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ABSTRACT. We study the distribution of zeros of holomorphic Hecke cusp forms
in several “thin” sets as the weight, k, tends to infinity. We obtain unconditional
results for slowly shrinking (with k) hyperbolic balls. This relies on a new, effec-
tive, proof of Rudnick’s theorem and on an effective version of Quantum Unique
Ergodicity for holomorphic forms, which we obtain in this paper. In addition, as-
suming the Generalized Lindel6f Hypothesis or looking only at almost all Hecke
cusp forms, we get a formula with a power saving bound for the error term.

We also study the zeros high up in the cusp. Here it is conjectured by Ghosh and
Sarnak that these zeros lie on two vertical geodesics. We show that for almost all
forms a positive proportion of zeros high up in the cusp are on these geodesics. For
all forms, assuming the Generalized Lindelof Hypothesis, we obtain lower bounds
on the number of such zeros which are significantly better than the unconditional
results.

1. INTRODUCTION

In this article we study zeros of holomorphic cusp forms, f, on SLy(Z)\H. Through-
out we will assume that f is an eigenfunction of the Hecke operators. This is natural
since the zeros of a sequence of arbitrary cusp forms of weight & do not necessarily
equ1dlstr1bute as k — oo (consider for example fi(2) = A(2)'?* with A(z) Ramanu-
jan’s delta function). We will assume here that f is normalized so that

[t <

where F = {z € H : |Re(z)| < 1, |2| > 1} is the usual fundamental domain for
SLy(Z)\H.

Using methods from potential theory, Rudnick [19] showed that the zeros of weight
k Hecke cusp forms equidistribute in the fundamental domain F, as £ — oo with
respect to the hyperbolic measure. Rudnick’s result was originally conditional on the
Quantum Unique Ergodicity (QUE) conjecture for holomorphic Hecke cusp forms
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on SLo(Z)\H. However the latter is now a theorem, proved by Holowinsky and
Soundararajan [7], and so Rudnick’s result on the equidistribution of zeros holds
unconditionally.

It is natural to study what happens beyond equidistribution, and to investigate
whether the zeros still equidistribute in sets which are shrinking as & — oo. Here
one faces two immediate obstacles: First of all, it is not clear if it is possible to
adapt Rudnick’s argument to this setting since it relies on soft techniques which are
not immediately applicable to shrinking sets. Secondly, the current results on QUE
do not establish a rate of convergence. We remedy the first difficulty by finding a
new proof of Rudnick’s theorem, which is effective. We address the second difficulty
by revisiting the work of Holowinsky and Soundararajan and extracting a rate of
convergence from their result. This leads to the following theorem.

Theorem 1.1. Let f, be a sequence of Hecke cusp forms of weight k. Also, let
B(zp,7) C F be the hyperbolic ball centered at zy and of radius r, with zy fized and
r > (log k)=°/**< where § = £ - (33 —8y/17) = 0.005051 .... Then as k — oo,we have

#or € B(zo,7) : frlor) =0} _ dwdy oo 1) -0/
#{or € F: frloy) =0} / B(sor) +O< (log #)” )

We also show that the Generalized Lindelof Hypothesis implies that the zeros of
f(2) equidistribute within hyperbolic balls with area as small as k~1/4+,

Theorem 1.2. Assume the Generalized Lindelof Hypothesis. Let fi be a sequence of
Hecke cusp forms of weight k. Also, let B(z,7) C F be the hyperbolic ball centered
at 2o and of radius v, with zy fived and r > k=3t Then as k — oo we have

#{ B(zo,7) @ fi( = 0} dad 1/8+e
:Z{jf €F: fk(@f)gi 0} //B(zor L ( U )

While QUE establishes that the mass of y*|f(2)|? equidistributes as the weight &
of f grows, our proof of Theorem 2.1 shows that the equidistribution of the zeros is
equivalent to the following much weaker condition: For any fixed € > 0 and for any

fixed domain R, we have
dzd e
[ visep s e
R Y

We were not able to make use of this weaker condition, but remain hopeful that it
will be useful in later works (see Theorem 2.1 for precise results).

To understand the mass of f in shrinking sets we obtain the following effective
version of Quantum Unique Ergodicity in the holomorphic case.
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Theorem 1.3 (Effective QUE). Let f be a Hecke cusp form of weight k. Then,
sup

dmdy dxdy
//ylf ()P —~ —//
RCF R Y

with 6 = % - (33 — 8\/_ = 0.005051 ... and where the supremum is taken over all
the rectcmgles R lying inside the fundamental domain F that have sides parallel to
the coordinate azxes.

<. (loghk)~"*

For general domains R we cannot extract from the argument of Holowinsky and
Soundararajan a saving exceeding a small power of log k. However, assuming the
Generalized Lindeldf Hypothesis, Watson [24] and Young [26] have established a
power saving bound, which is an important ingredient in the proof of Theorem 1.2.
On the unconditional front, it was proven by Luo and Sarnak [13, 14] that one can
obtain comparable results on average, obtaining a power saving bound for most forms
f. Combining this input with our new proof of Rudnick’s theorem gives the following
variant of Theorem 1.1.

Theorem 1.4. Let H;, be a basis for the set of weight k Hecke cusp forms. Let § > 0.
Then, for all but at most < k*°/2'*4 forms, we have for r > k=°/?

#{ B(zp,7) : fu( —0} dxd )
if{zef.m >Qi 0} // s+ 0k logh).

We are also interested in the distribution of the zeros in shrinking domains in
which equidistribution does not happen. It was noticed by Ghosh and Sarnak [1]
that the zeros of f high up in the cusp of the fundamental domain, that is the region
Fy :={z € F:Im(z) > Y} with Y > /klogk, are not expected to equidistribute.
This is also a thin set since Areay(Fy) = 5 and Ghosh and Sarnak proved that
% L #{or e Iy}l K % In support of their observation Ghosh and Sarnak showed
that many of the zeros of fi in Fy lie on segments of the vertical lines Re(z) = 0
and Re(z) = —1/2. They proved that

(1.1) #{0; € Fy : Re(os) = 0 or Re(gy) = —1/2} > (k/Y)2 w0,

The term 1/40 in their result was subsequently removed in [15] by the second named
author. Ghosh and Sarnak conjectured that almost all the zeros of f; in Fy lie
on these vertical segments with one half lying on Re(z) = 0 and the other half on
Re(z) = —1/2 for Y in the range previously specified. We prove two results toward
this conjecture. For almost all forms, we establish the following result.

Theorem 1.5. Let € > 0 be fived. There exists a subset S, C Hy, containing more
than (1 — €)|Hy| elements, and such that every f € S we have

#{os € Fy : Re(oy) = 0} > c(e) - #{os € Fv}
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and
#{or € Fy - Re(oy) = —1/2} > c(e) - #{oy € Fy}
provided that §(e)k > Y > \/klogk and k — oo. The constants 6(¢) and c(e) depend

only on ¢.

Clearly Theorem 1.5 supports Ghosh and Sarnak’s conjecture. The proof of The-
orem 1.5 relies on a very recent result on multiplicative functions by the second and
third author [16].

For individual forms f we cannot do as well, even on the assumption of the Lindelf
or Riemann Hypothesis. The reason is the following: In order to produce sign changes
of f we look at sign changes of the coefficients A\¢(n). In order to obtain a positive
proportion of the zeros on the line we need a positive proportion of sign changes
between the coefficients of A¢(n), in appropriate ranges of n. However we cannot have
a positive proportion of sign changes if for example, for all primes p < (log k)*~¢, we
have A¢(p) = 0. Unfortunately even on the Riemann Hypothesis we cannot currently
rule out this scenario.

Nonetheless on the Lindelof Hypothesis we can still obtain the following result,
which is significantly stronger than the previous unconditional result.

Theorem 1.6. Assume the Generalized Lindeléf Hypothesis. Then for any e > 0

(1.2) #{or € Fy : Re(oy) =0} > (k/Y)'°
and
(1.3) #{or € Fy : Re(of) = —1/2} > (k/Y)',

provided that \/klogk <Y < k'™ for some § > 0.

The paper is organized as follows: In Section 2 we investigate the results related to
equidistribution in shrinking sets. In Section 3 we prove the results on zeros high in
the cusp. Finally in Section 4 we establish the effective version of Quantum Unique
Ergodicity.

2. ZEROS OF CUSP FORMS IN SHRINKING GEODESIC BALLS

Let ¢ be a smooth function that is compactly supported within F. Also, let D, (2)
be the disk of radius r centered at z. Given a cusp form f, and a compact subset

R C F, define,
dxdy
n(®) = [[ s
R Y

Here the form f is assumed to be normalized so that pup(F) = 1. Also, let A =

—y? <88_;2 + 5‘—;) denote the hyperbolic Laplacian. The main component of the proofs

of Theorems 1.1 is the following:
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Theorem 2.1. Let R C {z € F : Im(z) < B} where B > 1. Also, let h(k) > 0
and ¢ be a smooth compactly supported function in R such that A¢ < h(k)™ for

some A > 0. Suppose that f is a Hecke cusp form such that for every zy € R and
k > K(B) we have

(2.1) (D (20)) > e Fh),
Then,

Z¢> o) =15 7T//cb dmdy+03(k h(k)?)

+Oup (k:-h(k) log 1/h(k) / [ 189(2)

By the QUE theorem of Holowinsky and Soundararajan (2.1) holds for fixed, but
arbitrarily small h(k). This reproduces the main result of Rudnick [19]. Additionally,
Theorem 1.3 implies that (2.1) holds for h(k) > (logk)™°* with § = § - (33 —
8v/17) = 0.005051.... Assuming the Generalized Lindelf Hypothesis it follows
from an argument of Young [26] that (2.1) holds for h(k) > k~1/4+ 1

|d;1:;iy)'

Proof of Theorems 1.1 and 1.2. Let ¢; be a smooth function such that ¢, has com-
pact support within B(zq,7), ¢1(z) = 1 for 2 € B(zg,r — M~ 1), and A¢; < M?,
where M tends to infinity with & and will be chosen later. Also suppose that
r > 2/M. Similarly, let ¢ be a smooth function such that ¢, has compact sup-
port within B(zg,7 + M™')), ¢o(z) = 1 for z € B(2g,7), and A¢y < M? We have
that

2] 1) = 6l <k Arean(Bler + M7\ Blar = 27)
F y

<k -r-M7%

Also [[- |Agz5j(z)|d‘zgdy < rM. Next, observe that

> dilor) < #{os € Blao, 1)} <Y daloy).

of of
Thus, Proposition 2.1 implies

k Areag(B(zo,1))

2 Avoan(F) T OUM k- h(k)log1/h(k)) +Ok-r- M™Y.

#{or € B(z0,7)} =

'In Proposition 5.1 of [26] Young establishes the analog of this for Hecke-Maass cusp forms. The
proof for holomorphic case follows in much the same way.
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We take M = h(k)™'/2, h(k) = (logk)~°*¢, in the unconditional case, and M =
h(k)~Y2, h(k) = k~'/4*¢ in the conditional case. Using Theorem 1.3 then completes
the proof. The exponent ¢ is the same exponent as in Theorem 1.3. 0

For the proof of Theorem 1.4 we recall the work of Luo and Sarnak [13]. Define
the probability measure v := (3/7)dzdy/y* and denote by H; the space of Hecke

cusp forms for the full modular group SLs(Z). Then, Luo and Sarnak (see Corollary
1.2 in [13]) showed that

(2.2) #7—[ f; sup |pp(B) — v(B)|* < k712

where the supremum is taken over all geodesic balls B C F.
Proof of Theorem 1.4. For rq > k=2 let
En(ry) == {f € Hy : 320 s.t. B(zo,71) C F and Yz € B(zo,71), ¥ |f(2)]* < k2.

Notice that if f € Hy \ E(r1) then we may apply Theorem 2.1 with h(k) < r and
argue as in the previous proof to get that for r > /1

k  Areag(B(zo,7))
12 Areag (F)

It remains to bound the size of E(r1). We apply (2.2) to see that
- #E(r) < ) supser up(Blz0,m)) — v(Blzo, 1)
fe&(r)

<3 supliuy(B) — (B < K,
FEH

#{Qf € B(207T)} =

+ O(rk - \/r1log1/ry).

where supremum in the second line is over all hyperbolic balls, B C F. The claim
follows taking r = k9. ([l

2.1. Proof of Theorem 2.1. Let ¢ be a smooth function that is compactly sup-
ported on F. Our starting point is the following formula of Rudnick (see Lemma 2.1
of [19], note that we assume ¢ is supported in F)

23 Yoen =52 [[ 00T+ 5 [[ et i ace) T

To prove Theorem 2.1 we need to bound the second term in the above formula. The
difficulty here comes in estimating the contribution to the integral over the set where
f is exceptionally small.

We first require the following auxiliary lemma due to Cartan.
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Lemma 2.2 (Theorem 9 of [11]). Given any number H > 0 and complex numbers
ai,Qs,...,0,, there is a system of circles in the complex plane, with the sum of the
radii equal to 2H, such that for each point z lying outside these circles one has the
inequality

HN\n
|z —ar] - |z —as| - |z —an| > (€> :

Let D be the convex hull of supp ¢. Let n,e > 0. We cover D with N disks of radius
e centered at the points ay,...,ay. The disks are chosen so that N < Area(D) /.
Define

Ts={ze€F:|f()y*? <e*} and Ts; = %ﬂDs(aj).
Let n; = #{os : 05 € Diee(a;)} and set
ne\ "
S, = {Z € D.(a;) : H |z — 05| < <?> }
05E€Dsc(ay)

By Cartan’s lemma the area of S, ; is < 4mn?e?.
For 2y # o define

f(2)
f(20)

Lemma 2.3. Suppose that € > logk/k and f(zo)ylg/2 > e =% Then there exists a
constant C' > 1 such that

M, (z) := max

|z—z0|<r

M165(20> < €C€'k.

Proof. There is a point Zmax = Tmax + WYmax Such that

B oSG G | o VB2 Yoo f (Zina)
Ml6€(zo)_z€g}6ae(20) f(ZO) B f(Z(J) B <ymax> yg/2f(20)

By Proposition A.1 of Rudnick [19] we have |[yrl f(zmax)| < k2. (Note that Xia
25] has recently improved this bound to < k=€ but we do not need that here.)

Also, Yt f(z9) > e~** and

( Yo )k/2<< Yo )k/2<605k
Ymax o 3/0—165 - '

Combining these bounds we see that

Mig(z0) < kV2e5F . o0k « Ok,
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Lemma 2.4. Suppose € > logk/k and that for all zy € F we have jif(D.(29)) >

ek, Then there is an absolute constant % > ¢o > 0 such that for 6 > 1/co - € we

have whenever n > exp(—cod/e) that
Tsj C S,
for each j=1,...,N.
Proof. Since (D, (a;)) > e°* there exists a point z; € D, (a;) such that |f(z;)| >
e“fkyj_kﬂ. If z € Ts; then

f(2) < (&)k/ze—émak < <y+2€)k/26—5k+ek < o Ok3ek < —Ok/4
f(z) y y

Next note that by a lemma of Landau (see equation 3.9.1 of Titchmarsh [23]) if
2o # oy there is a constant A > 0 such that for [z — zo| < ir

(2.4) ‘

(2.5)

log J{((Z)) + Z log u‘ < A -log M,(z).
% 0f€D, /5 (20) =T

By this and (2.4) we get that for z € T;;

2.6) ~Alog M(z)) < —0k/5+ Y log| T Y ‘
z pE—
Qf€D4E(Zj) Qf

For z € D.(a;)\ S, ;

(27)
o 4 4 4
> log %’ <tog T =,y Smlos < AlogM(z)log -
QfED45(Z]') Y QfED4E(Zj) / !

for some absolute constant A’ > 0 and the last inequality follows from Jensen’s
formula (we have also used the inequality ], cp, ..,y 12 = ol > I1,,epq. (o) 12 — 07l
for |z —a;| < ¢).

For the sake of contradiction, suppose that 75, is not contained in S, ;. Then
combining (2.6) and (2.7) it follows that

ok
log Mg (z;) > .
o8 Mho() > 5o Aog defn)
However, by Lemma 2.3 log Mi4.(2;) < ¢k, so that a contradiction is reached when
co is sufficiently small. O

A simple consequence of the previous lemma gives us a bound on the size of our
exceptional set 7T5. This is one of the main ingredients in the proof of Theorem 2.1.
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Observe that under the hypotheses of the previous lemma

N
(2.8) meas(7s N D) < Zmeas(’ﬁ;j) < Zmeas(Snyj) < Narn?e? < 0.
j=1 J=1
We also require the following crude, yet sufficient bound on the second moment of
log y*/?| f(2)]-

Lemma 2.5. We have

/ /D (log(y*| F(2)]))?dr dy < K.

Proof. We take ¢ fixed but small and 6 = 1/¢g-e. For each j =1,2,..., N (note that
here N = O(1)) there exists ¢; € D.(a;) such that ¢; ¢ S, ;, which by Lemma 2.4
implies that ¢; ¢ Ti/c.c;. Thus, f(c;) > e V0 (Im(c;)) /% and [] yleg —
o = (en/e)™

Now apply (2.5) to see that for |z — ¢;| < 2¢

fG) | 3 loe z =

f(¢j) oreDr(es)
Apply Lemma 2.3 and our earlier observations to see that for |z — ¢;| < 2e we have

log|f(z)| = > log|z— o] +O(k)

05€D4(cy)

QfED&s C]

log ‘ ‘ + O(log Ms(cj)).

Cj — of

This implies that

/ (log|F(2))2dz < n; 3 / (log |2 — og])%d= + K < K2
|z—aj|<e |z—

07E€D4c(c cj|<2e

Summing over all the disks we see that

/ / log (4% £(2))))? d“ly<<k2 /D (log y)2d= + /D (log | £(=)])?dz < k.

[
We are now prepared to prove Theorem 2.1.
Proof of Theorem 2.1. By (2.3) it suffices to show that
d d
o [ st ) 201 52 < ket tog 1) [ | 120G ey
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Note that for ¢ > log k/k
dx d dr d
J[[ st im0 5 < us [[ 180 5L
F\Ts Y F Y

Next, note that

[ st < ff 1ssorts)
(ﬂmmvmmg

Since we are assuming s (Dyay(20)) > e **) equation (2.8) implies that for ¢ >

h(k)
dx d dx d
J[ 1moor < nw [ 1S <y

Therefore, collecting estimates and applying Lemma 2.5 we have

1 / dx dy dx dy _
o [[ost a0 S < ks [ 1ao L + k- 1wy
We now take ¢ = h(k), 6 = ((A+2)/cy) - elog1/e and n = exp(—cod/e). O

3. ZEROS OF CUSP FORMS HIGH IN THE CUSP

To detect zeros of f high in the cusp we use the following special case of a result of
Ghosh and Sarnak [1, Theorem 3.1] that shows that for certain values of Im(z) the
Hecke cusp form f(z) is essentially determined by one term in its Fourier expansion.
In this section we normalize f so that the first term in its Fourier expansion equals
one.

Lemma 3.1 (Proposition 2.1 of [15]). There are positive constants cq, c3 and & such

that, for all integers € € (ca, c3+/k/logk) and f € Hy

k—1
e

(5) 7 fa+ i) = As(O)e(at) + OU2),

k—1

where y, = 7.

This essentially tells us that on the vertical geodesic Re(z) = 0 a sign change of
Ar(€) yields a zero of f. More precisely, to detect a zero on Re(z) = 0 it suffices to

find ¢, and ls in (c9, c34/k/log k) such that
A(l) < —k7° < k7 < Ap(4y)

where € > §. A similar analysis holds on the geodesic Re(z) = —1/2, but here one
also needs ¢, and #5 to be odd.
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3.1. Proof of Theorem 1.5. We detect sign changes for almost all forms using a
very recent theorem of the last two authors [16, Theorem 1 with § = (log h)~1/2%].

Lemma 3.2. Let g : N — [—1,1] be a multiplicative function. There exists an
absolute constant C' > 1 such that, for any 2 < h < X,

1 1 _
B2 9= > g(m)| < (logh)T/H
z<n<z+h X<n<2X
for almost all X < x < 2X with at most CX (log h)~'/1% exceptions.

To benefit from this, we need to control the number of n for which [Af(n)| < n™°
and the number of p for which A¢(p) < 0. For this we quote two lemmas. The first
one is an immediate consequence of [18, Theorem 2].

Lemma 3.3. Let p be a prime. Then
log p

#{f € Hi: [Ns(p)| <p°} 5
A, <P F gk

where the implied constant is absolute and effectively computable.

The second lemma is a large sieve inequality for the Fourier coefficients Ay(n). The
version we use is the following special case of a more general theorem [10, Theorem
1] due to Lau and Wu.

Lemma 3.4. Let v > 1 be a fized integer. Then

2

2
Y v 1 v/5
E f(p )‘ <, k + k,lO/ll Q
feHy p

2
oo Plog P (log P)

uniformly for
21k, 2<P<Q<2P

Proof of Theorem 1.5. Let X = k/Y. By Lemma 3.1 the claim follows once we have
shown that, for all but at most ¢ - #Hy of f € H,, we have, for h large but fixed and
for almost all x ~ X,

Y lsmOl - | S sy > 1

e<n<z+h w<n<z+h
IAp(n)|>n=° IAp(n)[>n=°
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Lemma 3.2 applied to g(n) = sgn(Af(n)) and g(n) = |sgn(As(n))| reduces this to
showing that, for all but at most ¢ - #H;, of f € Hj, we have

1 1
(3.1) e > [sen(Ar(n)| = > sen(As(n)| > 1.
n~X n~X
As(n)| >0 As(n)| >0
By Lemma 3.3
1 1
S % lewne (s ) Sogm)
jer,  p=x P p<X prog
As(p)l<p~?

Hence there is an absolute positive constant C' such that for given any € > 0,

1 _C
(3.2) Yo o —<=
p<X p c

IAf(p)|<p~°

for all but at most £/2-#H,, forms f € Hy. Consequently, with this many exceptions,

1 1
(3.3) e g 1= e g |sgn(Af(n))| > 1.
IAf(n)|=n~° IAf(n)|=n~°

On the other hand, since [Af(p)| < 2 for all primes p, for any Q) > P > 2,

3 1 3 (Ar(p)? —2XM(p) _ 1 3 Ar(®?) = 2M4(p) +1
p — 9

rp<el P5ze 8 P<p=Q p
)\f(p)<0
so that
1 1_ 1 Ae(p?) — 2) 1
ZZ_?Z 3 ]‘,Zg 3 +(p?) pf(p)+
p<X log X <p< X1/1000 log X <p< X'1/1000
Ap(p)<0 Af(p)<0

_ o) g X+ 3 Ar(p?) = 2M;(p)

8 p
longngl/mOO

Splitting the last sum into dyadic intervals and then applying Lemma 3.4 we see that
it contributes o(loglog X) for almost all forms f. Hence, recalling (3.2),

11 1

Z -> +TO() log log X
p<X p

Ap(p)<—p~°



ZEROS OF MODULAR FORMS IN THIN SETS AND QUE 13

for all but e/2#Hy, forms f € Hy. By Halasz’s theorem for real valued functions (see
for instance [2]), this implies

X sl = o)),

n<X
2)m,|/\f(n)\2n’5

Hence (3.1) follows from this and (3.3), which completes the proof. O

3.2. Proof of Theorem 1.6. Our main proposition for the proof of Theorem 1.6
shows that the Lindel6f hypothesis implies many sign changes of A;(¢). For the
remainder of this section we use the notation z ~ X to mean X <z <2X.

Proposition 3.5. Assume the Generalized Lindelof Hypothesis, let e,m > 0 and
X > k". Then, for almost all x ~ X, the interval [x,x + X¢] contains integers m,
and my such that Af(my) < —X~° and Af(mg) > X °.

In particular, for any € > 0, there is a sequence X < ny < ng < --- < ny < 2X
with M > X'7¢ such that

(1Y As(n) > X .

Observe that the lower bound (1.2), the first part of Theorem 1.6, immediately
follows from this along with Lemma 3.1. We will delay the proof of (1.3) until the
end of the section.

To prove the proposition, we study first and second moments of A¢(n) in short
intervals.

Lemma 3.6. Assume the Generalized Lindelof Hypothesis. Let e,n > 0, X > k",
and 2 < L < X. Then

X172
x(7)
<Az

> M)

r<n<z+7

for all x ~ X with at most X'=¢ exceptions.

Proof. This follows once we have shown that for any € > 0

(3.4 /T v

z<n<a+$

2 X
1>
de < k T
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We follow an argument of Selberg [20] on primes short intervals. Let 6 = log(1+ ) =
%. We get by Perron’s formula that for z,z + 7 ¢ Z

1 1/24i00 T\S __ .8
Z As(n / L(s,f)wds

27m - S
z<n<z+F 1/2—ico

=z/ —/ Lit, fws(d +it) - 087 dt,

where ws(s) = (e*® —1)/s.
Observe that |ws(s)| < min(d/2,1/|s|). Thus, making a change of variables and
applying Plancherel we see that

2 2

1 2X o) diC
%z Z Ar(n)| dx < Z Af(n) =
X z<n<zg+¥ 0 z<nlz+T
2

[ S | Z= [ G it Pl + 0P

. e A4n? J_
eT<n<eT o
1/8 1 ke
< k(/ 6%[t]* dt +/ s dt) kO <
—-1/6 |t|>1/6 |t[*~ L
This establishes (3.4) and the claim follows. O

Lemma 3.7. Assume the Generalized Lindelof Hypothesis. Let e,n > 0, X > k"
and 2 < L < X. Then

S = Srsmt ) v o(x(5)7)

z<nlz+F

for all x ~ X with at most X'=¢ exceptions.

Proof. One has

Ar(n)? _ 1 ~((s) 2
; Lol = ¢(29) Lo f 1) = ogay Ao sm? f).
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Writing ws(s) = (€% — 1) /s and arguing as before only now noting the pole at s = 1
we have that
2

1 /2X Z C(S)L(Sasme f)
— Af(n ResS 1 dx
X2 X x<n<m+” C(2$>
2
+ it) )
C 1 i) L(%,sme f) |w5(% +it) [dt
oo ) 1/2
< <</ (log([t| + 1))* |<(3 + it)|" ws(3 +it)|2dt>
s 1/2 ke
X (/ |L(% + it, sym? f)|4|w5(% +it)|2dt) ) < T
and the claim follows. O

Proof of Proposition 3.5. Tt is shown in [5] that for any € > 0
L(1,sym? f) > k<.

Additionally, we have Deligne’s bound Af(n) < n¢. Hence, by these facts along with
Lemmas 3.6 and 3.7, we have for almost all x ~ X that

Z )\f(n) > X9€/10.

r<n<z+X°¢
Af(n)20

The claim follows since n with |Af(n)| < X ¢ contribute at most O(1) to the sum. [
Proposition 3.8. Assume the Generalized Lindelof Hypothesis. Let €,n > 0 and

X > k". Then, for almost all x ~ X, the interval [x,z + X¢] contains odd integers
my and may such that Af(my) < —X~° and Af(mg) > X °.

Proof. The proof goes similarly to the proof of Proposition 3.5. Here we have the
extra condition (n,2) = 1 in the sums. To account for this condition first note that,
for Re(s) > 1, L(s, f) and L(s,sym? f) have Euler product representations given in
terms of a product of local factors at each prime. That is,

s, f) = HLP(S,f) and L(s,sym?® f) = HL (s,sym? f

The argument goes along the same lines as before, except in place of L(s, f) and
L(s,sym? f) one uses

L(s.f) - (La(s, f))"" and  L(s, f) - (La(s,sym® f))

The contribution from the local factor at p = 2 is bounded. 0]
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4. EFFeCcTIVE QUE

For two smooth, bounded functions A, g the Petersson inner product is given by

(h, g) = // dxdy

Let Fy(z) = y*/2f(2) and assume that F}, is normahzed so that || Fy||? := (F, Fi) = 1.
In this section we establish QUE with an unconditional, effective error term. Under
the assumption of the Generalized Lindelof Hypothesis effective error terms have
been obtained by Watson [24] and Young [26]. For the unconditional result our
arguments essentially follow those of Holowinsky and Soundararajan, except for one
modification which we have borrowed from Iwaniec’s course notes on QUE. We have
also used some ideas of Matt Young [26] and the final optimization uses a trick from
Iwaniec’s course notes on QUE. The following treatment of the inner product of | Fy|?
with a cusp form is taken from Iwaniec’s notes on QUE.

Lemma 4.1. Let u; be an L*-normalized Hecke-Maass cusp form with spectral pa-
rameter t; with |t;| < k. Then,

()| < a2 (oghy T (1- "2)
p<k

where n(p) = \¢(p?) + }1 (11— /\fc(pQ)).
Proof. By Watson’s formula [24]

A5, u; x fx f)
A(1, sym?u;)A(1, sym? f)?
The ratio of the Gamma factors is < 1/k, and therefore
|L(5,uy x sym® f)]'/2 - | L(5, uy)|'/2
VEIL(L, sym? f)] - |L(L, sym?u;) |'/2
For the L-functions depending only on u; we note that the convexity bound gives

IL(,u;)| < tl/2+a, while Corollary 7 of Li [12] implies that ¢;° < |L(1, sym®u;)|.
Next we note that Lemma 2 of Holowinsky and Soundararajan [7] implies

|L(1,sym?f)|! < (loglog k)* H (1 — %@)
p<k

| (u; Fy, Fi)|? <

[(u; Py, Fr)| <

Therefore,

H(1— i ) (L, u; x sym? f)]/2,

p<k

(4.1)  [{ujFy, Fy)| < (log log k)*
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It suffices to bound the remaining L-function L(3,u; x sym?f). The analytic
conductor € of L(3,u; x sym?f) satisfies € < (k + [t;])* - [¢;]>. Therefore, by the
approximate functional equation (see for instance Theorem 2.1 of Harcos [3]), and
then Cauchy-Schwarz,

L x sym )P < (Y M“j(nyﬁf(nm | M%) )

« SR MRS V)

where V is a smooth function satisfying |V (z)| <4 min(1,2=4) for any A > 1. To
bound the second term in (4.2) we use general bounds for multiplicative functions
to see

A 2\2 by 2\2 _ 1

(4.3) - % <eloge) ] (1 + L).
n<¢l/2(log )¢ " p<eEl/2(log €)e p

Next we use Deligne’s bound [A\f(n)| < d(n), the elementary estimate ) d*(n?) <

X (log X)®, and partial summation to see that for any A > 1 that

n2)2 n 1/4
> /\f\(/ﬁ) "V(T@)‘«A(lfg—et)f"

n>¢1/2(log €)

which is bounded above by the right-hand side of (4.3).
Next observe that for X > 2

Ao (n)* 1 L(Y+su; ®uy)
4.4 THO T e = 2 T (s) X ds.
(44 2 Jno© 2mi Joy (25 + 1) S

(4.2)

n>1

According to bounds of Kim and Sarnak [9] we have |\, (p)| < p'/27° for some § > 0.
Therefore we can apply Heath-Brown’s convexity bound [4], which gives

IL( + it u; @ wy)| < [t5]2 - (1+]t])

By convexity we also have |L(o + it, u; @ u;)| < [t;|2- (1 + |¢]) uniformly in o > 1.
In addition, from the works Hoffstein and Lockhart [5] and Li [12] we have |t;|7° <
L(1,sym?u;) < |t;|°. Combining these ingredients it follows that (4.4) equals

6 g
mX1/2L<1, Sym2 Uj) + O(X “A/ ’tﬂ)
Using this and partial summation it follows that the first term on the right-hand
side of (4.2) is < €YV4L(1, sym?u;) + €%,/]t;]. Thus, applying this bound along with
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(4.3) in (4.2) yields

Ap(p?)? — 1
L(3u; x sym® 1) 2 < (105 O (1 ML) (@ e oy s).
p<€/2(log €)¢ b

Using this in (4.1), doing some minor manipulations in the Euler products, and
simplifying error terms we have that

[ Fy, Fio)| < [t172(log k) ]| (1 _ M)

p<k p

as claimed.
OJ

We will also require the following bound for the inner products of Maass cusp
forms u; and Eisenstein series E(-, % + it) with a smooth function ¢.

Lemma 4.2. Let ¢ be a smooth function with support contained within {z : 1/2 <
Im(z) < C} with C > 1. Also, suppose ¢ satisfies A'¢p < M* for all ¢ > 1. Then,

2A ) \/_ MQA
i LA d E(-, 5 +1t), < C——m—.
g ] <0 ey ond BG40 < VO
Proof. The hyperbolic Laplacian is symmetric with respect to the Petersson inner
product, that is, (Ag, h) = (g, Ah). Therefore since u; is an eigenfunction of A with
eigenvalue }l + t?, we get

(3 + )y, 0) = (Auy, 0) = (uy, A'¢) < oo - M.

Since |luj|l0 < |t;]1/? this gives the first claim. For the second claim we proceed in
the same way, finding that

&+ 2B, L+ i), 6) = (B(, L +it), A'¢) < M¥sup| (2,1 + i),

where the supremum is taken over z € F such that Im(z) < C'. In this range we can
bound the Eisenstein series by < v/C|t|*. O

We now derive estimates for {|Fi|?, ¢) in two different ways. The first approach,
below, is obtained using the spectral decomposition, and follows Soundararajan’s
paper, except for the use of Lemma 4.1.
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Lemma 4.3. Let ¢ be as in Lemma 4.2. If f is a Hecke cusp form of weight k, and
M <logk, then

(2 0) =2 - (1,0 + 0 (a2 (oghy - (T] (1 - “22) + T (1 - 22250 ) ol

p<k p<k

+0A(VC(logk)™)
and where n(p) = As(p*) + 1 - (1 = At (p?)?).

Proof. Starting with the spectral decomposition we have (see for instance Theorem
15.5 of [8])
(4.5)

3 1 . .
(B, 0) = 2L 00+ SR ) g 0+ [ AR B 30} (B d+it) o).

7j>1

By the previous lemma we have

2A M2A

[y, @) €a ——— and [(E(.} +it), ¢} <a VT

1+ [t 1+ [¢[2A-1

for any fixed A > 0.
Combining Corollary 1 of [22] with Lemma 2 in [7] we have

(4.6)  [(|Fe2, B( 2 +it)]| < (1 + [t]) exp ( -3 M) (log k).

p<k p

(Note that here we have used a slightly stronger form of Corollary 1 of [22], which
is easily seen to follow from the proof.) Using the above bounds with Lemma 4.1 it
follows that the terms with |¢;| > M (log k) and |t| > M (log k)® in (4.5) contribute an
amount of at most O(v/C(log k)~4). Recalling Weyl’s law, that is Z\tj|<T 1~ T?%/12,
which has been established here by Selberg, we see that the contribution of the
remaining cusp forms is bounded by

/
S REaR) (Xl o))
[t;1<M (log k)* ;

< M2 (1og k) T (1 - "2 ==) -l

p<k

1/2

(4.7)
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using Lemma 4.1 and Bessel’s inequality. On the other hand the contribution of the
remaining Eisenstein series is bounded by

( / B, BG4+ i) /| (avi.o)d)
(4.8) [t|<M (log k)* o)
_l’_
< M*%(log k)® - 1_L
tog k) - TT ( .

p<k

) - ligll:

using equation (4.6) and Bessel’s inequality. Using (4.7) and (4.8) in (4.5) gives the
claim. O

The second lemma obtains an estimate for (|F;|?, ¢) by using a incomplete Poincare
series and bounds for a shifted convolution problem. This mirrors the route taken
by Holowinsky.

Lemma 4.4. Let h be a smooth function, such that x7hY)(x) < M* for all integers
4,0 >0 and assume M < log k. Suppose in addition that h is supported in [1/2,C)|
with C' <logk. Let I C [-1/2,1/2] an interval. Then,

(| Fl?, h( // dxdy (C(logk)EH(pW))

p<k

+ O(M?(log l{;)’HE).
Proof. Consider the following incomplete Poincare series,

Py on(z) Z h(Im(yz))e(m Re(yz)).

YET\I'oo

Then, using the standard unfolding method, we get

Y

Applying Proposition 2.1 of [14], which follows from expanding |Fy|?, and keeping

track of the dependencies on m and h one has

, 271'2 k—1
U1 oo =y sy o MO+ )

(Im| + M)
+o(F ).
where B is a sufficiently large absolute constant.

(4.10)
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Using Beurling-Selberg polynomials (see for instance Chapter 1 of Montgomery
[17]) there exists coefficients a; (1) and a; (1) such that |a2tH(I)| < 1/¢ and

@10) |1t 3 ap(De(tn) < xala) < [Tt 3 aly(l

O£ <H O£ <H
Combining (4.9), (4.10), and (4.11) it follows that (||, h(y)xz(x)) equals
(4.12)

i (1 oG o a8

r>1

+o( ¥ mZMf P+ m)] - h(ﬁ)))—FO(m%ﬁ)).

0A|m|<H  r>1

We now evaluate the main term in (4.12) using Soundararajan’s [22] weak sub-
convexity estimate. Note that by Mellin inversion,

L, /(2) G(s)z’ds , G(s) := /000 h(1/y)y* tdy.

M) = 271

In particular G(s) is entire and G(s) <4 M* - (1 4 |s[)™ for any fixed A in any
vertical strip 0 < a < Re(s) < b. We express the main term as

> ) a( 47rr1> - QLm'/(Q) <k4;1>s' L(sgz(];j D6(s) .

r>1

Shifting contours to Re(s) = 3 we collect a pole at s = 1 with residue

k—1 6 [ dy
) h(y)—

p )2 - L(1,sym?f).
0

1

To bound the integral on the line Re(s) = 5 use the following weak-sub-convexity

bound due to Soundararajan [22] on Re(s) = 3

kY2 (14 t)
L(L 4+t 2 ",
‘ (2+Z7Sym f>’<< (logk)l_g
As a result we conclude that
k—1 k—1 6 dy M3 -k
4.1 2. = —.L(1 2 — .
(413) SN PR(S) = S [ b s 40

r>1
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To handle the off-diagonal terms in (4.12) we use a version of Shiu’s bound (as in
Holowinsky’s work [6]). Using this bound we see that the off-diagonal is

2N ()] — 2
N [As(p)]

, ) - (log H)?,

(4.14) < Ckllogh) [ (1

p<k

where we have bounded the terms in the Euler product with & < p < Ck(log k)° by
O(1) (here we use the bound C' < k). Take H = (log k)3. Applying (4.13) and (4.14)
in (4.12) and using the bounds

(loglog k)% exp (Z %]ﬂ) < L(1,sym*f) < (log k)?

p<k

we complete the proof (the lower bound in the above equation is proven in [7] while
the upper bound is classical). 0

We are now ready to prove Effective QUE.

Proof of Effective QUE. Let R = {(x,y) : € I,y € J} C F be a rectangular
domain and write R = I x J where [ and J are intervals. Let R = RN {z €
F :Im(z) < (logk)™}, where 0 < n; < 1 will be chosen later, and note that R’ is
also a rectangular domain. We now will use a result of Soundararajan which bounds
the amount of L?-mass of y*/2f(z) high in the cusp. This enables us to restrict to
rectangular regions of the form R’. From the main result of Soundararajan [21] we

have that
dx dy 1
k 2
J] AP < e
| Re(2)|< 3
Im(2)>(log k)"
Thus,

3 3 1
(4.15) [(|FL[?, xm)—= Aveas(R)| = ‘(|Fk|2,x73/)—;AreaH(R')’+O<W>.
Hence, we may restrict our attention to rectangular domains lying inside {z € F :
Im(z) < (logk)™} at the cost of an error that is O((log k)~"/2+¢).

We now consider a smooth function ¢;(y) that approximates the characteristic
function of the interval J = [¢, d], where ¢ < C < (logk)™. Let ¢,(y) be such that
¢s(y) = 1 for y € J. Moreover, suppose that ¢;(y) is supported in Js = [¢ — d,d — ¢]
and satisfies gb(f)(y) < (1/6)" for all £ > 1. We also pick a ¢;(x) with identical
properties. Consider ¢(z,y) = ¢;(z)ds(z). Then we easily see that Afp < (1/8)%.
We also choose § = (log k)™, with 0 < 175 < 1 to be chosen later.
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According to Lemma 4.4 we have,

2 > : ([As(p)| = 1)?
(4.16) Ul oem) =2 <1’XR>+O(5)+O<C(10gk) pll(l— fT»

+ O(5 3 (log k) ~1+9).
On the other hand, according to Lemma 4.3 we have
(4.17)

uﬁu%xR>:§-<LXR>+CM®-%OA«mgkr”>

+O<(1/5)3/2-(10g/{:)6(1—[( )+H( +1>>.

We now balance the error terms with Euler products. First we set 7, = 3/2- 13 so
it remains to optimize

i (T (1= A= (2 20y (1= M0y

p<k p<k p<k

For a,b,c > 0 we have

min(a, b+ ¢) < min(a, b) + min(a, ¢) < a®b'~* + a’ =P,

Therefore it is enough to choose av and /3 so as to minimize separately a®c!~® and

b3c!=P for a,b,c corresponding to the Euler products above. To shorten notation
write A = [A\¢(p)|. This leads us to finding an 0 < av < 1 which minimizes
max ( —a(A -1 (I—a)(A2—1—1(2 12+ 5)).

0<A<2
We also need to find a 0 < 8 < 1 which will minimize

max ( A1 (1 5)%).

0<AL2

The second condition is easily optimized by taking g = = and under this choice the
maximum is less than —%. For the first condition we note that we can restrict to
A < 1, because for A > 1 the max is always bounded by —}l. In the range 0 < A <1,
we have 1(A\? — 1)? < (A —1)%. Thus it’s enough to optimize

max <—a(>\—1)2—(1—a)(/\2—1—}l()\—l) %)

0<A<1
For % < «a < 1 this maximum is equal to
17« 64 81

T a3 1
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This is smallest when o = —3 4 16/4/17 and the minimum is then

—k = 8V17 — 33 = —0.01515499 . . ..

Thus, the error terms in (4.16) and (4.17) with Euler products are < (log k)™ "=,
Since we chose 1 = 3/2my the other error terms from (4.16), (4.17), and (4.15)
are < (logk)*((log k)™™/2 + (log k)*"~' + (log k)~2/3m). So this balances by taking
m = 2/3k and gives an error of O((log k)™*/?) as claimed. O
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