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Abstract

We investigate the propagating profiles of a degenerate chemotaxis model describing the bacteria chemo-
taxis and consumption of oxygen by aerobic bacteria, in particular, the effect of the initial attractant
distribution on bacterial clustering. We prove that the compact support of solutions may shrink if the signal
concentration satisfies a special structure, and show the finite speed propagating property without assuming
the special structure on attractant concentration, and obtain an explicit formula of the population spreading
speed in terms of model parameters. The presented results suggest that bacterial cluster formation can be
affected by chemotactic attractants and density-dependent dispersal.
© 2019 Elsevier Inc. All rights reserved.
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1. Introduction

We consider the following chemotaxis model with chemotactic consumption and porous me-
dia diffusion
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uy=V(@w)Vu) — xV - (uVv), 0

vy = Av —auv, xe, t>0,
where u represents the number per unit volume of aerobic bacteria cells, v denotes the oxygen
concentration, y is the chemotactic coefficient, & denotes the fractional rate of oxygen consump-
tion per unit concentration of bacteria cell. The diffusion of species is considered to be degenerate
in the form of V(¢ (1) Vu) with ¢ (u) = Du™=!andm > 1, which is dependent of the population
density due to the population pressure, 2 € R" is a bounded domain with smooth boundary 9.
This model can also describe other chemotaxis progress with nutrient consumption.

The chemotaxis model with porous medium diffusion type is motivated from a biological
point of view [34]. It is worthy of mentioning that the porous medium type diffusion can repre-
sent “population pressure” in cell invasion models [28], which initially arises from the ecology
literature [12,13,26,51]. In fact, experimental investigation has shown that the diffusion coeffi-
cient depends on the bacterial density [41]. In the bacterial experiments done by Ohgiwari et al.
[27], they recognized that cells located inside the bacterial colonies move actively, but cells be-
came sluggish at the outermost front with apparently low cell density. This phenomenon indicates
that bacteria become active as the cell density u increases. Thus, a natural choice of the bacterial
diffusion coefficient is ¢ () = u” ' (m > 1), and this porous medium type bacterial diffusivity
is based on the degenerate diffusion model proposed by Kawasaki et al. [16]. Recently, Leyva et
al. [20] incorporated a chemotactic term into the original model by Kawasaki et al., and explored
the effects of chemotaxis on bacterial aggregation patterns.

Incorporating the porous medium type diffusivity in bacterial chemotaxis models mentioned
above, the system (1) appears as part of the following chemotaxis-fluid model proposed by Tuval
et al. [39] to describe the motion of oxygen-driven swimming bacteria in an incompressible fluid

ur+w-Vu=Au" —V - (ux(w)Vv),
v+ w-Vv=Av —uf(v),
wy +k(w-Vw)=Aw — VP +uVe,
V-w=0, xe, t>0,

2

where w is the velocity field of the fluid subject to an incompressible Navier-Stokes equation
with pressure P, k the strength of nonlinear fluid convection, V¢ a gravitational force, f(v) the
rate of oxygen consumption, u#, v x (v) the quantities denoted as before. It was Francesco who
first extended the classical fluid-chemotaxis coupled model to one with a porous medium-type
diffusion of swimming bacteria [10]. Obviously, if the flow of fluid is ignored (i.e., w = 0) or the
fluid is stationary, then (2) yields the chemotaxis model with porous media diffusion (1).
Chemotaxis is the biased migration in the direction of a chemical stimulus concentration gra-
dient [14,17]. Bacteria can sense a large range of chemical signals, such as the concentrations of
nutrients, toxins, oxygen, minerals, etc. A mathematical model for the process of aerobic motile
bacteria toward oxygen which they consume was first proposed in [29]. For the classical chemo-
taxis model with consumption chemoattractant (i.e. m = 1 in (1)), the diffusion of bacteria cells
are assumed to be random. When the initial data is sufficiently small, Tao [35] proved that this
model admits a classical solution globally in time. Moreover, for large initial data, Tao and Win-
kler [36] showed that the problem admits a global weak solution, and a more interesting fact
is that, the weak solution will become smooth after some time. Recently, chemotaxis models
featuring a density-dependent diffusion term have drawn great attention from many authors [3,
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11,23,33,42-44,48,54]. For the chemotaxis model (1) with consumption of chemoattractant and
porous medium type diffusion, it was shown that the weak solution is globally solvable in two
dimension for m > 1 [37]. In three dimensional space, the authors made great efforts to prove
the global existence of weak solutions for this model for any m > 1. Winkler and Tao [38,47]
proved that this problem admits a global weak solution for the case m € (1, %].

The qualitative analysis of the chemotaxis model with nonlinear diffusion has attracted a lot
of attention and led to a variety of challenging problems [1,2,14]. In many biological cases, the
diffusion coefficient ¢ (1) is not constant, which can be regarded as a consequence of the interac-
tion between cells [6,22,24,32,53]. The interaction between diffusion and chemotaxis contributes
substantial influences on the behavior of solutions for these models. In [7], Burger, Di Francesco,
and Dolak considered the Keller-Segel model of chemotaxis with volume filling effect, which is
degenerate when bacteria densities approaching either 0 or 1, and they investigated the qual-
itative behavior of solutions, such as finite speed of propagation and asymptotic behavior of
solutions. Kim and Yao [18] studied the qualitative properties of the Patlak-Keller-Segel model
with porous medium type diffusion term by using maximum principle type arguments, and they
proved the finite propagation property of the compactly supported solutions generated by this
type of degeneracy of diffusivity. In [9], Fischer proved finite speed of support propagation for the
parabolic-elliptic chemotaxis Keller-Segel system with porous medium type diffusive term and
gave sufficient criteria for support shrinking, based on the integral estimates and the Stampacchi-
a’s lemma. Moreover, mechanism of nonlinear diffusion is capable of suppressing or generating
the occurrence of blow up in chemotaxis systems, such as chemotaxis with the flux limitation
[3,4], the volume-filling effect [45,49].

The main feature of our model (1) lies in that the porous medium diffusive term and the
chemotactic term are in competition. The dispersal term induces forward motion, whereas the
chemotactic attraction may account for cohesive swarm and induce backward motion of the
invasion boundary [9]. We explore the effect of density dependent diffusion and chemotactic
attraction, which can account for cohesive, finite swarms with realistic density profiles.

To understand how changes in the initial conditions of chemotaxis can so dramatically alter
the aggregation behavior of bacteria, we study the effects of attractant concentration on bacte-
ria distribution. We will give (see Theorem 2.1) a mathematical understanding of the collective
behavior of bacteria chemotactic toward oxygen. We find that under certain initial conditions,
the boundary of suppu(-,#) moves backward in response to the gradient of attraction at early
stage. This indicates that the size of the swarm is defined by a balance of chemotactic attraction
and cell dispersal: the greater the attraction the smaller its size for a given total number of or-
ganisms. This is observed biologically: bacteria exhaust the local oxygen and then react to the
attractant gradient they have created, producing a flux towards the region with more oxygen.
Early in bioconvection, this process generated accumulations of cells, resulting in smaller size of
cell collective region. This experiment was conducted on Bacillus subtilis [8].

One of the intrinsic characteristics of porous medium diffusions is the population moves with
a finite speed of propagation, which seems more reasonable than infinite speed in biological ap-
plications. To put it concisely, for any non-zero initial data uq, the solution of linear diffusion
equation u(x,¢) > 0 for ¢ > 0 and any x € R", thus a linear diffusion process predicts an in-
finite propagation [40]. However, the spatial support of the solution to the degenerate diffusion
equation remains bounded for all time ¢ > 0 [9].

Bacteria are known to exhibit very diverse morphological aggregation patterns depend-
ing on a variety of environmental conditions [5,25,27,41]. These experimental observa-
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tions showed the bacterial enveloping front propagates outward gradually over time and
the velocity of front propagation is finite. In order to explain these phenomena, a vari-
ety of mathematical models have been proposed [16,20,30,31]. The density-dependent de-
generate diffusion model may capture more pattern features found experimentally and pro-
vides a better match to experimental cell density profiles. The difference between these
diffusion types is that the porous medium type diffusion leads to distinct boundaries, and
the population density decreases to zero at a finite point in space, rather than tends to
zero asymptotically. It is therefore not surprising that the behavioral property of living
organisms in these two models is different. The porous medium type models allow the
cells aggregate rather than spread out. The non-physical diffusion is eliminated in this
model.

Although the underlying dynamics of the chemotaxis model with degenerate mobility can be
complicated, explicit description of bacteria invasion process can be given. The challenge in the
mathematical analysis consists of the chemotactic term as well as the degeneracy of the diffusion
term which generates compactly supported solutions. We prove several propagating properties
of solutions, including the initial shrinking, finite propagation property, eventual smoothness
and eventual expanding. The spreading speed is the rate at which the species with uniformly
positive initial distribution over a large interval and zero distribution outside an interval expands
its spatial range [19]. Theorem 2.3 below provides an explicit formula for the spreading speed
in terms of model parameters. To the best of our knowledge, it is the first work that presents
a precise description of the propagating speed for this model. These results provide important
insight into the spatial patterns and rates of invading bacteria species in space.

Besides the porous-medium-type diffusivity, we note that the dynamics of solution’s expand-
ing and shrinking properties is also related to the nonlinearity of the chemotactic sensitivity. In
[51], we considered the chemotaxis model involving the same nonlinearity in the diffusivity and
the chemotactic sensitivity, which is

Uy =Au"™ — V- @"Vv) +u®(1 —u) (3)

with n =m > 1, and we proved that its support is always expanding with finite speed. Roughly
speaking, for the general diffusion versus chemotaxis equation (3) with m > 1, n > 1 and cou-
pled or given v(x, ) with suitable regularity, its support exhibits initial shrinking only for the
case n = 1 and v(x, t) satisfies some special structure. This is suggested by the exact propagating
speed in Theorem 2.3 for the case n = 1, where the degenerate diffusion Au” and the chemo-
taxis x V - (#Vv) maintain some precise balance such that the sign of 2m K(’)” -1 J/m—1)—xu
determines the expanding or shrinking of the initial support (Ko, ; are given therein). If n > 1,
the chemotaxis xV - (u"Vv) is “degenerated” as u”~'(x,t) approaches zero near the bound-
ary of the support, and in this case, p is interpreted as zero and then ZmK(')"_1 J(m—1)— xpis
always positive. We would like to point out that the above observation of diffusion versus chemo-
taxis is only concerned with the expanding or shrinking of its support, while the dynamics of the
solution away from the boundary of the support is left untouched, which may exhibit different
behavior.

The outline of this paper is as follows. In Section 2, we state our main results and some nota-
tions. We leave the comparison principle of the corresponding degenerate chemotaxis equation
and its Holder continuity into Section 3 as preliminaries. Section 4 is devoted to the study of the
propagating properties of bacteria cells and the large time behavior of the weak solution.
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2. Main results and notations

We consider the following chemotaxis system (4) with degenerate diffusion

uy = Au™ — xV - (uVv), xeR, t>0,

vy = Av —uv, xeR, t>0,

u™  dv €]
— =— =0, x€d2, t>0,

on on

u(x,0)=uplx), vx,0)=uvyx), x e,

where m > 1, x >0, Q C R is as mentioned before, ug, vo are nonnegative functions, n is the
unit outer normal vector.

Since degenerate diffusion equations may not have classical solutions in general, we need to
formulate the following definition of generalized solutions for the initial boundary value problem

G2

Definition 2.1. Let T € (0, 00). A pair of (u, v) is said to be a weak solution to the problem (4)
in Qr =2 x (0, T)if

(D ueL>®(Qr), Vu™ € L>((0, T); L*(2)), and u™ 'u; € L>((0, T); L*(Q));

(2) v e L>®(Q7) N L0, T); WH2(Q)) N W2((0, T); L*(R));

(3) the identities

T
//ul/f,dxdt—l—/uo(x)l//(x,O)dx
0

Q Q
T T
=//Vum'Vl//dxdt—//xquovwdxdt,
0 Q 0 Q

T T T
//v,wdxdt—i—//Vngodxdt://wmpdxdt,
0 Q 0 Q 0 Q

hold for all v, ¢ € L2((0, T); W12()) N W-2((0, T); L*(2)) with ¥ (x, T) =0 for x € Q;

(4) v takes the value vg in the sense of trace at t = 0.

If (4, v) is a weak solution of (4) in Q7 for any T € (0, 00), then we call it a global weak
solution.

A pair of (u,v) is said to be a globally bounded weak solution to the problem (4) if there
exists a positive constant C such that

sup {llullz=@) + [vllwieg)} < C.
teR+

Throughout this paper we assume that the initial data satisfies

— 0 —
up € C(Q), Vull € L*(Q), % =00n 3R, vg € C**(Q) for some ap € (0,1).  (5)
n
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We are aiming at the propagating properties of the cell invasions. Let us first focus on the
waiting time and the initial shrinking of the compact support caused by chemotaxis. Our approach
is based on the comparison principle and the technique of self-similar weak lower and upper
solutions with compact support.

Theorem 2.1 (Initial shrinking caused by chemotaxis). Let (u, v) be a globally bounded weak
solution of (4) with (i) N = 1; or (ii) Sup,¢ (g, o0 lu (-, t)||c'/(2m>(§) < C for some constant C > 0.
Further we assume that

suppuo C Bry(x0) C Q, uo < Ko(R3 — |x — xo|*)®, x € Bg,(x0), (6)
Vg - (x — x0) < —plx — x0/%, x € B, (x0), (7)

for some xo € Q and positive constants dy > 1/(m — 1), and Ry, Ko, i > 0, such that xu >
4—'”K6"_1 max{l, R(z)((m_l)do_l) }. Then there exist a family of shrinking open sets {A(t)}1e(0,1)

m—1

with ty > 0 such that A(0) = Bg,(xo) and

suppu(-,1) CA(t) CQ, te(0,1),
and 0 A(t) has a finite negative derivative with respect to t.
Remark 2.1. The existence of globally bounded weak solutions of (4) is proved in [15]. We will
prove in Lemma 3.5 that (i) implies (ii). The finite propagating speed (i.e. the derivative of d A(t)

with respect to t) is interpreted as in the sense of Theorem 2.3.

We show the finite speed propagating property without the special structure (7) on signal
concentration.

Theorem 2.2 (Finite speed propagating). Let the assumptions in Theorem 2.1 be valid except for

(7). Then there exist a family of open sets {A(t)}ie(0,19) With to > 0 such that A(0) = Bg,(xo)
and

suppu(-,1) C A1) CQ, 1€ (0, 1),
and 0 A(t) has a finite derivative with respect to t.

Remark 2.2. Without the structure (7) on signal concentration, we do not know the shrinking or
expanding of the cells. However, Theorem 2.2 shows the propagating speed is finite.

If the cell density and the signal concentration have special structure, we will present the exact
propagating speed as follows.

Theorem 2.3 (Exact propagating speed). Let (u, v) be a globally bounded weak solution of (4)
with (i) N = 1; or (ii) sup;¢(,o0) Il (- t)”C]/(Zm)(ﬁ) < C for some constant C > 0. Further we
assume that the initial values satisfy
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d
1o = Ko[(R§ — Ix —x01)+]", x e,

Vg - (x — x0) = —pulx — xo|*, x € By (x0),

®)

for some xo € Q and positive constants d = 1/(m — 1), Ro, Ko, i, § > 0 such that ERO (x0) C Q2
and B%O (x0) := {x € Bg,(xo); dist(x, d Bg,(xp)) < 8}. Here, (R% —|x = xo|2)Jr = max{0, R% —
Ix — x0|2}. Then

suppu(x, 1) = {0, p(0,1));0 € SN},

where (0, p) is the spherical coordinate centered at xg, p(0,0) = Ro for all 0 € SN=1 and the
propagating speed

9p(0,1)
ot

2
O:RO( leg’*‘ —xu), Vo e N1
1=l

With the signal being consumed as time grows, we show that the cells will eventually expand.

Theorem 2.4 (Eventual expanding). Let (u, v) be a globally bounded weak solution of (4) with
(i) N =1, or (ii) SUP;¢(0,00) [Ju(-, t)||cl/<2m)(§) < C for some constant C > 0. Further we assume

the initial data ug > 0, ug # 0 and Q2 is convex. Then there exist T>7>0and fo € (7, 7A"),
g0 > 0, and a family of expanding open sets {A(t)}te(fj“)’ such that

A(t) Csuppu(x,t), te,T),

A

and A(t) =, u(x,t) >¢eg forallx e Qandt € [ty, T].

Theorem 2.4 implies that the cells will eventually expand to the whole domain. After that we
can show the eventual smoothness and large time behavior.

Theorem 2.5 (Eventual smoothness). Let the assumptions in Theorem 2.4 be valid. Then
u(x,t) > eo for all x € Q and t > ty with ty > 0 and ¢o > 0 in Theorem 2.4, u € C2’1(§2 X
[to, 00)) and there exist C > 0 and ¢ > 0 such that

(-, 1) = Ul + lv( D llwreo gy < Ce™, >0,
where i = [ uodx/|Q|.

The main difficulty lies in the balance between the degenerate diffusion (expanding) and the
possible aggregating effect (shrinking) caused by the chemotaxis. According to the exact prop-
agating speed Theorem 2.3, it is clear that the profile near the boundary of its support competes
with the gradient of the signal concentration. We first prove the comparison principle by the
approximate Hohmgren’s approach, and then construct several kinds of lower and upper solu-
tions. The self similar weak lower and upper solutions with shrinking or expanding support are
comparable with the Barenblatt solution to the porous medium equation

Ckm=1)  x]? )+]+1 ©

B(x,n=(1 +t)’k[(1 N (¥
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withk=1/(m —1+2/N) for m > 1. After showing the eventual expanding property, we for-
mulate the eventual smoothness and large time behavior.

3. Preliminaries: comparison principle and Holder continuity
3.1. Comparison principle of degenerate diffusion equations

We present the following comparison principle of degenerate diffusion equation in general
form

2_’: =AA@W) — V- (Bw)®(x,1)), x€, >0,

(VA@W) — Baw)®) -n=0, xedQ, t>0, (10)
ulx,0) =up(x), xe,

where A(s) is strictly increasing and locally Lipchitz continuous for s € R, B(s) is locally
Lipchitz continuous for s € R, and ® : RY x R, — R is bounded. Here the degenerate set
{s € R; A’(s) = 0} has no interior point and the equation (10) is weakly degenerate. The typical
case is A(u) = u™ with m > 1, B(u) = xu and the solution u is non-negative (otherwise, one
may write A(u) = |u|™ " 'u).

Lemma 3.1 (Comparison principle). Let T > 0 and the function space E = {u € L*°(Qr);
VA(u) e Lz(QT)}, uy,up € E, ® € L*°(Qr), and uy, uy satisfy the following differential in-
equality

duq
ETEn AA(u)+V-(Bup)d(x,t)),

= %—AA(u2)+V~(B(u2)d>(x,t)), xe,te(0,7),
(VA1) — Bu)®)-n> (VAuy) — Bup)®) - n, xe€d,te(0,T),
u1(x,0) > uz(x, 0), xeQ,

in the sense that the following inequality

//ul(p,dxdt+/u10(x)g0(x,0)dx —//VA(ul)oV<pdxdt

Or Q or
//B(ul)tb(x t) - Vodxdt + / (VA(u1) — B(up)®) - ndxdt,
992x(0,T)
5//u2(ptdxdt—|—/uz()(x)go(x,O)dx—//VA(uz)-V(pdxd
or Q or

//B(uz)Cb(x t) - Vodxdt + / (VA(uz) — B(up)®) - ndxdt,

3Qx(0,T)
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hold for some fixed uyg, uny € LZ(Q) such that uyg > uyo on Q and all test functions 0 < ¢ €
L2((0,T); Wh2(€)) n WE2((0, T): L3(2)) with ¢(x,T) =0 on 0. Then ui(x,t) > usr(x,1)
almost everywhere in Qr.

Proof. The following inequality
//(ul — uz)pdxdt 5//V(A(u1) — A(u2)) - Vodxdt
or or

— / (B(u1) — B(up))®(x,t) - Vodxdt,
or

holds forall 0 < ¢ € L2((0, T); Wh2(Q)NW2((0, T); L*(R)) with ¢(x, T') = 0. If we further
assume that g—ﬁ =0forx €dQandt € (0, T), then we have

//(ul—uz)wzdxdli//(—(A(u1)—A(M2))A§0—(B(u1)—B(Mz))Cb(x,t)'V(P)de- (11)
or or

Let
1 Aur) — A(ua)
a(x,t):/A/(sul+(1—s)u2)ds: up—uy uy (e, 1) # uz(x, 1),
0 Al(uy), ur(x, 1) =uz(x, 1),
1
b(x,1t) :/B/(sul + (1 —uz)ds - ®(x,1)
0
(B(uy) — B(Mz))qD(XJ)’ w1 (e 1) £ s (. 1),
= Uy — un
B'(u)®(x,1), ui(x,t) =uz(x,1),
and

n {(n‘i_a(xat))éb(xvl)s |M1(.x,t)_l/t2(.x,t)|28,
CS (-x’t) =
0, lur(x, 1) —ua(x,1)| <8,

for any n > 0 and é > 0. Further, for any fixed y > 0, we denote
Fy={(x,) e Or;lui(x,t) —ux(x, )| =y},
and

Gy ={(x,1) € Or:lur(x, 1) —uz(x,1)| <y}

Now, (11) reads
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/ () — uz)( — g —a(x, 1)Ag — b(x, 1) - Vgo)dxdt >0, (12)
or

for all 0 < ¢ € L2((0,T); Wh2(€)) N Wh2((0, T); L*(2)) with ¢(x,T) =0 for x €  and
% =0 for x € 9Q and r € (0, T). Since ®(x,t),u;,ur are bounded and A(s), B(s) are lo-
cally Lipchitz continuous, there exists a constant C > 0 such that |a|, |b| and |u1|, |uz| < C.
Henceforth, a generic positive constant (possibly changing from line to line) is denoted by C.
According to the strictly increasing property of A(s) and the boundedness of u1, u;, there exists

a constant L(y) > 0 such that

a(x,t)>L(y), forall (x,t)eF),,

and therefore
Ic]] <L) 2|b| < L(5)2C =: K ().

We employ the standard duality proof method or the approximate Hohmgren’s approach to
complete this proof (see Theorem 6.5 in [40], Chapter 1.3 and 3.2 in [50], see also the comparison
principle Lemma 3.4 in [52] on unbounded domain and Lemma 4.1 in [51]). For any smooth
function 0 < ¢ (x,1) € Cg(QT), consider the following approximated dual problem

—g — )+ ae (. 0)Ag — ] (x, D0+ ae(x, )2 - Vo =1, (x.1)€Qr,

9
8—‘p =0, (x.1)€dQx (0,T), (13)
n

ox, T)=0, xeQ,

where n > 0, 8 > 0, ¢ > 0, a; is a smooth approximation of a in L*(Q7), a; > a, and cg’g(x, 1)
is a smooth approximation of cg (x,1) in L4(QT). Here we note that (13) is a standard parabolic
problem as the initial data is imposed at the end time # = T. Therefore, it has a smooth solution
@ > 0. Maximum principle shows the boundedness of ¢ such that 0 < ¢ < C(¥). Then we get

from (12) and (13) the estimate
//(ln —up)ydxdt > — // luy —uslla — as||Apldxdt
or or

- 77/ luy — uz||Apldxdt

or
1
—//|u1 —wsllc] (1 +ae)t — blIVeldxdi
Or
=—-1L-0L-1. (14)

Next, we need the a priori estimate on (1 4 a,)| Ag|>. We multiply the equation (13) by —Ag.
Integrating over Q7 yields
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// @ Apdxdt + / (0 + as) (Ag)dxdt

or or
5//|c;”8|(n+a8)%|V<p||Ag0|dxdt+//wA(pdxdt
or or

1
= Z//(77+aa)(A§0)2dth+//|Cg15|2|V(p|2dxdt+//|A1//||(p|dxdt
or or or

< % // (n+ ae)(Ap)dxdi + (K (5)) // Vol2dxdt + Cp).
or or

Using ¢(x, T) =0 and g—’f =0 on 92, we have

1 ([ d
//(p,Afpdxdtz—//V¢~Vg0,dxdt=—§//5|V<p|2dxdt

or or or

1
=3 / |Ve(x,0)*dx > 0,
Q

and

/ |V<P|2dxdt=//V<p-Vgodxdt:—//q)Agodxdt

or or or

1 _
< KGO // (1 + ae)(Ap)dxdt +n~ (K (8))*C(y).
or

Therefore,

(K (8))* // \Vo|2dxdt + // (14 ae) (M) dxdr < C(¥) (K (8))*n !,
or or

and

1A¢lL20,) < (CANK )2 < COHK )P0

It follows that

I =/ 1 — uzlla — apl| Agldxds
or
<ClA@l 200 lla = aell 20,y < CANK G0 la —acll 2o,

which converges to zero if we let ¢ — 0. We can estimate 1> as follows

15)
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I3

‘We note that
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L= 77/ luy — uz||Ap|dxdt

<n//|u1 —u2||Ag0|dxdt+n//|u1 —us||Apldxdt

<V//77|A<P|dxdt+ //a2|A<p|dxdt
L()/)2

5)’//’7

Gy Y

1 2 % Cn 2 %

sCVnz(//mAm daxdr)* + <1 (//agmm dxar)

or L(y)? o

<Cyn2C)(K@®)n 2 +

asz |Ap|ldxdt

L(y)?
=y CW)(K ) +n2C) (K (8)2/L(y)?.

1
=/ jur —uallc] (7 + ae)t — blIVoldxds

Or

1
5//|u1 —uzncj;g(n+as>f||w|dxdr+/ jur — sl bl Vgldxdr

1
+/ ur — uzlleg ,(n+ae)? — b||Voldxdt
Fs

1
<blc], 1+ a2 19020 + €3 [ (Voldar

Gs

1
+ C||C:37’5(77 +ae)2 =Dl IVel2(01)-

0, (x,1) € G,

n 1 n 1
c +ag)? —c +a)? =
b1 ae) = e+ a) {b(x,r), (x.1) € Fy,

almost everywhere and also in L>(Q7). It follows that

limsup I3 < C(S/ |Vopldxdt.

e—0
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We leave the uniform L' estimate of |V || L0 < C(¥) to the next lemma (Lemma 3.2), and
we combine the above estimates to find

limsup(Iy + I + I3) < yC(Y) (K (8)2 + n2C(W) (K (8)2/L(y)? + C(1)8.

e—0

Now we conclude according to (14) that

[ = wardr = ~{ycan&en? +ntcanken Lt +cwsl,
Or

for any given § > 0, n > 0, y > 0 and ¥ > 0, which yields that

//(m —up)Ydxdt > 0,

or

by taking n — 0, then y — 0, and atlast § — 0. Since 0 < ¢ € C(%(QT) is arbitrary selected, we
see that u| > u, almost everywhere on Q7. O

Lemma 3.2. Let ¢ be the solution of the approximated dual problem (13) in the proof of
Lemma 3.1. Then there holds

sup /|V90(X,f)|dXS//IV1ﬁ|dxdt.
1€(0,T)
g or

Proof. Since ¢ is smooth enough, ¢(x,7T) =0 on 2 and g—‘rf =0 on 0€2, we take the gradient
of (13) and then multiply it by |V(p|ﬁ_1V<p with 8 € (0, 1), integrate over Q; 7 =Q x (t,T), to
find

1 _
m/lvw(x,t)lﬁ“dx+ﬂ//(nJrae)IA(pIzIVwIﬁ dxdt
Q

Ot
:—ﬂ//cg,g(n+ag)% -V<p|vgo|ﬁ—1A¢dxdt+//v¢-|V<p|f’—1wdxdt
Onr Onr
<p //(n+a5)|A¢|2|w|ﬁ—1dxdr+ﬁ//|c§,£|2|w|ﬁ“dxdr
Ot Ot
+/ IV ||Vol|Pdxd:. (16)

Onr

According to (15), we see that

// leg P IVelPH dxdr < // (K())*(1 + |Vol)dxdt < C(¥) (K (8)*n~ !,

Or
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and
1imsup//|vw||w|ﬂdxdt5//|v1/f|dxdz,
B—0
or or

by the dominated convergence theorem. Now we let § tend to zero, then (16) implies that

/IV(p(x,t)|dx§//|VW|dxdt,
Q or

for all t € (0, T). The proof is completed. O

The comparison principle together with specially constructed weak lower and upper solutions
are used to show the propagating properties. Hence we define the following weak lower and
upper solutions of the first equation in (4).

Definition 3.1 (Weak lower and upper solutions). A function g(x, t) is said to be a weak lower
(or upper) solution of the first equation in (4) on Q7 corresponding to the initial value uo and a
given function v such that Vv € L®(Q7), if 0 < g € L*®(Q7), Vg™ € L?>(Q7), and it satisfies
the following differential inequality

g

5 <(>)Ag™ —V-(gVv), xeQ,te0,7T),

ag™m

a——ng-nf(z)O, x€dQ,te(0,T),
n

g(x,00>0, gx,0)<(>)ug(x), x e,

where the first two inequality are satisfied in the following sense

//g(/)thdt+/g(xs0)(P(st)dx

or Q

> (S)//Vg’"~V(pdxdt—//ng~V<pdxdt,
or

or

holds for all test functions 0 < ¢ € L?((0, T); Wh2())NW12((0, T); L*(R)) with p(x, T) =0
on £2.

Lemma 3.3 (Comparison principle). Let (4, v) be a globally bounded weak solution of (4). If
g(x,t) is a weak lower (or upper) solution of the first equation in (4) on Qr, then

ulx, 1) = (<)gx,1), V(x,1)eQr.

Proof. This is a simple corollary of comparison principle Lemma 3.1. O
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3.2. Regularity of Holder continuity

In order to show the propagation properties of the degenerate chemotaxis system (4), we need
to know the existence, global boundedness, regularity and large time behavior of its solutions.

We recall the existence and the global boundedness of solutions to the degenerate chemotaxis
model (4).

Lemma 3.4 ([15]). Assume that ug € L>(Q), Vul € L*(Q), vo € W**(Q), uo, vo > 0 and
m > 1, the spacial dimension N = 3. Then the problem (4) admits a nonnegative global bounded
weak solution (u, v) with

sup (luC, D= + Ivliwie) <C,
1€(0,00)

sup [ [Vu"Pdx+ sup |lu"T | <C
p p wil@x@+1) =%
Q

1€(0,00) te(0,00)
sup [[vll},2. <C(p), Vp>1.
1€(0.00) Wy (Q2x(t,t+1))

Furthermore,
lim [[vllzeo@) =0, lIm |lu—ullLr@) =0, Vp>1,
11— 00 11— 00

-
where it = 1o Jo uodx > 0.

Remark 3.1. The same global boundedness and asymptotic behavior results hold for the lower
spatial dimensional case N =1, 2.

Remark 3.2. We note that the boundedness of |[u|;x(g;) and ||v| Lo, is insufficient for the
boundedness of || Av]| e (gp;) according to the strong theory of the second equation in (4). Hence

the W,%’l estimate for p = oo is not obtained in the above Lemma 3.4.

Remark 3.3. One of the basic features for the degenerate diffusion equations, such as the porous
medium equation, is the property of finite speed of propagation. Therefore, the first component u
may not have positive minimum for some time ¢ > 0. For the large time behavior, it is proved in
Lemma 3.4 that u(x, t) converges to u in L?(2) for p < oo, while the L°°(€2) and some other
more regular convergence are not deduced.

In a special case that vy = 0, we see that v(x, t) =0 and u satisfies the porous medium equa-
tion. The Barenblatt solution (9) of the porous medium equation shows that the best regularity

of the first equation in (4) is no better than Holder continuous C T (ET) (for m > 2) even for
the one spatial dimensional case N = 1. In what follows, we will show the Holder continuous
of u with respect to space, and the boundedness of ||Av|;x(g;). Actually, we will prove that
Av e C*%%(Qr) for some « € (0, 1).
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Lemma 3.5. Let N = 1 and (u, v) be the globally bounded weak solution of (4). Then there exists
a constant C > 0 such that

sup {11 ¢ Dl + G, Dllcrem g | = €.
t€(0,00)

Proof. According to Lemma 3.4, [Vu™ (-, 1)||12(g) is uniformly bounded. The Sobolev embed-
ding theorem for one dimensional case implies the uniform boundedness of [|u™ (-, ) 172 @-
We assert that for m > 1,

la —b|"™ < C(M)|a™ —b™|, Va,be [0, M].

This is a simple result of calculus. Actually, we can choose C (M) = 1. Therefore,

(|u(x1,t)—u(x2,t)|)m<c( sup lul Q)|um(x],t)—um(x2,t)|
< Lo
X1 — xp|1/Cm) 1€(0,00) ) lx1 — x2|1/2

. X1 F X2
That is, the uniform C'/? regularity of u™(-,t) implies the uniform C!/?™ regularity of
u(-,t). 0O

The following continuity of ||Vuv(-, )|/ ~(@) and boundedness of ||Av(-, )|l ~(g) Will be
used to formulate varies types of upper and lower solutions in the next section.

Lemma 3.6. Let (u, v) be the globally bounded weak solution of (4) such that

sup |[uC, D)l cryem g = C.
1€(0,00)

and vy € CE(Q) for some ag € (0, 1), 33% =0 on 0. Then Vv(-,t) is continuous in the
| - Il Lo () norm with respect to time and there exist o € (0, 1) and a constant C(T, §) > 0 such

that

lAv(x, t)||ca(§5><[0j]) <C(T,9),
where Qs = {x € Q; dist(x, 02) > §}.

Proof. Since vll 21 is uniformly bounded for p > 1 in Lemma 3.4, we see that
P

(2x(t,1+1))
SUP;¢(0,00) lv(, t)||Cﬂ(§) < C for some 8 € (0, 1). Therefore,

sup ||(I/tl))(, t)”ca(§) =< C

te(0,00)

for some « € (0, 1). Indeed, we can choose &« = min{1/(2m), B}. The Schauder theory via Cam-
panato space theory in [21] implies the interior Holder continuity of Av with respect to space
and time, and the Holder continuity of v, with respect to space (the Holder continuity of v, with
respect to time is insufficient). O

For large time behavior, we present the following regularity.
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Lemma 3.7. Let (u, v) be the globally bounded weak solution of (4). Then
lim [[Vv(-, ) |lLe@) = 0.
—>0o0

Proof. Let (e’ A)zzo be the Neumann heat semigroup in €2, and let A1 > O denote the first nonzero
eigenvalue of —A in  under Neumann boundary condition. Then the solution v can be ex-
pressed as follows

'
v(x, 1) =ePvo(x) — /e(tfs)A(uv)(x, s)ds, t>1ty>0.
0

According to the L? — L7 estimates for the Neumann heat semigroup (see for example [46]),

t
IV (x, )l o) < IV vo ()]l oo (@) + / Ve ™92 (uv) (x, 5) || Lo () ds
0

t
1 1
sc(1+r—7)e—*1’||vo||Loo<g>+/c(1+(z—s)‘f)e—*1<f—~v>||(uv>(.,s)||LOO(Q)ds
0

t—1
< C(1+172)e M ugll L@ + € / eT™ds
0

t

_1
+C/(1+<r—s> Dds sup v Dllze@y.
| Te(t—1,1)
t_

which tends to zero since |[u(-,t)|r o), IIV(:,?)llL~(q) are uniformly bounded and
lv(-, £) [l L= (q) tends to zeros as t — oo from Lemma 3.4. O

Lemma 3.8. Let the conditions in Lemma 3.6 be valid. Then
lim [[Av(-, H)|[L~ (@) = 0.
11— o0

Proof. We rewrite v = v; + w such that

vir=Av;, xe€, t>0,
v1(x,0) =vp(x), x€L,

v
e =0, xe€d, t>0,

and
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w;=Aw—uv, xe€,t>0,
w(x,0)=0, xe,
=0, xedQ, t>0.

The Neumann heat semigroup theory shows lim;_, o [|Av; (+, 1)[| Lo () = 0. We note that

@) G D)l ag) < 1 Dllz@ v Dl agg + 10 Dlze@llut, Dl caigy = O,

as ¢ tends to infinity since lim;— oo [V(:,7)[ly10(q) = O according to Lemma 3.7 and
lu (-, 0)l cu (g are uniformly bounded in Lemma 3.6 for some « € (0, 1). The Schauder theory in
[21] shows the Holder continuity

[Aw(, Dllze@ =Cr sup @) 9l ca(gy +C2(t) sup [[@v)(, )l o)
s€lt/2,t] s€(0,00)

where C1 > 0 is a constant and C;(¢) decays to zeros as ¢ tends to infinity. O
4. Propagation properties: shrinking versus expanding

This section is devoted to the study of the propagating properties of bacteria cells and the large
time behavior of the weak solution (u, v) to the problem (4). In contrast with the heat equation,
it is known that the porous medium equation has the property of finite speed of propagation.
Therefore, the first component ¥ may not have positive minimum for some time ¢ > 0. We use
the comparison principle together with weak lower solutions.

Our interest lies in the propagating properties of the cell invasions. Let us first focus on the
waiting time and initial shrinking of the compact support. Our approach is the combination of
the comparison principle Lemma 3.3 and weak lower and upper solutions with compact support.

4.1. Initial shrinking caused by the chemotaxis

The Barenblatt solution (9) of the classical porous medium equation indicates the slow diffu-
sion with finite speed of expanding support; while the chemotaxis may cause backward diffusion,
i.e. the aggregation, which in competition with the slow diffusion results in a initial shrinking of
the support provided specified structures of the signal concentration.

We consider a typical situation in which the cells are concentrated in a compact support and
the signal concentration has the aggregation effect. Specifically speaking, assume that
{supp uo C Bry(x0) C R, 1o < Ko(RZ — |x — xo/)%, x € B, (x0),

’ (17
Vg - (x = x0) < —plx — xol”, x € Br,(xo0),

for some xo € 2 and positive constants dy > 1/(m — 1), and Ry, Ko, 1 > 0.

We construct self similar upper and lower solution with compact support to show the propa-
gating property. We note that for the degenerate porous medium type equation and the self similar
function of the form g = [(1 — |x|?)4]¢ with md > 1, we can check that Vg™ is continuous and
Ag™ e L1(R2) for some g > 1. This shows that the differential inequality for an upper (or lower)
solution only need to be valid almost everywhere, without the possible Radon measures on the
boundary of its support, which is completely different from the uniform parabolic cases.
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Lemma 4.1. Let the conditions in Lemma 3.6 be valid with the initial values satisfying (17) and
x> %K{)"_l max({1, Rg((mil)dofl)}. Define a function

lx — xol?

— ol (2 =
s n=e+07| (P =5

d
) ] L xeQ. >0,
+

where d =1/(m — 1), B,0 € R, ¢ >0, n >0, t > 0. Then by appropriately selecting B < 0,
o >0, & nand t, the support of g(x,t) is contained in Q and shrinks for t € (0, ty) with some
to > 0 and the function g(x,t) is an upper solution of the first equation in (4) on 2 x (0, tp)
corresponding to v(x,t) and the initial date ug. Therefore, u(x,t) < g(x,t) and there exist a
Sfamily of shrinking open sets {A(t)}ic(0,1) Such that

SMppM(,l)CZ(f)CQ, le(o3t0)v
and 0 A(t) has a finite derivative with respect to t.

Proof. For simplicity, we let

x — xo/?
h , 1) = 2_ = S Q,t>0,
(x.2) (77 (r~|—t)ﬂ>+ re -
and
A(t):{er;M<n2}, t>0.
(t+1)P -

Without loss of generality, we may assume that xo = 0 and write Bg = Br(0). Straightforward
computation shows that

gr=0er+0""h! +e(r + t)“dhd_l%,
V= el 0)dh! ! —2i-xt)ﬂ ,
Vg =—¢"(t + )" mdh" " & i_xt) 5
Agh =" (T + )" md(md — l)h”’d_z% — " (T + )" mdh™ ! (x 2+Nt)ﬁ :

for all x € A(t) and t > 0. According to the initial condition (17) and the regularity result
Lemma 3.6, we see that at the initial time

Vg(x,0)-Vu(x,0) =Vg(x,0) - Vug(x)

2
= —e1dh?! r_)/; SVuo(x) > et Pand2u)x )%,

and there exists a f > 0 by the continuity such that
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Vo(x, 1) x < —%mz, x € Bry\Bry/2. 1 €10, 10],
)
Vo(x,t) - x < ERO, x € Bryy2, t €10, f1.

Therefore,

Vg(x,t)-Vu(x,t)=—e(t + l‘)adhd_1 Ty -Vou(x, 1)
>e(t +0)°Pdh? ' u|x|?, x € Bry\Bg,2, t €10, 1]. (18)
Let T > 0 be determined and
R2 R
n? = —g fo = min{z, 7}. (19)
T

According to the definition of g(x,?), we see that A(0) = Bg,(0), suppug C A(0) C ©Q, and
A(1) C Bg,(0) C Q for 1 € [0, 1o]. Therefore, 28 =0 and % = 0 on 9 for all 7 € (0, 19), and

2 2 2
p— z_ﬁ) ]d_ a(&_ﬁ)‘ﬂ
glx,0)=e¢t [(n 7). =T\ T 7F) 1BkO
=et" P (RG — [xI)) - 18,00 = Ko(RG — [xI)® - 13, 0) = uo(x), x €,

provided that

2(do—d)}.

et” % > Komax{l, R (20)

In order to find a weak upper solution g, we only need to check the following differential in-
equality on A(?)

d
8_f >Ag" — xV-(gVv)=Ag" — xVg-Vv—xgAv, xe€A@), t€(0,1). (21)
We denote C; = [|Vvl|Le@x[o,1)) and C = ||Av|| = @x[0,1]) for convenience, since they are

bounded according to Lemma 3.6. A sufficient condition of inequality (21) is

Blx|?

o—13d o j1.d—1
oe(t+1)° " h" +e(r+1)dh Y

+&™(t + )" mdhm?!

(T +1)p TxVg- VY

4|x|?

m"-CZX'S(T"‘Z)Ghds (22)

> " (1 + )" md(md — )42

forall x € A(t), t € (0, ty). As we have chosen d = 1/(m — 1), we rewrite (22) into
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2
x|

o—1 816 o
0'8('C+t) h+r(f+t) m

m m mo h 1—d
t —— +h Vg-V
_18 (t+1) (1:+t)/3+ xVg-Vv

| |2
> m t mo C t Uh, 23
Z o1t (t+1) Y + Coxe(t +1) (23)

forall x € A(¢), t € (0, tg). For simplicity, we denote (23) by LHS > RHS.
Now, we give sufficient conditions of (23) to be valid on Bg,/> and Bg,\ Bg, /2 respectively

(Note that A(r) C Bg,(0) for t € (0, 1y) as B < 0). For x € (Br,\BRr,/2) N A(t) and t € (¢, tp)
we have according to the estimate (18) that

2
o—1 ﬁ o |x|
LHS —RHS >oe(t+1) h+ ( +1) W

m m mo h o—p 2
_]s (t+1) (T_H)ﬁ+xs(r+t) dulx|

m mao 4|x|2 o
( ) (‘L'+ ) W—CQXS(T-FI) h
( L O s t))s(r +0°
/3 -1 4m m—1 (m—Do—8 o—B1.12
+(dXM+m_1(T+f) _FS (t+1) )8(r+t) |x|

1)2

Z(a + 2Nllem*‘r<m*‘>”*ﬁ+‘ - 2C2XI)8(T +07h
o

B B 4dm _ T -~
+<dm+m_1r I T L(2)0m=Do ﬁ)g(r+t)f’ Blx 2. (24)

For x € (Bgy/2) N A(t) and t € (¢, tp), we also have
LHS — RHS > (a n 2NL18’"_1I(’”_1)"_’6+1 — 2C2XI)£(1 +0° h
m—

4m
+ (—m’i el - T 1)28"1—1(21)('"—‘)”—/3)8@ 1) P x)?

—dyps(t+1)° PR (25)

Let B € [—21In(4/3)/1n2,0), i.e. 2812 ¢ [3/4,1). For t € (0, 1), we see that

A1) = By 4.182(0) = By (144/2)8/2(0) D Bopr2 g (0) D B3p,/4(0).

Further if x € (Bry2) N A(t) = Bry2 and t € (0, 19) C (0, 7),

2 2 2 2 2 )
heen = (2 - al ) - Ry kP _ RS (R’ SRy
C+0P )T Gt I 0P Zor
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Then (25) reads

5 R?
LHS — RHS > <a foN L gmolpOn=Do—p+l _ 2C2)(r>8(t +re1220
m—1 9 th

B _1 4m

R2
+ (mf — mb‘mil (2T)(m71)07ﬂ — 4dXM)8('L' + t)oiﬁ—o

4

5
> [(a foN L gm=l n=Do—p+1 _ 2C2xr)—
m—1 9th

(t+n'?

4
+ <Lr—l _ 4’”8}’"—1(2,[)("1—1)0'—,3 _4dXM> 4

p— 12 ]8(T+t)0—1R3.

(26)

Lete >0, 8€[—-2In(4/3)/In2,0),0 >0, 7t >0, n > 0 and ¢ty > 0 be chosen such that (19),
(20) are valid and

o+ ZNLIS"’_II(”'_U”_’S“ —2Cyx1 >0,
1 4dm
l’ _——_—
—1 (m — 1)2
(G+2NL8m—1T(m—1)a—ﬂ+1 —2C2X‘L’)i
m—1 978
B 1 dm

L _ 7 om-l (m—Do—p _
+<m—lr (m_1)28 27) 4dx,u)

Sm—l (2T)(m—l)0—ﬁ 2 0’
27

1-8
(212l .

We can fix T = 1, n and ¢ to be determined by (19), ¢ = Ko max{l1, R(Z)(do_d)} as (20) is valid,

and 8 < 0 with |8| being sufficiently small such that the second inequality in (27) is true since
XM > % K(’)"*1 max{1, R(z)((m_l)do_l) }, and at last we choose o > 0 to be sufficiently large such
that the first and the third inequalities are satisfied. Now, (27) is valid for those parameters. Then
according to the inequalities (24), (25), (26), we find that

LHS—RHS >0, X € Bpy,NA@) =A(), t €(0,1),
which yields (21), (23), and then g(x, #) is an upper solution.

The comparison principle Lemma 3.3 implies that u(x,t) < g(x,t) for all x € Q and t €
(0, tp). Thus,

suppu(-, 1) C A(t) = {x € Q; |x —xol> < n*(r +1)?}, 1€ (0,10,
and
DA =(x € 2 lx —xol =n(T +02}, 1€ (0.10).

which has finite derivative with respect to . The family of sets {A(#)};¢(0,z) is shrinking with
respectto ¢ since § <0. O



436 T. Xu et al. / J. Differential Equations 268 (2020) 414—446

Remark 4.1. We compare the self similar weak upper solution g(x, ¢) in the proof of Lemma 4.1
to the Barenblatt solution of porous medium equation

Ckm=1)  x? )JWH,

Bx, =0+ t)_k[(l 2mN (1 +1)2k/N

with k = 1/(m — 1 + 2/N). The Barenblatt solution B(x,?) is decaying at the rate (1 +
1)~V m=142/N) jn %RV and the support is expanding at the rate (1 + r)*/V . Here, the upper
solution is increasing at the rate (t + ¢)° and its support is shrinking at the rate (z + ¢)#/2. The
increasing of g(x, t) makes it possible to be an upper solution, which is crucial in the proof.

4.2. Finite speed propagating and the exact propagating speed

We have proved that the compact support may shrink if the signal concentration satisfies a
special structure such as (17). Now, we will show the finite speed propagating property without
assuming the special structure on signal concentration. Assume that

suppuo C Bry(x0) CQ, 1o < Ko(Rg — |x —x0/)®,  x € Bg,(x0), (28)
for some xo € 2 and positive constants dy > 1/(m — 1) and Ry, Ko > 0.

Lemma 4.2. Let the conditions in Lemma 3.6 be valid with the initial values satisfying (28).
Define a function

lx = xol?

d
m)+], )CEQ,tzO,

g(x, 1) = &(t +t)"[<n2

where d =1/(m — 1), 8,0 € R, ¢ >0, n >0, T > 0. Then by appropriately selecting B > 0,
o > 0e¢, nand t, the support of g(x,t) is contained in 2 for t € (0, ty) with some ty > 0 and the
function g(x,t) is an upper solution of the first equation in (4) on Q x (0, to) corresponding to
v(x, t) and the initial data ug. Therefore, u(x,t) < g(x,t) and there exist a family of open sets
{A(#)}ie(0,19) Such that

suppu(-,1) CA@) CQ, 1€ (0,1),
and 0 A(t) has a finite derivative with respect to t.

Proof. This proof is similar to the proof of Lemma 4.1, except there is no structure condition (18)
and we need minor modifications. We still define 4 (x, t) and A(¢) as in the proof of Lemma 4.1
and we assume xo = 0 for simplicity. Let

2
2_RO

Ko 2(do—d)
"= 1

e17 % > Komax{l, R} (29)

and C1, C, be defined as in the proof of Lemma 4.1. We need to check the differential inequality
(21) (i.e. (22)). A sufficient condition of (22) is
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2
oe(t+1) h+m_1(t+t) T rF

_g 2lx|
m tma -C tU B _
18 @+ (t +1)P txe(@ 1) m—1
4)x|?

(T +1)2P

+2N

m

m

m
> m t mo
Zm—ipt D
forall x e A(),t € (0,_1‘0). For simplicity, we denote (30) by LH S ;RHS.

According to (28), Bg,(0) C €2, there exists a R > Ry such that B, (0) C Bg(0) CC Q. Let
f > 0 depending on B and T such that

+ Coxe(t +1)°h, (30)

(1+ f)ﬂ< k? 31)
Tt/ R(%'
Let to = min{t, 7}. We see that for r € (0, ),
supp g(x, 1) = A(t) = B, (r 12 NQ =B (141/rp2 NQCBRNQ=Br C Q.

Then 2 =0 and %~ = 0 on 99 for all 7 € (0, 19). For x € A(1)\Bg,/2 and 1 € (0, 19), we have

LHS —RHS >oe(t+1)° 'h+ i(f +t)UL
- m—1 (t + 1)1

_p AP
m £)mo -C H° B
o1t OO s T O e T R,

m " mo 4|)c|2
—_— l‘ .
ozt OO %

z(o + ZNLlem_l(t ) m=Do=B+ _ oy (r + t))e(t +0°h

+2N

—Coxe(t+1)°h

4C1X
m—1 (m—1)o—p

- T+t A
(m—l)zg ( ) (m —1)Ry

+( p (t+0 1= )e(r+t)"—ﬂ|x|2
m—1

Z(U + 2NL1‘gm_lf(m_l)a_’3+1 min{1, 20"~ Do+l 2szr>8(r +0°"'h
m—
+ (L(zl’)_1 — 47mé;“m_l1.’(”’_1)"_ﬁ max({1,20"—Do=5y
m—1 (m —1)2
4C1x ) o—fl 12
- — t . 32
= DRy ST T T (32)

We note that Bg,/» C Bg, C A(t) for t € (0, tp) since B > 0. For x € (Bg,y/2) N A(t) and t €
(t, 1), we find that

x| ) _R P Ry (Ro/D*_ 3R}
+

hety=(n2— ) S0 0 o
. 1) (77 (t+1)p ™ (41 T 1F 8 T 4P
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then we also have

LHS — RHS>oe(t +1)° 'h+ i (rﬂ)f’L
- m—1 (t +1)pt+l
m Ro
2N m nHme -C n°F—_
+ ¢ (t+1) Y 1xe(T +1) p—
m m mo 4|x|2 o
- H"—— —C H°h
(m_1)28 (t+1) T+ 1)P axe(t+1)

2(0 + ZN%:;’"_](I 0y m=Do=B+ _ oy (7 4+ t))s(r +0° h

+( P (t+n7 1=

4
p— o + 0"V ez 4 1)7 P |2

Ro
—1

—~Cixe(t+0)°F
m

3 R? R
z(o—2C2)(1:>8(t+t)“_1——0—C])(s(t—i-t)“_ﬂ 0
4 1B m—1

4
+ (L(Zr)_l - e DT a1, 207D e (e )7 P2, (33)
m—1 m—1)

provided that 0 > 2Ch x .

Lett =1,7n= Rp, ¢ = Komax{l, R(z)(do_d)}, and 8 = (m — 1)o with ¢ > 0 being sufficiently

large such that

B 4m ., 4Cix
2m—1)  (m—1)72 m—DRy—
3R c
(6 —2Co0) 2= min{1, 26~y — =X .
47h —

Then (33) tellsus LHS > RHS forall x € A(t) and ¢ € (0, tp). It follows that g(x, ) is an upper
solution. The comparison principle Lemma 3.3 completes the proof. O

Lemma 4.2 implies the finite speed propagating property of the degenerate diffusion equation.
We will present the exact propagating speed for a special structure initial data.

Lemma 4.3 (Exact propagating speed). Let the conditions in Lemma 3.6 be valid with the initial
values satisfying

d
1o = Ko[ (R — |x —x0l)+]", x e,

5 5 (34)
Vo - (x — x0) = —p|x — xol, x € By (x0),

for some xo € Q and positive constants d = 1/(m — 1), Ro, Ko, i, § > 0 such that ERO (xp) C L2
and B%O (x0) := {x € Bgy(x0); dist(x, 0 Bg,(xp)) < 8}. Then

suppu(x, 1) = {6, p(8,1)); 0 € SN},
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where (0, p) is the spherical coordinate centered at xo, p(0,0) = R for all 6 € SN=1" and the
propagating speed

9p(0,1)
ot

2
:RO( n K(’)”_l—xu), vo e SN
m—1

t=0
Proof. Define

Ix — xol?

d
by o
(t+0)ps/+

gx(r.0) =e(z + 07| (n?
withe = Ko, t =1, n= Rg, o0+ € R, B+ € R are to be determined. We have

d
8+(x,0) = Ko[(R§ — |x —x0|)+]  =uo. xeQ,

gl L = .
and 35”—: =0, % =0 on 0<2 at least for a small time interval since Bg, C £2. Here we only aim

to find the exact propagating speed and we only need to construct upper and lower solutions on
a small time interval. We note that

Vgi(x,0) - Vg = —e(t + )= Pdn?=12(x — x¢) - Vo
=2pe(t + )= Pdn?|x — xo|,

for x € By (xo). Let

dm _
B= ngl " 2xu,

and S+ approach B from above and below. Take o4 > 0 sufficiently large and o_ < 0 with |o_]|
being sufficiently large, we can check as in the proof of Lemma 4.1 and next Lemma 4.4 that
g+ (x, t) are upper and lower solutions for a small time interval (0, 7+), where T+ > 0 depend
on |f+ — B|. Here we omit the details. Then the comparison principle Lemma 3.3 implies that
there exists {Ag, ()}re(0,74) such that

A, (1) = By (14nyp=r2(x0), 1 €(0,T1),

and
Ap_(t) Csuppu(x,t) CAg, (1), te(0,Ty).
Therefore,
dp(0,1)
5 € [RoB-/2, RoB+/2].
t t=0

Since B+ approach 8, we have w =RoB/2. D
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4.3. Eventual smoothness and expanding

The large time behavior in Lemma 3.4 and Lemma 3.7 shows that [[v(-, )|l yy1.00 () tends to
zero as time grow. This indicates that the chemotaxis effect decays and the support will expand to
the whole domain. Now we construct a self similar weak lower solution with expanding support.

Lemma 4.4. Let the conditions in Lemma 3.6 be valid with the initial data ug > 0, ug # 0 and Q
be convex. Define a function

Ix — xol?

—_— o 2_
gx,t)=¢e(t+1) [(n TP

d
) ] , xef, t>—r1,
+

whered =1/(m—1),>0,0 <0, 1n>0, T € R and xo € Q. Then by appropriately selecting
B, &, T, 0, n and xo, the function g(x,t) is a weak lower solution of the first equation in (4) on
Q x (&, T) correspondmg to v(x,t) and ug for some T>7>0. Therefore, u(x,t) > g(x,t) and

there exist tg € (f, T) &0 > 0, and a family of expanding open sets {A(t)}te(t y such that

A(t) Csuppu(x,t), te(,T),
and A(t) =Q, u(x,t) > ¢ep forall x € Q and t € [1y, f’].
Proof. Since ug >0, ug=#0and ug e C (), the first equation in (4) shows that
/u(x,t)dx = /uo(x) >0, t>0.
Q Q
For any ¢ > 0, there exists a xo(¢) € 2 such that u(xo(2),1) >u := ‘lﬁl fQ up(x) > 0. According

to the uniform Holder continuity of u(-, ¢), we find that there exists a Ry > 0 independent of ¢
such that

u(x,t) > —=:e1, Vx & Bpr,(xo(t)). 35)

ST

We denote C (1) = [|[Vv(-, 1|l L=@) and C2(f) = |Av(:, )|l =) for convenience. According
to Lemma 3.7 and Lemma 3.8, C1(¢) and C,(t) tend to zero. For fixed § > 0 to be determined,
let 7 > 0 depend on § such that

Ci(t) <8, Ch(t)<3$, N (36)

Note that u(x,7) > &; on BRg,(x0 (#)). Without loss of generality, we may assume that Bg, =
BRO(xo(ﬂ) C Q and xo = xo(f) = 0.

Similar to the proof of Lemma 4.1, we let
| — xo/?
7> xeQ, t>0,

(2 _
e U T

and
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Ix — xol?

A(t):{xeﬂgm<

nz], t>0.

. o, . m . .
According to the definition of g, we see that g—fl <0 and 33% < 0 on 92 since €2 is convex, and
for r = 1 — f we have

g, D=l — Ix1)41? <1y (r) Suo(x), x€Q,

provided that

n<Ro, en*<ei. (37)

In order to find a weak lower solution g, we only need to check the following differential in-
equality on A(¢)

0 A
8—f<Ag — XV -(gVv) = Ag" — xVg-Vv—ygAv, xe€A®). te@.T). (39

for some 7 > £ to be determined.
A sufficient condition of inequality (38) is

|x|?
(T +0)ft!

&p

oe(t+1)°~ ‘h+ —— (Tt N’

_g 2|x|
o—pB
(T+t)ﬂ+C1(t)x8(r+t) —

m 4|)c|2
< m t mo
St O

m
— lsm(l_ +t)ma
—Ca®)xe(t +1)%h, 39

forall x € A(t), t € (¢, f‘). For simplicity, we denote (39) by LHS < RH S. The estimates on the
above inequality is quite similar to (30) in the proof of Lemma 4.2 except some terms are with
inverse signs. Here, (32) and (33) are changed into

o1, B o IxI?
LHS—RHS <oe(t+1) h+ ( +1) ey
m m mo h g_;} |x|2
t Ci(t t _—
¢ (t+1) (r+t)5+ 1) xe(r +1) m— DRy
" 8m(f+t)m“|7|2+C ) xe(t +1)°h
(m —1)? T+ 2
5( m"i ls'”‘l(r +0)m=De=BH L Oy (x4 t))s(t +0°'h
P am e m-no—p+1  AC1Ox T +1) o—B—1, 2
- t - t
(o w1t Ot T T = DR )o@ 407

” -e" " max{1, (0 + D"V 4 G (r+ ))e+07""h
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4 .
+( B - ml)zgm_lmin{l’ (1 + T)m=Do—B+1
_ " —

ACiOx(t+T)

m— 1Ry )8(1' +0° P Nx?, x € A(t)\Bry2, t € (1, T), (40)

and (note that o < 0)

|x|?
(T +1)p+!
Ro
Ci(t e —
T 1@Oxe(T+07 7
x|

&p

LHS —RHS <oe(t+1)°~ ‘h+ ( +1)°

ISM(T + t)ma

_ m m( + t)ma
m—12°'F (t + )%

s(o + ZN%s’"‘l(r +0)m=Do=FH L oy (x + t))e(r +0)°"h

+ G xe(t +0)°h

4m
+ (m'li I e 1)28’"7] (t +t)<m*1)”*ﬂ+l)e(t + )7 P x)?

R
+CIOxe(r +1)° P =
m—1

” -~ max(1L (z + )"V 4 Cox(+ )ecz +07"y?

4 ~
+< B 1 . ( ml)zgm—l min{1, (z _I_T)(m—l)cr—ﬂ—i-l})e(r +t)a—ﬂ—l|x|2
m — m —

3 R s
+ae(r+t)”*‘zn2+cl(z)xe(r+t)"*/’m_01, x € (Bro) NAQ), 1€, T). (41)

Since €2 is bounded, there exists R > R( such that Q C Bgr(x¢). Letn = Ro, e >0, 8 € (0, 1),

t:l—f,f‘>fanda——ﬁ<Obechosensuchthat

8772d§81, 2N mlgm 1< 0/4 ﬂ<’3m18m 1’
Sx(T —i+1)<—0/4, 46x(T —i+1) < 2 emIRy, 42)

Sx(T —i+D'P R < _6n2/4, (T -7+ 1P/2>2R/R,.

The above seven inequalities can be satisfied simultaneously in the following way. We first fix
B € (0, 1) sufficiently small such that Ng < (1 — 8)/(4(m — 1)). Then we set € = ¢(8) > 0 such
2’” e™~1 = B. Now we can modify S to be smaller such that en?d < ¢;. The first three

21p 2R
1nequahtles are valid. Let L =¢# "~ Fo — 1 and
i 2m 20 1-8
§=min{—o/(4x (L + 1)), - —&"" Ro/(4x (L + 1)), —on”(m = 1)/(4x (L + 1)"" Ro)}.

For this 8 > 0, let 7 be chosen such that (36) is fulfilled and 7 =7 + L.
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For those parameters, we see that (42) is valid and (40), (41) tellsus LHS < RHS for all
x € A(t) and t € (£,T), i.e. (39). It follows that g(x,t) is a lower solution. The comparison
principle Lemma 3.3 shows that

w0 = g(e, 0y =e( +0°[ (- %)J”l,

forallx e Qand s € (7, f). We note that for this lower solution, its support satisfies
A(f) = By (g4 1yp/2(x0) N Q2 = By (x0),
and
A(f) = Bn(f+f)ﬁ/2 ()C()) N Q = BR()(f*f+1)ﬂ/2 (X()) n Q D) B2R(X0) n Q = Q,

since (f” — i+ 1)P/2>2R/Ry in (42) and Q C Bg(xo). There exists a t; € (7, f") such that

2
X — X T
#—QZO, VxeQ, te(t,T),
e

which means A(t) = Q for ¢ € (11, f). And there exists a 7o € (¢1, f") such that
n’ X
77_727, VXEQ,IG(I(),T),

and thus

. 2\d N
u(x,t)zg(x,t)zs(T—t—i—l)”(%) — 5, VxeQ, 1€, ).

The proof is completed. O

Remark 4.2. It is interesting to compare the self similar weak lower solution g(x, 7) in the proof
of Lemma 4.4 to the Barenblatt solution of porous medium equation

B(x.1)= (I + r)—k[(1

’

k(m—1)  |x|? ) ]
2mN (1+0)%/NJ 4

with k = 1/(m — 1 + 2/N). The Barenblatt solution B(x,t) is decaying at the rate (1 +
1)~/ m=142/N) in L°(RN) and the support is expanding at the rate (1 4 #)*/N. While the self
similar weak lower solution g(x, 7) is decaying at the rate (1 + r)~(1=#/=D and its support
is expanding at the rate (1 + ¢)#/2. Here in the proof we have selected 8 > 0 sufficiently small,
which means the support of g is expanding with a much slower rate and the maximum of g is
decaying at a slightly faster rate.

Now that we have proved the lower bound of u(x, #) on 2 x (9, f), we will show the globally
lower bound at large time, as well as the non-degeneracy, regularity for large time behavior.



444 T. Xu et al. / J. Differential Equations 268 (2020) 414—446

Lemma 4.5 (Eventual smoothness). Let the conditions in Lemma 4.4 be valid. Then u(x,t) > &g
Jor all x € Q and t > 1y with to > 0 and &9 > 0 being defined as in the proof of Lemma 4.4,
u e C+1(Q x [ty, 00)) and there exist C > 0 and ¢ > 0 such that

lu(-, 1) = Ul + v D llwree ) < Ce™, >0,
where i = [ uodx/|Q|.

Proof. We point out that

2 2

. o (17\4 o (N\d
co=e(f —F+1) (—) —e(L+1) (—)
2 2

is independent of § and 7 therein, since L only depends on 8, Ry and R (note that 8, o, & depend
only on €1 and &1 =u/2 is fixed). Therefore, we can take 7 larger to be f + 6 with any 6 > O such
that (36) is also valid. Lemma 4.4 shows that u(x,t) > gg forall x € Q and ¢ € [ty + 0, T +6].
Since g9 > 0 is fixed and 6 > 0 is arbitrary, we have u(x,t) > gp for all x € Q and ¢ > 1.
It follows that the first equation in (4) is non-degenerate and uniform parabolic. The Holder
regularity and exponential decay can be verified similar to the proof of Theorem 1.3 in [51]. O
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