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Abstract

This study focuses on the Rosenau—Burgers equation u; + uyxxxr — cxy + f(u)y = 0 with a periodic initial boundary
condition. It is proved that with smooth initial value the global solution uniquely exists. Furthermore, for & > 0, the global solution
converges time asymptotically to the average of the initial value in an exponential form, and the convergence rate is optimal; while
for @ = 0, the unique solution oscillates around the initial average all the time. Finally, the numerical simulations are reported to
confirm the theoretical results.
© 2006 Elsevier Ltd. All rights reserved.
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1. Introduction and main results

In the study of the dynamics of dense discrete systems, the cases of wave—wave and wave—wall interactions cannot
be treated using the well-known KdV equations. To overcome this shortcoming, Rosenau [17] proposed the so-called
Rosenau equation

Ur + Uyxxxr + Uy +uty =0.

Since then, much work has been done on the solution existence and uniqueness, as well as numerical schemes by the
Galerkin method; cf. [3-6,8,13—-16], and the references therein. On the other hand, for the further consideration of the
dissipation in space for the dynamic system, such as the phenomenon of bore propagation and the water waves, the
viscous term —ouy, needs to be included:

Up + Uxxxxr — Qlyy + Uy +uuy =0,
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with @ > 0. This equation is usually called the Rosenau—Burgers equation, because its dissipative effect is the same
as that in the Burgers equation

Uy — QUyy + Uy +uuy, =0.

The asymptotic behavior of the solution for the Cauchy problem to the Rosenau—Burgers equation, in particular, the
stability of traveling waves and diffusion waves, have been well studied in [7,10,11].

Subsequently, this study focuses on the periodic initial-boundary value problem for the generalized
Rosenau—Burgers equation:

Ut + Uyxxxt — CUxx + f(”)x =0, xeR, re R+,
ul=0 =uo(x) x €R, (1.1)
up(x) =up(x +2L), x eR,

where f(u) is a smooth function of u, L > 0, and 2L is the period of the initial value ug(x). The main purpose is to
investigate the asymptotic behavior of the solution u(x, t) to the periodic IBVP (1.1).

On the basis of the 2L-periodicity, the solution u(x, t) on the whole number line, —00 < x < 00, can be regarded
as a 2L-periodic extension of u (¢, x) on [0, 2L]. Therefore, the investigation concentrates on Eq. (1.1) on the bounded
interval [0, 2L]. Integrating (1.1) with respect to x over the interval [0, 2L], and noticing the periodicity of u(x, t), we
have

d 2L
cﬂ/ u(t, x)dx =0,
0

which gives

2L 2L
/ u(t, x)dx = / ug(x)dx. (1.2)
0 0
Let m be the average of the initial value u(x) over the interval [0, 2L]
2L
= dx. 1.3
mo = - A up(x) (1.3)

Then (1.2) with (1.3) implies

2L
/ [u(t, x) — mgldx = 0. (1.4)
0
For the asymptotic profile of the solution u(z, x), Eq. (1.1) is linearized around my:
Ur + Usxxxr — aUyxy + f/(mO)Ux =0, (L.5)
where U (t, x) = u(t, x) — mo. It is known that (1.5) admits a solution in the form
U(t, x) = AeMtieox (1.6)

where A is a constant, A is the wave frequency (which may be complex), and w is the wavenumber satisfying the
periodic condition

eia)x — eiw(x+2L)‘
Substituting (1.6) into (1.5) yields
A+ (i0)*A — a(iw)® + f/(mg)iw = 0,
which is solved as
_ —aw? —if'(mo)w
N 1+ ot
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The real part of A is

Re(h) aw’ (1.7)
e(A) = ——. .
1+ ot
When a > 0, Re(1) < 0, then U (t, x) converges to zero as time ¢ approaches infinity:
th2
\U(t, x)| ~ O(1)eRe® = 0(1)e 1+, (1.8)

When o = 0, Re(L) = 0, then
U(t,x) ~ O)sinImA)t + wx) + O(1) cos(Im(X)t + wx),

where Im(A) = f/(mo)w/(1 + o). Therefore, U (¢, x) oscillates around zero all the time.
This study, as shown later, concludes that similar results hold for the nonlinear case. Before the main results, some
useful notation is introduced.

Notations. Let Lger(R) denote the space of square integrable 2 L-periodic functions on R

Lger(R) = {v(x)|v(x) = v(x + 2L) forall x € R, and v(x) € L?(0,2L) for x € [0, 2L]}

with the norm

4 ) 1/2
ol = fo Pode)

The inner product of L2 _(R) is defined as

per
2L

(9. ¥) = A ¢ ()Y (x)dx.

Hé‘er(R) (k > 0) is the periodic Sobolev space of Lger—functions v(x) defined on R whose derivatives aj;v (i =
1,..., k) also belong to L2 (R), with the norm

per

T 12
||U||HI§<er = (Z/ |8;v(x)|2dx) )
i=0"0

For T > 0 and a Banach space B, CX(0, T; B) denotes the space of B-valued k-times-continuously differentiable
functions on [0, T']. The corresponding spaces of B-valued functions on [0, co) are defined similarly.
Now we are ready to state the main results.

Theorem 1.1 (Exponential Convergence). Let « > 0 and ug(x) € ngr(R). For the periodic IBVP (1.1) there exists a
unique and global solution satisfying

u(t, x) —mo € C(0, 00; Hy. (R))

and
/7-[2 + L2
= mo)(O)ll g, = 1|0 = mo)ll (1.9)
sup |u(r,x) —mo| = O(1)e™"", (1.10)
xe[0,2L]
forallt € [0, 00), where
aw% am?l?

= (1.11)

R Ry 2

and wy = % is the smallest wavenumber (eigenvalue) which satisfies ¢“¥ = el “+2L) gnd f02 Lgioxgy = 0.
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Theorem 1.2 (Oscillatory Divergence). Let « = 0 and ug(x) € ngr(R). For the periodic IBVP (1.1) there exists a
unique and global solution satisfying

u(t, x) —mo € C(0, 00; Hpor (R))
and
I —mo)ON72 + 1 = mo)ax 72 = o —mo)lI72 + (o — mo)xxll7> (1.12)
per per per per

forallt € [0, 00). In particular, if ug(x) % mo, then the solution u(t, x) oscillates around my all the time.

Remark 1.3. 1. By Sobolev’s embedding theorem H2_ < Cl . the solution u(z,x) in C(0, co; szer(R)) is

per per’
1

per(R)), but it is not a classical solution to

continuous in time ¢ and differentiable in space x, i.e., u(t, x) € C(0, oo; C
Eq. (1.1). Such a solution is called a strong solution.

2. We show the global existence of the strong solution in Theorems 1.1 and 1.2 without the smallness assumption
on the initial value, namely, we obtain the global existence of the solution for any “large” initial data.

3. Compared to the decay rate (1.8) of the linear case, the rate (1.10) obtained for the nonlinear case in Theorem 1.1
is optimal, which also matches the optimal convergence rate for the periodic initial-boundary value problem of the
2 x 2 system of the BBM-Burgers equations given by Bisognin et al. [2].

4. Although the solution u(#, x) in the case @ = 0 has been recognized to be oscillatory at all time around my, this
does not mean that the solution is not stable. In fact, as shown in Section 4 numerically, we conjecture that u(z, x)
converges to its periodic traveling wave ¢ (x — ct). For such a wave-stability problem, this is still open at this moment.

2. Proof of Theorem 1.1

Let
v(t, x) = u(t, x) — mg. 2.1)
With (1.4), periodic IBVP (1.1) is reduced to

Ut+vxxxxt_avxx+F(U)x =0, xeR, ¢t €R+,
V|r=0 = uo(x) —mp =: vo(x), x €R,
vo(x) =vo(x +2L), x €R, (2.2)

2L
/ vo(x)dx =0,
0

where
F(v) = f(v+mo) — f(mo). (2.3)

Corresponding to Theorem 1.1, the equivalent result for the new periodic IBVP (2.2) is as follows.

Theorem 2.1. Let a > 0 and vo(x) € ngr(R). For the periodic IBVP (2.2) there exists a unique and global solution
satisfying
v(t, x) € C(0,00; Hyor (R))

and

VL? + 77

O llaz, = ———lvoll g, (2.4)
sup [v(z, x)| = O(D)e™" (2.5)
xe[0,2L]

forallt > 0, where y is given in (1.11).
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When Theorem 2.1 is proved, Theorem 1.1 is obtained automatically. Therefore, the main objective in this section
is to prove Theorem 2.1. The method of continuity extension with the L2-energy estimates is adopted. The solution
space is defined as

XM<r1,r2)={v(z,xnv(z,x)ecm,rz;ngr(R)), sup v(®)ll e, < M|
el ]

where M > 0 and r, > #; > 0 are constants.
Proposition 2.2 (Local Existence). For a > 0, consider the periodic IBVP at the initial time T > (0

Vs 4+ Vxxxxr — 0Uxx + F(0)y =0, x eR, t e[r,00),
V|i=r = v(x), x €R,
ve(x) = v (x +2L), x €R, (2.6)

2L
/ v (x)dx = 0.
0

Let v (x) € ngr(R) and M > 0 be such that ||v; ”ngr < M. Then there exists a number ty = to(M) > 0 such that
the periodic IBVP (2.6) has a unique solution v(t, x) in Xop (7, T + tp).

This proposition can be proved by a standard iteration method; cf. [9,12]. Therefore the detail is omitted here.
The following Poincaré inequality is needed in the a priori estimates for the solution.

Lemma 2.3 (Poincaré Inequality). Consider (2.2) with « > 0. Let T > 0 and v(t,x) € C(0, T; ngr(R)) be a
solution of (2.2). Then

T
@, < 197 @l k=0,1. @.7)

Proof. First, an orthonormal basis is constructed for the space whose functions satisfy the periodic condition

2L
¢ = {¢|¢(X) =¢(x+2L), A ¢ (x)dx =0}. (2.8)
Consider the eigenvalue problem
_¢// — a)2¢
x)=¢((x+2L),
#(0) = (x +20) 29
¢(x)dx = 0.
The eigenvalues and the corresponding normalized eigenfunctions are solved in the form
. km
eigenvalues: oy = —,
3 1
@1,k = —= COS WX, k=1,2,..., (2.10)
eigenfunctions: ‘/1Z
2.k = —= sinwyx,
P L
with inner products
2L .
— . . _ 17 forl:],k:l,
(¢l,k7 ¢j,l> - 0 ¢l,k(x)¢],l(x)dx - {0’ OtherWise. (211)

Thus, the sequence {¢; x} ( = 1,2 and k =1, 2, 3, ...) forms the orthonormal basis of the space & defined in (2.8).
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Notice that the solution v(¢, x) € C(0, T; ngr) satisfies v(¢, x) = v(t, x +2L) and fOZL v(¢, x)dx = 0. Therefore,
v(t, x) € @, and can be expressed in the form

o0

v(t, x) = Z[al,k(t)cbl,k(X) + a2,k (2,1 (0], (2.12)

k=1

where a; x(t) i = 1,2and k =1, 2, 3, .. .) are the so-called Fourier coefficients determined as

2L
ai (1) = (v(t, x), gk (x)) =/ v(t, X)pik(x)dx, =12 k=12,.... (2.13)
0
Differentiating both sides of (2.12) with respect to x yields
o0
ve(t,X) = Y ox[—a1 k(OP2x () + azk (Dp1.x (X)) (2.14)
k=1

Now, taking the inner product of v(¢, x) with itself and using (2.11), we then have

v(t, x), v(t, x))

—~

2
vt =
I,

=}jMWMAwﬂmmmmnipmwmm+%mmwm>
k=1 =1

Z[al,k(l)al,z(t)(¢1,k, ¢1.1) + arx()az (1) b1k, $2.1)
k=11=1

2.k()ar () (P2 k. d1,1) + az k (D)az 1 () D2k, P2.1)]

+a
= Y @ ®)* + (a2.x())’1. (2.15)

Similarly, from (2.14) we obtain

IO, = D @fl@n k)’ + (@)’ (2.16)
k=1

Since wi > w1 = % fork =2,3,...,(2.15) and (2.16) imply

o0

DNOI 0l(@1k(0)* + (@2(1)]
1

k=

> o Y [a1x(0) + (a2(0)’]
k=1
7'[2 2
= IO 2.17)

Similarly, we can prove

2 T 2
lvxx ()] 122 ﬁ”vx(t)” 12, (2.18)

Hence (2.7) is proved. [

Proposition 2.4 (A Priori Estimate). Let T > 0 and M > 0 be arbitrary fixed constants, and v(t, x) € Xp(0,T) be
a solution of (2.2). Then

/12 2
Lo+ (2.19)

< -
I, < Il 1€l0.T]
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sup |u(t,x)|=0)e ", tel0,T]. (2.20)
x€[0,2L]
Proof. Let v(t,x) € C(0, T; Hﬁer(R)) be a solution of (2.2). The a priori estimates (2.19) and (2.20) will be proved
by the Lz—energy method. Since the strong solution v(¢, x) lacks the regularity for vyyxy; Since vo(x) € szer, v(t, x)
cannot be treated directly in the form of differential equation (2.2). In order to overcome this shortcoming, the periodic
IBVP (2.2) is first investigated with a smooth enough initial value. The regularity of the solution v (¢, x) depends on
the smoothness of its initial value vg(x). That is to say: the smoother the initial value, the smoother the solution.
Smooth the initial value vg(x) as

vg(x) = / Je(x — y)vo(y)dy,

where ¢ > 0 is a constant, J.(x) € CSO(R) is the mollifier satisfying J;(x) = 0 for |x| > ¢ and ffooo Je(x)dx = 1. It
is known that vj(x) € C*°(R) and

SE:})]+ vg(x) = vo(x) (2.21)

for all x € R; cf. [1]. The periodic conditions still hold:

o0
vg (x+2L) = / Je(x +2L — y)vo(y)dy [by change of variables: z =y — 2L]
oo
= f Je(x — 2)vo(z + 2L)dz [by periodicity: vo(x 4+ 2L) = vo(z)]
—0Q

= / Je(x — 2)vg(2)dz

—00

= vé(x), (2.22)

2L 2L 00
/0 v (x)dx = /0 (/ Je(x — y)vo(y)dy) dx
2L 00
= /0 ( / Je(M)vo(x — y)dy) dx
00 2L
- / 1) ( /0 v — y)dx) dy

00 2L+y 2L+y
= / Je () / vo(z)dz | dy by periodicity: / vo(z)dz =0
oo y y

—00

and

Let v®(z, x) be the local solution of the periodic IBVP

vf F U5 —avs, + F(0*), =0, xeR, 1e[0,T],
v¥li—0 = v5(x), x €R,
vo(x) = vy(x +2L), x €R, (2.24)

2L
/ vg(x)dx = 0.
0
Since the initial value US (x) € ngr(R), the solution v®(z, x) has good enough regularities in x and ¢, and
lim+ vi(t, x) = v(t, x) (2.25)

e—0

for all (¢, x) € [0, T] x R. The convergence (2.25) can be proved like in [9,12], and the details are omitted here.
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We now prove the estimates (2.19) and (2.20) for v®(z, x). Multiplying the first equation of (2.24) by v®(x, ), we
obtain

1
5{(1;8)2 + W)Y+ a () + e, —vive, — avfuf + G(v¥)), =0, (2.26)
where G (v®) is an antiderivative of F’'(v®)v?, i.e., G'(v®) = F/(v®)v®. Integrating (2.26) over [0, 2L] x [0, t] with

respect to x and ¢, and using the periodicity of v® such that the last term of the left-hand side of (2.26) disappears after
integration with respect to x, we then have

t
10" OZz, + W5 O, + 2 /0 [ Gl P L e N R (US| (2.27)

Applying the Poincaré inequalities (2.7), we obtain

2 2
& 2 & 2 _ & 2 & 2 & 2
W O3, + VGO = WO + 53 IOl + sl Ol
2 : ' 2 : 2
& & £
> v (t)”L;%er + 2z EHUX(I)HL%H + m”v”(t)llLI%a
2 2
_ & 2 Ul & 2 T & 2
= |lv (t)||L§er + m”vx(t)HL%er + m”vxx(l)”%er
72
> ——— WO, . te€[0.T] (2.28)
~ 2+ L2 Hier

Substituting (2.28) into (2.27) and dropping the positive term 2o fot V8 (r)||i2 dtr implies (2.19) for the smooth
per

solution vé(x, 1), i.e.,

2 2
m°+ L
el L1 P (U (2.29)

On the other hand, again, applying the Poincaré inequality (2.7), we have

2
2 T
e OI2, =
per

2
= IO, (2.30)

and

t t 7r4 L4
2a/ eI, dr = 2a/ T @I + ——— @I, Lde
0 X Lper 0 7T4+L4 X Lper 7T4+L4 X Lper

! m £/ 12 L o,
> 2 ———|lvi(r + —— =z dr
- /O {77,'4 L4 || x( )”L%er 7_[4 L4 Lz ” ( )”Lger}

2rm?l? [ (n?, . 5 . )
= m/o {ﬁllvx(f)lngerJHIU (f)lnger}df
' 2 '’ 2
— & &
= 2)/[0 illv (r)lngerJr ﬁllvx(r)lnger}dr, (2.31)

where y = %L Substituting (2.30) and (2.31) into (2.27) yields

2 t 2
2 T 2 2 T 2 2
I OIF; + 731017, +2y fo {””8(T>”Lger + ””i(””Lgﬂ} dr < ojlye . 1€l0.T] (232)
Applying Gronwall’s inequality to (2.32), we have

2
& 2 T € 2 12 =2yt
V(e + — v (¢ < v e tel0, T
IO, + T3 IO, < gl e 1 el0.7),
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which implies
£ 2 g2 —2yt
lv° NIy, = Cillygliy e, 1 €[0,T], (2.33)
per per

where C1 = 1/min{1, 72/L?}. Using Sobolev’s embedding inequality H' < C°, we have
sup v (x, )| < Cllvgllz,e™, 1 €[0T, (2.34)
x€[0,2L] per

which proves (2.20) for vé(z, x).
With (2.25), i.e., lim,_, o+ v(f, x) = v(t, x), (2.29) and (2.34) imply (2.19) and (2.20) for the strong solution
v(t, x). The proof is complete. [

Proof of Theorem 2.1. For any given 2L-periodic initial value vg(x) € ngr(R), we choose M such that

Mm 2+ L2

_ << M’ i‘e.’ L
w2+ L? m?

By Proposition 2.2 with 7 = 0, for the periodic IBVP (2.2) there exists a unique local solution v(z, x) in X2,7(0, 7o)
for the time determined, #o = t9(M) > 0. For such a local solution, applying Proposition 2.4, from (2.35) we have

2 2
lvoll 2, = Ivolly, < M2, (2.35)

2 2
m°+L
10Ol < =5 lIvolly, < M, 1 €10,10] (2.36)

and

sup |v(t,x)| = O0()e ", tel0,1]
x€[0,2L]

Therefore, v(z, x) € X (0, tp). Since ||v(ty) || HZ,, < M (see (2.36)), we apply Proposition 2.2 with 7 = f¢ to obtain

the solution v in X/ (f9, 2f9), namely, we extend the existence interval of the solution v (¢, x) from [0, #p] to [0, 2zg].
For v(t, x) € Xop(0, 219), again we use Proposition 2.4 to obtain

2 2
vl = ———llvollz = M=, 1 €[0,21]
H 2 H
T per

and

sup |v(t, x)| = 0(e ", tel0,20]
x€[0,2L]

We prove v(t, x) € X (0, 219).
Repeating the above procedure, we prove that v(¢, x) € X (0, +00) and

2 2
2 "+ L 2 2
vl = s— ol =M*, 1 €[0,+00)
per s per

and

sup |v(t, x)| =0(De ", tel0,+00).
x€[0,2L]

The proof of Theorem 2.1 is complete. [J
3. Proof of Theorem 1.2
With v(¢, x) = u(t, x) — mo, the periodic IBVP (1.1) with @ = 0 is reduced to

Vr + Vxxxt + F(v)y =0, xeR, teRy,
V|i=0 = up(x) —mo = vo(x), x €R,
vo(x) =vo(x +2L), x €R, (3.1)

2L
/ vo(x)dx =0,
0
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where F(v) = f(v 4+ mg) — f(mg) as in (2.3).
The corresponding oscillatory divergence around zero of the solution v(¢, x) to (3.1) is as follows.

Theorem 3.1. Let = 0 and vo(x) € ngr(R). For the periodic IBVP (3.1) there exists a unique and global solution
satisfying

v(t, x) € C(0, 00; Hp (R))
and

@G, + IO, = lvolzs + lvo.cxlzs (3.2)

forallt € [0, 00). In particular, if vy(x) = 0, then the solution v(t, x) oscillates around zero at all time.

Once Theorem 3.1 is proved, Theorem 1.2 can be easily obtained. As shown in the previous section, the local
existence of the solution has been given in Proposition 2.2 for the case « = 0, Theorem 3.1 can then be proved
similarly by using the energy method based on the local existence and the following a priori estimates.

Proposition 3.2 (A Priori Estimate). Let T > 0 and M > 0 be arbitrary fixed constants, and v(t, x) € Xp(0, T) be
a solution of (3.1), where the solution space X (0, T) is defined as in the previous section. Then

I0@I7s + 10 @Iz = lvolizs + ol . 1 €10, 71, (33)
VL% + 7
@ llgg, < ~———lwlyg,. r€l0.T]. (34)

Proof. As shown in Propositions 2.4 and 3.2 can be treated similarly. Let v(z,x) € X (0,T) be a solution of
(3.1). Although it lacks regularity, a mollifier may be introduced to smooth the equation as shown in the proof of
Proposition 2.4. For the sake of simplicity, the regularity of v is neglected. Multiplying Eq. (3.1) by v yields

1
E(UZ + Uxx)r + {VxxxrV — UxxrUx + G(0)}x =0,

where G'(v) = F'(v)v. Integrating the above equation over [0, 2L] x [0, #] with respect to x and ¢ implies (3.3)
Iv@I5, + 10 @Iz = lvoliza + oy . 1 €10, T1.

Like for (2.28), using the Poincaré inequality (2.7) one deduces (3.4) from (3.3). [

Proof of Theorem 3.1. As shown in the previous section, the global existence of the solution to the periodic IBVP
(3.1) can be similarly proved by the continuity argument. Its detail is omitted here.
Now, let us show the oscillatory divergence of v(¢, x). If vo(x) £ 0, by the periodicity of v(¢, x)

2L
v(t,x) = v(t, x +2L), f v(t, x)dx =0,
0

we know that v(¢, x) % 0 and v(¢, x) is oscillatory. To see the divergence, if the assertion is not true, i.e., v(f, x) is
convergent to 0 as ¢t — o0, then we have

2 2
lv@ll;. =0 and (v (@I}, — 0 ast— oo,
per per
which implies from (3.2)
lvoll 2, + llvoxxllpz, — 0 ast — co.

This is a contradiction! Therefore, v(z, x) has oscillatory divergence. [J



L. Liu et al. / Nonlinear Analysis 67 (2007) 2527-2539 2537

0 2 4 6 8 10

Fig. 4.1. (2) u(z, x) with & = 1, g (x) = sinx; (b) supxelo’zzl_llfz(t’x) ~m0l with u(t, x) from (a).

-4 time

Fig. 4.2. u(t, x) witho = 1 and ug(x) = 10sinx.

4. Numerical simulations

In this section, the numerical simulations are reported to confirm the theoretical results: Theorems 1.1 and 1.2.
Here, the nonlinear function is f(u) = u3/3 and the period 2L = 2.

Case A. @ > 0. Without loss of generality, let « = 1. The small initial value is chosen to be ug(x) = sinx, and its

average over [0, 2] is mg = fOZH sinxdx = 0. The numerical results in Fig. 4.1(a) and (b) show convergence of the
solution u (¢, x) to its initial average mo = 0. In particular, Fig. 4.1(b) shows

sup |u(r, x) — mo|

x€[0,27] ~1
e—1/2 &5
. . . . 272
which indicates that u(f, x) converges to mq at the optimal rate e ™"’ = e~"/? (see (1.11)), namely, y = —szi T =
17272 _ 1 .
ol B This confirms Theorem 1.1.

The large initial value is chosen to be ug(x) = 10sinx. The initial average is still mg = 0, but the perturbation
of ug(x) around the initial average my is large, sup |ug(x) — mo| = 10. For this case, convergence is also obtained;
see Fig. 4.2, which confirms the convergence of Theorem 1.1 in the case of the “large” initial value. Unlike the case
with small initial perturbation around its average mg shown in Fig. 4.1 in which the solution u (¢, x) decays smoothly
to mo = 0, Fig. 4.2 exhibits a lot of irregular and sharp oscillations within the initial short time from O to 2.5, then
converging smoothly to the initial average my.
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u(0,t)

Fig. 4.3. (a) u(t, x) with o = 0 and ug(x) = sinx; (b) u(z, 0) with o« = 0 and ugp(x) = sin x.

wave value

e
(=]
I

Fig. 4.4. u(¢, x) witha = 0 and ug(x) = 10sinx.

Case B. o = 0. Like for Case A, the small initial value is set as ug(x) = sin x, whose average over [0, 27 ] is mg = 0.
The numerical results in Fig. 4.3 (a) and (b) show the oscillatory divergence of the solution u(¢, x) around its initial
average mo = 0 at all time. The numerical experiment presented here validates Theorem 1.2.

A similar numerical result for the large initial value is presented in Fig. 4.4, in which the initial value is
up(x) = 10sin x.
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