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Abstract

This paper studies the large-time behavior of the global solutions to the Cauchy
problem for the Rosenau-Burgers (R-B) equation u; + thyy — tth + WPt/ (p+ 1)), =
0. By the variable scaling method, we discover that the solution of the nonlinear par-
abolic equation u, — out,, + (7™ /(p + 1)), = 0 is a better asymptotic profile of the R-B
equation. The convergence rates of the R-B equation to the asymptotic profile have
been developed by the Fourier transform method with energy estimates. This result
is better than the previous work [1,2] with zero as the asymptotic behavior. Further-
more, the numerical simulations on several test examples are discussed, and the nu-
merical results confirm our theoretical results. © 2002 Elsevier Science Inc. All rights
reserved.
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1. Introduction

In this paper, we investigate the asymptotic behavior of the solution for the
Rosenau-Burgers equation (R-B) in the form

LlpH
Up + Unyexy — Oy + - 0, DS R, > 0,
p+1
x

U,y = uo(x) — 0 as x — $oo,

(1.1)

where o is any given constant, p > 1 is integer.
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Eq. (1.1) with o = 0 is called as the Rosenau equation proposed by Rosenau
[3] for treating the dynamics of dense discrete systems in order to overcome the
shortenings by the KdV equation, since the KdV equation describes unidi-
mensional propagation of waves, but wave-wave and wave-wall interactions
cannot be treated by it. Such a model were studied by Park [4] and by Chung
and Ha [5] for the global existence of the solution to the IBVP. Eq. (1.1) with
o> 0 is called the R-B equation and somehow corresponds to the KdV-B
equation and the BBM-B equation, but it is given neither by Rosenau nor by
Burgers. The Rosenau equation with the dissipative term —ou,,, or say, the R—
B equation arises in some natural phenomena as for example, in bore propa-
gation and in water waves.

The asymptotic behavior of the solution for the Cauchy problem (1.1) is
studied in [1,2]. Where, it is proved that the solution u(x, ) converges to 0 as
fast as follows:

lu(@)ll2 <CU+ 077 Ju(@) < CL+ 1)

forallt >0 if/ up(x)dx # 0

o0

and

lu(@)ll2 <CL+ 07", Ju(@)~ <CO+ 1)

o0

forallt >0 if / up(x)dx = 0.
In all the previous works, 0 is considered as the asymptotic state of the solution
u(x, t) for the R-B equation. In this study, inspired by the works [6,7] on the
BBM-B equations, we obtain a better asymptotic profile, i.e. a solution of its
corresponding nonlinear parabolic equation, for the R—B equation. Further-
more, it is proved that the convergence to the asymptotic profile is faster than
that to the zero.

1.1. Notations

For simplicity we introduce some notations. C always denotes some positive
constants without confusion. 0¥/ := 0/ /ox*. L” presents the Lebesgue integral
space with the norm | - ||,,. Especially, L* is the square integral space with the
norm || - ||z, and L> is the essential bounded space with the norm || - ||,.. H*
and W*? denote the usual Sobolev spaces with the norms || - ||+ and || - || ;s
respectively. Suppose that f € L'(R) N L?(R), we define the Fourier transforms
of f as follows:

FIFIE) = £(&) = / Fv)e = dx.
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Let T and B be a positive constant and a Banach space, respectively.
C*(0,T;B)(k = 0) denotes the space of B-valued k-times continuously differ-
entiable functions on [0, T], and L*(0, T; B) denotes the space of B-valued L*-
functions on [0, 7]. The corresponding spaces of B-valued functions on [0, c0)
are defined similarly.

2. Reformulation and the main theorem

Setting the following scalings to the variables:

x m
x——, u—=&u

t— —
&2’ P

for some positive constants m and &, where ¢ < 1, we then scale the R-B
equation (1.1) to

Uy + Uy — Oy + € 0Pu, = 0. (2.1)

Balancing the leading order terms, we choose m = 1/p, then Eq. (2.1) is re-
duced to

4
Uy + & Uy — Oy + 11, = 0.

For ¢ < 1, neglecting the small term &*u,,, leads to the asymptotic state
equation of the R—B equation (1.1) as follows:

U, — oy + u, = 0.

The solution of this parabolic solution should be a better asymptotic profile of
Eq. (1.1).

By other choice of m we derive other asymptotic state considered previously.
Let m be chosen as mp < 1, we then rewrite Eq. (2.1) as

31””"(ut + ety — Oty ) + w'u, = 0. (2.2)

For ¢ < 1, the term &'~ (u, + &*utery — out,,) may be neglected so that the
asymptotic equation of (2.2) is

up+1
wu, =0 i.e.< ) =0
r+1/,

Integrating it over (do0,x] and noting that, formally u(+o0,¢) = 0, we obtain
wPt (x,t) = uP™(£o0,t) = 0, namely, u(x,¢) = 0. It means that the zero is the
asymptotic state of the solution u(x, 7) of the R—B equation. This case has been
studied in [1,2].

Before our main theorem, we state the result for the solution of the non-
linear parabolic equation
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0, —o0b + 670, =0

3|;:o =6y(x) =0 asx— too. (2~3)

Theorem 2.1 [8-10]. Suppose that 0y(x) € H*(R) NL'(R) holds. Then there
exists a positive constant &y such that when ||0y]|,1 + ||0o]| ;2 < o, then the Cauchy
problem (2.3) has a unique global solution 0(x,t) with

0(x, 1) € C(0,00; H*(R) N L'(R)) N L*(0, 00; H'(R))
and
10,01l = O1)([106]],1 + [1Boll )
x (14 7)~ WD/ 1 < g < oo (2.4)
Furthermore, if 0y € L'(R) N H*(R), then
1260,(0) 1 = O (100lls + 160llye) (L +07 72 j=0,1,2,3,4. (2.5)

We now state our main result as follows.

Theorem 2.2. Suppose that vy(x) = [*_[uo(y) — 0o(y)]dy € W*!(R) and 0y(x) €
L'(R) N H®(R) hold. Let 5 = ||0o||,1 + ||0ol,6. Then there exists a positive con-
stant Oy such that when ||vo|| .0 + 1< o, then the Cauchy problem (1.1) has a
unique global solution u(x,t) with u(x,t) — 0(x,t) € C(0,00; H'(R)) and satisfies
that
(1) If p =1, for any o > 0, the following estimates hold:
(= 0) (D)2 < €1+ 1)+, (2.6)
(= 0), ()l <1+,
[ = 0) (@)l ~ <C(1+1) 7/8“

(i1) If p = 2, the convergence rates are much faster as follows:

1w = 0) (D2 < C(1+0) 7, (2.9)
(= 0), (D)l 2 < C(1+ )7, (2.10)
1 = O) (D)l < C(L+0)7 (2.11)

Using L2, L®-results in the above theorem and the interposing inequality

A1 < WP A1, 2<g<os,

immediately we obtain L?-decay rates as follows:




L. Liu, M. Mei | Appl. Math. Comput. 131 (2002) 147-170 151

Corollary 2.3. Under the assumptions in Theorem 2.2, for 2 < g < oo, it follows:

C(1 +¢ 77/8+1/(4q)+a7 _ l,

=00t < { 00 e S .12

Remark 2.4.

1. In the case [~ uo(x)dx # 0 but [~ (uo(x) — 0o(x))dx = 0, our decay rates
to the diffusion wave 6(x, ) are much better than that to the zero in [1,2].
This means that the solution 0(x,¢) of the nonlinear parabolic Eq. (2.3) is
a better asymptotic profile of the R-B solution u(x, ¢) than the zero.

2. In case p =1, it seems that the rate is not sufficient, and the optimal rate
could be (1 4 ¢)~" as in the case p > 2. Our numerical simulation in Section
4 confirms it too. We expect more contributions on this problem.

3. The proof of the main theorem

From Egs. (1.1) and (2.3), we have
uPtl or+l
(= 0), = theeen — (= 0),, + <m—m>xzo- (3.1)
Since 0(+o0,t) =0, and we expect u(+oo,t) =0, u,(+oo,t) =0, then after
integrating (3.1) over (—o0, 00), we have formally
g o0
dr J_o

Due to the essential assumption, we integrate (3.2) over [0, ¢] with respect to ¢ to
have

[u(x, ) — 0(x, )] dx = 0. (3.2)

/_OO [u(x,7) — O(x,1)]dx = /_OO [9(x) — Op(x)]dx = 0. (3.3)

Therefore, it is natural to introduce

)= [ ) = 000]dy, e nn) —utd) - 000, (4)

oo

which satisfies

( 0 + Ux)p+l 0p+1
Uxs + Uxxxxxt — Qxxxxt — OUxxx + -
p+1 p+1

Integrating the above equation over (—oo,x] with respect to x, and noting
u(+o00,t) = 0, we obtain
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(9+U.¥)p+l 0p+] B
p+1 p+1

o= [ " luoly) — 0o(y)]dy = vo().

o0

Ut + Uxxxxt — OUxy — Hxxxr

That is,

Uy + Upyxxt — OUxy = F}?(”)?

(3.5)
v‘t:() = U()(x),
where
1
Fy(v) = Oxun ‘ﬁ[w +o) =]
= O — Za,W“ op=l
for some positive constants a; = ( + 1 > Thus, we get
exxx +— a 0/Dp+1715
B0 <0l + 5 Z| |
BF ()] < O + 6700l + = Za,{fle’ "0,
+(p+1 —j>|0’v5 o). (3.6)

Taking the Fourier transform to Eq. (3.5), we have

—

b+ (1), — a(i)’0 = F,(v),

namely,

where
&
14+ &

Then taking the inverse Fourier transform to the above resultant equation, we
have

B(¢) =
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v(x, 1) = L /OO eire POy (&) dé

2n
t poo RN
+i/ / eicfxe—B(f)(t—s)F}’(v)(éis) déds. (3.7)
T Jo —00 1 +é

Differentiating it with respect to x, we have

Lo, 1) = 5- / (/e (¢)de

/1x7 ()(57)
// (i¢)ei L dds (3.8)

We now define the solution spaces as follows, for any positive integer p > 1 and
the given 6 > 0,

X7 = {v € C(0, 00 HX(R)) M, (1) < 0},

where

1
Mi(v) = sup {sz’*”“ " u(0)]l, + <1+t>‘”|vxx<t>|y},
j=0

0<r<o©

2
My©) = sup » (1+0 o)z, p=2.

0<r<© =0

Theorem 3.1. Under the same assumptions in Theorem 2.2, there exists a positive
constant oy, such that when ||vy|| 21 +n < 61, then the Cauchy problem (3.5) has
a unique global solution v(x,t) satisfying v(x,t) € C(0,00; H*(R)). Furthermore,
we have the following estimates:

1. When p = 1, for any given o > 0, the solution v(x,t) of (3.5) satisfies

1
+ )R 0(0)| 2+ (140 lon() 2
; X L L (39)
< C(llvollysr +n)-
2. When p = 2, the solution v(x,t) of (3.5) satisfies
2
Y+ 0 00,2 < C(wollyar +n)- (3.10)

=0

Once Theorem 3.1 is proved, by u(x,t) — 0(x, ) = v,(x,¢), it is easy to prove
our main theorem, i.e. Theorem 2.2. Therefore, in the rest of this section, our
main goal is to prove Theorem 3.1. Before we prove this theorem, we state
several needed lemmas.
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Lemma 3.2 [1,2]. It holds

/OO M dé<C(1+1) U2 (3.11)
o (14 E)(1+[¢])

for j=0,1,23 4, where c is constant.

Lemma 3.3 [11,12]. Let a > 0 and b > 0 be constants. Then

/t(l +1—95)"(1+s)"ds
0

C(1 4 ) mn@?) if max(a,b) > 1, (3.12)
C(141)" ™" og(2+1) if max(a,b) =1,
C(l+0"" if max(a,b) < 1.
Lemma 3.4 [1,2]. If vy € W*'(R), then
1 o0
’ EEK/Q (e e 0(&)de]| < Clluollyan(1 4070 (3.13)
for j=0,1,2.
The nonlinear term is estimated as follows.
Lemma 3.5. Suppose that v(x,t) € X[f, then
@ for p=1,
¢ 0 IRY
/ L (1(:)/ o= (tfs)Fl(U)(é;S) del| ds
o ||2m 14+¢ o
<CM+(+5ﬁU+ﬂ*%”Wf =0,1 (3.14)
) —
1 2 Jiéx ,—B(&)(t )E(U)(éas)
. i i )C ) d d
/0 2TC ( é) 1 + 64 é 12 ’
<C[’l+(']+5)2](1 +07 (3.15)
(i) for p =2
t 1 o]
/ _/ (lf)/ 1gr -B(¢ F}J( )(f;S) dé ds
2n 14+¢ L (3.16)

<Cly++oy (1 4+ @A j=0,1,2.

Proof. Due to the definition of X/ ¢ and Sobolev’s inequality
1l < V2IL057 - IR it f e HY,
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it is easy to obtain
(i) for p=1,

[o(6) 1 < V2I[o() ]2 [[oe(B)]],2 < V25(1 4 1)1,

A7
o (D)l < V2[5 [oa(0)]] 27 < V25(1 + 17757 17
(i) for p =2
1/2 12 ~ —1/2
lo(0)]« < V2UJo(@)],5% o (0)]],2° < V26(1 + 1) (3.18)

()l < V2l @12 0w (0)]2° < V26(1 +0)

By inequality (3.6),
sup|F(0) (&.5)| < [ IR (0)(rs)

feR 00

< / {IHWI +—— Zajwfvpﬂ /|}
1 _
<Ot (5| + ap||9( 57! / |Ov,| dx

Zajne )l >||f’“/ 0, dx

1
NEOL toE 1 @lOG)IE 110G 12 o) 2
Z%IIG Mz o) IE=" Noe(s) 12+ (3.19)
Applying (3.17) and (3.18), the definition of M,(v) and Theorem 2.1 to the
above inequality, we have
S,u}gm/(v\)(é,s)KC{n(l+s)*5/2+52(1+ $) P o1 45)" )
ce
<C{n+(n+0 1+, (3.20)
by choosing ¢ such that 0 < 0 < 1/2, and

sup|F;,/(v\)(f,s)|gc{,7(1 ) 4 aps(l +s5) WP

¢eR

+Zan/5p+l —j (14s)" (2p /+1)/2}

<Ol +35)7 4+ (n+ 07 (1 +5) 2
<C{n+@m+oy" 1+ p=2, (3.21)
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where for p > 2, we used (p+1)/2>=3/2and 2p—j+1)/2> (p+1)/2 for
0<,j<p— 1, which imply (1 +s)" %72 < (1 +5) "2 < (1 +5)72. Sim-
ilarly, we estimate sup..g ||| F,(v) (&, s)| as follows.

[se]

sup IR @ (&9 < [ A0l dx
¢eR —0
)4

< / {|0Xx,\’.tl| + lvxx |Ux Z ‘9/—10)‘0544,”

o0

+p+1 —j)injvxxl]}dx
1 Oceerel| 1+ [0 (S)prl/ || dx

* ot SO [ o

+(p+ 1= IO locls )\ﬁ?f/jo IOUxxldx}
||9mxz(S)HL1 + o7 o)z llow ()12
p+1 Z%{JHO M= Hox ()1 10:(5) 2 lox(s) 2

o) 51002 llow(s)l2 -
(3.22)

+(p+1=)]06)]]~
Depending on the value of p, we have

sup €1 (0) (& )| < C{n(1 +5) 7 + 8 (1 +5) 7 +50(1 +5) 7}
¢eR

SC{n+(+0) 1+ Y7 0<a<1/2
(3.23)

sup [¢] By (v) (¢,9)] < C{n(l +5) 4 (L) WY
ce
1 P S )
+ § : | i gPItL 1+ —(2p—j+2)/2
ot 1 - a; {]’7/ ( S)

+(p+1— e (1 +s) @ ”2/2]}

< C{’?(l +5) 7 4+ (1 4 5) P



L. Liu, M. Mei | Appl. Math. Comput. 131 (2002) 147170

_|_

)
aﬂ/’/ﬁl’*}#l (1 + S)—(p+2>/2 }

j=1

<Cn+ M+ Y1 +5)7 p=2,

where for p>2 and 1<;j<p, we used p+12>3 and (2p—j+2_)!2
(p+2)/2 =2, which imply (1+s)""" < (1+5)7% and (1 +s) @7

(145) "2 (14572
Making use of Parseval’s equality, we have

J
- /t ds
0 L
! 00 o-2B(8)(1—s) ) 1/2
:/0 (/m Ay HWEs) dg> ds
t ) o0 g=2B(8)(1s) 1/2
s /0 S%g]gllﬂ,(v)(@sﬂ (/OC mdé) ds.

Noting (3.20) and (3.21), Lemmas 3.2 and 3.3, we obtain

/

t
<C{n+ 0+ 5)2}/ (14520 +1—5) ds
0

ds

12

1o e B0
3 | S RO

e BO(—s)

Tg@(”)(fﬁ)

ds

12

1 00 ifxe—B(i)(t—s) . q
ﬂ/,we o he)Esd

<C{n+ (n+0) (1 +¢) 714
<C{’7+(7i+5)2}(1+r)‘“/4—0>, 0<o<l1)2
1 e e BOM-s)

Al S B de
<C{’7+(ﬂ+5)”*‘}/ol(1+s)3/2(1 tr—s) M ds

ds

12

<Cn+ M+ 1+ p=2

157

(3.24)

22
<

(3.25)

(3.26)

(3.27)
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Similarly, we have

4 1 o0 i e*B(f)(I s)
[ 5 [ e S e
( ds

/t o BE—s)
B 0 1 + 64 L2

p U)(E,S)
' o |£[2em2BE)—s) 12
:/o (/_ Mlﬂ(v)(i,swdg) ds

ds

12

il

1/2
¢ — |5|26723 &)(t—s)
</0 igglﬂ(l))(és)l(/w T d¢| ds.

Using (3.20) and (3.21), Lemmas 3.2 and 3.3, we obtain

1oL e B
/0 ﬁ/ iée™ 1+§4 Fl(U)(f,S)df

t
<C{n+n+ 5)2}/ (145" +1—5)"*ds
0

ds

12

<C{n+(n+0)}(1+ 07
=Cln+(+0 1+ 7, 0<a<1)2

I et e BE—s) ol 4
— ige'* EF,(v)(&,s s
/0 21 ‘/700 1+é4 P( )(g ) L

t
<Cln+ (1487} / (14 5) (1 41— ) ds
0

<Cln+ O+ +07" p=2

Furthermore,

t
/

/, L e B .
= —a K

0 1 + 54 LZ

t 9 4 __92B s 1/2
6 e (&)(t=s) —

:/0 (/ ||(1+—€4)2|F;7(U)(575)|2df ds

ds

12

1 %) 2 e B(g)(t s)
g/_mof)e A A 69

(i¢) Fv)(E,s)

(3.28)

(3.29)

(3.30)

4 1/2
t o 00 |f| 2B(¢
é/() 86161113((1+|6|)Fp(v)(é,s)l)</w 0+ e +|~f|) dé) ds.

(3.31)
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Using (3.20), (3.21), (3.23) and (3.24), Lemmas 3.2 and 3.3, we have
U e B
— 1&)7e'" Fi(v)(¢&,s)d d

<C{n+(n+9)°} /Ot{(l +5) T+ (1 +9) 1 41— ) ds

t
<Cln+ O+ 5)2}/ (145071 +£— )M ds
0

<Cin+m+0)31+0""" 0<o<1/2. (3.32)

/

<C{n+n+ 5)”“}/;{(1 +5) 7P (149 141 —5) ds

—

1 [, . e By
3 | e B G s)de

d
1+ & y

12

t
<Clrt (r+oy™) [0 (11— s
0

<C{n+(m+oy (1 +07", p=2. (3.33)

With (3.26), (3.27), (3.29), (3.30), (3.32) and (3.33), we finish the proof of the
lemma. O

Lemma 3.6. For v|(x,t),v,(x,t) € Xpé, the followings are valid:

sup |Fy (01) (&,5) — Fi(02) (&,9)| < Clp + )M (v — 02)(1+5)7"77, (3.34)

¢eR

Sup | By (1) (&,5) — Fy(02) (&, 5)| < C(n + 8" M (v — v2)(1 +5)

£eR
for p =2, (3.35)

sup £[1Fi(0) (£.5) = Fi(12) (&) < COn + )M (1 — ) (1 +5) 74
[4S

(3.36)
sup |E[|F,(01) (&,5) — Fy(02) (€,9)| < Cln + 8 M(vr — v2)(1 42

ZeR

for p > 2. (3.37)

Proof. For p = 1, we have
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sup | (01) (¢,5) — F(02) (,9)]

ZeR

© 1
< [ 00 = ea)l + 3100+ oo = vy

o0

<O 21l (01r = v2e) ()] 2 + % (W1 + 020) () 21l (1 = 02) ()] 2

< (1061 + 3l Ol + 3l Ol )1 = )Gl

SCO(1+s) 401 +5) M (01— 02) (1 +5) 747
SClr+0)(1+5) " *M(vr = va) (1 +5)7H
<C+OM(vy —v2)(1+5)7, (3.38)

and

— —

sup [¢[[F1(v1) (¢, 5) — Fi(v2) (&)

ZeR

</ R0 5) — Fis(22) (x.5)| dx

o0

00
< / |9x(le - UZx)l + |0(U1xx - UZXX)' + |lelex - v2x”2tx| dx
—00

<0:() 12 111 = v20) ()12 + 10C) ]2 | (012r = v20) ()] 2

F o2 (@1 = v2e) ()12 + (0260 ()] 2| (01 = 020) ()] 2
S10:(3)l.2 + [[o2ec ()] 2) | (01 = v2) ()] 2

+ 100) ]2 + [ore() 1) (rer = v2e) ()] 2

<c{n(1 45 461 +8) WMo — ) (1+5)
(1 +5) " 01 +5) M (0 = ) (1 +95) 77

<Cln+0)M(vy — ,;2){(1 + S)*3/2+ﬂ 1+ S)77/4+za
(L) (1) T

<Cn+ 0)M(vy — vy)(1 + )7+ (3.39)

—

For p > 2, sup.cg |Fp(v1) (&, 5) — F},@)(i,sﬂ can be estimated as follows:
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sup |5 (1) (¢, 5) — Fp(02) (,5)]

ZeR

< [ IR - R )ldr

o0

© 1 & TP
</OCIH_IZ(;%’9]UI17;U_9/“§XH /| dx

<o [ a0 ealde +1Za,/ O = o

1

il {%IIQ( 0621l (01 = 02)(5)]] .2

+Z%Il9 Izl (o1 = v20)(s )Ilei: o)l o2 ()17 }

i=0

C
Spl {apan (o1 = e2)(1 ) 070"

1
+ Zajnjé‘”ij(v] —0)(1 4 5)” ]>/4(p—j)}

=0

{apﬂ +Za,(p e J} (0 —02)(1 +5) (p+1)/2

Cln+ )M (v, — v2)(1 +5)7%, (3.40)

where we used 0 < j<p — 1 and p > 2 which imply —(3p+3 —j)/4< — (3p+
3—(p—1)/4<—(p+1)/2<—3/2. And

sup ENIF(01) (E,5) — Fy(02) (&.9)]

< /jo |0 Fy(01) (x,8) — OcFp(v2) (x, 5)| dx

* 1
< / {|U1xxvfx — Upulh |+ apU?W 10, (v1 — v2))|
1 - » y
10 (e = eal] 2 D a0 O = o)
Jj=1

+ @+ 1= DI v — v’;jum)ﬂ}dx
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1 _
SOty = v2ath,) (5)| +map{pll9" H(9)0:(5) (1 = 02)(9)
+ 110G (010 - vm><s>||ﬂ}
p+1 Z%{]HOI ()0 () (A = A7) (),

+ (P4 1= DNOCY (V] 01 — th 020) (5) 1 }- (3.41)
Since we have

(o1t = v2005,) (5]l
<N (et = v ) (9) | + II(lexv’iv = 02a%,)(5) |

< onee ()l 211 (010 = v2)( ||LzZ||le Mzl

+ e ()72 11 (010 = v20x) (s )Ile

p—1

SCIM vy —0)(1+5) 2> (14577 4+ CFM(vy — v2)(1+5)7
i=0

<CFM(v; —v)(p+ 1)(1 +5) 7, (3.42)

where we used —3(p — 1)/4 <0,

et H()0:(5) (01 = 02) () |1+ 10(5)” (V16 = 2) ()11}

SPHO( MG 10:() |2 | (01 = 02) (5)] 2
F 10 10 ]2 1 (01 = v2) ()] 2
<C{pM(vr — v2)(1+5)" 72 4 M (v — 0a) (1 +5) 7%
<O (p+ 1M (v — v2)(1 457, (3.43)

where —(p+2)/2< -2,

1 &

1
D IL LOCCICHRE L A O] ¥
j=1

Z a0 110 [l (012 = 02) ()2

XZIIvu Mizlloz () 177
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c oo o 7
< —Zaj]n/(1+s) G-1)/2 1M(U] _Uz)(1+S) 3/4
p+145
X Zé" f 3(P J)/4
i=0
Za/J(P Jj+hd /M(Ul_vz)(l+s)*(p+3)/2

<CM(v; — ) (1 45)~ ] Za,](p J+ Dy, (3.44)

where —(3p+5—j)/4< —(p+3)/2 for 1< j<p—1and —(p+3)/2<-2
for p > 2, and

1! oo »
S ol = IO (= o) )
j=1

S

1 2! . .
< il a;j(p+1—j)[0(s )Il’x{||le(S)||iz’||(vm — V) () 2
J

+ o2 () ]2 [ (01 = v2) (5) 2 i lor(s)Il32 floac() 1727 }

p+1 Z%(P"‘ -y (1 +5) //2{51) /M(Ul _ Uz)(l + ) (3p+5-3))/4

+ 5P_AM(1)1 —u)(1 +S)7 (1 +S)*3(p—j71)/4(p i
pil ia/(p'i‘ 1 —j)n J 5P~ /M(vl —v){(1+s)” (3p+5—))/4
(1 45) S )y

1 P
< CM (v — vy)(1 +5)" P+3>/2p+ Z a(p+1—j)y s~

J=1

S

L1 .
< CM (v — v2)(1 + ) 2? ai(p+1— )’ no, (3.45)
Jj=1

S

where we used —(3p+5—/)/4< —(p+3)/2< —2for 1< j<p—landp >
2, it is easy to obtain
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sup |£]|Fy (1) (¢,5) — Fy(02) (E,9)]

ZeR

< CM (v — py)(1 +s)2{5”(p+ D+n"p+1)

1 & N 2o
> (@ + L= +ap 1= ) 0}
j=1
<C+0YM(vy — vp)(1 +5) 72 (3.46)
With 3.38, 3.39, 3.40 and (3.46), we finish the proof of the lemma. [

Proof of Theorem 3.1. Rewriting (3.7) as the operational form v = Sv. We need
to prove that there exists the positive constant J; such that the operator S is a
contraction mapping from X; % into X [fl

Step 1. To prove that S maps X” into itself. For any v|(x,t) € X" and de-
noting v = Sv;, we will prove v € X; for some small 6 > 0. By the deﬁnltlon of
M,(v) and Lemma 3.5, for any positive integer p, there exist a constant C; such
that

MP(U) < C1<||170||W3_1 +n+ (T’I + 5)p+1>.

Choose 6, < 1/nCy with n = max{2 + 2°"!,1/C,}. Then for ||vo| ;2.1 < 82/nCy,
< d,/nCy and é < d,, we have

My <o | 2422 (2, "
PSS nC, nC; nC, 2
20, +1 1 s
1
<nC1+5p C1+ )
(252 522”+1)

2+ 200§
(_FnTz <d,.

Thus, we proved §: X7 0 — X ° for some small § < Js.
Step 2. To prove lhat S is a contraction in X. °. Suppose that v;(x,?),
va(x, 1) € X? (8 < ). By (3.7),

ai(SUl Sl)z / / lf / 1§’C —B(¢

Fy(01) (¢,5) — Fy(02)(£,5) déds
1+ 7

for j=0,1,2 and p > 1. First, we estimate ||Sv; — Sva||,2.
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ds

12

1 e Bl —
3 [ e (Bl (Es) - o) 9)de

t
/0 o 1+¢&
e BO-s)
ds

= [ |5 w0 - BmE) )

_/t /mﬂlf“( D(E,s) = Fy(02) (&,5)[dE md
= ; i (1_1_5)2 N Uy , 8 S

‘ _ _ 50 o 2B(E)(—) 12
< / sup|Fp<v1><é,s>—Fp<vz><é,s>|< / e)zdé> ds.

zeR o (148

(3.47)
Using Lemmas 3.2, 3.3 and 3.6, we obtain

/

ds

12

1 [ . e BOEs —
o / elcxelT(mv])(é,s)—ﬂ(w)(ém))dé

<Cn+0)M (v — ) /0[(1 +S)7(17a)(1 +f—S)71/4ds

Cln+ )M (v, — v)(1 + 1) "1/
Clp+ M@, — )1+ 0<0<1/2, (3.48)

<
<

/

<C(H+06)’M(v; — vy) / )P (141 —s)" V4 ds
0

<C+0)M(vy —v)(1 +1)” 1/4, p=2. (3.49)

ds

12

o eBO-9) -
ﬁ[ e“"ﬁ( o (01)(E,5) — Fy(02) (€,5)) d&

Namely, we obtain

forp=1,

Cp+ M@ —v)(1+0)""* 0<e<1)2
[[Sv1 = Sva 2
Cln+ 8)"M(vy — va)(1 +1)~/* for p = 2.

(3.50)

Using Lemmas 3.2, 3.3 and 3.6, we can similarly estimate ||0,(Sv; — Sv,)||,» and
[|02(Svy — Svy)]|,2 as follows:

Chp+ M@ —v)(1+0)7 Y7 0<eo<1/2
110+ (Sv1 — Sv2) |, < for p=1,
Cln+ 8)"M(vy — v2)(1 +1)7* for p > 2.

(3.51)
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and
Clp+ M —v)(14+0)""7 0<a<1/2
107 (Sor — Sva)l2 < forp=1,  (3.52)
Cl+8)/Mv, —v)(1+0""*  forp=2.
With (3.50)—(3.52), we proved that, for some constant Cj,

M(SUl — Sl)z) < C1 (1/] + 5)pM(U1 — Uz).

Choose 6 < d; < 1/nCy with n = max{2/C,,2}, then for n < d;, M(v;) < 03
and M (v;) < J;, we have

M(Sl)l — Sl)z) < M(D] — 1)2).

That is S : X — X7 is contracting for some small § < ds.

By Steps 1 and 2, let §; < min{0,, d3}, we have proved that the operator S is
contracting from le to X;l. By Banach’s fixed point theorem, S has a unique
fixed point v(x,?) in X;f’l. Thus, the integral equation has a unique global so-
lution v(x,7) € X1, [

4. Numerical simulations

In order to confirm the theoretical result in Theorem 2.2, numerical simula-
tion has been carried out for cases p =1 and p = 3. The applied numerical
scheme solving Egs. (1.1) and (2.3) is the explicit finite difference scheme. For the
consideration of the Cauchy problem, we adopt a suitable IBVP for a sufficiently
large domain  C R with zero Neumann boundary in stead of the original IVP.

Let 6(x,¢) and u(x, t) denote the solutions of the parabolic equation and the
R-B equation, respectively. Consider the initial condition 6y(x) and u,(¢) as

00(x) = up(x) = e

Thus,

/:00(x)dx= /:uo(x)dx: /:e"zdx> 0.

But [ [0o(x) — uo(x)]dx = 0.
For the following discussion, the time-step and the space-step are 0.5 and 1,
respectively. We compute the time 7 from 0 to 20000 for x € Q = [-2000, 2000].

4.1. Case p =1

The solution of the R-B equation for 7 € 2000, 10000] and x € [—200, 200] is
displayed in Fig. 1. The grid size used in plotting the graph is Ax =4 and
At = 100. The diffusion wave solution of the corresponding nonlinear para-
bolic equation is similar to Fig. 1. Fig. 2 shows the difference of these two
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0.015

0.01

wave value

0.005

10000

space 2000 time

Fig. 1. The solution of the R-B equation.

-

difference in wave value

w

10000

2000

space time

Fig. 2. The difference of the solutions u(x, ) — 0(x,1).

solutions: u(x, ) — 0(x, t) with the same time and space intervals, and the same
grid as in Fig. 1. Comparing Figs. 1 and 2, noticing the different scales in the
Z-axes, we discover that the value of u(x,7) — 0(x,¢) is much smaller than
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Fig. 3. (a) The ratio Fy(r) = ||0(x, £)||, /(1 +£)~"/%. (b) The ratio F,(¢) = |ju(x, )|, /(1 +2)"/.

u(x,) — 0. Thus, we expect that u(x, ) approaches to 0(x, ) much faster than it
does to zero. Since u(x, ), 0(x,t) and u(x,t) — 0(x, t) approach to zero when x
approaches to infinity, ||u(?)],«, [|0(¢)||,~ and |[(u — 0)(¢)||,~ can be estimated
by max,cp |u(x, )|, max.cq |0(x,t)| and maX.cq |u(x,t) — 0(x,t)|, respectively.
Figs. 3, 4, 6 present the decay rates for u(x,?), 6(x,¢) and u(x,t) — 6(x,t). The
grid size used in these figures is At = 100.

Fig. 3(a) shows the ratio Fy(¢) = ||0(¢)||,~/(1 +)""/*. For the time 7 from
10,000 to 20,000, we obtain almost a straight line. This implies Fggl) — C when
t — oo, where C = 0.6992. Thus, we have ||0(¢)||,. = C(1 +1)""/*, which con-
firms the theoretical assertion: ||0(¢)||;~ < C(1 + £)"'/%. Similar result can be
found for ||u(¢)||, from the ratio F,(¢) = ||0(¢)||,/(1 +)""/* shown in Fig.
3(b).

Our main interest is the decay rate of the difference u(x,¢) — 0(x, ). The ratio
F(t) = ||(u — 0)(1)|| /(1 +1)"""* is shown in Fig. 4(a), where the ratio value
keeps decreasing as ¢ increases. This numerical result shows that ||(u — 0)(¢)|,~

0.13 0.218
0.12 0217 ok
—~ 0.1 ~
= < 0216
&5 e
g o 2
= 5 0215
=4 =
0.09
0.214
0.08
007 P 0.213
%%""’Mw—w
0.06 0212t
0 02 04 06 08 12 14 16 18 2 0 02 04 06 08 1 12 14 16 18 2
(a) time t x 10 (b) time t x 10

Fig. 4. (a) The ratio F(¢) = ||lu(x,7) — 0(x,0)||,~/(1+2)""* and (b) the ratio F(r) = |Ju(x,t)—
00x, 1)l /(14 1)
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Fig. 5. (a) The ratio Hy() = [|0(x, ?)|~ /(1 4 1)/, (b) The ratio H,(¢) = |Ju(x,?)||,~ /(1 + 1)~/

decays faster than the function (1+17)""%. In fact, it is found that ||(u—

0)(t)||,~ decays to zero with the same rate as (1 +¢)~>”, which is shown in
Fig. 4(b). Thus, in this example, ||(z — 0)(7)||,~ = C(1+1)"""® with C =
0.2168. Several other initial conditions have been considered. However, we
have not found any example such that ||(« — 0)(2)||,. = C(1+1)""/** (with
¢ > 0). This may imply that our theoretical result is not optimal. Inspired by
Fig. 4(b), it seems that [(u — 0)(¢)||,~ = C(1 +¢)~', whose theoretical proof
still remains open.
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Fig. 6. The ratio H(t) = |Ju(x, ) — 0(x,1)|| /(1 +1)"".



170 L. Liu, M. Mei | Appl. Math. Comput. 131 (2002) 147170

4.2. Casep=23

The theoretical result for cases p > 2 are the same, numerically we only
present the results for p = 3. For the considered initial condition, the decay
rates of u(x,¢) and 0(x, ¢) are displayed in Fig. 5(a) and (b), respectively. In Fig.
6, as t — oo, the ratio line of |(u — 0)(r)||,~/(1 +¢)~" seems to be a con-
stant line, implying ||(u — 0)(¢)||,~ /(1 + )" — C, where C = 0.0675. Hence,
[(u— 0)(r)||,~ decays as fast as the function (1+17)"" does, confirming our
theoretical result.
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