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1. Let A be a measurable set with A(4) > 0. Show that A+ A = {z +y:z,y € A} contains an open
interval.

. Consider

fly) = /RXA("E)XA(y — z)dz.

We can take A to be bounded and of finite measure (or just consider sets of the form AN[n,n +1)).
Since z4 € L1, for any & > 0 there exists a continuous function with compact support, g, such that
llxa — gllr < g5z, where M > 1 is an upper bound of g.

F+h) - F)] = i [ xa@aty o+ - xataeaty - o)

<

+ i/Rg(l')g(y —x+ h) — XA(w)XA('y . IE)d:L‘

/R xa@xaly — = +h) — g@)gly — = + h)de

For the first integral

/RXA(HS)XA(y —xz+h)—g(x)g(y — =+ h)dz| < A Ixa(@)xaly —z+h) —xa(z)g(y —  + h)|dz

+ / xa(@)galy — =+ h) — g(2)gy — o + b)) da
R
s/txA<y—x+h>-g<y—x+h>‘dx
R .

+M /R xa(z) - 9(z)| da

£
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For the second integral

/Rg(x)g(y —z+h)~g(z)xaly — z)dz

< / 9(@)g(y — = + 1) — g(@)g(y — 7)| de
R
+ / 9(@)ga(y - 7) - g(@)xaly - 2)| dz
R
+ / 9@l — 2) — xa(@)xaly — 7)) d
R
< M/ lg(y —z + h) — gy — z)|dz
R
M /R 194y — ) — Ay — )] d + /R l9(2) — xa(®)

€

€
< M — — - —_— 4z
< I/ng(y z+h)-g(y 3:)|d:1:+6M-|—6

1



Since g is (uniformly) continuous, there exists 1 > § > 0 such that |h| < & then implies
lg(y —z+h) —gly —x)| < 5 NiQ)A , where [~N, N] is the support of g, and

M/]R!g(y~w+h)*g(y~:é)ldw<%-

For |h| <6

<fp e E
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Implying for any € > 0 there exists § > 0 such that is [h| < & then,

|fly+h) - fly)l <e

So f is continuous. Notice by Fubini and translational invariance of the Lebesgue integral that

f [ 9@atu = o +5) — gle)xaty - 2)ie

/Rf(y)dy = /RXA(y)dy/RXA(ﬂf)dw = [A@a)]? >0

So f(z) > 0 for some z € R. But since f(y) is continuous there is a neighborhood (z — 6, z + ) over
which f(y) > 0. Also,

xA@)xa — ) = xa(®)xy-a(z) = Xan-a)(@).

This implies for y € (z — §,z + 6)
ANn(y—-A)#0

for every such y there exists a,b € A such that g

a=y—b <= a+b=yec(z2-4,z2+94)

2. Let f:[0,1] - R* be measurable. Suppose that there is a universal constant C > 0 such that for
all integers k > 1,

1
/ f(x)fde = C.
0
Prove that there is a measurable set B C [0, 1] such that f(X) = xp(z) almost everywhere.

. Consider E, = {z € [0,1] : f(z) > a}. Suppose that A\(E;) > 0, then there exists o > 1 such that
A(E}Y) >0 (Else By = U2, E, .1 has measure zero). Since f™ > 0,

, /0 1 [f(z)]*" dz > [E , [f(z)]" dz > / adr = A(EL)a™ 222 oo

Eg

We then must have 0 < f(z) <1 a.e. Consider Eg;) = {z € [0,1]: 0 < f(z) < 1}

1
C= / [f(@)]" dz = /[0 RIS /E UGS /{ e, T [E s

pra—

Because f(z)" = f(z) a.e. on [0, 1] \E(;;?@nce f(z) € {0,1} ae. on [0,1]\ E( ). We can consider
y L i

23 e . i3
*  the restriction fE(0 " < XE 1) Notice lim { fE(O " (x)] = 0 and so by the dominated convergence
' ' N—300 ’

theorem
7
lm [ [f@"de=Tm [ [fe,,] dr=0

N300 E(O,l) =300 E(O,l)




We then have

1
. C= lim [f(z)]" dz :/ | f(z)dz + lim [f(x)]" dx ::/ f(z)dz
nree Jo [0,17\E@,1 0 J Eo,1) [B.1\E@©,1
And so || o [f(z)]" = 0 for all n. By what was shown in the last assignment f (z) = 0 ae. on
E(p,1y- But by construction f(z) > 0 for € E(g ) implying AME@,y) =0and f(z) € {0,1} a.e. on
[0,1] or
f(z) = xB(x) a.e.

for some measurable B C [0, 1].
3. Let f be integrable. Prove that there exists a sequence x, — oo such that @, |f(zn)| = 0 as n — co.

3. By contradiction. Suppose such a sequence does not exist. Then for large enough N, there exists an
gg > 0 such that . 5

0
2lf@) 20 = 2 <|f(@)

/NOO -nga: < /Noo | (z)| da.

The integral on the left diverges while the one on the right is finite, a contradiction.

for all z > N. But then

4. (Riemann-Lebesgue lemma) Let f be integrable, show that,

/ f(z) cos(nz)dx — 0, / f(z)sin(nz)dz — 0
R R

as n — 0o. Alternatively (if you're more comfortable with complex exponentials) show that,
/ f(x)e*™ ™ dx — 0
R

4. Since the Lebesgue integral is invariant under translations,

/Rf(.’lj)fi%rmzdm = /Rf <w+ ﬁ%) 621rz‘n(w+2—1,;)d33 = _/Rf (w+ _2_15) e2mine g
%/R [f(i') - f (w + 51;;)} 2™

(z)— f (w n 5%) |e2min| d
f(m)-f(awilﬁ)]dxl‘i’io

Which follows from the fact that f € L*(R) (See proposition 2.5 Shakarchi and Stein).

And so

5 /R f(z)e? ™™ dy

5. Prove that given a sequence ¢, and a set of positive measure [, the sequence cos(nx + @) cannot
tend to zero and n — oo, forall x € E



. Let E be any measurable set with 0.< A(E) < oo and ¢, be any sequence in R. By the Riemann
Lebesgue lemma |

= I/Rcos(nx+ en)xE(z)d

‘/ cos(nzx + o, )dz
E

= I/R(cos(na:) cos(pp,) — sin(nz) sin(vn)) xg(z)dz

n—o0

< |eos(ion)| —0

+fin(n)]| [ sin(or)ce(a)ds

/R cos(nz)xg(z)dr

And so we cannot have li_>m cos(nx + ¢,) = ¢ for some ¢ € [~1,1]\ {0} (or else by the dominated
n—00

convergence theorem we would get 1“i_1>n Sz cos(nz + pn)dz = cA(E).) Also
Np OO

lim [ sin®(nz + @,)dz = lim [ sin®(nz + ¢,)xg(z)dz
R

n—ro E n—o0
L 1 — cos(2nz + 2¢,)
”7351010 R( 3 XE(:U)CL’I?
— tim = [ xp(z)dz + lim > 2z + 2on)xi(2)d
= Jm, 5 Jyxe(@d o+l 5 [ cos(ne + 2pn)xp(x)ds
_AE)

2

Suppose that
lim cos(nz + ¢,) =0
n—roo

forallz € E,thenforallz e F

Jgjgo SmZ(my +on) = 7}33.10 (1 - cosz(na: + (pn)) =1.

By the monotone convergence theorem since sin?(nx + on)xE(z) < xg we would have
ILm sin?(nz + ¢,)xe(z) = xp(z) and
T— 00

lim [ sin®(nz + ¢p)dz = le sin?(nz + on)xe(z)dr = / sin?(nz + ¢ )dz = A(E)
T OO R

n—oo E R

contradicting the above.




