Homework VI (Honours) Analysis 11

Tuesday 1% November, 2016

1 Problems

1.1 Problem I

F(z+h)—F(z) _

We must show that Dini function DT (F)(z) = lims_ SUpy_ s h
Flz+h)-F12) i5 a measurable. In particular then, we are done

lim,, SUPg<h< i h
if we show that Vo > 0, supg.j<s F(th*@ 1s measurable. Suppose therefore
for arbitrary § > 0 and a that zg € Fs5o = {& : suPgcpes F(Hhi)l_-F(x) > a},

we show that there exists some ball containing xy that is entirely contained
in Fs,, then Fj, is open and hence measurable, and we are done.

For zo we have some hg < 0 such that F($“+hﬁg_f—(-£9-)- > «. Now consider the

open interval O = {z : |x| < o}, by continuity taking 0o small enough we
have for any € > 0, however small, Yo € O simultaneously that F(zy + o +
ho) — F(zo + hg) > —¢/2 and F(xo + 0) — F(2o) < €/2, and therefore

F(zo + 0+ ho) — F(zo +0)
hg
hO) o F(.‘ICQ -+ hO)) -+ F(IQ -+ ho) - (F(IQ + O) o F(CL‘Q) -+ F(:CQ))

__(F(Z‘o + 0+
Pl e ho

> —€/hy + Figo + h}j) z £zl > « when taking e small enough
0

so that zo 4+ O is an open ball containing xp and being contained in Fjq.
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1.2 Problem 11

3

' dent 4 ke o ). 2
Consider the approximations to the identity {th}r;;\,g al‘id fa%ie 0} >}§}ardi
R arbitrary. We show [(f x K;)(x)| < cf*(x) where f (r) i1s the rd;
Littlewood maximal function, then obviously the result follows.

: . » f A | PR
Now | [ f(z ~y)Ks(y)dy| < fo |f (@ — )lIKs@)ldy < 5 Jyyzs 1f (= —v)ldy +
A Zic-‘—‘l 625}1"2 fc§2”'1<]y|<52n 'f(l £ y)ldy S 22? [y—.r|§5 If(y)ildy . 10 4‘]"( )
: o 2 ¥ 0 1 fr{r) = B 11X},
2 Z"’:l _2%_2_2512?1 ﬁy*x|ﬁ52n {f(y)ldy 5 2Af (I)+4A anﬂ an (l) )
since |y —z| < d and |y — z| < 62" both describe balls containing y, with
measures 20 and 262" in R respectively, and the supremum in the Hardy-
Littlewood maximal function is over all such balls divided by their measure.

Also A is independent of both § and - §

1.3 Problem III

Take ¢ > 0,  and y arbitrary, with the guarantee that lr — y| < &, for
some 0, > 0 we must choose. We want to show that under these conditions
|F'(r) — F(y)| < e. Then without loss of generality assume r > y, so that we
obtain the equivalent | f; f(z)dz| < e. We in fact show the stronger result

that there exists such a d, such that f; |f(z)|dz < €. Actually that result

is immediate as A(ly,z]) = 2 — y < §, and we can take 4, as in proposition
1.12(ii) (Stein, p. 65).

1.4 Problem IV

It go,11xj0,1)(z,y) = |f(z) — f(y)| is assumed integrable on [0, 1| x [0, 1] then
by Fubini we immediately have that for almost all y, ¢¥(z) = f(z) -

f(W)Ixp1x0,1(%,y) is integrable. Therefore, for almost all V.- ke 1f(z) -
F(W)xp.11x[0.1) (2, y)dz < 00 = x10,11(¥) Jouy 1f(@) = f(¥)ldz < o0. Pick some
y € [0,1] for which the last equation holds (you can surely do this), then
f(y) = C < oo per assumption. Hence Jioq 1f(x) = Cldx < 00, and therefore

f[g,” |f(x)|ldz < f[g,”(lf(x) — C] +|C|)dr < 00 as C' < oo. That is, f is
integrable on [0, 1].



Questl-on: We do not really need the assumption that f is finite-valued on
0, 1], right?

1.5 Problem V

Since A\, (E) = inf A\,(O), where the infimum is taken over all open sets O D
L/, we in particular have a family of open sets O, D E such that A\ (E) >
A(O;) — € = AdE) > ad(0,) with a = 1 - A*(EOE)‘ Hence as ¢ — 0,
a — 1, because A,(O,) is bounded from below by A,(F) > 0, and thus for
every 0 < a < 1 there is an € such that for some open set O = O, we have
A(F) > aX,(0O). Now O can be dissected into a countable union of disjoint
open intervals, say O = |JI,,. I claim that one of these I = I, in fact
satisfies A,(E NI) > a).(I). Thus suppose for contradiction that none of
these I,, have the desired property. Notice that A\.(E) => " A(ENI,) and
A (0) = > A\, (I,). Since per assumption Vn, \,(ENI,) < al.(I,) we have
S OMENL) <ad X A(ln) = AM(E) £ aA(0). Contradiction, and we

are done.




