
(A“Bl =1,Vi

If F' is continuous, then Proposition 6 and the dominated convergence theorem show
that Gp(a,{) is continuous in . Note that M,;(a) = %G?m,u (o, £). Since X[ is
continuous it follows that M;(«) is also continuous. In order to establish the stronger
bound note that for arbitrary functions f and g we have,

(f-9)(a) = (F-9) (B < [f(a) = FB) - llglloe + [9(@) = g(B)] - 1 fllo- (4:4)

Since a — é is Lipschitz continuous on the interval [y, 2], it is therefore enough to

show that Gy, (a, ¢) satisfies the bound
|G5<\[0,1] (Oé, E) - GS(\[OJ] (67 €)| <<’Yl7’Yz |Oé - 5|RZ

for some exponent x, > 0.
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Using Proposition 6 we can truncate the expressions defining Gy, (cr, £) and
Gspny (8, 0) at maxl{|A |,|Bil} < |a—B|7" at the price of an error term < |a — 3]™.
That is, Gz, (@, £) — Gz, (8, €) is equal to

Z // X[o,1].A,B a(l’ y) \DSC\[O,I]vAvaB(l” y))dIdy + O(|a - ﬁ|néz)>
Da

[Ail<|a—B"
0<|Bj|<|a—p|7"

(Ai,B;)=1Yi

where
\I])'{[O’l],A,B,a(xv y) = \I])?[o,l] (ﬁAhBha('xv y)v s 7BAZ,1,BZ,1,(1(I7 y))
The product of bounded Lipschitz continuous functions is Lipschitz continuous by
(4.4) and therefore,
|\D>?[o,1]7A,B,0l(x> y) - \DQ[O,1]7A,B,B(1'> y)| qi 72 |a - ﬁ|
Combining the previous three equations we conclude that,
|G (@ 6) = Gy (B, O Ky o = BI™,

where ry := min(1 — 2(2¢ — 2)n,nd,) € (0,1). Taking n > 0 sufficiently small shows
that s, € (0,1). O

We will require two lemmas for the proof of Proposition 6. First we record a simple
bound for Up.a B:

Lemma 8. Let [ := {i € [1,k —1] : A;B;11 — Ai1B; # 0}. Suppose that By # 0
and By, # 0. Then, for every o > 0 and (z,y) € Da g we have

y2 |Aiy - Bz’ZE|

sup |V . x, < .
F€%| riaB(:v) alll+2| B, By g |AiBit1 — A1 By
Proof. The first inequality follows from the bounds
1 1
|z12k ] el |T; — 2441

and from equality
Oé(Az'+1Bi - AiBi-‘rl)
(Aiy — Biz)(Ai1y — Bijaw)

ﬁAi,Bi,a(za y) - ﬁAi+1,Bi+1,a(Ia y) = (45)

U

Our argument will rely crucially on the (non-disjoint) dy-adic set equality N =
Uaer, [2¢ — 1,2°7"] and on the following “counting lemma”:
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Lemma 9. Given D = (Dy,...,D;_1) € Z*72 a = (a,...,a;),b = (by,...,by) €
NE, consider the set

AiBiy1 — A1 Bi = Dy, (Ai, By) = 1,Vi

with A = (Al,...,Ak), B = (Bl,...,Bk).

For every x,y € [0, 1) with x < y we have

k k-1
2b1
(i) Z ] l locay-Bo< < ? | | min {(1/9)2_6” +1,(1/x)27" + 1}'

Db {(A B) e 72+ 2" T LAl <207, 2 — 1< B < gbﬁl,}
D,ab -— , . |

(AvB)ESD,a,b i=1 i=1
k—1
(ii) Z 1 < 201 2b1 H min{2bi+1—bi + 1’ Qit1=ai + 1}'
(AvB)ESD,a,b =1

Proof. To prove (i), notice that given B; and Ay, the condition Ay By — Ay By = Dy
implies that

Ay =21+ kiA; and By =1y + k1 By, (4.6)
with (21, %;) particular solution of A;y — Biz = D; (so r;1 = —B;D; (mod A;) and
y1 = A1D; (mod B,)) and k; € Z. In addition, since % <Ay < % + i has to fit
into an interval of length < i and |A;| > 2% the number of choices of k; for fixed
(A1, By) is

< (1/y)27" + 1,

regardless of the choice of (z,y). Repeating the same reasoning with Bj in place of
Ay we see that By is also required to be contained in a short interval of length < %,

since —% < —By < —% + % By the same argument it follows that the number
of admissible choices for k; is also

< (1/z)27 + 1.
Therefore, regardless on (x,y), the number of choices for k; is
< min {(1/y)2™* + 1, (1/2)27" +1}.
Continuing, we see that in general, given (A;, B;), we have A;B; 1 — A1 B; = D;
and therefore (A; 1, B;11) is parameterized as
Ay =z + kA and By =y + kiBy,

with (z;,y;) fixed solution of A;y — Bix = D; and k; € Z. It follows that if we are
given A; and By, then the number of admissible choices for As, Bs, ..., Ak, By is
k—1

< [ min {(1/y)27 +1, (1/a)27% + 1}.
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Finally, the number of choices for (A, By) is < 201 (1 + i) < % regardless of (z,y)
since | B;| < 22*1 and % <A < % + i This proves (i).

Part (ii) is proved in a similar way by first selecting (A, B;) in at most 2a1+12b1+1
ways, and then parameterizing as in (4.6). Since we require |By| < 227! and |B;| >
20141 the number of choices for k; is < 227" + 1, and therefore the number of
choices for (Ag, By) is < 22270 4+ 1 as well. Now that we fixed (A, By), it is seen
in a similar way that the number of choices for (A3, B3) is < 2%7%2 4+ 1, and so on,
showing that the left hand side in (i) is < 201+ [T} (2b+17% + 1). Finally the
roles of A; and B; can be interchanged to prove that the left hand side in (ii) is
< Qa1th Hfz_ll (2“i+1_ai + 1) 0

With these two lemmas at hand, we are ready to start the proof of Proposition 6.
First we dispose of the easy case, k = 1. The constraint 0 < A;y — Byx < 1 gives
% <A < % + i, and so for fixed By the number of admissible A;’s is < i and

|A1] < %. On the other hand, if B; # 0, then

2

Y
|V r;a1,B1,0(,Y)| < (B2
providing, for every ¢ € (0, 1),
19 5y
y 1 (Bl +1)
[L150(F)] < / c= drdy
B;Z* o @By v Jo
+Z// dedy <5 o2 + 1.
Aren  Jo<asy<1/a,

Secondly, proceeding by induction on k allows us to reduce ourselves to the case
when By # 0, By, # 0, and A;B;y1 — A;j11B; # 0 for all 1 < ¢ < k. Indeed, notice
that equality (4.5) shows that when there exists an i such that A; 1 B; — A;B;11 =0,
the requirements (A;, B;) = (Ajy1, Bix1) = 1 lead to A;11 = A; and B; 1 = B, thus
Proposition 6 follows from the situation where k is replaced by k& — 1 (see (4.2)).
Similarly if By = 0 then 54, g, o(z,y) = 0, therefore

Bay,Bral(T,Y) = BayBoa(T,Y) = —Bay,BralT, ).

Since F'(0) = 1 and F(x) = F(—x), Proposition 6 once again reduces to the case of
k — 1 variables. The same argument allows us to assume that B # 0.
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According to Lemma 8, and the previous remark, it will suffice to establish that
the following expression converges for some § = d, > 0,

k—1
1 1
max {|4,]°, | B;|’}
Al,...,Ak;...,BkeZ i€[1,k] |BlBk| 211 |AiBi+1 - Ai+lBi|
A;Biy1—A;11B;#0
(Ai,B;)=1,Yi (4.7)

B1#0,By,#0
k

X // y2 H iY — B T 10<A y—B;z<1 dxdy
O<z<y<l1

i=1

Fix some |e € (0, m) . We start by making several reductions, the outcome of

which is that we can focus on the scenario in which both of the following conditions
hold:
(I) The range of integration over y is restricted to y > max;cp y |B;| <

(IT) For all i € [1,k — 1] we have |A;Biy1 — Aiy1 B < maxicy 4 |Bil*

We then use two different arguments to handle the total contributions of the integers
Ay, ..., A, By, ..., By for which there exists an index j € [1, k—1] such that | B; 1| >
| Bj|-max;ep k) | Bi|*, and respectively the contributions of the integers for which there
is no such index. Finally, we set § = §, = 3.

In the remaining part of this section we will group the integers A; and B; into
dy-adic ranges 2% — 1 < |A;] < 2%t and 2% — 1 < |B;| < 2%l with a; and b;
running through the non—negatlve integers. Note that the intervals [2“ —1,2%" are
overlapping, but this is not a problem because in this section we only add or integrate
non-negative quantities.

4.1. Disposing of the y’s for which y < max;cp |B;|~=". With the grouping
described above we can re-phrase the condition y < max \BZ-\_EQ as y < 27 max(b)
Notice also that

(Aiy — Bix)Locay—pie<1 < 2min { max{|A;ly, |B;|z}, 1}

4.8
< min { max{2%y, 2% x}, 1} (48)

and
min {(1/y)27% + 1, (1/z)27" + 1}min{max{2aiy,2bix}, 1} <1 (4.9)
The conditions 0 < A;y — B;x < 1 and 0 < y < 1 imply that |4;| < |B;| + i, SO
that if we assign A;B;11 — A;.1B; = D;, then we have
k—1

[T1D:l < 220+ (1 4 1/y)F =: L(b, y).
=1
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Therefore, using also (4.8), and max;{|4;]%, | B;|?} < 2¢° max(ai)9e® max(bi) e see that
the expression in (4.7) is

2
&3 max b 9—¢&” max(b;)
< 2 ) / y2 ; § 2a3max(ai)
b1+b
Z 2rtbe J, Z |Dy| -+ |Dypa| 4=
bi,...,bx=>0 1<|D1--Di_1|<L(b,y) Loy

20 — 120141 /y
k-1

/ Z H min { max{2“y, 2"z}, 1} 1oc 4,y Bioc1 dady.
0

ABGSDabZ 1

(4.10)

According to Lemma 9 and (4.9) the expression after the innermost integral is

b1 k-1 2b1
< — H min {(1/y)27% + 1, (1/2)2"" + 1} min { max{2%y, 2"z}, 1} < —.
L Y

Moreover, uniformly in y € (0, 1],
1 k
> < (log L(b,y))
1<|Dy--D D1l -+« [ Dy
<|D1+Dg—1|<L(b,y)

k .
<p, (61 + -+ b +log(1 + 1/y)> < (by+ -+ b)* max (log(1+1/y))’

J€[0,K]
and
k
bi+1 k
> 1< [Jlog(2" " +1/y) < by - bi(log(1+1/y))",
dritemitiy
SO
3
Z 283 max(a;) < Z (2 . 2max(bi) + 1/y)€
20i 1ot 11/ 20t 1ot 1)y
< 0 2ty o2 ety (og (14 1/y))"

a1,...,ak
20 —1<2bi 41 /y
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It follows that the whole expression from (4.10) is bounded by

2752 max(b;)

2" maxba) (hy 4+ 4 bk, / . -
2" " max (log(1+1 d
by ---Zbk>0 ohthe 0 = S (Tox( /v)) Yy
‘ ©  max; log(1 + u))’
= Z 92t max(bi) (b, 4 ... 4 bk>k/ j€[k,2K] 3(, 2g( ) "
bly ,bk >0 252 max(b;) u —€
(by + -+ bp)k s b2k k
< Z 2(82 253 ) max(b;) <<k Z m <<k 1
b17 7bk>0 b=1

4.2. Disposing of k-tuples of integers with |A;B;.; — A;1B;| > maxie[l,k]|Bi|€2
for some j € [1,k — 1]. By the union bound and the bound provided by Lemma 8
the contribution of such integers is

k 3 3
max; Az £ y Bz € 1 1
<Y 3 enw {4l (BT}

11
‘T3 A A B BiEl | B1 By max;eqi k)| Bi® g |AiBiy1 — A1 By
AiBiy1—Ai11B;#0

(Ai,B;)=1,Yi
k
2
X// v’ [[(Aiy — Bix)loca,y-p.a< dady.
Os<z<y<l ;4

It is enough to show that each of the inner expressions is convergent. We fix, for all
1 # 7, values D; = A;B;j11 — Ai41B;. As before, we have H#j\DJ < L(b,y) with
L(b,y) = 22brt-Fbe) (] 4 i)k We are thus led to the following expression:

2(53_52)max(bi) 1 9 1 €3 max(a;)
wao ooy I 2 >

b1,...,b 20 D1,...;.Dj—1,Djy1,....De—1 1<i<k~1 Ao Ok
[1;2;1Dil<L(by) 7] 2% —1<2bit 4+1/y

Y k
X / Z H min { max{2%y, 2%z}, 1} Loc 4,y Bact dzdy. (4.11)
0

A1,...,Ag,B1,...,A €Z i=1
2% 1| A;| <22t
2bi —1<|By|<2bitL
AiBiy1—Ai+1B;=D; Yi#£j
(Aq,B;))=1,Yi

We now apply Lemma 9 twice, first to the variable (A;, B;) with ¢ < 7, and then to
the variables (Ay, By) with j +1 < ¢ < k (in particular in the second application
we reverse the order of the variables and identify Ax_;, Bx_; with A, 1, B;11 for
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i=1,...,k—j—1). This gives,

j b G—1
201 ) . N
Z H Locay—Biz<t K — Hmln {(1/y)2 i+ 1,(1/x)2 bi 4 1}’
A1,..,Aj,B1,...,Bj€Z =1 Y i=1

29 —1<|A4;]<2% 1 Vi)
2% —1<| B |<2% T Vi
AiBit1—Ai11Bi=D;,Vi<j

k 2bk k
. s —bs
E H locaiy-Biz<1 < — H min {(1/y)27% + 1, (1/z)27% + 1}.

Ajt1yes Ay Bjyt,, BR€ZL i=j+1 y i=j+2

29 —1<| A |<2% T Wiz j+1

2bi 1| By |<2% 1 Vizj+1
AiBit1—Aip1Bi=D; Vi>j+1

(Ai,B;)=1,Vizj+1

In conjunction with (4.9) this shows that the expression inside the innermost integral
in (4.11) is

Qb1+by, Qb1+by
[T min{(1/y)27% + 1, (1/2)27% + 1} min { max{2%y, 2%z}, 1} <
i#j,j+1

<

2 y2'

Using this bound and proceeding as in the previous case for the other sums, we
conclude that (4.11) is

< Z 2(63—52)max(bi) /Oly Z H |gl| Z 253max(tli)dy'

b1,...,b5 20 Dy,....Dj—1,Dj41,....Dp—1 1<i<k—1 o Wl
1<]T; 251 Dsl<L(b,y) i#] 2% —1<2% 41 /y

Using also 25" max(ai) «_ 9emax(bi)y,—<* and other estimates from the previous subsec-
tion we see that this is

Z (by + -+ bp)® [ maxck o (log(l + u))]
Lk,e 9(e2—2¢3) max(b;)
b1,...,b5, =0 '

2 du <5, 1. (4.12)

4.3. (II) is fulfilled and b, — b; < e max;e y b; for all j € [1,k — 1]. Since (II)
is fulfilled we have |D;| < 2emicimbi for all 4 € [1,k — 1], so it suffices to bound



26 FLORIN P. BOCA, MAKSYM RADZIWILL

above the expression

2&3 max(b;)

1
2. e 2 BB

b1,...,br 20 Dy,...;Dp—y
1<‘Di|<25 max(b;)

1
« / Y ¢ max(a) / > H10<Azy Ba<1 drdy.
0 a1, e

AB ESDabZ 1

(4.13)

2% —1<2b 41 /y

Next notice that 0 < A;y — B;x < 1 implies that |z — —y| ;- Lherefore the

< Q~ maXie[i ) bi

contribution of the integral over x is < min,ep W
Using that b1 — b; < e max;ep x) b; for all 7 <k —1 and Lemma 9, we infer

k—1
> r2mh J@be T 1) < 2mth . ghemax), (4.14)
(A7B)€SD,a,b i=1

It further follows from (4.14) that the expression in (4.13) is

2¢ 3 max(b;)

1
< Z 2b1+bk Z |D1| R ‘Dk—l‘

b1,...,b5 20 Dy,...;Dp—1
1<‘DH<25 max(b;)

1
% / y2 Z 21)1 . 283 max(a;) | 2kemax(bi) . 2—max(bi) dy
0

al,...,a
2% —1<20i 141 /y

Proceeding as in the previous sections to handle the sums over a; and the integral,
we conclude that this is bounded above by the quantity in (4.12).

4.4. (I) and (II) are fulfilled and there exists an index j € [1,k — 1] such
that b1 — b; > e maxe[ 4 b;. In this case because of (I) the range of integration
is restrlcted to y > 27" ma%ienu b and we take | D;| < 257 ™ielni b due to (II). Note
that the €2 in the bound for |D;| is important because will be matched against the
larger € in bj41 — b; > e max;e x4 b; at a crucial point in the argument. Therefore in
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this case it is enough to bound

253max(bi) 1 !
2
2 Tmme 2 B !
e Di| | Dy Jyc2moscs
bi,....bp =0 Dq,...,.Dy_4 | 1| | k 1| 9—c2 max(b;)
37,bj41—b;>e max(b;) 1<| D;|<2=> max(b;) (4.15)
% 25 3 max(a;) / E H iy — B T 10<Aly B;x<1 dxdy

a17 Ak AB €S, =1
205 _1<2bit 11 /y D.ab

Using the union bound we fix an index j such that b;y; — b; > emax(b;). In the
integral above we are requiring 0 < Ajy — Bjz <1 and 0 < A1y — Bz < 1. Set

& =Ajy—Bjz e0,1], & =Ay— Bjarel0,1].

Solving this system of equations we see that

_ Bj1&1 — Bj&
D; '

This leads to

Bjiiéy = O(y|Dj| + |B;|) = O(25 ) 4 2%),
Using also bj 1 — b; > e max(b;) and b; > 0 we infer
£ < ¥ 2max(bi)=bjs1 4 gbi~bit1 < o2 ~e)max(b) 4 g-emax(hi) < 9 . 9=(/2) max(hi),

Therefore & = |Ajy — Bjx| < 2(-=/2)maxibi,
It follows therefore that the expression in (4.15) is

25 max(b;)

1 ! )
< ) ot > 1Dr[ - [Dpr| Sy 2 maxon

b17 7bk:>0 D17...7Dk,1
1<|Di|<262 max(b;)

Y
Smax a; — max(0;
% § 26 ( z)/o 2 (e/2) (bs) g | | 10<Azy B;z<1 dxdy

ai,...,ak AB S =1
2ai_1<2bi+1+1/y ( D,a,b

(4.16)

Using Lemma 9 and our assumption that y > 27" ™20 we see that
Z 10<Aiy—Bix<1 < le 2k52 max(bi).
(A,B)ESD ab

Combining everything together we conclude that the expression in (4.16) is

(by + -+ by)?
Lhe Z 2(6/2—k€2+2€ ) max(b;) Lhe L.
b1,...,b=0
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5. ASYMPTOTIC FORMULAS FOR THE MOMENTS OF THE LARGE SIEVE MATRIX

Fix a non-decreasing C* function = : R — [0, 1] with Z =0 on (—o00,0], Z=1 on
[1,00), and

=M0)=z0(1)=0, VkeN, ZE@)+Z(1-x)=1, Vzel0,1].
Fix (0,1) |and let ‘ §=N"1>0 ‘ Consider the function f5 € C°(R) defined

c
by f5(z) =0 on (—o0,0] U [1 4 4,00), f5(z) =1 on [4,1], f5(z) = E(%) if z € [0,4],
and fs(z) = Z(H2=2) if # € [1,1+ §]. Consider also the function defined by

o(u) = / = (y)e(—uy) dy.

A direct calculation provides fs(x) + fs(x +1) =1 for all z € [0,1], and

Fow) = 2520 g 5u) = e sine(ruo(5) = i) (1 — 0(0u).
It is clear that ||¢|lec < #(0) =1, ¢(u) =1+ O(|u]), and

o(u) = OA(\U\_A), VA > 0.

m

Since [sinc(mu)| < |71\ and ||]?5||C>O < 1, we also infer
Ifs — Xoallo = sup (|sinc(ru)| - [1 = ¢(du)|) < sup ((1/]ul)d]ul) =
u€R\{0} ueR\{0}
and taking U as in (4.2),
H\ijA(; - \Ij)?[o,u ||00 < 5 (51)

It is also plain that
=~ [ ¢fs(6)e(=at) ds = O).

Integrating by parts and employing || f* g M|oo <4 64, we obtain
~ N(l c)(A-1)
i / 0 €elr€) e < lal 45074 = T (652)

27TZ:E

As shown in (3.10), My (¢) can be replaced by the smoothed sum Mg.5(¢) defined
n (3.3). Consider the associated Z-periodic function defined by

=S BN+ k) = 3 celka). (5:3)

keZ k€EZ

Its Fourier coefficients,

o = /0 ' Fo(a)e(—na) di = /R B (Nu)e(—nu) du = % T A P
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satisfy 0 < ¢, < % for all n, ¢, = 0 unless —(1 +0)N < n < 0, and
Fo(0) =Y . =1+0(3). (5.5)
kEZ
We also have || Fglloo < 2
With x = (z1,...,2¢), & = (&, - .., &), the Fourier transform of the function hs.e
defined in (3.2) is given by

hse(x) = /w e(—x - &)hse(§)dE

= Nfs(N(z1 + 00— 00)) f5(N (g + 6) — 63)) -+ Fs (N (20 + 00—1 — 60)).

Poisson summation, (3.3), and the above formula for ﬁg;@(nl,

..., ny) provide
1

Fo(0, — 00)Fo(0: — 02) - Fo(6e_y — 0,).

Fgn(x) == Fo(z)e(—nz) = Y _ coppe(k),

keZ
Foin(01 — 02) Fgm(0a — 03) - - - Fgun(0r—1 — 00),

and employing (5.4) to express Fg(0, — 61) we can write

st;(;(e):%ch > en( _

0 — 01)) [ [ Foum(6: — 0:11)
nez 01,....,0,€Fq =1

) (5.6)
N Z cn S (0).

—(14+6)N<n<0

Next we focus on Sg.,(¢), which is expressed after replacing 6, by —,, as

.. 'Cn+ne716(n1(91 — 92) + 7’@(92 — 93) + -+ ng_l(eg_l — 9@))
01,..., 9(6.7:@

cee Cn+n5716(n191 + (n2 — n1)92 + -+ (ng_l — ng_g)eg_l + ng_leg).
01,..., 9@6]‘—@2
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Upon (2.5), with r := (ry,...,7p_1),d := (dy,...,dp_1), this can also be written as

Son0= 3 vty 3 () 3r(9)

N1, Ng—1€ZL di|ny
da|na—mn1

dp_1|ng_1—mg_2
delne—1

(5.7)

= 2 M ( ) (d ) 2 b

de[1,Q]¢—! 1 ez
X Cntdyr Cntdyry+dars *° ° Cntdyri++de_1me—1 Z deM ( )

deldiri+-+de_17m¢_1

Taking into account (2.5) and (5.4) we can express the inner two sums in (5.7) as

/-1
E Cnt-dir Cnddiriddars * 7 Cn+d17‘1+~~~+dz717‘5716< —0 E djrrj>
Jj=1

rezt—1
0eFq
-1 -1 j
Z e(—@Zd 73)/ H (Nuy) ( (n—l—Zdiri)uj)du
reeZ]‘__ 1 k=1 j=1 i=1
€/ Q
-1 -1 -1
= z; /Rlle(—Zdjrj(uij ‘4 up_1 +0) —nZu]>Hf5 (Nug)d
ré)eez]-'; Jj=1 j=1 k=1
— Z / ( ZerZul—nZuijnG)f(; (up_q — 0 Hf5 (Nug)d
o

With y = (y1,...,¥e1), denote

Haanoty) = <(n(0~20)) TLH(V (% = 22) (2 -9))

The change of variables y; = d;(u; + -+ +up_q1),7=1,...,¢ — 1, provides

u oy Y w Y2 Y3 w Y2 Y1 w Y
1= 7 — 7 2= 7 T 7 e GUW2= o -1 = 7
de—2  dpy dp—1

d1 d2’ dz ds’
Zdr]Zul nZuj—l—nH——r y—l—n( ‘Zﬁ)
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and the contribution of the two inner sums in (5.7) becomes

Z Z/ —1 - y)Hoaon(y dy_z Z HQdGn

0cFq rezt-1 0cFq rezt-1
=Y > Hgaom(r)
0eFq rezt-1

where Poisson summation was used in the last equality. Inserting this back into (5.7)
and setting p(k) := p(ky) - - - p(ke—1), we find

Som(l) = 3 M(dQl).. (dé 1) S S Houonl)

de[1,Q)¢—1 0eF 70—1

€[1,Q] Qre (5.8)
= 2wl D> Y > Hoasa(n),

ke[1,Q)¢-! reZ=1 giell, Q} vi 0€FQ

Consider the functions
—

~ nx
FQ;n(il, .- -,934—1) = ( 1) H ; !L"z+1 5(%—1),

NA,;
h’Q;ei,Ai (b, Q) = 562‘,A1‘,N(b? Q) =

qeiq — Ab)’
GQie,a = Z CnFQm(hQ;el,Alv A hQ;ez&,Az&)

ne”

-2
1 . .
= FQ( - NhQ;ehAl) H f5(hQ;€i,Ai - h’Q§5i+1yAi+1)fé(hQKil—lyAl—l)’
=1

Pgiea = V5 (hgier,ars - hgie, 1,00 41 )-

Denote § = 2 € Fg and let b = a € [1,¢] such that aa = 1 (mod ¢). Setting
A; = 1r;q — d;a, we have d; = —A;b (mod q), e; := d”’TM’ € Z, and
Note that if A; = 0 for some ¢, then e¢; > 1. Employing also
Ti Tl (ﬁ _ g) _ (Ti+1 a) o ﬁ _ JAVES]
d;i  dip qd;  qdia’

dit1 q

d; q

we can rewrite

~ NA, NA,_4
Hoaonls) = Fon (Y20 Y2r)
@aoan(r) @ qd, qdi—q
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Subsequently, with A = (Aq,..., A1), e = (e1,...,e,_1), using the second expres-
sion in (5.6) for Mg.5(¢), equality (5.8) and the formulas for Hy.q0,, and Gg.ea, we
infer

EDIQ;(;(E):% S uk) Y S Ggealba)  (59)

ke[1,Q]¢-1 e, A7t~ 1<b<q<Q, (¢,b)=1
1<di:=€iq—Aib<%7Vi
K

Lemma 10. If |5 < %, then for every integer B > 0:

FQ(g) =" fs(B+ Nn) = f5(8) + Op(N 7).

nez
Proof. An application of (5.2) gives, for every A > 0,

SR8+ Ny = f5(8)] <a 3 NI ya-a-n-a
s(b+N0Nn)—Js ’<<A << O
et |8+ Nn|4

ne”L

The desired estimate follows choosing A with A—(1—¢)(A—1) =cA+1—c>B. O
Since ¢, = 0 for |m| > 2N, the definitions of d;, A;, e; and the condition

CnCn+tdyiry * " Cn+d1?“1+"'+dg7“g 7& 0

trivially imply d; < @, |r;] < N, |A;] < QN. Since A; = —d;a (mod q), for fixed
d; and ¢ the number of admissible values for A; is < %. This provides

#non-zero terms in (5.9) < Z L Z q<N—Q)£_1

ket B R S N 4
< N*2(log Q)".

Let A = N¢ with ‘O < 1—c < d|, where we think of d > 0 small (to be indicated

precisely later) and of ¢ as being close to 1. Denote 5; := hg.,.a,;(b,q) = %.

Lemma 11. The contribution to Mg.s(¢) in (5.9) from terms with |B; — Bix1] > A
for some i € [1,0—2], |B_1]| > A, or|Bi] > A is <5 N~B for every B > 0.

(5.10)

Proof. In (5.2) we choose A > 0 such that [(c+d —1)A > B+ 2¢|. In the first two

cases (5.2) provides |f5(8; — Bip1)| <a NU—A-D=dA — N(-e=d)A+e=1 a1 respec-
tively | f5(Be_1)| <4 NO-e=dDA+e=1 Combining this with (5.9), (5.10), || fslle < 1
and ||Fsnlle < 2, we infer that the contribution of these two cases to M.s(¢) is
< a NTIN#ALNO-emdAte—l «p N=B_[f this is not the case, then |3,_;| < A and

8; = Bira| < A for every i € [1,£ — 2], and so necessarily |5 < (¢ — 1A < 5.
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Applying Lemma 10 and proceeding as above with A < |5;| < % we conclude that
the contribution of the case |3;| > A to Mg.s(¢) is again < N P. O

We now work only with max{|3i],...,|Be—1]} < A and denote the resulting con-
tributions to Mg.5(¢) by 9.7(825(6) Let us remark first that |5;| = N|A | <« A yields

1A < Aqdl < % . kQ < kA We also have d; < g, hence % << Ad; <« IZQ,
leading to ki < % < A7 < A. Notice also that min{%,%} > 1 and

C% . % < % < A, and thus C% < A and % < % < q, showing also that
lei] < 2+ A < A
If the region
NI|A; :

Ouar(@ = { (b)) e 0.0 b g M2 <e-ap< P vien -}
is nonempty, then k;, |A;|, |e;] < A (as above) together with Lemma 10 show that
the price of replacing >, _, coe(—"2) by fs(—f1) in 9.7(82;(6) as in (5.9) is <p
JbA?’ngN B Accordingly, for every B > 0:

A 1 _
mgm:N Sk Y > ®gealb.q) +Op(NE).
ke([1,Q]¢-1! e, AcZ!1 (b,0)€Ne A 1 (Q)NZIT
(g,0)=1

We wish to apply Lemma 3 to the function f = ®¢.c a in the region Q = Q¢ a k(Q).
Denote by || |l the sup norm on Qe a x(@). It is plain that

A2Q  A2Q A?

ahQ-eA- 9 1 )

2 iy of Lt NA A?

H LS Z (eiq_A'b>2 SN SN S

OhQie; A, 2elq H (¢ + b)A A2g? A3Q

2 5ei A < NIA, . AP

H 0q oo ezq—Ab 8] NZA? < N <<Q’
0D, acb N

[Pge.alle <0 1, 1D 0.l < H @; AH H Q; AH o

The boundary of Qe ak(Q) is the union of at most % + 1 line segments and
parabola arcs, so Lemma 3 applies and yields

Z (I)QeA(b q // (erA(z y) dxdy“—geAk(Q)

(5,9)EQe, A,k (Q)NZ2
(g,0)=1

with error e a k(Q) < A3QlogQ Due to the constraints max{k;, |e;|} < A and
|A;| < £, this contributes to Sﬁ( 5(€) by a quantity that is

<y N7Y(A?log A)f TA3Qlog Q < Q¢ (log Q)Y
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where |0 < ap:=1— (40 +2)d < 1|
Rescaling to (b, q) = (Qx, Qy), we find

MY 6Q 7 ouk) > // Dpon(z,y) drdy

kG 1 Q]Z 1 e AEZZ 1 eA k(Q (5]_1)

+OZ(Q *(log Q) )

where
Qeax(Q) == {( y) € 0,1*: z < y, A2y < ey — Az < W Vie [l,0— 1]}
Note that Q¢ ax(Q) # 0 produces ki, |A], |e;] < A. This is because |A;| < AQQy <
A7ki eylA AQy<<A \AQ2<<A and|€2‘\ leay— Alx‘—i—‘A ‘y< —|—|A‘<<A
If0 < ey —Ajr < ]X|QA2‘ for some ¢ € [1,¢ — 1], then |hQ;ei, Z.(Qx, Qy)| > A. Set

hi = hgienad(Qx, Qy). We have min{|hy|, [he_il, [h1 — hao, ..., |he—s — hey|} = 3.
Arguing exactly as in the proof of Lemma 11 it follows that the total contribution
to (5.11) is <43 N=P for every B > 0.

We infer that the set QG,A,k(Q) can be replaced by the set Da g defined in (1.3),
where we took A; = e;k;, B; = Nk, A = (Ay,..., A1), B=(By,...,Bs_1). Note
that Yp.e A = Ur.a B2, as defined in (4.3). Using Proposition 6 we truncate the
series in (5.11) at max;{|4;|,|B;|} < A and infer that

w0 =L Y

|Ail,| Bi|<AVi
ki|(As,B;) Vi
(N/Q*)B, (N/Q?)B,_, o
X U~ T 5 N9 dxd _|_O . min{ay,5,}+¢€ .
//DA,B fs (y(fhy — le) y(AZ—ﬂJ _ Bg_1SL’)> Yy ¢, (Q )

The convention here is that (A4,0) = A if A € N. Note that if B; = 0 for some ¢ and
Dagp # 0, then A; > 1.

Using again Proposition 6 we can truncate the sum at max;{|A;|, |B;|} < A" for
some small n = n, > 0 to be fixed, getting

Moy () = MO (0) + O(AT0),

Using (5.1) we then replace \If by o] = Vgine(r) in the integral at the price of
and error term which is <, A(% Dnete L NI+t @=2ned+e - Thig is acceptable so
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long as we choose |0 < 1, < @;_;g)d < 1| and we infer
A 6Q*
|Ag],| Bi| SA", Vi
ki|(A;,B;),Yi
m(N/Q*)By (N/Q?)By_y »
g q’( )d:):d +0u(Q7%),
//DA,B y(A1y — Bix) y(Ar_1y — By_12) Yy 0 (Q77)

with |, :== min{ay, dyne} + ¢ < 1| Finally, having replaced \Ifﬁ; by Ugine(r.), We now

extend the sum to all A; € Z and B; € Z with Da g # () by again using Proposition
6. This contributes an error term of size O(A=%"). After all these manipulations we
conclude that N
A _

MU (0) = Mg(@) +0/Q %), (5.12)

where the quantity M,(«) defined as in (1.4) is absolutely convergent as a result of
Proposition 6. Note that in fact the error term is a bit weaker, in the sense that if
0 < 71 < 72 are given, then the error above is <., », @~ whenever it is assumed
that 11Q% < N < 7»Q? This concludes the proof of part (i) in Theorem 1.
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