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REMARK ON STABILITY OF TRAVELING WAVES FOR
NONLOCAL FISHER-KPP EQUATIONS

MING MEI AND YONG WANG

Abstract. This paper is concerned with a class of nonlocal Fisher-KPP type reaction-diffusion
equations in n-dimensional space with time-delay. It is proved that, all noncritical planar wave-
fronts are exponentially stable in the form of t~Z et for some constant vy = v(7) > 0, where
7 > 0 is the time-delay, while the critical planar wavefronts are algebraically stable in the form of
t~ 3. These convergent rates are optimal in the sense with L!-initial perturbation. The adopted
approach is the weighted energy method combining Fourier transform. It is also realized that,
the effect of time-delay essentially causes the decay rate of the solution slowly down. These re-
sults significantly generalize and develop the existing study [37] for 1-D time-delayed Fisher-KPP
type reaction-diffusion equations. When the time-delay 7 vanishes, we automatically obtain the
exponential stability for the noncritical planar traveling waves and the algebraic stability for the
critical planar traveling waves to the regular Fisher-KPP equations.

Key words. Nonlocal reaction-diffusion equations, time delays, traveling waves, global stability,
the Fisher-KPP equation, L!-weighted energy, Green functions.

1. Introduction and Main Results

Following the recent study [37] on the stability of traveling waves to 1-D nonlocal
time-delayed reaction-diffusion equations, in this paper, we study a class of n-D
nonlocal Fisher-KPP reaction-diffusion equations ([4, 11, 25, 37])

ou
(1) EiDA“JFd( u) = R" fa(y)b(u(t =7,z = y))dy,

U|t:s = UO(S;Z)a YIS Rnas € [77_7 0]

for = (21, ,x,) € R™ and ¢t > 0. Here, Au—za 27D>Ols‘ched1ffllslon

coefficient, 7 > 0 is the time-delay, f,(y), with o > O is the heat kernel in the form
of
1 —|y|?

(2) faly) = Wa 7o~ with - fa(y)dy =1,

d(u) and b(u) both are nonlinear functions satisfying
(H;) There exist u— = 0 and u4 > 0 such that d(0) = b(0) = 0, d(uy) = b(uy),
and d(u),b(u) € C?[0,u];

(Hg) '(0) > d'(0) >0 and 0 < b (uy) < d'(uy);

(Hz) For 0 <wu < wug, d(u) >0, (u) >0,d (u) >0,0b"(u) <O0.

The model of (1) describes the wave propagations in fluid dynamics, and in
physical, chemical and biological dynamics, initially given by R.A. Fisher [10], and
A. Kolmogoroff, I. Petrovsky and N. Piscounoff [22]. The study on such a wave
propagation phenomenon can be also found in [1, 31] for the fluid dynamical exper-
iments on Taylor-Couette flow, in [7] for Rayleigh-Benard flow, in [44, 52] for the
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chemical wave experiments, and in [3] for population dynamics, combustion, and
biological invasions.

In the equation (1), if we take 7 =0 and o — 0", and use the property of heat
kernel f,(y):

3) b(u(t,z)) = lim fa(y)b(u(t,x — y))dy,
a—=0t Jgrn
we derive the following regular Fisher-KPP reaction-diffusion equation [3, 10, 9, 15,
53, 55]
Ju
— —DAu=h
U’|t=0 = UO(I)a MRS Rna

with h(u) = b(u)—d(u). Particularly, taking d(u) = u? and b(u) = u, then we reduce
(4) to the following classical Fisher-KPP equation [3, 8, 10, 12, 21, 22, 41, 43]

0
(5) a—?fDAu:u(lfu), t>0,z€R"
Clearly, from (H;), both u— = 0 and u4 > 0 are constant equilibria of the
equation (1); and from (Hs), u— = 0 is unstable and wu is stable for the spatially

homogeneous equation associated with (1); and from (Hj), both b(u) and d(u)
are increasing, and b(u) is concave downward and d(u) is concave upward. These
characters let the equations (1) and (4) capture the most basic features of the
classical Fisher-KPP equation (5), so we call the equations (1) and (4) as the
nonlocal/local Fisher-KPP type reaction-diffusion equations. Except the standard
example with b(u) = u and d(u) = u® for the classical Fisher-KPP equation (5),
equation (1) includes the other two important examples. One is the Nicholson’s
blowflies equation [27, 28, 30, 35, 36, 37, 38, 39, 47, 48]
% — DA+ du(t,x) = ep fa@)u(t — 7,2 — y)ett ==V gy,
R

with

b(u) = epue™® and d(u)=0du, >0, p>0,a>0,§>0.

Obviously, these specified functions b(u) and d(u) satisfy (Hy)-(Hs) with u_ =0
and uy = %ln % for 1 < % < e. The other typical example is the age-structured
population model [2, 13, 14, 26, 37, 40]

8“’ 2 —yT

=7 — DAu+6u(t, ) = pe™” fa@u(t — 7,2 — y)dy,

ot R»
with

d(u) = 6u® and b(u) =pe"u, §>0, p>0, v>0,

which also satisfy (Hi)-(Hs) automatically with u_ = 0 and uy = §e™77.

A planar traveling wavefront to the equation (1) is a special solution in the form
of u(t,z) = ¢(x - e + ct) with ¢(oo) = ug, where ¢ is the wave speed, e is a
unit vector of the basis of R™. Without loss of generality, we can always assume
e = e; = (1,0,---,0) by rotating the coordinates. Thus, we have the planar
traveling wavefront in the form ¢(z-e; +ct) = ¢(x1 + ct), which satisfies, for 7 > 0,

e’ — D¢ +d(¢) = - Ja()b(¢(§1 — y1 — c7))dy,
d(£00) = uyg,

(6)
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where ' = di& and & = z1 + ct. Let

(7) Jai(yi) == W@_Tx-

n

(8) foz(y) = Hfa’i(yi)a and / faz(yl)dy’t = 17 1= 1527 e, My,
i=1 R

and (6) is reduced to, for 7 > 0,

cd' — D' + d(¢) = /R Far (y)b(6(E1 — g1 — er))dyn,
qb(ioo) = U4.

The main purpose of this paper is to study the global asymptotic stability of planar
traveling wavefronts of (1), including the case of the critical wave ¢(x1 + c.t). Here
the number ¢, is called the critical speed (or the minimum speed) in the sense that
a traveling wave ¢(x1 + ct) exists if ¢ > ¢,, while no traveling wave ¢(x1 + ct) exists
if ¢ < cs.

The study on the stability of traveling waves for reaction-diffusion equations
has been a popular research area. There are many significant contributions on
this topic, see, e.g., [5, 6, 9, 12, 17, 19, 21, 24, 32, 41, 43, 50|, the monograph
[53], the survey paper [55], and the references therein. In particular, the stability
of the critical traveling waves is most interesting in fluid dynamics and biological
invasions, but also very challenging. For the regular 1-D Fisher-KPP equation
(4), particularly, the classical Fisher-KPP equation (5), Sattinger [43] first proved
that all non-critical waves are exponentially stable by the spectral analysis method.
Later on, Uchiyama [51] showed the local stability for the traveling waves including
the critical waves by the maximum principle method, but no convergence rate
for the critical waves case was related. In [5], Bramson derived the sufficient and
necessary condition for the stability of noncritical and critical waves (no convergence
rates), which was also obtained by Lau [24] later in a different way. Moet [41] showed
that the critical waves are algebraically stable in the form of O(t~'/2) by the Green
function method. Kirchgéssner [21] also obtained the stability for the critical waves
in the form O(t_l/ 4) by the spectral method, which was further improved to be
O(t~3/?) by Gallay [12] by using the renormalization group method, of course, the
corresponding weight function needed to be stronger. For the multi-dimensional
case, the stability of planar faster traveling waves with ¢ > ¢, was obtained by
Mallordy and Roquejoffre in [33], see also [18] for the stability on the manifolds
but without convergence rates. Recently, Mei, Ou and Zhao [37] obtained the
exponential stability for the non-critical traveling waves and the algebraic stability
for the critical waves to the 1-D nonlocal time-delayed reaction-diffusion waves by
the L' weighted energy method together with the Green function method, which
also includes the above mentioned stability results for Fisher-KPP equations by
taking the time-delay 7 = 0. However, the proof for deriving the rate O(t~'/2) for
the case of critical waves in Lemma 3.7 in [37] is not rigorous (for details, we refer
to Remark 2.4 below).

There are three issues considered in this paper. The first is to fix the gap in
[37] for obtaining the algebraic convergence rate O(t~1/2) to the critical traveling
waves. As we know, in [37] they converted the working equation to the integral
form with the regular Green function (the heat kernel without time-delay), then
used the iteration procedure to derive the algebraic convergence rate in the case of

9)
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critical waves: C*(1+¢)71/2 at the kth iteration. So, the constant coefficient C* is
increasing and unbounded as k — oo. In order to fix such a gap, here, we technically
derive the equivalent integral equation with the time-delayed Green function, and
show the optimal decay rates of the solutions without iteration. The second is to
generalize the 1-D stability of traveling waves to the n-D stability of planar traveling
waves, namely, the non-critical planar traveling waves are exponentially stable in
the form of t~"/2¢~¥r* and the critical planar traveling waves are algebraic stable in
the form of t~"/2. The third is to show how the time-delay affects the convergence
rates to the non-critical traveling waves. We will give an explicit form of v, = v(7)
to show the effect of the time-delay will essentially make the decay rates of the
solutions slowly down. In fact, v is the biggest as 7 — 0 and v, = 0 is smallest as
7 — 00. The reason is that, the time-delayed source term remains those old data
at time 7, which doesn’t decay as fast as the regular source term without the delay,
and causes the solution decay slower than the regular case. A similar phenomenon
is also observed in [23] on no blow-up occurring for the time-delayed equations.In
fact, it is well-known that, for the Cauchy problem of the parabolic equation

ur — Au=uP, (x,t) € R" xRy, with ul—g = ug(x),

the solution will always blow up at a finite time when 1 < p < p* =1+ % (the
Fujita exponent). However, for the delayed equation

ur—Au = uP(z,t—7), (x,t) € R"xRy, 7> 0, with uli—g = uo(x,s), s € [-7,0],
by the maximum principle

sup  u( )l @n) < lul, k7)l[pemmy +7 sup - flut = 7)o mr),

telkr,(k+1)7] telkr,(k+1)7]
as showed in [23], the corresponding solution globally exists and never blows up for
all p > 0.

Throughout this paper, C' > 0 denotes a generic constant, while C; > 0 and
¢i >0 (i=0,1,2,---) represent specific constants. j = (j1,j2, - ,jn) denotes a
multi-index with non-negative integers j; > 0 (i = 1,--- ,n), and |j| = j1 + j2 +
-+ + jn. The derivatives for multi-dimensional function are denoted as 87 f(z) :=
dir ... 99 f(x). For an n-D function f(), its Fourier transform is defined as

FUfo) = foi= [ ef@ds, 1= VoL

and the inverse Fourier transform is given by
FUAW) = e [ e fonan
@2m" Jan

Let I be an interval, typically I = R™. LP(I) (p > 1) is the Lebesque space of the
integrable functions defined on I, W*?(I) (k > 0,p > 1) is the Sobolev space of
the LP-functions f(x) defined on the interval I whose derivatives 97 f with |j| = k
also belong to LP(I), and in particular, we denote W*2(I) as H*(I). Further,
L? (I) denotes the weighted LP-space for a weight function w(z) > 0 with the norm
defined as

Il = ([ w5 as) ™

WEP(I) is the weighted Sobolev space with the norm given by

k
; /
1 llywrsr = ( > /Iw(m) |a;f(m)|”dm)1 g

|51=0
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and HE(I) is defined with the norm

1l = ( zk: /Iw(x) \8§f(x)\2dx)l/2.

|51=0

Let T > 0 be a number and B be a Banach space. We denote by C°([0, 7], B)
the space of the B-valued continuous functions on [0, T|, L%([0,T], B) as the space
of the B-valued L2-functions on [0,T]. The corresponding spaces of the B-valued
functions on [0, co) are defined similarly.

Regarding the existence of monotone traveling wavefronts of (1), as showed in
[37], it can be proved by the method of upper-lower solutions in a similar way as
in [28, 45, 47, 48, 49], and the critical wave (the wave with the minimum speed)
can be further confirmed by the semiflow argument developed in [29], see also [15]
by Hamel and Nadirashvili for the existence of planar traveling waves and entire
solutions to Fisher-KPP equations.

Proposition 1.1 (Existence of planar traveling waves [15, 37]). Under the condi-
tions (Hy)-(Hs), for the time-delay 7 > 0, there exist a minimum wave speed (also
called the critical wave speed) ¢, > 0 and a corresponding number M. = A(cs) > 0
satisfying

(10) Foi) = Ged(M), FL(A) = Gl (M),
where

(11) F.(\) = 0/(0)e® 2T Go(A) = cA — DA2 4+ d(0),
and (c«, A« ) is the tangent point of F.(\) and G.()\), namely,

(12) V(0)e™: AT = ¢\, — DA2 4 d/(0),
(13) V(0)(20As — cu7)e® AT = ¢ _9D),,

such that for any ¢ > c., there exits a monotone traveling wavefront ¢(x1 + ct) of
(6) connecting uy exists, and for any ¢ < cs, no traveling wave ¢(x1 + ct) exists.

In the case of ¢ > cy, there exist two numbers depending on c: A1 = A1(c) > 0
and Az = Aa(c) > 0 as the solutions to the equation Fo(\;) = Gc(N), i.e.,

(14) B(0)e*N AT = e\ — DA +d(0), i=1,2,
such that
(15) F.(A) < Ge(A)  for M <A< g,
and particularly,
(16) F.(A) < Ge(As) with A < A < A
In the case of ¢ = ¢y, it holds
(17) F.. (M) = Ge, (M) with A1 = A = Ao
When & = x1 + ¢t — —oo, for all ¢ > c., the traveling wavefronts ¢(x1 + ct)
converge to u— = 0 exponentially as follows
(18) |$(€1) = u—| = O(1)e 141,

where A = X1 (c) > 0 is given in (14), particularly, \y = A\ for ¢ = c..
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Before stating our main theorems, we define a weight function as

{eA*(“’l“’*), for 1 < x4,

19 =
(19) w(z) 1, for 1 > x.,

where z, > 0 is a sufficiently large number such that, for z; > z,. > 1,

(20) d'(¢(x1)) = . faV (b1 — g1 — e7))dy.

Theorem 1.2 (Stability of planar traveling waves). Let d(u) and b(u) satisfy (H1)-
(H3). For a given traveling wave ¢(x1 + ct) of the equation (1) with ¢ > ¢, and
d(£00) = uy, if the initial data satisfy

(21) O0=u_ § UO(SaZ) S U+, fOT’ (S,:L') € [77_7 0] X Rna

and the initial perturbation ug(s, ) —¢(x1+cs) is in C([—7, 0], W2L(R")NL?(R")),
then the solution of (1) uniquely exists and satisfies:
(i) When ¢ > ¢, the solution u(t,x) converges to the noncritical planar trav-

eling wave ¢(x + ct) exponentially

(22) sup |u(t,x) — ¢(xy +ct)| <Ct 2™t t>0
zeR™
for some constant
0 < vy < max{ey(7)(e1 — es(r), d (uy) — ¥y )},

where ¢1 := chy — D2 +d'(0), c3(7) := b'(O)e‘”\i_c’\”, and e1(1) € (0,1)
is uniquely determined and is decreasing with respect to the time-delay T,
such that e1(17) = 0 as 7 — 00, and €1(7) — 1 as 7 — 0.

(ii) When ¢ = c., the solution u(t,x) converges to the critical planar traveling
wave ¢(x1 + cit) algebraically

(23) sup |u(t,x) — ¢(z1 +cut)| <Ct™2, ¢>0.
zeR"

Remark 1.3.

a) The convergence rates showed in Theorem 1.2 are optimal, when the initial
perturbation around the wave is in the weighted L. (R) space.

b) It is noted that, the previous stability results obtained in [38, 36, 37] for 1-D
nonlocal time-delayed reaction-diffusion equations, [39, 35] for Nicolson’s
blowflies equations, [26, 40] for population models with age structure, and
[43, 41, 21, 13] for 1-D classical Fisher-KPP equations, all are the special
cases of our stability Theorem 1.2. Particularly, our convergence rates are
more precise.

¢) The conditions d'(uy)? > V' (0)b'(uy) required in [37] is removed in our
present paper.

When the time-delay 7 = 0 and o — 07, the time-delayed nonlocal equation (1)
reduces to the regular Fisher-KPP equation (4). Assume that the equation (4) is
mono-stable, namely, h(u) satisfies

(H') There exist u_ = 0 and u; > 0 such that h(u) € C?[0,u], h(0) = h(uy) =

0, K’ (0) >0, h'(uy) <0, and A" (u) <0 for u € [0, uy].
From Theorem 1.2, we immediately obtain the exponential stability for the non-
critical planar traveling waves and the algebraic stability for the critical planar
traveling waves to the regular Fisher-KPP equations (4).
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Corollary 1.4. Let h(u) satisfy (H'). For a given traveling wave ¢(x1 + ct) of the
equation (4) with ¢ > ¢, = 2+/h'(0) and ¢(£oo) = uy, if the initial data satisfy

(24) 0=u_ <wupz) <uy, forzeR",

and the initial perturbation ug(x)—¢(x1) is in W21 (R™)NL*(R™), then the solution
of (4) uniquely exists and satisfies:
(i) When ¢ > c., the solution u(t,x) converges to the noncritical planar trav-
eling wave ¢(x + ct) exponentially

(25) sup |u(t,z) — ¢(z1 +ct)| < Ct2e ™ >0
zeR"

for some constant
0 < vp < max{c — ¢, |h (uy)|},

where
(ii) When ¢ = c., the solution u(t,x) converges to the critical planar traveling
wave ¢(x1 + c.t) algebraically
(26) sup |u(t,z) — ¢(x1 +cut)] <Ct 2, t>0.
z€R"

The rest of this paper is organized as follows. In section 2, we will build up some
crucial energy decay estimates for the solutions to the linearized nonlocal reaction-
diffusion equations, which will be the key for the stability proof. Particularly, we
will show that the effect of the time-delay essentially makes the convergence in the
case with time-delay much faster than the case without time-delay. In section 3, we
will further prove the global asymptotic stability results with a time-exponential
decay for the noncritical traveling waves and a time-algebraic decay for the critical
traveling wave, respectively. The adopted approach for proof is based on the method
developed in [41, 37], but to derive the Green function with time-delay for equation
(1) as well as the optimal decay rates of the solutions is main contribution in this
paper.

2. Linearized Nonlocal Reaction-Diffusion Equations

In this section, we will derive the solution formula for the linear delayed ordinary
differential equations, and the formula for the linearized nonlocal reaction-diffusion
equations with or without time-delay, as well as their asymptotic behaviors, which
will play a key role in the stability proof in section 3.

Now let us introduce the solution formula for linear delayed ODEs as shown in
[20].

Lemma 2.1 ([20]). Let z(t) be the solution to the following linear time-delayed
ODE with time-delay 7 > 0

d
Ez(t) + k12(t) = koz(t — 1)
z(s) = zo(s), s¢€[-7,0].

(27)

Then

_ 0 _
(28)  z(t) = e Pt kat 1o (1) 4 / e Fit=9) gka(t=T=5) [0 (5} 4 Ky 20(s)]ds,

-7

where

(29) ];ZQ = kgele,
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and ekt is the so-called delayed exponential function in the form
0, —00 <t < —T,
L —T<t<0,
1+ &t 0<t<r,
z 20, N2
(30) ekt = 1+%+k2(t2!7) ’ T <t<2r,
T
7 7.2 2 “m m :
1+ % + kQ(t;!T) +o 4 [ti(z!il)ﬂ , (m—=1)1 <t <mr,

and eéﬂ is the fundamental solution to
—2(t) = koz(t —
z(s)=1, se[-71,0].
Note that, different from the exponential function e(k1152)t = ehitehat e always

have
(k:lJrkJQ)t kit kot
er #ettel?.

Furthermore, we can prove that such a fundamental solution (the delayed exponen-
tial function) captures the following asymptotic behavior.

Lemma 2.2. Let k1 > 0 and ko > 0. Then the solution z(t) to (27) (or equivalently
(28)) satisfies

(32) 2(t)] < Cope F1telat,
where
0
(33) Cy = e*k”|zo(77)| +/ ek15|zé(s) + k120(s)|ds,

and the fundamental solution ek?* with ky > 0 to (31) satisfies
(34) e < O +t)TeR >0

for arbitrary number v > 0.
Furthermore, when ki1 > ko > 0, there exists a constant 0 < €1 < 1 such that

(35) e Fiteht < Cemerti—k)t 5
and the solution z(t) to (27) satisfies

36 2(t)] < Cesrka=ka)t ¢ 5
(36) |2(1)]

Proof. For (32), it is easy to see from (28) that

~ 0
] = [e bty +

eki(t=) ghalt=T=3)[1 (o) +k1z0(s)]ds‘
0 61;2(15_7—_8) B
= ‘e*k”zo(fT) + / eklsTT[zé(s) + klzo(s)]ds‘e*kltelﬁzt
—T er

0 _
< {e_k”|zo(77)| +/ k1820 (s) +k1z0(s)|ds}e_k1te’j2t

-7

(37) = :CoeFuteket,
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where we used the fact, by the definition of e¥2! given in (30),
el}Q(t—T—S)
0< ————<1 for se[-7,0].
eet

To prove (34), we need to construct an upper-solution to (31). From the as-
sumption we know ke > 0. For an arbitrarily given number v > 0, we have

. 0 1 _zfm( L+t m_ _—Far
tlggoﬁ U I Cors) M e

So there exists a large number ¢y = (7, EQ,T) = mo7T > 0, where mg € N is a
positive and large enough integer, such that

(38) 1- %(1 +o)7l - e—fm(%)” >0, for t>ty>0.
We now verify that

(39) zZ(t) :=C1(1 4+ t)fvelgzt7 for t > tg, with Cy > eéﬁ"

is an upper-solution to (31) for t € [to, c0), namely,

(40) %Z(t) > kaz(t —7), 2(s) > k25, s e fto — 7, to).

In fact, it holds that

d _ _
%z(t) — kozZ(t — 1)

= 011232(1 -+ t)_’yef”t - 01"}/(1 + t)_’y_lebt - 123201(1 +t— T)_’Yefw(t_ﬂ
- 2 2 14+t 7
= ka1 )7 [ (14— e (LY
tha(141)"e kg( 1) ¢ 1+t—71
(41) >0, fort>tg.
So, by the comparison principle to the linear delayed ODE, the upper-solution z(t)

EQt

is always greater than the fundamental solution e

to (31) in [tg, 00), namely,
(42) et < Oy(1+t)7eRt > 1.

On the other hand, for the bounded interval [0, ¢g], we can always have

(43) et < Cy(141) et e [0,tg)

by selecting a large number C; > 0. Thus, combing (42) and (43) gives (34).

To prove (35) and (36), we are going to carry it out in two cases. When k; >
ky > 0, we can similarly construct a pair of upper and lower solutions to (27) to
prove (35) and (36). Let z(t) := Me(F1—k2)me=e1(ki=k2)t 'where M := max |20(s)).

se[—T,0

It can be verified that Z|;—s > |20(s)| and

d
Ei(t)—l—k’li(t)—kaz(t—r) = Me(k1—k2)7'e—€1(k1—k2)t[(1_El)k1+€1k2_k2eal(kl—kg)f]

where 0 < €1 < 1 is uniquely determined by
(44) (1 — El)kil +e1ko — kQ@El(kl_kQ)T =0.

So, we have proved that z(t) := Me(k1=F2)7e=e1(ki=k2)t 5 an upper solution of (27)
such that

(45) 2(t) < Methimka)me—e1lhi=ka)t - g6, 4 5 0,

:O7
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Let Z(t) := —=z(t), then it satisfies

d _ . -
Ez(t) + k12(t) = koZ(t — 1)

As showed before, we can verify

(46) 2(t) > —Meki—k)Temar(ki=ka)t - g 4 5 ),
Thus, (45) and (46) together imply
(47) |2(t)] < Ce s1ri=ka)t for ko > ko, > 0.

In order to prove (35) in the case of k1 > ks, let us particularly select the initial
data zo(s) = 1, and apply (36) and (28), namely, the corresponding solution is

_ 0 _
2(t) = efk‘l(t+‘l')ei€_2t + k1/ efkl(tfs)eic}(tf-rfs)ds >0,
we then have
0

efkl(tJr‘r)eEQt < eikl(t+T)€E2t+k/’1/ e~ kat—s),

-7

k2(t77—75)d5 — Z(t) S Cefel(klsz)t.

T

This implies

(48) e*klteézt < Ceerbi=k)t for oy > ky.
When k1 = ko, let M = H[laX zo(s) and m := r[nin zo(s). Tt is easy to
se[—T,0 se[—T,0

see that z(t) = M and z(t) = m are the upper-solution and lower-solution of the
equation (27), respectively. So,

m < z(t) < M.
This implies
(49) |2(t)] < C = Ce~s1ki=ka)t for by = ky
and
(50) e_klteEQt <O =Ce b=kt for po — o

Combining (47), (48), (49) and (50), we prove (35) and (36) for k; > ko with
0 < &1 < 1. Thus, the proof for this lemma is complete. [

Next, we consider the following nonlocal linearized time-delayed reaction-diffusion
equation (which will be derived in section 3 for the proof of stability of traveling
wavefronts)

%—i—zn:c 'a—U—DA’U—I—C v
8t P Ozc():ci !

51
(51) =cy fa(y)e*)‘*(yﬁ“)v(t — 1,0 —y—crey)dy
R‘n

v(s,x) =wvo(s,z), s€[-7,0], x €R"
for some given constant coefficients cg;, ¢; and co. Here
r—Yy—crep = (Z1*y1*07,$2*y27"' amnfyn)

Now we are going to derive its solution formula as well as the asymptotic behavior
of the solution. By taking Fourier transform to (51), we have
do

(52) Zo+ AW = Fle | faly)e™ @0t — 1.2 —y — cren)dy| (t = ),
R”
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where
(53) A() =Dpl* +e1+1i)_ comi, with [n|* = n?.
i=1 i=1
Note that,
f[@ / fa(y)e Wty — 70—y — CTel)dy} (t—7,n)
R‘n.
= / e*iz-n( fa(y)efA*(lercr)v(t —rz—y— CTel)dy) d
R” R”
=c / faly)e rwiter) (/ eyt — 7 p—y — CTel)dl‘) dy
R" n
= 02/ fa(y)e*A*(lerCT) (/ e*i(“y*”el)'nv(t -, :c)dac) dy
R" n
=co / fa(y)ef)\*(lerC'r)efi(erc'rel)ﬂ(/ efimnv(t - :L')d:L') dy
R" n
= 02/ fa(y)e_)‘*(yl+CT)e_i(y+CTel)'"dy)f;(t —7,n)
R”
where
(55) B(n) :=co fa(y)e_/\*(yl"‘”)e_i(y"'”el)'”dy.

R'n.
Substituting (54) to (52), we have

(56) D+ AW = Boo(t — 7o), with ofs,m) = do(s.m), 5 € [-7,0]

Solving (56) by the solution formula (28), we obtain

Btn) = e AMITIBMIG(r p)
0
X NN .
(57) + [ A Bt s i (s,) + Aln)io(s,)|ds,
where
(58) B(n) := B(n)e* 7.

Then, by taking the inverse Fourier transform to (57), we get

1 .
o(t,z) = (277)”/ elm'nefA(n)(tJrr)ef(n)t@O(7T,n)dn
O .
+/ L/ el:C"r]e—A(n)(t_s)eB(n)(t_T_s)
-7 (27T)n n T

(59) 2= do(s,m) + An)io(s,n)]dnds,



390 M. MEI AND Y. WANG

and its derivatives, for a multi-index j = (j1,- -+, j,) with nonnegative integers j;
and [j| = Y1, ji, can be expressed as
, 1 . n .
Dot ) — 1r-n< in; Ji) =AM (t+7) Bty (7 p)d
ivita) = g [, (Lowr)e B (7 )y
0o 4 . n
n / / eu«n( (im)ji)67A<n><tfs>e§<n><tfrfs>
_r 2m)" Jrn };[1
d . .
(60) x| =do(s.m) + Aln)iio(s,m) | dnds.

Now we are going to derive the asymptotic behavior of v(¢, x).

Theorem 2.3 (Decay rates). Let vy € C*([—7,0]; W2L(R") N L*(R")) and
(61) cgi=co [ faly)e W dy > 0.
Rn

Then, for c1 > c3, there exists a constant 0 < €1 < 1 such that the solution of the
linearized equation (51) satisfies

(62) 1000(t) || 2y < Ct 5~ 3 emmr(ermen)t ¢ 5 0,
|41

(63) 020(t) || oo (rm) < Ct= 52 e srlea)t 5 )

Proof. Denote

(64) Litn): = (H(im)ji)e_A(”)(t”)ef(”)tﬁo(—ﬂ m),

=1

Lt—sm): = (H(im)ji)e—A<n><t—s>e§<n><t—f—s>
=1
d . N
(65) x| to(s.m) + Alm)i(s,m)].
Then, (60) is reduced to
0

(66) dv(t,x) = FHL](t, x) + FHL)(t — s,2)ds.

—T

So, by using Parseval’s equality, we have

IN

0
[0z 0()]| 2 () IFH 0Oz ey +/ [FH R = 5)ll2mn)ds

0
(67) = L®llz2 @ +/ 12(t = )]l 2y ds-
Note that, from (53) and (55), we have
(68) e~ AMEH)| = o= (DInl*+e)(t+7) — o=k (t+7)
by defining
(69) ki := D|n|* + c1,
and
(70) |B(n)| < ¢ fa(y)e Wt dy = c5 =: ks,
R?L
and

(71) BO)| = B ®7| < exePhlrenT = gyehir =
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and further
(72) BNt < ot

By the definition of Fourier transform, we have

(73) sup [o(—7,7)] S/ lvo(=7, @)|dz = [[vo(—7)llLr (&),
neRrn" rR”

then, we obtain

(11 ()] 22 (rm)

- I(L

(LG e A Bt (—r. }an}
(74) <[ [ (LT (emen et poot-rmpan]
=1

1/2

i=1
n

Noting (69) for ky = D|n|? + c1, (70) for ke = c3 and (71) for ky = keef7, and
k1 = Dn|?> + ¢1 > ¢3 = k2 due to ¢; > c3, and using (35) in Lemma 2.2, we get

(75) eMtelet < Cemerlki=ka)t — gemer(Dlnl*te—co)t
for some constant 1 > &1 > 0.

Thus, applying (75) into (74), we obtain

111 ()|l 2 rny

n ) 1/2
< C( sup foo(—rm)f* - e e I / 52 Py
neR” i=1 R

n _ 1/2
< sup fao(-rml)e =@ (T] [ e 2itan)
i=1/R

neR”

n _ il

(76) <Ot~ i 2 ey (—7) | L1 mn),s

where we used

n
(H/ |ml2jie‘2€1D”?tdm>1/2
i=1/R
n

1 e D2 o\ 12 i
= (H W /R |¢i|ie=2e1 D4 dC) [by substituting ¢ := v/tn ]
i=1

n _ 1/2 0om
<c(ITe7 ) P _orter
=1

Again, by using the property of Fourier transform, we have

—

|(in:)7 90| = |0%, 0| < / |03 voldz = 1|07 vol| L1 ()
R”

and
n
7 — 2 . ~
sup [ A()io(s,m)| = sup |(Dinf? + 1 +1 Y o ) os,m)|
neRn neRn =1
(77) < Cllvo(s)llwzr me)-
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Thus, in a similar way, we can prove

1 12(t — 8)|| 2(rmy
- {/ (H(im)jl)e‘A(n)(t—s)ef(n)(t_T_s)
n iy
A ) ) 1
x[Oro(s,m) + A(n)vo(s,n)]‘ dn}

= {/ ( |77i|2j")e*Q(D"?VJFCl)(t*S)(eéz(tfrfs))2
R Vi

. A ) 1/2
% |00 (s, m) A(n)io (s, ) 2

< C( sup |9zvo(s,n) + A(n)ﬁo(s,n)|)e*€1(61*63)(t*5)

neER"
ni|~e ‘ Th')
i=1/R
—n Ul ci(e1—c —s
(78) <C(t—s)" i 7 e @) llog ()] Loy + [|vo(s) |l ()

Substituting (76) and (78) to (67), we immediately obtain (62).

By the same manner, we can similarly prove (63). The detail is omitted. Thus,
the proof for this lemma is complete. [J
Remark 2.4. In [37], the solution to the linear reaction-diffusion equation with
time-delay

ov ov 0% Lo o o (year)

GG ~ DagE = VO [ flg)e 0l g =y )y
is given in the integral form of the reqular heat equation (no time-delay for the
Green function,):

o(Et) = /R Gt — Ouo(0,0)d

t
/ kQT _ _
+eb'(0)e /O/RG(t $,6—0)
8 / Faly)e 0Dyt — 1 ¢ —y — c,r)dydCds
R

. 1 e=ctmn)? . . . .
with G(t,§ — ¢) = NZET T bt , which causes the iteration of the solution

v(t, &) in [kT, (k4+1)7] step by step with an increasing boundedness like C*(14-t)~1/?
in the proof of Lemma 3.7. In order to fix such a gap, here we derive the integral
formula of the solution as (51) involving the time-delay T, and obtain the optimal

rates O(t~%) for c; = c3, which is just the case of critical waves as showed in (107)
and (108) below.

3. Global Stability for Planar Traveling Waves

It is known that the existence and uniqueness of the solution to (1) can been
proved via the standard energy method with continuity-extension method (c.f.,
[39, 38]) or the theory of abstract functional differential equations [34], so we omit
the details here. The main purpose in this section is to prove the stability Theorem
1.2 for all traveling waves including the critical traveling waves with time-delay or
not.
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Let ¢ > ¢, and the initial data ug(s,z) be such that 0 = u— < wug(s,z) < uy for
(s,z) € [-7,0] x R and 7 > 0, and define

Uy =

(79) O_(S’x) mfxx{uo(s,x), o1 +es)}, for (s,z) € [-7,0] x R™,
UO (va) = mm{uo(s, :L')a ¢(x1 + CS)},

which implies

(80) 0 =wu_ < U, (s,2) <wup(s,x) <US(s,2) <uy for (s,z) € [-7,0] x R,

(81) 0=u_ <U; (s,2) < ¢p(w1 +cs) <UL (s,:c) <wuy for (s,z) € [-7,0] x R™.

Note that, the initial data Uoi(s,:c) are piecewise continuous, and don’t have a

good enough regularity, which may also cause the absence of regularity for the

corresponding solutions. In order to overcome such a shortening, instead of these

initial data, we choose two smooth functions as the new initial data:

(82) U (s,z) is smooth such that Uy (s,z) < U (s,2) < uy,

(83) Uy (s,z) is smooth such that u_ < U (s,z) < U, (s,2).

Let Ut (t,z) and U~ (¢,x) be the corresponding solutions of (1) with the initial
data Uy (s,x) and U, (s, ), respectively, that is,

oU* " 02U+ N N
(84) WﬁD;é)—x%er(U ) = - fab(U=(t — 7,2 — y))dy,
(85) UE(s,z) =Us(s,x), x€R", s€e[-T,0].

By similar arguments as in [26, 30, 35, 36] or the abstract results in [34], it easily
follows that equation (1) admits the comparison principle. Thus, we have
(86) u_ <U (t,z) <u(t,r) <UT(t,z) <uy for (t,z) € Ry x R",
(87) u_ <U (t,z) < p(zy +ct) <UT(t,) <uy for (t,x) € Ry x R™

In what follows, we are going to complete the proof for the stability in three
steps.

Step 1. The convergence of U™ (t,z) to ¢(z1 + ct)

For any given ¢ > ¢, let £ = (&1,&2,+ -+ ,&n) :=x+cte; = (x1+ct,xa, -+ ,x,) €
R"™ and
(88) V(&) =U"(t,x) — d(z1 +ct), Vo(s, &) :=US (s,7) — d(z1 + cs).

)
It follows from (86) and (87) that

(89) V(t,€) >0 and Vy(s, &) > 0.
We see from (1) that V (¢, ) satisfies (by linearizing it around 0)
a—VJrca—VfDAVer’( 0V
961
=V'(0) | fa(y)V(t—7,§ —y—crer)dy
R’IL

=-Q1(t, &) + / fa(y)Qa(t — 7, —y — cr)dy + [d'(0) — d'(¢(&1))]V

/ Fa @) (661 — 1 — ) — VOV (E — 7,6 — y — crer)dy
(90) =:0(t,&) + Iy(t,8) + I3(t, &) + I4(t, £),
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with the initial data

(91) V(s, &) = Vo(s,€), s €[-7,0],

where

(92) Qi(t, ) =d(¢+V)—d(¢) —d'($)V

with ¢ = ¢(§1) = (a1 + ¢t) and V =V (¢,€), and

(93) Q2(t — 7,6 —y —crer) =b(¢+ V) —b(¢) — ' (4)V

with g =¢(&1 —y1—cr) and V =V (t —7,§ —y —creq). Here I;(¢,£),i = 1,2, 3,4,
denotes the i-th term in the right-side of line above (90).
From (Hs), i.e., d”’(u) > 0 and b”(u) < 0, applying Taylor formula to (92) and
(93), we immediately have
Q1(t,§) 20 and Qa(t — 7, —y —crer) <0,
which implies
(94) L(t,8) <0 and Ix(t, &) <O0.

From (H3) again, since d'(¢) is increasing and ¥'(¢) is decreasing, then d’(0) —
d'(#(&1)) <0 and b (p(§&1 —y1 — ¢7)) — b'(0) < 0, which imply, with V' > 0,

(95) I3(t,€) < 0 and I4(t,€) < 0.

Thus, applying (94) and (95) to (90), we obtain

(96) v + ca—v — DAV +d'(0)V —b'(0) Ja)V(t—1,6 —y —crer)dy < 0.
6t 861 R”

Let V(t,€) be the solution of the following equation with the same initial data
Vo(s, €):

ov. oV

o oE

(97) —b'(O)/ fa)V(Et—T1,6—y—crer)dy=0, (t,€) € Ry xR",

V(s,6) = Vo(5.€), s € [-7.0},z € R".

— DAV +d (0)V

By the comparison principle [36], we have

(98) 0<V(t,€) <V(tE), for (t,€) € Ry x R™.
Let
(99) v(t,€) = e ETTIV (1, 8).
From (97), v(t, &) satisfies
ov ov
e +CO(9_§1 — DAv + cjv
(100) =2 | faly)e W To(t — 7,6 —y — crer)dy,
Rn
where

(101) co:=c—2D\,, c¢1:=ch— DX +d(0)>0, and cy:=b'(0).
When 7 = 0, then (100) is reduced to
ov ov

102 — 4+ c=——DAv+cv=c fa(y)e MY 0(t, € —y)dy.
(102) G rage w=e [ fae e -y)
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For 7 > 0, applying Theorem 2.3, we obtain the following decay rates:
(103) [0(t)]| oo () < Ot Femer(1ma)t,
where c3 is defined in (61), which can be directly calculated as, by using the property

(8),

ez = V(0) [ faly)e Mtendy
Rn

R

(104) = Y(0)e™ e >,

When ¢ > ¢, namely, the wave ¢(z1 + ct) is non-critical, from (16) in Proposition
1.1, we realize

(105) c1:=ch — D2+ d(0) = Go(\) > Fo.(\) = b/(o)ea/\fﬂ\*cr — e,
Thus, (103) immediately implies the following exponential decay
(106) [0(t)]| oo () < Ct™ 5 emer(c1e)t,

When ¢ = ¢,, namely, the wave ¢(x1 + c.t) is critical, from (17) in Proposition 1.1,
we realize

(107)  c1:=ch — DX2 +d'(0) = G (A,) = Fu (M) = 1/ (0)e® 2720007 = ¢y
Then, from (103), we immediately obtain the following algebraic decay
(108) [0(t)[| ooy < Ct™%.

Since V(t,€) < V(t,€) = eME =2yt €), and 0 < eME17%) < 1 for & €
(=00, 4], we immediately obtain the following decay for V.

Lemma 3.1. It holds that:

(i) when ¢ > cy, then

(109) IV ()| oo (oo xmn—1y) < Ct~Fes1(ermea)t = ¢ 5 .
((—00,24] )
(ii) when ¢ = ¢y,
(110) Hv(t)HL“((foo,a:*]XRnfl) < Ct7%7 t > 0.

Next we prove the decay rate for V(¢,€) in [z, 00) x R*~L.
Lemma 3.2. It holds that
(111) IV ()| o (s o) xme-1) < C™ 2 e, for > ey,
(112) IV (D)l (fon 00y xrr-1) < CL2, for ¢ =c..
with some constant 0 < v < min{e1(c1 — ¢3),d' (uy) — b (ug)}.
Proof. From (84) and (6), as set in (88) V(t,€) := Ut (t,x) — ¢(x1 + ct) with
E=(&,8,  ,&) = (z1 +ct,xe, -+ ,x,), we have
(13) 5o+ ege — DAV +d6+ V)= d(0) = [ Fan)lb(o+V) ~b(o)ldy

Applying Taylor expansion formula and noting (H3) for d”(u) > 0 and b”(u) < 0,
we have

(114) d(¢+V) —d(¢) = d($V +d"(61)V* = d'(9)V,
(115) b(¢+V) = b(¢) = (¢)V +b"(62)V> < V()V,
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where ¢; (i = 1,2) are some functions between ¢ and ¢ + V. Substituting (114)
and (115) into (113), we have, for ¢ > c,,

a_v + Y DAV yd(e)v
o€,
< [ a6 - eVt ri—y  cren)dy,
(116) R"
fort > 0,£ € [.,00) x R"L
V|'51:93* S 02(1 + t)igeisl(qica)ta for ¢t > 0) (52; e 75”) € Rnil
Vs = Vo(s,€), for s € [-7,0],& € [14,00) x R* 1,

and for ¢ = ¢y,

EL 4 Z DAV 4+ d(o)V

< fa@V' (061 —y1 —en))V(t — 7,€ —y — cTer)dy,
(117) R

for t > 0,€ € [w4,00) x R*1
Vl&—l* _C3(1+t) , fOI't>0, (52,-'- ,fn) e Rn1
Vizs = Vo(s,€), for s € [-7,0],€ € [, 00) x R"™ 1,

provided some positive constants Cy and Cs. Here, x, is selected to be sufficiently
large such that, for & >z, > 1,

(118) 4 (6(6)) > / PV ({6 — 91 — er))dy,
Rn
due to that, (Hz) for d'(u4) > b'(uy) implies

lim d'(¢(&)) =d'(ugr) > b(uy)

61*}00

= fa(y)V (ut)dy
RW,

= | o) Jim (606 — 1 er)]dy

= lim § o)V (¢(&1 — y1 — e7))dy,

61%00 R

which further confirms (118) for & > z, > 1.
In the case ¢ > ¢4, let

(119) V(t, &) =Ci(l+t+7)"2e™, telt,00)

where Cy > Vo(s,z) > 0 is a selected large constant, and ¢, and x, are chosen
sufficiently large, and v > 0 is set small within 0 < v < min{e;(c; — ¢3),d' (u4) —



NONLOCAL FISHER-KPP EQUATIONS 397

b’ (uy)}, such that

rien Y +d'(¢(&1))
—e¥7 a Jlri: : / fa@)V (P& —y1 — cr))dy
= [d'(uy) =V (uy)] - m -v
1) = )]~ [ Sl (06 — = cr)) =¥l

; [ew<%) - 1} - fa@)' (p(&1 — 11 — cr))dy

(120) >0, for t > t., & > x,.

We choose Cy > 0 large enough such that V(¢,£) > V(t,£) for t € [0,£,] x R™.
By a simple but tedious computation as we did in (41), we can verify that V' (¢, &)
is an upper solution to (116) in the form
ov v
ot 061
oy |2 | 1661 = er)V (e~ 7.6~y ~ cren)dy,

RTL
for t > t., £ € [x,,00) x R"1
Vlg=a. 2 Co(l+t) e =17t fort > ¢, (&, &) € R™!
Vizs > Vo(s,€), for s € [-7,0],€ € [x,00) x R"7L.

— DAV +d'(¢)V

Thus, we get, in the case of ¢ > ¢y,
(122) 0 <V (t,€) < V(t,€) = Ca(l4+7+t)"2e ¥, fort > t,,& € [x,,00)x R L,

This proves (111).
When ¢ = c,, we can similarly check that

(123) V(t,6) =Cs(1+7+1)"%, t€[t,00)
is an upper solution to (116) in the form
W VDAV 4 d(6)7
o8,

> [ a6 - eVt 76—y crer)dy,
(124) R

for t > t,,& € [w4,00) x R*!
V|£1:x* > 02(1 +t)7%a for t > t., (527 s agn) eR"!
Vi=s > Vo(s,€), for s € [-7,0],€ € [x.,00) x R*7L.

Then, we get, in the case of ¢ > ¢,
(125)  0<V(t,&) <V(t,6) <CA+t)"2, fort>0,&€ [z,,00) x R*7L,
This proves (112). So, the proof of this lemma is complete.

Combing Lemma 3.1 and Lemma 3.2, we obtain the decay rates for V (¢, ¢) in
L>*(R"™).

Lemma 3.3. It holds that:
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(i) when ¢ > ¢y, then
(126) ||V(t)||LOO(Rn) § Ctigeiyt, t>0
with 0 < v < min{e1(c1 — ¢3),d' (uy) — b’ (uy)};
(ii) when ¢ = ¢4,
(127) V() zomny < Ct2, t>0.
Since V(t,&) = U™ (t,z) — ¢(z1 + ct), Lemma 3.3gives directly the following
convergence for the solution in the cases with or without time-delay.

Lemma 3.4. It holds that:

(i) when ¢ > cs, then

(128) sup [Ut(t,x) — d(xy +ct)| <Ct 2™, t>0
z€R™

with 0 < v < min{ey1(c1 — ¢3),d' (uy) — b (uy)}
(ii) when ¢ = cy, then

(129) sup [Ut(t,x) — d(z1 +cut)| S Ct™2, > 0.
zeR"™

Step 2. The convergence of U™ (t,x) to ¢(x1 + ct)
For any given ¢ > c,, let & = x1 + ct, £ = x + cte;
(130) v(t, ) = p(x1 +ct) —U™ (t,x), vo(s,8) = p(z1 +cs) —Uy (s, z).
As in Step 1, we can similarly prove that U~ (¢, x) converges to ¢(z1 +ct) as follows.

Lemma 3.5. It holds that:

(i) when ¢ > ¢y, then

(131) sup [U~(t,x) — ¢(xy +ct)| < Ct %™, t>0
;CER"
with 0 < v < min{e1(c1 — ¢3),d' (uy) — 0’ (uy)};
(ii) when ¢ = cx, then

(132) sup [U™(t,x) — ¢(z1 +cut)| SOt 2, > 0.
zeR"™

Step 3. The convergence of u(t,x) to ¢(x; + ct)

Finally, we prove that u(t,x) converges to ¢(x; + ct). Since the initial data
satisfy Uy (s,7) < ug(s,x) < Uy (s,2) for (s,x) € [-7,0] x R™, where 7 can be
taken as 7 > 0 or 7 = 0, then the comparison principle implies that

U™ (t,z) <u(t,z) <UM(t,x), (t,) € Ry x R™
Thanks to Lemmas 3.4 and 3.5, by the squeeze argument, we have the following
convergence results.
Lemma 3.6. It holds that:

(i) when ¢ > ¢y, then

(133) sup |u(t,x) — ¢(zy +ct)| <Ct 2e ™ >0
zeR™
with 0 < v < min{e1(c1 — ¢3),d (uy) — b’ (ug)};
(ii) when ¢ = cx, then

(134) sup |u(t, ) — ¢(x1 4+ cut)] <Ct™ 2, > 0.
z€R™
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