
A better asymptotic profile of
Rosenau–Burgers equation

Liping Liu *, Ming Mei

Department of Mathematical Sciences, University of Alberta, Edmonton, Alberta, Canada T6G 2G1

Abstract

This paper studies the large-time behavior of the global solutions to the Cauchy

problem for the Rosenau–Burgers (R–B) equation ut þ uxxxxt � auxx þ ðupþ1= ðp þ 1ÞÞx ¼
0. By the variable scaling method, we discover that the solution of the nonlinear par-

abolic equation ut � auxx þ ðupþ1=ðp þ 1ÞÞx ¼ 0 is a better asymptotic profile of the R–B

equation. The convergence rates of the R–B equation to the asymptotic profile have

been developed by the Fourier transform method with energy estimates. This result

is better than the previous work [1,2] with zero as the asymptotic behavior. Further-

more, the numerical simulations on several test examples are discussed, and the nu-

merical results confirm our theoretical results. � 2002 Elsevier Science Inc. All rights

reserved.
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1. Introduction

In this paper, we investigate the asymptotic behavior of the solution for the
Rosenau–Burgers equation (R–B) in the form

ut þ uxxxxt � auxx þ
upþ1

p þ 1

� �
x

¼ 0; x 2 R; t > 0;

ujt¼0 ¼ u0ðxÞ ! 0 as x ! 	1;

8<: ð1:1Þ

where a is any given constant, pP 1 is integer.
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Eq. (1.1) with a ¼ 0 is called as the Rosenau equation proposed by Rosenau
[3] for treating the dynamics of dense discrete systems in order to overcome the
shortenings by the KdV equation, since the KdV equation describes unidi-
mensional propagation of waves, but wave–wave and wave–wall interactions
cannot be treated by it. Such a model were studied by Park [4] and by Chung
and Ha [5] for the global existence of the solution to the IBVP. Eq. (1.1) with
a > 0 is called the R–B equation and somehow corresponds to the KdV–B
equation and the BBM–B equation, but it is given neither by Rosenau nor by
Burgers. The Rosenau equation with the dissipative term �auxx, or say, the R–
B equation arises in some natural phenomena as for example, in bore propa-
gation and in water waves.

The asymptotic behavior of the solution for the Cauchy problem (1.1) is
studied in [1,2]. Where, it is proved that the solution uðx; tÞ converges to 0 as
fast as follows:

kuðtÞkL2 6Cð1þ tÞ�1=4
; kuðtÞkL1 6Cð1þ tÞ�1=2

for all tP 0 if

Z 1

�1
u0ðxÞdx 6¼ 0

and

kuðtÞkL2 6Cð1þ tÞ�3=4
; kuðtÞkL1 6Cð1þ tÞ�1

for all tP 0 if

Z 1

�1
u0ðxÞdx ¼ 0:

In all the previous works, 0 is considered as the asymptotic state of the solution
uðx; tÞ for the R–B equation. In this study, inspired by the works [6,7] on the
BBM–B equations, we obtain a better asymptotic profile, i.e. a solution of its
corresponding nonlinear parabolic equation, for the R–B equation. Further-
more, it is proved that the convergence to the asymptotic profile is faster than
that to the zero.

1.1. Notations

For simplicity we introduce some notations. C always denotes some positive
constants without confusion. okxf :¼ okf =oxk. Lp presents the Lebesgue integral
space with the norm k 
 kLp . Especially, L2 is the square integral space with the
norm k 
 kL2 , and L1 is the essential bounded space with the norm k 
 kL1 . Hk

and W k;p denote the usual Sobolev spaces with the norms k 
 kHk and k 
 kW k;p ,
respectively. Suppose that f 2 L1ðRÞ \ L2ðRÞ, we define the Fourier transforms
of f as follows:

F ½f �ðnÞ � f̂f ðnÞ ¼
Z
R

f ðxÞe�ixn dx:
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Let T and B be a positive constant and a Banach space, respectively.
Ckð0; T ;BÞðkP 0Þ denotes the space of B-valued k-times continuously differ-
entiable functions on ½0; T �, and L2ð0; T ;BÞ denotes the space of B-valued L2-
functions on ½0; T �. The corresponding spaces of B-valued functions on ½0;1Þ
are defined similarly.

2. Reformulation and the main theorem

Setting the following scalings to the variables:

t ! t
e2
; x ! x

e
; u ! emu

for some positive constants m and e, where e � 1, we then scale the R–B
equation (1.1) to

ut þ e4uxxxxt � auxx þ emp�1upux ¼ 0: ð2:1Þ

Balancing the leading order terms, we choose m ¼ 1=p, then Eq. (2.1) is re-
duced to

ut þ e4uxxxxt � auxx þ upux ¼ 0:

For e � 1, neglecting the small term e4uxxxxt leads to the asymptotic state
equation of the R–B equation (1.1) as follows:

ut � auxx þ upux ¼ 0:

The solution of this parabolic solution should be a better asymptotic profile of
Eq. (1.1).

By other choice of m we derive other asymptotic state considered previously.
Let m be chosen as mp < 1, we then rewrite Eq. (2.1) as

e1�mpðut þ e4uxxxxt � auxxÞ þ upux ¼ 0: ð2:2Þ

For e � 1, the term e1�mpðut þ e4uxxxxt � auxxÞ may be neglected so that the
asymptotic equation of (2.2) is

upux ¼ 0 i:e:
upþ1

p þ 1

� �
x

¼ 0:

Integrating it over ð	1; x� and noting that, formally uð	1; tÞ ¼ 0, we obtain
upþ1ðx; tÞ ¼ upþ1ð	1; tÞ ¼ 0, namely, uðx; tÞ ¼ 0. It means that the zero is the
asymptotic state of the solution uðx; tÞ of the R–B equation. This case has been
studied in [1,2].

Before our main theorem, we state the result for the solution of the non-
linear parabolic equation
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ht � ahxx þ hphx ¼ 0
hjt¼0 ¼ h0ðxÞ ! 0 as x ! 	1:

ð2:3Þ

Theorem 2.1 [8–10]. Suppose that h0ðxÞ 2 H 2ðRÞ \ L1ðRÞ holds. Then there
exists a positive constant d0 such that when kh0kL1 þ kh0kH2 6 d0, then the Cauchy
problem (2.3) has a unique global solution hðx; tÞ with

hðx; tÞ 2 Cð0;1;H 2ðRÞ \ L1ðRÞÞ \ L2ð0;1;H 1ðRÞÞ

and

kojxhðtÞkLq ¼ Oð1Þðkh0kL1 þ kh0kH2Þ
� ð1þ tÞ�ððjþ1Þq�1Þ=ð2qÞ

; 16 q61: ð2:4Þ

Furthermore, if h0 2 L1ðRÞ \ H 6ðRÞ, then

kojxhtðtÞkL1 ¼ Oð1Þðkh0kL1 þ kh0kH6Þð1þ tÞ�1�j=2; j ¼ 0; 1; 2; 3; 4: ð2:5Þ

We now state our main result as follows.

Theorem 2.2. Suppose that v0ðxÞ ¼
R x
�1½u0ðyÞ � h0ðyÞ�dy 2 W 3;1ðRÞ and h0ðxÞ 2

L1ðRÞ \ H 6ðRÞ hold. Let g ¼ kh0kL1 þ kh0kH6 . Then there exists a positive con-
stant d0 such that when kv0kW 3;1 þ g6 d0, then the Cauchy problem (1.1) has a
unique global solution uðx; tÞ with uðx; tÞ � hðx; tÞ 2 Cð0;1;H 1ðRÞÞ and satisfies
that

(i) If p ¼ 1, for any r > 0, the following estimates hold:

kðu� hÞðtÞkL2 6Cð1þ tÞ�3=4þr; ð2:6Þ
kðu� hÞxðtÞkL2 6Cð1þ tÞ�1þr

; ð2:7Þ
kðu� hÞðtÞkL1 6Cð1þ tÞ�7=8þr

: ð2:8Þ
(ii) If pP 2, the convergence rates are much faster as follows:

kðu� hÞðtÞkL2 6Cð1þ tÞ�3=4; ð2:9Þ
kðu� hÞxðtÞkL2 6Cð1þ tÞ�5=4

; ð2:10Þ
kðu� hÞðtÞkL1 6Cð1þ tÞ�1

: ð2:11Þ

Using L2, L1-results in the above theorem and the interposing inequality

kf kLq 6 kf kðq�2Þ=q
L1 kf k2=qL2 ; 26 q61;

immediately we obtain Lq-decay rates as follows:
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Corollary 2.3. Under the assumptions in Theorem 2.2, for 26 q61, it follows:

kðu� hÞðtÞkLq 6
Cð1þ tÞ�7=8þ1=ð4qÞþr; p ¼ 1;

Cð1þ tÞ�1þ1=ð2qÞ; pP 2:

�
ð2:12Þ

Remark 2.4.

1. In the case
R1
�1 u0ðxÞdx 6¼ 0 but

R1
�1 ðu0ðxÞ � h0ðxÞÞdx ¼ 0, our decay rates

to the diffusion wave hðx; tÞ are much better than that to the zero in [1,2].
This means that the solution hðx; tÞ of the nonlinear parabolic Eq. (2.3) is
a better asymptotic profile of the R–B solution uðx; tÞ than the zero.

2. In case p ¼ 1, it seems that the rate is not sufficient, and the optimal rate
could be ð1þ tÞ�1

as in the case pP 2. Our numerical simulation in Section
4 confirms it too. We expect more contributions on this problem.

3. The proof of the main theorem

From Eqs. (1.1) and (2.3), we have

ðu� hÞt � uxxxxt � aðu� hÞxx þ
upþ1

p þ 1

�
� h pþ1

p þ 1

�
x

¼ 0: ð3:1Þ

Since hð	1; tÞ ¼ 0, and we expect uð	1; tÞ ¼ 0, uxð	1; tÞ ¼ 0, then after
integrating (3.1) over ð�1;1Þ, we have formally

d

dt

Z 1

�1
½uðx; tÞ � hðx; tÞ�dx ¼ 0: ð3:2Þ

Due to the essential assumption, we integrate (3.2) over ½0; t� with respect to t to
have Z 1

�1
½uðx; tÞ � hðx; tÞ�dx ¼

Z 1

�1
½u0ðxÞ � h0ðxÞ�dx ¼ 0: ð3:3Þ

Therefore, it is natural to introduce

vðx; tÞ ¼
Z x

�1
½uðy; tÞ � hðy; tÞ�dy; i:e: vxðx; tÞ ¼ uðx; tÞ � hðx; tÞ; ð3:4Þ

which satisfies

vxt þ vxxxxxt � hxxxxt � avxxx þ
ðh þ vxÞpþ1

p þ 1

 
� hpþ1

p þ 1

!
x

¼ 0:

Integrating the above equation over ð�1; x� with respect to x, and noting
uð	1; tÞ ¼ 0, we obtain

L. Liu, M. Mei / Appl. Math. Comput. 131 (2002) 147–170 151



vt þ vxxxxt � avxx � hxxxt þ
ðh þ vxÞpþ1

p þ 1
� hpþ1

p þ 1
¼ 0;

vjt¼0 ¼
Z x

�1
½u0ðyÞ � h0ðyÞ�dy ¼ v0ðxÞ:

That is,

vt þ vxxxxt � avxx ¼ FpðvÞ;
vjt¼0 ¼ v0ðxÞ;

ð3:5Þ

where

FpðvÞ ¼ hxxxt �
1

p þ 1
½ðh þ vxÞpþ1 � hpþ1�

¼ hxxxt �
1

p þ 1

Xp
j¼0

ajh
jvpþ1�j

x ; pP 1

for some positive constants aj ¼
j

p þ 1

� �
. Thus, we get

jFpðvÞj6 jhxxxtj þ
1

p þ 1

Xp
j¼0

ajjhjvpþ1�j
x j;

joxFpðvÞj6 jhxxxxtj þ jvpxvxxj þ
1

p þ 1

Xp
j¼1

ajfjjhj�1hxvpþ1�j
x j

þ ðp þ 1� jÞjhjvp�j
x vxxjg: ð3:6Þ

Taking the Fourier transform to Eq. (3.5), we have

v̂vt þ ðinÞ4v̂vt � aðinÞ2v̂v ¼ dFpðvÞFpðvÞ;

namely,

v̂vt þ
an2

1þ n4
v̂v ¼

dFpðvÞFpðvÞ
1þ n4

;

with the solution

v̂vðn; tÞ ¼ e�BðnÞt v̂v0ðnÞ þ
Z t

0

e�BðnÞðt�sÞ
dFpðvÞFpðvÞðn; sÞ
1þ n4

ds;

where

BðnÞ ¼ an2

1þ n4
:

Then taking the inverse Fourier transform to the above resultant equation, we
have
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vðx; tÞ ¼ 1

2p

Z 1

�1
einxe�BðnÞt v̂v0ðnÞdn

þ 1

2p

Z t

0

Z 1

�1
einxe�BðnÞðt�sÞ

dFpðvÞFpðvÞðn; sÞ
1þ n4

dnds: ð3:7Þ

Differentiating it with respect to x, we have

ojxvðx; tÞ ¼
1

2p

Z 1

�1
ðinÞjeinxe�BðnÞt v̂v0ðnÞdn

� 1

2p

Z t

0

Z 1

�1
ðinÞjeinxe�BðnÞðt�sÞ

dFpðvÞFpðvÞðn; sÞ
1þ n4

dnds: ð3:8Þ

We now define the solution spaces as follows, for any positive integer pP 1 and
the given d > 0,

X d
p ¼ fv 2 Cð0;1;H 2ðRÞÞjMpðvÞ6 dg;

where

M1ðvÞ ¼ sup
06 t61

X1
j¼0

ð1
(

þ tÞð2jþ1Þ=4�rkojxvðtÞkL2 þ ð1þ tÞ1�rkvxxðtÞkL2

)
;

MpðvÞ ¼ sup
06 t61

X2
j¼0

ð1þ tÞð2jþ1Þ=4kojxvðtÞkL2 ; pP 2:

Theorem 3.1. Under the same assumptions in Theorem 2.2, there exists a positive
constant d1, such that when kv0kW 3;1 þ g < d1, then the Cauchy problem (3.5) has
a unique global solution vðx; tÞ satisfying vðx; tÞ 2 Cð0;1; H 2ðRÞÞ. Furthermore,
we have the following estimates:

1. When p ¼ 1, for any given r > 0, the solution vðx; tÞ of (3.5) satisfiesX1
i¼0

ð1þ tÞð2jþ1Þ=4�rkojxvðtÞkL2 þ ð1þ tÞ1�rkvxxðtÞkL2

6Cðkv0kW 3;1 þ gÞ:
ð3:9Þ

2. When pP 2, the solution vðx; tÞ of (3.5) satisfiesX2
j¼0

ð1þ tÞð2jþ1Þ=4kojxvðtÞkL2 6Cðkv0kW 3;1 þ gÞ: ð3:10Þ

Once Theorem 3.1 is proved, by uðx; tÞ � hðx; tÞ ¼ vxðx; tÞ, it is easy to prove
our main theorem, i.e. Theorem 2.2. Therefore, in the rest of this section, our
main goal is to prove Theorem 3.1. Before we prove this theorem, we state
several needed lemmas.
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Lemma 3.2 [1,2]. It holdsZ 1

�1

jnjje�cBðnÞt

ð1þ n4Þð1þ jnjÞj
dn6Cð1þ tÞ�ðjþ1Þ=2 ð3:11Þ

for j ¼ 0; 1; 2; 3; 4, where c is constant.

Lemma 3.3 [11,12]. Let a > 0 and b > 0 be constants. ThenZ t

0

ð1þ t � sÞ�að1þ sÞ�b
ds

6

Cð1þ tÞ�minða;bÞ if maxða; bÞ > 1;

Cð1þ tÞ�minða;bÞ
logð2þ tÞ if maxða; bÞ ¼ 1;

Cð1þ tÞ1�a�b if maxða; bÞ < 1:

8<:
ð3:12Þ

Lemma 3.4 [1,2]. If v0 2 W 3;1ðRÞ, then

1

2p

Z 1

�1
ðinÞjeinxe�BðnÞt v̂v0ðnÞdn

���� ����
L2
6Ckv0kW jþ1;1ð1þ tÞ�ð2jþ1Þ=4 ð3:13Þ

for j ¼ 0; 1; 2.

The nonlinear term is estimated as follows.

Lemma 3.5. Suppose that vðx; tÞ 2 X d
p , then

(i) for p ¼ 1,Z t

0

1

2p

Z 1

�1
ðinÞjeinxe�BðnÞðt�sÞ

dF1ðvÞF1ðvÞðn; sÞ
1þ n4

dn

�����
�����
L2

ds

6C½g þ ðg þ dÞ2�ð1þ tÞ�ð2jþ1Þ=4þr; j ¼ 0; 1 ð3:14ÞZ t

0

1

2p

Z 1

�1
ðinÞ2einxe�BðnÞðt�sÞ

dF1ðvÞF1ðvÞðn; sÞ
1þ n4

dn

�����
�����
L2

ds

6C½g þ ðg þ dÞ2�ð1þ tÞ�1þr
; ð3:15Þ

(ii) for pP 2,Z t

0

1

2p

Z 1

�1
ðinÞjeinxe�BðnÞðt�sÞ

dFpðvÞFpðvÞðn; sÞ
1þ n4

dn

�����
�����
L2

ds

6C½g þ ðg þ dÞpþ1�ð1þ tÞ�ð2jþ1Þ=4
; j ¼ 0; 1; 2:

ð3:16Þ

Proof. Due to the definition of X d
p and Sobolev’s inequality

kf kL1 6

ffiffiffi
2

p
kf k1=2L2 
 kfxk1=2L2 if f 2 H 1;
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it is easy to obtain
(i) for p ¼ 1,

kvðtÞkL1 6

ffiffiffi
2

p
kvðtÞk1=2L2 kvxðtÞk

1=2

L2 6

ffiffiffi
2

p
dð1þ tÞ�1=2þr

;

kvxðtÞkL1 6

ffiffiffi
2

p
kvxðtÞk1=2L2 kvxxðtÞk

1=2

L2 6

ffiffiffi
2

p
dð1þ tÞ�7=8þr

;
ð3:17Þ

(ii) for pP 2,

kvðtÞkL1 6

ffiffiffi
2

p
kvðtÞk1=2L2 kvxðtÞk

1=2

L2 6

ffiffiffi
2

p
dð1þ tÞ�1=2;

kvxðtÞkL1 6

ffiffiffi
2

p
kvxðtÞk1=2L2 kvxxðtÞk

1=2

L2 6

ffiffiffi
2

p
dð1þ tÞ�1

:
ð3:18Þ

By inequality (3.6),

sup
n2R

j dFpðvÞFpðvÞðn; sÞj6
Z 1

�1
jFpðvÞðx; sÞjdx

6

Z 1

�1
jhxxxtj

(
þ 1

p þ 1

Xp
j¼0

ajjhjvpþ1�j
x j

)
dx

6 khxxxtðsÞkL1 þ
1

p þ 1
apkhðsÞkp�1

L1

Z 1

�1
jhvxjdx

þ 1

p þ 1

Xp�1

j¼0

ajkhðsÞkjL1kvxðsÞk
p�1�j
L1

Z 1

�1
jvxj2 dx

6 khxxxtðsÞkL1 þ
1

p þ 1
apkhðsÞkp�1

L1 khðsÞkL2kvxðsÞkL2

þ 1

p þ 1

Xp�1

j¼0

ajkhðsÞkjL1kvxðsÞk
p�1�j
L1 kvxðsÞk2L2 : ð3:19Þ

Applying (3.17) and (3.18), the definition of MpðvÞ and Theorem 2.1 to the
above inequality, we have

sup
n2R

j dF1ðvÞF1ðvÞðn; sÞj6Cfgð1þ sÞ�5=2 þ d2ð1þ sÞ�ð3=2�2rÞ þ gdð1þ sÞ�ð1�rÞg

6Cfg þ ðg þ dÞ2gð1þ sÞ�ð1�rÞ
; ð3:20Þ

by choosing r such that 0 < r6 1=2, and

sup
n2R

j dFpðvÞFpðvÞðn; sÞj6C gð1
(

þ sÞ�5=2 þ apgpdð1þ sÞ�ðpþ1Þ=2

þ
Xp�1

j¼0

ajgjdpþ1�jð1þ sÞ�ð2p�jþ1Þ=2

)
6Cfgð1þ sÞ�3=2 þ ðg þ dÞpþ1ð1þ sÞ�ðpþ1Þ=2g
6Cfg þ ðg þ dÞpþ1gð1þ sÞ�3=2

; pP 2; ð3:21Þ
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where for pP 2, we used ðp þ 1Þ=2P 3=2 and ð2p � jþ 1Þ=2 > ðp þ 1Þ=2 for

06 j6 p � 1, which imply ð1þ sÞ�ð2p�jþ1Þ=2
< ð1þ sÞ�ðpþ1Þ=2

6 ð1þ sÞ�3=2
. Sim-

ilarly, we estimate supn2R jnjj dFpðvÞFpðvÞðn; sÞj as follows.

sup
n2R

jnjj dFpðvÞFpðvÞðn; sÞj6
Z 1

�1
joxFpðvÞðx; sÞjdx

6

Z 1

�1
jhxxxxtj

(
þ jvxxj 
 jvxjp þ

1

p þ 1

Xp
j¼1

aj jjhj�1hxvpþ1�j
x j

�
þ ðp þ 1� jÞjhjvp�j

x vxxj
�)

dx

6 khxxxxtkL1 þ kvxðsÞkp�1

L2

Z 1

�1
jvxvxxjdx

þ 1

p þ 1

Xp
j¼1

aj jkhðsÞkj�1
L1 kvxðsÞkp�j

L1

Z 1

�1
jhxvxjdx

�
þ ðp þ 1� jÞkhðsÞkj�1

L1 kvxðsÞkp�j
L1

Z 1

�1
jhvxxjdx

�
6 khxxxxtðsÞkL1 þ kvxðsÞkp�1

L2 kvxðsÞkL2kvxxðsÞkL2

þ 1

p þ 1

Xp
j¼1

ajfjkhðsÞkj�1
L1 kvxðsÞkp�j

L1 khxðsÞkL2kvxðsÞkL2

þ ðp þ 1� jÞkhðsÞkj�1
L1 kvxðsÞkp�j

L1 khðsÞkL2kvxxðsÞkL2g:
ð3:22Þ

Depending on the value of p, we have

sup
n2R

jnjj dF1ðvÞF1ðvÞðn; sÞj6C gð1
n

þ sÞ�3 þ d2ð1þ sÞ�2ð1�rÞ þ gdð1þ sÞ�ð3=2�rÞ
o

6Cfg þ ðg þ dÞ2gð1þ sÞ�ð3=2�rÞ
; 0 < r6 1=2;

ð3:23Þ

sup
n2R

jnjj dFpðvÞFpðvÞðn; sÞj6C gð1
(

þ sÞ�3 þ dpþ1ð1þ sÞ�ðpþ1Þ

þ 1

p þ 1

Xp
j¼1

aj jgjdp�jþ1ð1
h

þ sÞ�ð2p�jþ2Þ=2

þ ðp þ 1� jÞgjdp�jþ1ð1þ sÞ�ð2p�jþ2Þ=2
i)

6C gð1
(

þ sÞ�3 þ dpþ1ð1þ sÞ�ðpþ1Þ
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þ
Xp
j¼1

ajgjdp�jþ1ð1þ sÞ�ðpþ2Þ=2

)

6Cfg þ ðg þ dÞpþ1gð1þ sÞ�2; pP 2; ð3:24Þ

where for pP 2 and 16 j6 p, we used p þ 1P 3 and ð2p � jþ 2Þ=2P
ðp þ 2Þ=2P 2, which imply ð1þ sÞ�ðpþ1Þ < ð1þ sÞ�2

and ð1þ sÞ�ð2p�jþ2Þ=2
6

ð1þ sÞ�ðpþ2Þ=2
6 ð1þ sÞ�2

.
Making use of Parseval’s equality, we have

Z t

0

1

2p

Z 1

�1
einx

e�BðnÞðt�sÞ

1þ n4
dFpðvÞFpðvÞðn; sÞdn

���� ����
L2
ds

¼
Z t

0

e�BðnÞðt�sÞ

1þ n4
dFpðvÞFpðvÞðn; sÞ

���� ����
L2
ds

¼
Z t

0

Z 1

�1

e�2BðnÞðt�sÞ

ð1þ n4Þ2
j dFpðvÞFpðvÞðn; sÞj2 dn

 !1=2

ds

6

Z t

0

sup
n2R

j dFpðvÞFpðvÞðn; sÞj
Z 1

�1

e�2BðnÞðt�sÞ

ð1þ n4Þ2
dn

 !1=2

ds: ð3:25Þ

Noting (3.20) and (3.21), Lemmas 3.2 and 3.3, we obtain

Z t

0

1

2p

Z 1

�1
einx

e�BðnÞðt�sÞ

1þ n4
dF1ðvÞF1ðvÞðn; sÞdn

���� ����
L2
ds

6Cfg þ ðg þ dÞ2g
Z t

0

ð1þ sÞ�ð1�rÞð1þ t � sÞ�1=4
ds

6Cfg þ ðg þ dÞ2gð1þ tÞ1�ð1�rÞ�1=4

6Cfg þ ðg þ dÞ2gð1þ tÞ�ð1=4�rÞ; 0 < r6 1=2 ð3:26Þ

Z t

0

1

2p

Z 1

�1
einx

e�BðnÞðt�sÞ

1þ n4
dFpðvÞFpðvÞðn; sÞdn

���� ����
L2
ds

6Cfg þ ðg þ dÞpþ1g
Z t

0

ð1þ sÞ�3=2ð1þ t � sÞ�1=4
ds

6Cfg þ ðg þ dÞpþ1gð1þ tÞ�1=4
; pP 2: ð3:27Þ
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Similarly, we haveZ t

0

1

2p

Z 1

�1
ineinx

e�BðnÞðt�sÞ

1þ n4
dFpðvÞFpðvÞðn; sÞdn

���� ����
L2
ds

¼
Z t

0

in
e�BðnÞðt�sÞ

1þ n4
dFpðvÞFpðvÞðn; sÞ

���� ����
L2
ds

¼
Z t

0

Z 1

�1

jnj2e�2BðnÞðt�sÞ

ð1þ n4Þ2
j dFpðvÞFpðvÞðn; sÞj2 dn

 !1=2

ds

6

Z t

0

sup
n2R

j dFpðvÞFpðvÞðn; sÞj
Z 1

�1

jnj2e�2BðnÞðt�sÞ

ð1þ n4Þ2
dn

 !1=2

ds: ð3:28Þ

Using (3.20) and (3.21), Lemmas 3.2 and 3.3, we obtainZ t

0

1

2p

Z 1

�1
ineinx

e�BðnÞðt�sÞ

1þ n4
dF1ðvÞF1ðvÞðn; sÞdn

���� ����
L2
ds

6Cfg þ ðg þ dÞ2g
Z t

0

ð1þ sÞ�ð1�rÞð1þ t � sÞ�3=4
ds

6Cfg þ ðg þ dÞ2gð1þ tÞ1�ð1�rÞ�3=4

¼ Cfg þ ðg þ dÞ2gð1þ tÞ�ð3=4�rÞ; 0 < r6 1=2 ð3:29ÞZ t

0

1

2p

Z 1

�1
ineinx

e�BðnÞðt�sÞ

1þ n4
dFpðvÞFpðvÞðn; sÞdn

���� ����
L2
ds

6Cfg þ ðg þ dÞpþ1g
Z t

0

ð1þ sÞ�3=2ð1þ t � sÞ�3=4
ds

6Cfg þ ðg þ dÞpþ1gð1þ tÞ�3=4
; pP 2: ð3:30Þ

Furthermore,Z t

0

1

2p

Z 1

�1
ðinÞ2einx e

�BðnÞðt�sÞ

1þ n4
dFpðvÞFpðvÞðn; sÞdn

���� ����
L2
ds

¼
Z t

0

ðinÞ2 e
�BðnÞðt�sÞ

1þ n4
dFpðvÞFpðvÞðn; sÞ

���� ����
L2
ds

¼
Z t

0

Z 1

�1

jnj4e�2BðnÞðt�sÞ

ð1þ n4Þ2
j dFpðvÞFpðvÞðn; sÞj2 dn

 !1=2

ds

6

Z t

0

sup
n2R

ðð1þ jnjÞj dFpðvÞFpðvÞðn; sÞjÞ
Z 1

�1

jnj4e�2BðnÞðt�sÞ

ð1þ n4Þð1þ jnjÞ4
dn

 !1=2

ds:

ð3:31Þ
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Using (3.20), (3.21), (3.23) and (3.24), Lemmas 3.2 and 3.3, we haveZ t

0

1

2p

Z 1

�1
ðinÞ2einx e

�BðnÞðt�sÞ

1þ n4
dF1ðvÞF1ðvÞðn; sÞdn

���� ����
L2
ds

6Cfg þ ðg þ dÞ2g
Z t

0

fð1þ sÞ�ð1�rÞ þ ð1þ sÞ�ð3=2�rÞgð1þ t � sÞ�5=4
ds

6Cfg þ ðg þ dÞ2g
Z t

0

ð1þ sÞ�ð1�rÞð1þ t � sÞ�5=4
ds

6Cfg þ ðg þ dÞ2gð1þ tÞ�ð1�rÞ
; 0 < r6 1=2: ð3:32Þ

Z t

0

1

2p

Z 1

�1
ðinÞ2einx e

�BðnÞðt�sÞ

1þ n4
dFpðvÞFpðvÞðn; sÞdn

���� ����
L2
ds

6Cfg þ ðg þ dÞpþ1g
Z t

0

fð1þ sÞ�3=2 þ ð1þ sÞ�2gð1þ t � sÞ�5=4
ds

6Cfg þ ðg þ dÞpþ1g
Z t

0

ð1þ sÞ�3=2ð1þ t � sÞ�5=4
ds

6Cfg þ ðg þ dÞpþ1gð1þ tÞ�5=4; pP 2: ð3:33Þ

With (3.26), (3.27), (3.29), (3.30), (3.32) and (3.33), we finish the proof of the
lemma. �

Lemma 3.6. For v1ðx; tÞ; v2ðx; tÞ 2 X d
p , the followings are valid:

sup
n2R

j dF1ðv1ÞF1ðv1Þðn; sÞ � dF1ðv2ÞF1ðv2Þðn; sÞj6Cðg þ dÞMðv1 � v2Þð1þ sÞ�1þr
; ð3:34Þ

sup
n2R

j dFpðv1ÞFpðv1Þðn; sÞ � dFpðv2ÞFpðv2Þðn; sÞj6Cðg þ dÞpMðv1 � v2Þð1þ sÞ�3=2

for pP 2; ð3:35Þ

sup
n2R

jnjj dF1ðv1ÞF1ðv1Þðn; sÞ � dF1ðv2ÞF1ðv2Þðn; sÞj6Cðg þ dÞMðv1 � v2Þð1þ sÞ�5=4þr
;

ð3:36Þ

sup
n2R

jnjj dFpðv1ÞFpðv1Þðn; sÞ � dFpðv2ÞFpðv2Þðn; sÞj6Cðg þ dÞpMðv1 � v2Þð1þ sÞ�2

for pP 2: ð3:37Þ

Proof. For p ¼ 1, we have
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sup
n2R

j dF1ðv1ÞF1ðv1Þðn; sÞ � dF1ðv2ÞF1ðv2Þðn; sÞj

6

Z 1

�1
ðjhðv1x � v2xÞj þ

1

2
jv1x þ v2xjjv1x � v2xjÞdx

6 khðsÞkL2kðv1x � v2xÞðsÞkL2 þ
1

2
kðv1x þ v2xÞðsÞkL2kðv1x � v2xÞðsÞkL2

6 khðsÞkL2
�

þ 1

2
kv1xðsÞkL2 þ

1

2
kv2xðsÞkL2

�
kðv1x � v2xÞðsÞkL2

6Cðgð1þ sÞ�1=4 þ dð1þ sÞ�3=4þrÞMðv1 � v2Þð1þ sÞ�3=4þr

6Cðg þ dÞð1þ sÞ�1=4Mðv1 � v2Þð1þ sÞ�3=4þr

6Cðg þ dÞMðv1 � v2Þð1þ sÞ�1þr
; ð3:38Þ

and

sup
n2R

jnjj dF1ðv1ÞF1ðv1Þðn; sÞ � dF1ðv2ÞF1ðv2Þðn; sÞj

6

Z 1

�1
jF1xðv1Þðx; sÞ � F1xðv2Þðx; sÞjdx

6

Z 1

�1
jhxðv1x � v2xÞj þ jhðv1xx � v2xxÞj þ jv1xv1xx � v2xv2xxjdx

6 khxðsÞkL2kðv1x � v2xÞðsÞkL2 þ khðsÞkL2kðv1xx � v2xxÞðsÞkL2
þ kv1xðsÞkL2kðv1xx � v2xxÞðsÞkL2 þ kv2xxðsÞkL2kðv1x � v2xÞðsÞkL2

6 ðkhxðsÞkL2 þ kv2xxðsÞkL2Þkðv1x � v2xÞðsÞkL2
þ ðkhðsÞkL2 þ kv1xðsÞkL2Þkðv1xx � v2xxÞðsÞkL2

6C ðgð1
n

þ sÞ�3=4 þ dð1þ sÞ�1þrÞMðv1 � v2Þð1þ sÞ�3=4þr

þ ðgð1þ sÞ�1=4 þ dð1þ sÞ�3=4þrÞMðv1 � v2Þð1þ sÞ�1þr
o

6Cðg þ dÞMðv1 � v2Þ ð1
n

þ sÞ�3=2þr þ ð1þ sÞ�7=4þ2r

þ ð1þ sÞ�5=4þr þ ð1þ sÞ�7=4þ2r
o

6Cðg þ dÞMðv1 � v2Þð1þ sÞ�5=4þr
: ð3:39Þ

For pP 2, supn2R j dFpðv1ÞFpðv1Þðn; sÞ � dFpðv2ÞFpðv2Þðn; sÞj can be estimated as follows:
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sup
n2R

j dFpðv1ÞFpðv1Þðn; sÞ � dFpðv2ÞFpðv2Þðn; sÞj

6

Z 1

�1
jFpðv1Þðx; sÞ � Fpðv2Þðx; sÞjdx

6

Z 1

�1

1

p þ 1

Xp
j¼0

aj hjvpþ1�j
1x

�� � hjvpþ1�j
2x

��dx
6

1

p þ 1

Z 1

�1
japhjpjv1x � v2xjdxþ

1

p þ 1

Xp�1

j¼0

aj

Z 1

�1
jhjj vpþ1�j

1x

�� � vpþ1�j
2x

��dx
6

1

p þ 1
apkhðsÞkp�1

L1 khðsÞkL2kðv1x

(
� v2xÞðsÞkL2

þ
Xp�1

j¼0

ajkhðsÞkjL1kðv1x � v2xÞðsÞkL2
Xp�j

i¼0

kv1xðsÞkiL2kv2xðsÞk
p�j�i
L2

)

6
C

p þ 1
apgpMðv1

(
� v2Þð1þ sÞ�ðpþ1Þ=2

þ
Xp�1

j¼0

ajgjdp�jMðv1 � v2Þð1þ sÞ�ð3pþ3�jÞ=4ðp � jÞ
)

6
C

p þ 1
apgp

(
þ
Xp�1

j¼0

ajðp � jÞgjdp�j

)
Mðv1 � v2Þð1þ sÞ�ðpþ1Þ=2

6Cðg þ dÞpMðv1 � v2Þð1þ sÞ�3=2
; ð3:40Þ

where we used 06 j6 p � 1 and pP 2 which imply �ð3p þ 3� jÞ=46 � ð3pþ
3� ðp � 1ÞÞ=46� ðp þ 1Þ=26� 3=2. And

sup
n2R

jnjj dFpðv1ÞFpðv1Þðn; sÞ � dFpðv2ÞFpðv2Þðn; sÞj

6

Z 1

�1
joxFpðv1Þðx; sÞ � oxFpðv2Þðx; sÞjdx

6

Z 1

�1
jv1xxvp1x � v2xxv

p
2xj

(
þ 1

p þ 1
ap½pjhp�1hxðv1x � v2xÞj

þ jhpðv1xx � v2xxÞj� þ
1

p þ 1

Xp�1

j¼1

aj½jjhj�1hxðvpþ1�j
1x � vpþ1�j

2x Þj

þ ðp þ 1� jÞjhjðvp�j
1x v1xx � vp�j

2x v2xxÞj�
)
dx

L. Liu, M. Mei / Appl. Math. Comput. 131 (2002) 147–170 161



6 kðv1xxvp1x � v2xxv
p
2xÞðsÞkL1 þ

1

p þ 1
ap pkhp�1ðsÞhxðsÞðv1x
n

� v2xÞðsÞkL1

þ khðsÞpðv1xx � v2xxÞðsÞkL1
o

þ 1

p þ 1

Xp�1

j¼1

aj jkhj�1ðsÞhxðsÞðvpþ1�j
1x

�
� vpþ1�j

2x ÞðsÞkL1

þ ðp þ 1� jÞkhðsÞjðvp�j
1x v1xx � vp�j

2x v2xxÞðsÞkL1
�
: ð3:41Þ

Since we have

kðv1xxvp1x � v2xxv
p
2xÞðsÞkL1

6 kðv1xxvp1x � v1xxv
p
2xÞðsÞkL1 þ kðv1xxvp2x � v2xxv

p
2xÞðsÞkL1

6 kv1xxðsÞkL2kðv1x � v2xÞðsÞkL2
Xp�1

i¼0

kv1xðsÞkiL2kv2xðsÞk
p�1�i
L2

þ kv2xðsÞkpL2kðv1xx � v2xxÞðsÞkL2

6CdpMðv1 � v2Þð1þ sÞ�2
Xp�1

i¼0

ð1þ sÞ�3ðp�1Þ=4 þ CdpMðv1 � v2Þð1þ sÞ�2

6CdpMðv1 � v2Þðp þ 1Þð1þ sÞ�2
; ð3:42Þ

where we used �3ðp � 1Þ=4 < 0,

1

p þ 1
apfpkhp�1ðsÞhxðsÞðv1x � v2xÞðsÞkL1 þ khðsÞpðv1xx � v2xxÞðsÞkL1g

6 pkhðsÞkp�1
L1 khxðsÞkL2kðv1x � v2xÞðsÞkL2

þ khðsÞkp�1
L1 khðsÞkL2kðv1xx � v2xxÞðsÞkL2

6CfpgpMðv1 � v2Þð1þ sÞ�ðpþ2Þ=2 þ gpMðv1 � v2Þð1þ sÞ�ðpþ2Þ=2g
6Cgpðp þ 1ÞMðv1 � v2Þð1þ sÞ�2

; ð3:43Þ

where �ðp þ 2Þ=26 � 2,

1

p þ 1

Xp�1

j¼1

ajjkhj�1ðsÞhxðsÞðvpþ1�j
1x � vpþ1�j

2x ÞðsÞkL1

6
1

p þ 1

Xp�1

j¼1

ajjkhðsÞkj�1
L1 khxðsÞkL1kðv1x � v2xÞðsÞkL2

�
Xp�j

i¼0

kv1xðsÞkiL2kv2xðsÞk
p�j�i
L2
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6
C

p þ 1

Xp�1

j¼1

ajjgjð1þ sÞ�ðj�1Þ=2�1Mðv1 � v2Þð1þ sÞ�3=4

�
Xp�j

i¼0

dp�jð1þ sÞ�3ðp�jÞ=4

6C
1

p þ 1

Xp�1

j¼1

ajjðp � jþ 1Þgjdp�jMðv1 � v2Þð1þ sÞ�ðpþ3Þ=2

6CMðv1 � v2Þð1þ sÞ�2 1

p þ 1

Xp�1

j¼1

ajjðp � jþ 1Þgjdp�j; ð3:44Þ

where �ð3p þ 5� jÞ=46 �ðp þ 3Þ=2 for 16 j6 p � 1 and �ðp þ 3Þ=26� 2
for pP 2, and

1

p þ 1

Xp�1

j¼1

ajðp þ 1� jÞkhðsÞjðvp�j
1x v1xx � vp�j

2x v2xxÞðsÞkL1

6
1

p þ 1

Xp�1

j¼1

ajðp þ 1� jÞkhðsÞkjL1 kv1xðsÞkp�j
L2 kðv1xx

(
� v2xxÞðsÞkL2

þ kv2xxðsÞkL2kðv1x � v2xÞðsÞkL2
Xp�j�1

i¼0

kv1xðsÞkiL2kv2xðsÞk
p�j�1�i
L2

)

6
C

p þ 1

Xp�1

j¼1

ajðp þ 1� jÞgjð1þ sÞ�j=2fdp�jMðv1 � v2Þð1þ sÞ�ð3pþ5�3jÞ=4

þ dp�jMðv1 � v2Þð1þ sÞ�2ð1þ sÞ�3ðp�j�1Þ=4ðp � jÞg

6
C

p þ 1

Xp�1

j¼1

ajðp þ 1� jÞgjdp�jMðv1 � v2Þfð1þ sÞ�ð3pþ5�jÞ=4

þ ð1þ sÞ�ð3pþ5�jÞ=4ðp � jÞg

6CMðv1 � v2Þð1þ sÞ�ðpþ3Þ=2 1

p þ 1

Xp�1

j¼1

ajðp þ 1� jÞ2gjdp�j

6CMðv1 � v2Þð1þ sÞ�2 1

p þ 1

Xp�1

j¼1

ajðp þ 1� jÞ2gjdp�j; ð3:45Þ

where we used �ð3p þ 5� jÞ=46 � ðp þ 3Þ=26 � 2 for 16 j6 p � 1 and pP
2, it is easy to obtain
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sup
n2R

jnjj dFpðv1ÞFpðv1Þðn; sÞ � dFpðv2ÞFpðv2Þðn; sÞj

6CMðv1 � v2Þð1þ sÞ�2 dpðp
(

þ 1Þ þ gpðp þ 1Þ

þ 1

p þ 1

Xp�1

j¼1

ðajjðp þ 1� jÞgjdp�j þ ajðp þ 1� jÞ2gjdp�jÞ
)

6Cðg þ dÞpMðv1 � v2Þð1þ sÞ�2: ð3:46Þ

With 3.38, 3.39, 3.40 and (3.46), we finish the proof of the lemma. �

Proof of Theorem 3.1. Rewriting (3.7) as the operational form v ¼ Sv. We need
to prove that there exists the positive constant d1 such that the operator S is a
contraction mapping from X d1

p into X d1
p .

Step 1. To prove that S maps X d
p into itself. For any v1ðx; tÞ 2 X d

p and de-

noting v ¼ Sv1, we will prove v 2 X d
p for some small d > 0. By the definition of

MpðvÞ and Lemma 3.5, for any positive integer p, there exist a constant C1 such
that

MpðvÞ6C1ðkv0kW 3;1 þ g þ ðg þ dÞpþ1Þ:
Choose d2 6 1=nC1 with n ¼ maxf2þ 2pþ1; 1=C1g. Then for kv0kW 3;1 6 d2=nC1,
g6 d2=nC1 and d < d2, we have

MpðvÞ6C1

d2

nC1

 
þ d2

nC1

þ d2

nC1

�
þ d2

�pþ1
!

¼ C1

2d2

nC1

 
þ dpþ1

2

1

nC1

�
þ 1

�pþ1
!

6C1

2d2

nC1

�
þ d2

22
pþ1

�
¼ C1

ð2þ 2pþ1Þd2

nC1

6 d2:

Thus, we proved S : X d
p ! X d

p for some small d < d2.
Step 2. To prove that S is a contraction in X d

p . Suppose that v1ðx; tÞ,
v2ðx; tÞ 2 X d

p (d < d2). By (3.7),

ojxðSv1 � Sv2Þ ¼
1

2p

Z t

0

Z 1

�1
ðinÞjeinxe�BðnÞðt�sÞ

�
dFpðv1ÞFpðv1Þðn; sÞ � dFpðv2ÞFpðv2Þðn; sÞ

1þ n4
dnds ;

for j ¼ 0; 1; 2 and pP 1. First, we estimate kSv1 � Sv2kL2 .
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Z t

0

1

2p

Z 1

�1
einx

e�BðnÞðt�sÞ

1þ n4
ð dFpðv1ÞFpðv1Þðn; sÞ

���� � dFpðv2ÞFpðv2Þðn; sÞÞdn

����
L2
ds

¼
Z t

0

e�BðnÞðt�sÞ

1þ n4
ð dFpðv1ÞFpðv1Þðn; sÞ

���� � dFpðv2ÞFpðv2Þðn; sÞÞ
����
L2
ds

¼
Z t

0

Z 1

�1

e�2BðnÞðt�sÞ

ð1þ n4Þ2
j dFpðv1ÞFpðv1Þðn; sÞ

 
� dFpðv2ÞFpðv2Þðn; sÞj2 dn

!1=2

ds

6

Z t

0

sup
n2R

j dFpðv1ÞFpðv1Þðn; sÞ � dFpðv2ÞFpðv2Þðn; sÞj
Z 1

�1

e�2BðnÞðt�sÞ

ð1þ n4Þ2
dn

 !1=2

ds:

ð3:47Þ

Using Lemmas 3.2, 3.3 and 3.6, we obtainZ t

0

1

2p

Z 1

�1
einx

e�BðnÞðt�sÞ

1þ n4
ð dF1ðv1ÞF1ðv1Þðn; sÞ

���� � dF1ðv2ÞF1ðv2Þðn; sÞÞdn

����
L2
ds

6Cðg þ dÞMðv1 � v2Þ
Z t

0

ð1þ sÞ�ð1�rÞð1þ t � sÞ�1=4
ds

6Cðg þ dÞMðv1 � v2Þð1þ tÞ1�ð1�rÞ�1=4

6Cðg þ dÞMðv1 � v2Þð1þ tÞ�ð1=4�rÞ; 0 < r6 1=2; ð3:48ÞZ t

0

1

2p

Z 1

�1
einx

e�BðnÞðt�sÞ

1þ n4
ð dFpðv1ÞFpðv1Þðn; sÞ

���� � dFpðv2ÞFpðv2Þðn; sÞÞdn

����
L2
ds

6Cðg þ dÞpMðv1 � v2Þ
Z t

0

ð1þ sÞ�3=2ð1þ t � sÞ�1=4
ds

6Cðg þ dÞpMðv1 � v2Þð1þ tÞ�1=4
; pP 2: ð3:49Þ

Namely, we obtain

kSv1 � Sv2kL2 6
Cðg þ dÞMðv1 � v2Þð1þ tÞ�ð1=4�rÞ

; 0 < r < 1=2
for p ¼ 1;

Cðg þ dÞpMðv1 � v2Þð1þ tÞ�1=4
for pP 2:

8<:
ð3:50Þ

Using Lemmas 3.2, 3.3 and 3.6, we can similarly estimate koxðSv1 � Sv2ÞkL2 and
ko2xðSv1 � Sv2ÞkL2 as follows:

koxðSv1 � Sv2ÞkL2 6
Cðg þ dÞMðv1 � v2Þð1þ tÞ�ð3=4�rÞ

; 0 < r < 1=2
for p ¼ 1;

Cðg þ dÞpMðv1 � v2Þð1þ tÞ�3=4
for pP 2:

8<:
ð3:51Þ
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and

ko2xðSv1 � Sv2ÞkL2 6
Cðg þ dÞMðv1 � v2Þð1þ tÞ�ð1�rÞ; 0 < r < 1=2

for p ¼ 1;
Cðg þ dÞpMðv1 � v2Þð1þ tÞ�5=4

for pP 2:

8<: ð3:52Þ

With (3.50)–(3.52), we proved that, for some constant C1,

MðSv1 � Sv2Þ6C1ðg þ dÞpMðv1 � v2Þ:

Choose d6 d3 < 1=nC1 with n ¼ maxf2=C1; 2g, then for g < d3, Mðv1Þ < d3

and Mðv2Þ < d3, we have

MðSv1 � Sv2Þ < Mðv1 � v2Þ:

That is S : X d
p ! X d

p is contracting for some small d < d3.
By Steps 1 and 2, let d1 < minfd2; d3g, we have proved that the operator S is

contracting from X d1
p to X d1

p . By Banach’s fixed point theorem, S has a unique
fixed point vðx; tÞ in X d1

p . Thus, the integral equation has a unique global so-
lution vðx; tÞ 2 X d1

p . �

4. Numerical simulations

In order to confirm the theoretical result in Theorem 2.2, numerical simula-
tion has been carried out for cases p ¼ 1 and p ¼ 3. The applied numerical
scheme solving Eqs. (1.1) and (2.3) is the explicit finite difference scheme. For the
consideration of the Cauchy problem, we adopt a suitable IBVP for a sufficiently
large domain X � R with zero Neumann boundary in stead of the original IVP.

Let hðx; tÞ and uðx; tÞ denote the solutions of the parabolic equation and the
R-B equation, respectively. Consider the initial condition h0ðxÞ and u0ðtÞ as

h0ðxÞ ¼ u0ðxÞ ¼ e�x2 :

Thus,Z 1

�1
h0ðxÞdx ¼

Z 1

�1
u0ðxÞdx ¼

Z 1

�1
e�x2 dx > 0:

But
R1
�1½h0ðxÞ � u0ðxÞ�dx ¼ 0.

For the following discussion, the time-step and the space-step are 0.5 and 1,
respectively. We compute the time t from 0 to 20000 for x 2 X ¼ ½�2000; 2000�.

4.1. Case p ¼ 1

The solution of the R–B equation for t 2 ½2000; 10000� and x 2 ½�200; 200� is
displayed in Fig. 1. The grid size used in plotting the graph is Dx ¼ 4 and
Dt ¼ 100. The diffusion wave solution of the corresponding nonlinear para-
bolic equation is similar to Fig. 1. Fig. 2 shows the difference of these two
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solutions: uðx; tÞ � hðx; tÞ with the same time and space intervals, and the same
grid as in Fig. 1. Comparing Figs. 1 and 2, noticing the different scales in the
Z-axes, we discover that the value of uðx; tÞ � hðx; tÞ is much smaller than

Fig. 2. The difference of the solutions uðx; tÞ � hðx; tÞ.

Fig. 1. The solution of the R–B equation.
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uðx; tÞ � 0. Thus, we expect that uðx; tÞ approaches to hðx; tÞ much faster than it
does to zero. Since uðx; tÞ, hðx; tÞ and uðx; tÞ � hðx; tÞ approach to zero when x
approaches to infinity, kuðtÞkL1 , khðtÞkL1 and kðu� hÞðtÞkL1 can be estimated
by maxx2X juðx; tÞj, maxx2X jhðx; tÞj and maxx2X juðx; tÞ � hðx; tÞj, respectively.
Figs. 3, 4, 6 present the decay rates for uðx; tÞ, hðx; tÞ and uðx; tÞ � hðx; tÞ. The
grid size used in these figures is Dt ¼ 100.

Fig. 3(a) shows the ratio FhðtÞ ¼ khðtÞkL1=ð1þ tÞ�1=2
. For the time t from

10,000 to 20,000, we obtain almost a straight line. This implies FhðtÞ ! C when
t ! 1, where C ¼ 0:6992. Thus, we have khðtÞkL1 ¼ Cð1þ tÞ�1=2

, which con-
firms the theoretical assertion: khðtÞkL1 6Cð1þ tÞ�1=2

. Similar result can be
found for kuðtÞkL1 from the ratio FuðtÞ ¼ khðtÞkL1=ð1þ tÞ�1=2

shown in Fig.
3(b).

Our main interest is the decay rate of the difference uðx; tÞ � hðx; tÞ. The ratio
FsðtÞ ¼ kðu� hÞðtÞkL1=ð1þ tÞ�7=8

is shown in Fig. 4(a), where the ratio value
keeps decreasing as t increases. This numerical result shows that kðu� hÞðtÞkL1

Fig. 4. (a) The ratio FsðtÞ ¼ kuðx; tÞ � hðx; tÞkL1=ð1þ tÞ�7=8
and (b) the ratio FsðtÞ ¼ kuðx; tÞ�

hðx; tÞkL1=ð1þ tÞ�0:998
.

Fig. 3. (a) The ratio FhðtÞ ¼ khðx; tÞkL1=ð1þ tÞ�1=2
. (b) The ratio FuðtÞ ¼ kuðx; tÞkL1=ð1þ tÞ�1=2

.
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decays faster than the function ð1þ tÞ�7=8
. In fact, it is found that kðu�

hÞðtÞkL1 decays to zero with the same rate as ð1þ tÞ�0:998
, which is shown in

Fig. 4(b). Thus, in this example, kðu� hÞðtÞkL1 ¼ Cð1þ tÞ�0:998
with C ¼

0:2168. Several other initial conditions have been considered. However, we
have not found any example such that kðu� hÞðtÞkL1 ¼ Cð1þ tÞ�7=8þr

(with
r > 0). This may imply that our theoretical result is not optimal. Inspired by
Fig. 4(b), it seems that kðu� hÞðtÞkL1 ¼ Cð1þ tÞ�1

, whose theoretical proof
still remains open.

Fig. 5. (a) The ratio HhðtÞ ¼ khðx; tÞkL1=ð1þ tÞ�1=2
. (b) The ratio HuðtÞ ¼ kuðx; tÞkL1=ð1þ tÞ�1=2

.

Fig. 6. The ratio HðtÞ ¼ kuðx; tÞ � hðx; tÞkL1=ð1þ tÞ�1
.

L. Liu, M. Mei / Appl. Math. Comput. 131 (2002) 147–170 169



4.2. Case p ¼ 3

The theoretical result for cases pP 2 are the same, numerically we only
present the results for p ¼ 3. For the considered initial condition, the decay
rates of uðx; tÞ and hðx; tÞ are displayed in Fig. 5(a) and (b), respectively. In Fig.
6, as t ! 1, the ratio line of kðu� hÞðtÞkL1=ð1þ tÞ�1

seems to be a con-
stant line, implying kðu� hÞðtÞkL1=ð1þ tÞ�1 ! C, where C ¼ 0:0675. Hence,
kðu� hÞðtÞkL1 decays as fast as the function ð1þ tÞ�1

does, confirming our
theoretical result.
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