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In this paper, we study the asymptotic behaviors in time of solutions to the unipo-
lar hydrodynamic model of semiconductors in the form of Euler—Poisson equations
on the half line with the boundary effect, where the boundary conditions are
proposed physically as the inflow/outflow/impermeable boundary or the insulating
boundary. Different from the Cauchy problem, the boundary effect causes some
essential difficulties in determining the asymptotic profiles for the solutions and
occurs the boundary layers. First of all, by heuristically analyzing, we reasonably
propose some additional boundary conditions at far field to the corresponding
steady-state equations such that the steady-state systems are well-posed. Thus, we
can determine the corresponding steady-states as the expected asymptotic profiles
for the solutions of original IBVPs. Secondly, there are some L2-boundary-layers
between the solutions of original IBVPs and their steady-states. After investigating
the exact form of gaps, we technically construct some correction functions to
delete these gaps. Finally, by using the energy estimates, we further prove that the
original solutions of the inflow/outflow/impermeable problem (insulating problem)
time-exponentially (time-exponentially/algebraically) converge to their asymptotic
profiles. Finally, we carry out some numerical simulations, which show that, the
graphs for the asymptotic profiles in different boundary cases are significantly
distinct.

©2019 Published by Elsevier Ltd.

1. Introduction

In this paper, we consider the one-dimensional unipolar hydrodynamic model of semiconductors on the
half line Ry = [0, 00), represented by the following Euler—Poisson equations

nt—l—JI:O,

J
s+ (

2
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E, =n— D(x),

* Corresponding author.

E-mail addresses: sunhl170@nenu.edu.cn (H. Sun), ming.mei@mecgill.ca (M. Mei), zhangkj201@nenu.edu.cn (K. Zhang).

https://doi.org/10.1016/j.nonrwa.2019.103070
1468-1218/© 2019 Published by Elsevier Ltd.


https://doi.org/10.1016/j.nonrwa.2019.103070
http://www.elsevier.com/locate/nonrwa
http://www.elsevier.com/locate/nonrwa
http://crossmark.crossref.org/dialog/?doi=10.1016/j.nonrwa.2019.103070&domain=pdf
mailto:sunh170@nenu.edu.cn
mailto:ming.mei@mcgill.ca
mailto:zhangkj201@nenu.edu.cn
https://doi.org/10.1016/j.nonrwa.2019.103070

2 H. Sun, M. Mei and K. Zhang / Nonlinear Analysis: Real World Applications 53 (2020) 103070

Here, the unknown functions n(z,t) > 0, J(z,t) and E(x,t) represent the electron density, the current
density and the electric field, respectively. The given function D(z) > 0 is the doping profile standing for
the density of impurities in semiconductor devices. The smooth pressure function of the electron density
p(n) has the properties that

p'(s) > 0 and sp/(s) is strictly increasing for s > 0. (1.2)

In gas dynamics, C' := /p’(n) is the sound speed. Hence, the flow of (1.1) is said to be subsonic/sonic/
supersonic if the electronic velocity u := % satisfies

Vo' (n) E lu| <= n?p'(n) ; J?,

where we call the electron density n the corresponding subsonic/sonic/supersonic density. As shown in [1],
the condition (1.2) guarantees (1.1);—(1.1)2 to be hyperbolic and fully subsonic under consideration.

This paper is concerned with the global existence and large time asymptotic behaviors of the solutions to
the initial boundary value problem (IBVP) for the system (1.1). The initial data of (1.1) are prescribed as

(n, J)(x,0) = (ng, Jo)(z) = (ny,J+) as x — oo, (1.3)

where ny > 0 and Jy are state constants for the quantities at * = co. We mainly consider two types of
conditions for the current density J on the boundary 2 = 0. The first one is the inflow /outflow /impermeable
boundary:

J(0,t) =J., E(0,t)=E,. (1.4)

In physics, the constant J, > 0 means inflow, J, < 0 means outflow, and J, = 0 means that the boundary
is impermeable. The second type is the insulating boundary:

Jo(0,8) =0, lim E(x,t) = f(t). (1.5)

Tr—00

Here f(t) is a continuous function with either the exponential or algebraic decay:

O(e~f1t) for 6; > 0,
[f(t) — E*| < as t— 00, (1.6)
{ O((1+1)7%) for 6y > 1,
where E* is a constant. In addition, we of course assume that the initial data (1.3) satisfy the boundary
conditions (1.4) and (1.5) as the compatibility conditions.

The hydrodynamic model of semiconductors is usually used in the description of the charged particles
such as electrons and holes in semiconductor devices [2-4], and positively and negatively charged ions
in plasma [5]. Since its first introduction by Blgtekjaer [2], it has been one of hot spots in mathematical
physics because of its capability of modeling hot electron effects which are not accounted for in the classical
drift—diffusion model. Recently, there have been many studies on the unipolar hydrodynamic model of
semiconductors. For its steady-state system, Degond and Markowich [6,7] discussed the existence and
uniqueness of subsonic solutions on bounded domain in one-dimensional case and in three-dimensional case
for irrational flow (see also [8]), respectively. Markowich [9] investigated the existence and uniqueness of
subsonic solutions in two-dimensional case. The steady subsonic flows with different boundaries were also
studied in [10-12]. For the case of the transonic/supersonic flow, we refer to [13—19]. There are also many
achievements on the asymptotic behavior of the solutions to the one-dimensional unipolar hydrodynamic
model of semiconductors, see [1,11,20-25]. Among them, for the Cauchy problem to (1.1), Luo, Natalini
and Xin [21] investigated the global existence of smooth solutions and obtained their convergence to
the stationary solutions of the drift—diffusions equations under the condition J(+00,0) = J(—00,0) =
E(—c0,0) = 0. This stiff condition physically stands for the switch-off case. For the switch-on case
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J(+00,0) # J(—00,0), Huang, Mei, Wang and Yu [20] successfully obtained global existence of the smooth
solutions and their convergence to the corresponding stationary solutions by technically constructing a new
kind of correction functions to remove the gaps. Regarding the study on the multidimensional case, relaxation
limits, shock schemes and entropy solutions, we refer to [26-38]. There are also many papers about the studies
on the bipolar hydrodynamic model of semiconductors, see [39-47] and the references therein.

Note that, there are few results about the unipolar hydrodynamic model of semiconductors with boundary
effect as far as we know. Motivated by [44,48], we investigate the large time asymptotic behaviors of the
solutions to (1.1) with the above two types of boundary conditions on z = 0. For the Cauchy problem
to (1.1), the solutions were shown in [20] to time-exponentially converge to their stationary solutions, the
so-called stationary waves. Inspired by this, we naturally expect the asymptotic profiles (7, J, E)(x) to (1.1)
satisfying the steady-state equations
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J(0)=J., E(0)=E,, (1.8)
or the insulating boundary:
E.(0) = no(0) — D(0), lim E(z) = E*. (1.9)
Tr—r00

Here, for the insulating problem, we derive n,(0,t) = 0 from (1.1); by J;(0,t) =0, i.e. n(0,t) = no(0), and
further have F,(0,t) = ng(0) — D(0) from the third equation of (1.1).

However, different from the Cauchy problem to (1.1), the boundary effect causes some essential difficulties
in determining the asymptotic profiles for the solutions and occurs the boundary layers. In fact, the system
(1.7) with the inflow/outflow/impermeable boundary condition (1.8) or the insulating boundary (1.9) may
not be well-posed, when we look for the bounded solutions in C?.

Indeed, for the system (1.7) subjected to (1.8), from the first equation of (1.7), we have J = J,. Dividing
the second equation of (1.7) by 7, and substituting 7 = E, 4+ D(z) from the third equation to the second
one, we have the following equation for the electric field E:

P (E; + D(x)) J?

Ex —I—D(CC) - (Ex —i—D(x))?’ (sz -‘rD’(CC)) =F

I

“ 5D (1.10)

This could be a uniform second-order elliptic equation under the consideration of subsonic flow, namely, F,
is small enough and the doping profile is subsonic which satisfies

D%y (D) > J2.

But such an equation with the boundary condition (1.8) is under-determined, because we only have one
boundary condition E(0) = FE.. Now, we have to reasonably add one more condition for E at far field
x = oo. Heuristically, we look for the solutions such that

lim 7, (z) =0,

Tr—>r00
once we focus on the solution space in Sobolev space H%(R, ). Then, from the original initial data (1.3), we
can expect

xl;r{:o n(x) =ng.
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So, from the second equation of (1.7), by taking the limit as © — oo, we formally obtain the other boundary
condition 7
lim E(z) = — (1.11)

r— 00 n4
With these two boundary conditions, the second-order elliptic equation (1.10) is well-posed, therefore the
asymptotic profile can be uniquely determined by the system of (1.7), (1.8) and (1.11). For details, we refer
to the next section.
For the system (1.7) subjected to (1.9), although there have been two boundary conditions for E in (1.9),
the system (1.7) with the insulating boundary (1.9) is also ill-posed because the value of .J has not been
specified. The same as the inflow/outflow /impermeable problem, we also look for the solutions satisfying

wlgr()l(} fig(x) = 0 and IILH;O n(x) =ng.

By taking the limit as  — oo to the second equation of (1.7), we get

J=n E*. (1.12)

Thus, the corresponding equation for the electric field F turns into

P (E; + D(x)) (nyE*)? - , - ny E*

. . (1.13)
E,+ D) (B, + D))

Meanwhile, if E, is small enough and the doping profile is subsonic which satisfies
D%/(D) > (ny B2,

Eq. (1.13) could also be uniformly second-order elliptic and well-posed with the boundary (1.9). Now, the
corresponding asymptotic profiles for the solutions of original insulating IBVP can be uniquely determined
by the system (1.7), (1.9) with (1.12) .

Another difficult issue for the system (1.1) is about boundary layers caused by the boundary effect,
namely, there are some gaps between the solutions of original IBVP and their asymptotic profiles (stationary
solutions) in L2-sense. For example, for the inflow/outflow/impermeable problem, it will cause a boundary
layer between J(z) = J, and Jo(z) at * = oo when J, # Jy (switch-on case). In order to delete these
gaps, inspired by [43,44], we first heuristically analyze the explicit forms for the gaps, then we technically
construct some correction functions to delete these gaps.

Finally, after carefully setting the perturbed system around the corresponding asymptotic profiles, we
prove that the solutions of original IBVP converge to their corresponding asymptotic profiles by using energy
method. More precisely, when the initial perturbation around the stationary solution (7, .J, E)(z) is small
enough, we get the following results:

e The solutions of the inflow/outflow /impermeable problem globally exist and converge to the correspond-
ing stationary solutions in the form

l(n—n,J— J,E — E)(t)Hoo = Ce 1t

for some o1 > 0.
e The solutions of the insulating problem globally exist and converge to the corresponding stationary

solutions in the forms
B - _ Ce™ 72! as |f(t) — E*| = O(e~ ), 61 >0,
[(n—=n,J —=J,E—E)t)|e = > . >
CA+t)"72 as[f(t) - E*|=0(1+¢)7"2), 62>1,

for some o9 > 0.
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Throughout this paper, let D* := sup, > D(x), D« := inf,>0 D(r) and assume that

lim D(z) =n, and D —ny € H*(R,). (1.14)
T—00
The remaining part of this paper is organized as follows. After we state the notations, in Section 2, we
treat the inflow /outflow/impermeable problem. In Section 3, we consider the insulating boundary problem.
Finally, in Section 4, we carry out some numerical simulations, which show that, the graphs for the
asymptotic profiles in different boundary cases are significantly distinct.
Notations. Throughout this paper, (7,.J, E)(x) denotes the stationary solution which is the solution of
the steady-state equation. (7, J, E)(aﬂ7 t) denotes the correction function. C' > 0 denotes a generic constant

while Cy, Cy,dy1 - -+ represent some specific positive constants. The derivatives of f are denoted by f., foz

or O%f (k = 0,1,2,...). LP(Ry) (1 < p < o0) is the usual Lebesgue space with the norm | f|, =
1

(S5 1f(@)[Pdx)® for 1 < p < o0, and || f|loc = Sup,so |f(2)| for p = co. Sometimes, we write || f|| = || f]|2

1

for brevity. H*(Ry) (k > 0) is the usual Sobolev space with the norm || f|| yx = (Zf:o I |5;f|2dx) *. For

simplicity, we also denote ||(f, g,k)||*> = || f||*>+|lg||* + ||k||*>. Let T > 0 and B be a Banach space, C ([0, T}; B)
is the space of B-valued continuous functions on [0, T'], and L?([0, T]; B) is the space of B-valued L2-functions
on [0,T]. The other spaces of B-valued functions on [0, c0) can be defined similarly.

2. The inflow/outflow /impermeable problem

In this section, we first prove the existence and uniqueness of solutions to the corresponding steady-
state equations with well-proposed boundary conditions, which are the expected asymptotic profiles for the
original solutions to (1.1) with the inflow/outflow /impermeable boundary conditions. Secondly, we look into
the explicit forms for the gaps between the solutions of original IBVP and the steady-state solutions at
x = oo. To delete the gaps, we construct the correction functions, so that we can deal with the perturbed
system in an L?-framework. Finally, we show that the solutions of original IBVP time-exponentially converge
to their asymptotic profiles by the energy method.

2.1. Asymptotic profiles

As explained before, the asymptotic profile (72, J, E)(x) to the IBVP (1.1), (1.3) and (1.4) satisfies the
steady-state system

j = J*7
(p’(ﬁ -

E, =n— D(x),

J? .
" zeR,. (2.1)

lim i(2) = ny. £(0) = E., lim B(a) = 2*,

r— 00 T—00 n4

Since s2p/(s) is increasing for s > 0 (see (1.2)), we can conclude that there is a minima value 7; = 1y (].J| =
|J.|) > 0 such that 13p’(721) — J2 = 0 and for some constant 7} > 74, it holds that

A?p/ (i) — J2 > CF >0 for i >0} > iy,

for a positive constant C;. This means that 7 is the subsonic solution. Especially, 721(].J| = 0) = 0. The
existence of solutions to the system (2.1) is submitted in the following Theorem.
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Theorem 2.1 (Asymptotic Profile). Assume that (1.2), (1.14) and D, > 1} > ny hold. If

I

1
3
= ‘E* ——| + ||+ D —nillge <1,
ny

then the system (2.1) possesses a unique solution (i, J, E)(z) in the space

Vi ::{ (i, J, E)(z); J = J., <n —ny, E— ri) € HX(Ry) x H3(Ry)

. (2.2)

N4

i

with & > 1} >y, |[n—ny||g2 < Com, and HE—

< o’ }7
H3

where Cy is a positive constant dependent on J,, D, and D*. Moreover, it holds that (7, E) € C*(Ry) x
C?(Ry) and

S E. :/ (n — D)(x)dz, (2.3)
Ny 0
7 =1 lloo + 7zlloe < Cm, (2.4)
= Ji - .
HE - + 1Ezlloo + | Eaalloo < Cmy. (2.5)

In order to obtain the solutions of the system (2.1), we consider the BVP (1.10) with the two well-posed
boundary conditions of E. To simplify, we set
J

E(z) = BE(z) — P~

Now, the BVP (1.10) with the boundary condition E(0) = E, and (1.11) is equivalent to the system
—J, J

P(Eat‘i’DaJ*)Erx =F+— - = 7P(EI+D’J*)D/’
ny EI‘i’D
] i ’ (2.6)
E0)=E, — 2, lim E(z)=0.
(0) n A E@)

Here, for convenience
s°p/(s) = J?
s3 ’
The existence of the solutions to the system (2.6) is stated in the following Lemma.

P(s;Jy) =

Lemma 2.1. Assume that (1.2), (1.14) and D, > 1y hold. If ;1 < 1, then the system (2.6) has a unique
solution E € H3(R,) satisfying
1Bl g3 < Cim-

Proof. We define a set
W={pe HB(RJr);leEo ¢(z) =0 and || gs < Cim}

and a mapping T : M — &£ over W by solving the linear problem

J
PMy+D,J)Epe =E+ ——F———(E, + D — — P(M,+ D, J,)D,
(Mq + D, J.) Dy Gt D)~ PMe D) .
E(0)=E, — J*, lim &(x) =0.

ny T—00
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Apparently, the linear system (2.7) possesses a unique solution £ € H3(R.). Since D, > iy and | My ||e <
Mzl g1 < Cimy, we can get 1y < D, — Cnp < My + D < D* + D, — 7y by g1 < 1. Then, from (1.2), we
have

0<a < PMz+D,J,) <ay, (2.8)

where a1 and aq are two positive constants only dependent on J,, D, and D*. Multiply the equation in (2.7)
by £ and integrate the resulting equation over [0, c0). Integration by parts leads to

/ €2daz+/ P(M, + D, J,)E%dx
0 0

— _P(M, + D, J)EE | uo — / P(M, + D, J.)oEEdx (2.9)
0
o o0 J
+/ P/\/lw—i—D,J*D’de—/ — (&, + D —ny)é&dx.
0 ( ) 0 n+(./\/l$ + D)( +>

For convenience, all constants C' in the following proof represent different positive constants only dependent
on J., D, and D*. By Sobolev inequality and Cauchy—Schwarz inequality, we can estimate the boundary
term as

— P(My + D, J)EE a0 < CIE)Z(IE(0)] + [IE]1%)
1
2

g ( I

. +lE e )
+ n4
< O+ Oy (181 + e ).

E, —

gC’E*—

For the other terms in the right hand side of (2.9), we have

—/ P(M, + D, J.)oEEdx < c/ (Mas + D)EE,|da
0 0
< C(1Maelloe + 1D 1) EIR +11E:1P)
< CmlEl? + 1P,
| Mo+ D3 D < Sel? + D
0
and
—/OOA(E + D —ny)édx < C/OO|J (D(x) —ny + &)E|dx
o ni(My+D) " - T
< C(IEIP + &%) + CmlID — ne |
Thus,
1
(5-0m) 1€1P + @ - Conle.IP < CmlnalP + Cin.

If 5, < 1, we obtain
IEI? + [1€:11? < Cmll€eall® + Cn. (2.10)

Multiplying the equation in (2.7) by &,, and integrating it over [0, 00), we have

oo o0 o0 J
PM,+ D, J, Eiwdx = / EE . dr + / — (£, + D —ny)Edr
/0 ( ) 0 o n+(My+ D)( +)

—/ P(M, + D, J,)D'E, dx.
0
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Here, we get -
| €tuado < Gl + ClelP,
0

0 J ay , ) ,
— (&, +D — e dt < —||Epes . D_ 7
/0 (Mo 1 D) (& + ny)Eppde 1 |Ezell® + CllEN* + O n||

and o
/ P(My + D, J)D/ Epade < T Eas [ + C| LD
0

Hence,
€22 11* < CUIEN? + €211 + n).-

Combining (2.10) with (2.11), by using n; < 1 again, we have
HS||2 + ”gﬂcHQ + ||5x:r||2 < 0771-

Differentiating the equation in (2.7) with respect to x, we have

J

(M, + ) (M + )z +Ex + T D)( D)
Js /
er(/merD)(ngern”

- P M, +D,J.)D' — P(M, + D, J,)D".
Multiply (2.13) by &4, and integrate it over [0, 00), then we can estimate the resultant and get
(1 = Cm)l[€azall® < CUIEN? + |1Eall?) + 1D = ny || + | D'[* + [[D”]]%.

Ifn <« 1, we get
HS:BMHQ < C(ng”Q + ||5MH2) + Cny.

Combining (2.12) with (2.14), we obtain
1€]I7s < Cam,

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

where the positive constant C; just relies on J,, D, and D*. Thus, we have proven that T is a mapping of

W into itself.

Now, we prove that T is a continuous contraction operator over W. Let M; € W and T(M;) = &; (i =

1,2), then

P(My, + D, J)(E — E2)aw + [P(Myg + D, J.) — P(May + D, J.)|E2zs
J. Jo(My — Ma),

=& -+ —— (& — &), Ea

R ML D) O T B M, + D) (Ma, 1 D)

J*(D —TL+>(./\/12 —M1>$ ’
- P T D; J* - P T D,J* D’
(M + D) Mgy 3 D)~ P Mia+ Dy Jo) = P(Maz + D, J.)]

Similarly, it is easy to get that
1€1 = E2lFrs < Omu([(My = Ma)a |* + [[(My = Ma)aa?).

By n <« 1, we have
€1 = EallFs < [|M1 = Ma|l%s.

(2.16)

(2.17)

(2.18)

This means that T is a continuous contraction operator over W. By Banach Fix-Point Theorem, there exists

a unique E € W such that T(E) = E. O
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Proof of Theorem 2.1. We set

Ai(z) = Bu(z)+ D(z), J=J. and E(z) = B(x)+ 2

n4

It is not difficult to verify that (7,.J, E)(z) is the solution of the system (2.1). Moreover, since D, > 71
and || Ezllco < |Exllzr2 < Cmi < 1, we have fi(x) > D, — Cny > 7% > ny. Integrate E, = n(x) — D(z)
over (0,00), then we get the equality (2.3). In the last, based on the embedding theorem, E € H? leads to
(i, E) € CY(R;) x C?(R,) and the estimates (2.4) and (2.5).

2.2. Correction functions

Let us investigate the behavior of solutions to the IBVP (1.1), (1.3) and (1.4) at & = co. Denote
(nt, Jt ET)() = mlgngo(n, J, E)(x,t).
By (1.4) and integrating (1.1)3 with respect to x over [0, 2] and letting ¢ = 0, we can get
E(z,0) = E, + /Ow[no(y) — D(y)]dx. (2.19)
Then, taking the limit as © — oo to (2.19), we have
ET(0)=E, + /Ooo[no(x) — D(z)]dz := E5. (2.20)

The same as [20], we can solve (n™, J*, ET)(¢) through the following ODEs

d .

(ilthr(t) =0, ie nt(t)=ng,

ZI () =0 B () - (D), (2.21)
d

—ET ()= —=JT(t) + J.
7 (t) JT(t) + Js,

JH0)=Jy, ET(0)=E,.
By turning (2.21) into a second order ODE of J*(t), we can tediously solve JT(t) and E*(t) as follows

Js 1
€_%t{J+—J*+ [n+ <E+—> —27’L+(J+—J*>:| t}—f—J*, for ny = —,
ny 4
1
JH(t) = AjeMt 4+ Ajeet 4 g, for ny < T
1
e~ 3t [As cos (Ast) + Agsin (Ast)] + J., for ny > T
and J J J 1
_l * * *
e 2t {E+-n++ |:27’l+ <E+—n+> —<J+—J*):| t}—f-m, fOI' ’I’LJ,_:Z,
Al At A2 Aot J* 1
Et(t) = —)\—161 —/\—262 +H’ forn+<1,
e~ 3t J. 1
[(A4 — 2X\343) sin (Ast) + (As + 2X3A4) cos (Agt):l + ==, forng > -.
27’L+ ny 4
Here A\ = “ltyiane V2174n+, Ao = I Ve \/217471* for ny < i, and A3 = Y 471;71 for ny > %,
(o + D = 1) +ne (B - B, ) O+ Ds =) s (B - B )
A = — A =
1 )\1 — )\2 ; 2 )\1 — )\2 ;
2ny (E+ - ,;]**) - (Jy =)
Ay =Jy — J,, Ay = + }

23
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It has been known that the steady-state solution

Unless
I Iy

n4 ny

J+:

+ / (ng — D)(x)dx =0 (switch-off case),
0

it must hold that
(In*(t) = Ai(+00)|, [J*(t) = J(+00)|, |[ET (1) — E(+00)]) = (0, Ce™ 0", Ce™#0")

for some constant 0 < p19 < 3. We have found the precise form of gaps between .J(z,t) and J(z), E(x,t)

and E(z) at the far field # = oo, which leads to
J(z,t) — J(z) and E(z,t) — E(z) ¢ L*(Ry).
(7,

In order to delete the gaps, we construct correction functions (7, J, E’) (z,t) such that

iy + jx =0,

Jy=n FE—J,

E, =,

f(+o0,t) =0,

J(400,t) = JH(t) — J(+00),
i(+00,t) = ET(t) — E(+00).

We can obtain (7, J, E)(z,t) satisfying (2.22) through the following linear equation
jtt((E, t) + jt(l', t) + n+j(x, t) = 07
with the initial data

J(,0) = (1 — 1) /(fm(y)dy and E(x,O)( 7‘;) /jm(y)dy

Here m(x) > 0 is a smooth function with compact support satisfying

/ m(y)dy = 1 and suppm C (0, 00).
0

Through tedious calculations, we can obtain the (7, (z,t) satisfying (2.22) as follows

Ja,t) = / m(y)dy,
E(x,t):( n+)/ m(y)dy,

n(x,t) = (E*( )—J> x).

ny

Lemma 2.2. The correction function (f,.J, E)(z,t) to the IBVP (1.1), (1.3) and (1.4) satisfies
(7, J, B)(#)lloc < Core"o",
supp . = supp 69{(] = supp 3%EA =suppm for j=1,2,

and

(J —J = J)(+o0,t) = (J — J = J)(0,) =0,
(E— E — E)(+00,t) = (E — E — E)(0,t) = 0.
Here &y == |J4| + || + |Es| + |no — D|l1 and 0 < po < 1.

(2.22)

(2.23)

(2.24)
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2.3. Convergence results

Now we can reasonably make a perturbation of the solution (n,.J, E)(z,t) to the IBVP (1.1), (1.3) and
(1.4) around the steady solution (7, .J, F)(z) of the system (2.1) corrected by the corresponding correction
function (7, J, E)(z,t):

A

(n—n—n)+(J—J—J)=0,

(J—J=J)e+ (p(n) —p())e =nE —RE —nyE— (J —J—J) - <‘: - ‘f) , (2.28)

A

(E—E—-E),=n—n—n.
By integrating (2.28); over [0,00) and using (2.27); we have
/ (1) — A, t) — A()]de = / o () — Az, 0) — A(@))dz = 0, (2.29)
0 0

where we have used (2.3) to get the last equality. Hence, we reach the setting of perturbation

oant) = [ “n(y.1) — Ay, 1) — A))dy,

Bl t) = (] — J = J) (1), (2:30)
w(x,t) = (E — E — E)(x,t).
By (2.29), we get ¢(0,t) = ¢(400,t) = 0. Let
o0(@) = [ [rolt) = 0.0) = o), o
bo(x) = Jo(x) — J(x,0) — J(x).
After integrating (2.28); and (2.28)3 over (0, z), we obtain the reformulated problem
(bt + ¢ = 07 3
Yo+ ¥ —w = —(p(n) = p()e — (£ = &) + (b0 +A)w+E+E)+ (7 —ni)E, (2:32)
w = ¢.

Apparently, w = ¢ and ¢ = —¢;. Thus, we can reduce (2.32) into

bt + Gr + 16 — (p'(1)bz)e = (P(R 41+ ¢) — p(R) — D' () bz)x + Fro — Fa,
(¢, ¢e)(2,0) = (o, —¢b0) (2), (2:33)
¢(0,t) = ¢(+00,t) = 0,
where N
I AE

Fi=—-— and F= (E + E)py + 11+ ¢ + (2 + 7t —ny ) E + AE. (2.34)

Now we are ready to state the convergence results as follows.

Theorem 2.2. Let §; = m + |J4| + |Es| + ||no — D1 and ®o = ||¢o|| g3 + ||Vol| 2. Then there is a small
71 > 0 such that when 61 + $y < 71, the system (2.33) has a unique time-global solution ¢(x,t) satisfying

¢ € CH[0,00); H> Y (Ry)), i=0,1,2,3. (2.35)

Moreover,

|| (d)v ¢m7 ¢t7 d)x:m d):vt; ¢tt7 Qb:vzx» ¢zxt7 ¢mtt7 (bttt)(t)”z é C((Sl + @02)6—(1115’ (236)

where o 1S a positive constant.
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Corollary 2.1 (Convergence to Asymptotic Profile). Under the conditions of Theorem 2.2, it holds that
|(n—n,J —J,E—E)t)]e < Ce 1t (2.37)

for o1 = min{ay, po} > 0.
2.4. Proof of Theorem 2.2

It is well known that Theorem 2.2 can be proved by the classical energy method with the continuation
argument based on the local existence and the a priori estimates. The crucial step is to establish the a priori
estimates for the solutions, which will be our main target in this section.

For T € (0, +00], set the a priori assumption

N(T)? = sup {llo(t)]|%s + loe(t)ll72} < €2, (2.38)
0<t<T

where ¢ is sufficiently small which will be determined later. It should be noted that (2.38) with Sobolev
inequality 05/l < CllOFFIIZIOF F]1* sives

2 1
D 1056l + D 105 (1)]|o < Ce. (2.39)
k=0 k=0

Then, it is easy to verify that there exist two positive constants N and IV such that
0<N<n=¢,+n+n<N.
Furthermore, there exists a positive N, > 0 such that

n?p'(n) — J?

— > N, >0, (2.40)

by the subsonic property 7(x) > 71} > 11 and the smallness of € and 6.
Based on the properties of the correction functions in Lemma 2.2 and the results to the stationary
solutions in Lemma 2.1, we obtain the following Lemmas.

Lemma 2.3. Ife+ 601 < 1, it holds that
||(¢7 ¢a:7 ¢ta ¢II7 ¢Et7 (btt)(t) ||2 S 0(61 + ng)e_ﬂlt7 (241)

for some 0 < py1 < .

Proof. Multiplying the equation in (2.33) by ¢ + 2¢; and integrating the resultant equation over [0, +00),
we obtain

G [ (oot 502 ot p@e v g ot [+ )62+ 0
0 0

== /OOO (p(AL + 1+ ¢) — p(R) — P’ () ¢2) (00 + 2004 )dex:
_/OO Fi(@a +2¢1t)dx_/oo Fy(¢p + 261 )d. (2.42)
0 0

Let us estimate the terms appearing in the right hand of (2.42). By Taylor’s formula, Cauchy—Schwarz
inequality and the properties of 74 in Lemma 2.2, we have

/ T+ A+ 60) — p() — P ()] (60 + 20e)d
< C(61 4 )| (¢, D) (B)]* + Core™ 0" (2.43)
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Note that

J? 220 (J+J)  JEP42]J
Fi= =2 (g iy ¢ 20D 2T
nn n n
Since [|J(t)]]oo |72z ]| < Cdre 0t and ||.J,|| < C e 0%, we can get
< J242JJ
/ ———(¢z + 2¢4¢)dx
0
© (J242]]
()
0 n
1 2JJ 4 J? 2JJ + J? 2(J + J)J,
:/ %%ﬁ %(ﬁﬁﬁx) AT (¢ + 2¢¢)dx
0 n n n

< (2]]+ J? *2JJ+ J2
< */0 <n2>m¢x(¢+2¢t)d$/o ——— b (Pz + 20u¢)dz
+o/°o [(m i) S+ (J+j)jw] (6 + 26)d
0
S C((Sl + 5)||(¢; ¢x> ¢t7 ¢wt)(t)||2 + Céle_uot-

Then, we have

0 oo 72 7T
0 0 -
+/ [(J¢o + T+ &7 + d0d + 31J) (G + 2001)|dac
0

< O(01+)[(6: b b1, ) (D] + Core 0",
By (2.5) and ||E(t)||so || — ny||? < Cre Fot we can get

/m Fy(¢ + 2¢1)da = /oo (B + B)oy + 06+ 660 + (A + 7t~ ni) B+ ] (6 + 20)da
0 0

< C(01 +)(ds bus b1, Put) (B)]|* + Core M0

13

(2.44)

(2.45)

Substituting (2.43)—(2.45) into (2.42) and noticing the smallness of §; + ¢, for some Cy > 0, we obtain that

G [ (oo 3 e ptara 4 st ) do Co [0+ 24 o
t Jo 2 0
< C(61 4 )|t (1) ||* + Cre Pk,

Multiplying the equation in (2.33) by ¢,. and integrating it over [0, +00), we obtain
> ! ‘]2 2
[ (- %) s
> J2\ > i J2 T\ .
— [T (¥ = L) tutte = [T ) =) = (25 - % )| rutmmi

0 N
Then we can get
[G2a(®)|I> < Cll(&, bt, b bty d1e) (1) ||* + CoreHot,
because
o L J2 g2\ oo s
/0 {P (n) —p'(n) — (nQ - fﬂ)} Ny Pradr < C/o (¢r + Pt + 11 + J) Ny Prpdx
< OB Dt Paa) (B)||* 4+ Core o7,

(2.46)

(2.47)
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and

/ Fatpuadr < C(01 + )|, bu, Gua) (B)||* + COre™ 0",
0

Differentiating the equation in (2.33) with respect ¢ leads to

2

_ ~ J ~
(bttt 4+ (btt + n¢t — (p/(n)¢zt)m = [(p(n) + TL) — pl(n)(bwt] — Fy. (248)
t x
Multiplying (2.48) by ¢+ + 2¢4 and integrating it over [0, +00), we can obtain

d [ 1 - N e - .
p (¢tt¢7t + §¢t2 + o7, + P/ ()2, + n¢t2> dr + /0 (07, + ng7 + p'(R)d3,)da
0

— [ (st + ‘;) 0] (Gt + 20— [ Fualon+ 200 (2.49)

Through integrating by parts, we get

- /OOO Kp(n) + {j)t - p’(ﬁ)%t] (bot + 2001)d

2

=— /OOO Kp’(n) . p’(ﬁ)) Gut + <p'(n) - J2> g + 2‘?] (Put + 200t )dx

n2 n
77& o0 ,( s dei /(n),izf/(ﬁ) ¢)2dx+I+I
T 0 p p n2 p xt 1 2
d [ J?
<2 [ (v -2 - ) 2~ (p'<n> L)) s
+C (01 + E)H(¢m¢ta¢zt,¢tt) 1> + Core” “Ot (2.50)
where
[e’e] 2
o= [T (00 - 25) et~ ndnis
oo J2 ee} JQ
+/0 <p'(”) - ng>wﬁt¢ttd$ +/0 <p’(n) - n2>t¢92:td$
< C(61 +€)||[(dat, D) (8)||* + CoyeHot,
and

2
Iy = —/ JJe (Pat + 2054 )dx
0

= —/ y¢xtt(¢t+2¢tt)dx+/
0 0

~/0 2J — @4 Pridr + / (271])96 (eede + gbft)dx

+C/ (JJggt + JoJi + Jing ) (dr + ¢4 )da
0
é C((Sl + E)H((b:va (btv ¢zzv ¢zta qstt)(t)”Q —|— C(sle—ltot.

oo

2 A 2
[H(ijt ) = 3 Tl (8 + 2u)de

IN

Analogous to (2.45), it is easy to estimate the last term in (2.49) as

/ For(d 4 204 )da < C (81 + &) ||(Bas b1, dat, dre) (1)]|> + Cre ok (2.51)
0
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Substituting (2.50)—(2.51) into (2.49) and combining (2.47), by using the smallness of §; +¢ again, we finally

get that
d * 1 2 2 / 2
— D11y + 5@ + ¢+ (P'(n)

dt Jo 2
< O(61 +€)||(¢, d2) () || + CSreHot,

for some constant C7 > 0. Let
> LY o 3.\ 2 2 =N 42
Q1(t) = /0 {¢t¢ + (2 + n) o° + (2 + n) b7 + Grede + Oy + p' () Py
2

+ (v - %) éia,

then from (2.40) and (2.47), there exist two positive constants di; and di2 such that

dll ||(¢a d)a:? ¢ta ¢a:t7 ¢xz)(t)||2 - Céle_uot S Ql(t) S d12 H (¢7 qsxu ¢t7 (b:rh ¢tt)(t)H2

In fact, from (2.40), for two positive constants d11 and di2, it holds that

dll ||(¢? ¢z7 ¢t7 ¢xta ¢tt)(t> ||2 S Ql(t) S ~12|| (¢a ¢za (btv ¢wta ¢tt>(t)||2

Then for a constant 6211 satisfying 0 < cfll < a?ll, by (2.47) we have

i [[(6s bas Pt Bt P0) (D)2

= (dv1 — di1)[[(, b s bat S10) (01> + di1 ]| (¢, b1, by Pt b2 (1)1
> di1]|¢ze(t)]|? — CO1e 0" + di1|[(d, Gt bus Dots D20) (1))

> min{di1, di1 }|[(6, b, 1, bat, Gua) (1)[|? — Core 0",

J ) ¢+ ﬁdﬂ dr + Cy / (67 + 67, + ¢3)da
0

(2.52)

(2.53)

for some dqyq > 0. Let dyq = min{c?u?cfu}, we finally obtain (2.53). Now by taking (2.46)4(2.52) and using

the smallness of §; + €, we have
d
7@1(t) + G201 (1) < Céyehot,
for some positive constant Cs. The Gronwall’s inequality implies that
Qi(t) < O + F)e M,

for some 0 < pu; < po. Here, we have used

6 (0)[1> < ClI(@, Pas b1, D) (0)]1> + COy
< C(01 + @g),

=

which can be easily get from the original equation in (2.33). Finally, by using (2.53) again, we have

H((ba ¢933 ¢t7 ¢mt, ¢xza ¢tt)(t)||2 S CQl(t) + Céleiult S C'(51 + ¢3)67M1t~ O
Lemma 2.4. Ife+ 01 <1, it holds that

(Bt Putts Pty Prtts Duwar) )]|* < C (81 + D5 )e H2E,

for some 0 < po < .

(2.54)

(2.55)

(2.56)
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Proof. Differentiating the equation in (2.33) with respect to ¢ twice, we get that

2

. ~ J ~
Grier + Geer — (P (1) Patt ) + NPy = {(P(n) + n) - p’(n)¢ztt] — Foyy. (2.57)
tt T
Multiplying (2.57) by ¢+ + 2¢4: and integrating it over [0, +00) leads that
d [ 1, 2 N 2 gy * o ey g2 -2
at ) et + §¢tt + Gy + P (1) Py + by ) dx + . (P4 + P () Pryy + iy )d

o0 2 o
= —/ {(P(n) + J) - p’(ﬁ)¢ztt:| (¢mtt + 2¢mttt)d$ - / Fou (¢tt + 2¢ttt)dx~ (258)
0 /4 0

For the first term in the right hand of (2.58), we can get that

e} 2
- / [(p(n) + J) - p/(ﬁ)¢mtt:| (¢ztt + 2¢mttt)d$
0 nJ)u
[e’e) 2 e e] 2
— i [ (=T v @)t [T (- L 0] ek s
0 0 n

dt n2
d oo} J2 _ 9 o0 J2 R )
<-i | (-5 v @) e~ [ (v - 5 @)
+ C (61 + )| (But, Ptts Paats Dutts Pree) (B)||* + Core ot (2.59)
where
o J2
I3 = / <Pl n) — ) (274tx Pttt — Nt Patt + 202Dt + 21 dees )da
0
(p ) ztt — GutPutt — MPatt + 2000t Prer + 2N Pppe)da
0
oo [ee} J2
+ <p 2> 274y Pyyedx + / <p'(n) - ng> (22t Pret + 21 Dpet) Prerdx
0 0 tx
< C(81 + ) |(Puts Putts Buwt, Prae) (t)||* + Cdre o7,
and
(2] o r2JJ,
1y = / ( t) 204 dr — / ( t) Gredr
0 n tx 0 n t
o0 2 9 o 2 o0 2
= —(JJu+J7)| (P + Gree)da + — JJinidaredr — —JJing | Gueda
0 n T 0 n 0 n z
< C(01 +8)|[(Put, Dutts Dty rae) (D)]|* + Core Hok.
Similarly,

/ Fout (11 + 2 )dx < C(61 + €)|[(Pat, Prt, Putt s ¢ttt)(t)||2 + CdreHot, (2.60)
0

Substituting (2.59)—(2.60) into (2.58), we obtain that

d [~ Lo 2 J? 2 -9
a o brer P + §¢tt + ¢ + [ P(n) — 2 Gy + Ny | dx

[e%s) J2
+/0 |:¢t2tt + (p(n) - ng) Pt + ﬁ¢t2t:| dz

< C(01 +€)|[(Pat, Dttr Puwts Patts ¢ttt)(t)||2 + Cére 1t (2.61)



H. Sun, M. Mei and K. Zhang / Nonlinear Analysis: Real World Applications 53 (2020) 103070 17

Multiplying (2.48) by ¢+ and integrating it over [0, 4+00), we can get
0 J2
/0 (p’(n) - n2> iactd‘r
o0 , J2 R o0 , J2 R
= - p (TL) - 9 ntm¢xztdx - p (n) Y (¢zt + nt)¢mztd$
0 n 0 L

+/ ( t) ¢mtd$+/ ¢ttt¢mtdl’+/ Pt Orard
0 n z 0 0

e} e’}
+/ ﬁ¢t¢xmtdm + / F2t¢zztd$'
0 0

Analogous to (2.47), by using (2.41), it is easy to get
@zt (DNI* < Cll(bates Grae) ()| + C(61 + BF)e™ 1. (2.62)

Differentiating the equation in (2.33) with respect to x, we have
J: 72
Otta + Gtz + Nz + Nz = (p(n) —p(R) + Pl ﬁ) — Py (2.63)
Multiplying (2.63) by ¢z, and integrating it over [0, +00), we can get
e} J2
/ 2
- — d
[ (v - %) e
o I . > _ J2 T\ .
> _ J? T\ . > J? R
7/ |:pl(n) 7p/(7'L) - (2 - ~2>:| N PrzadT — / <p,(n) - 2> (¢Tr + nm)¢zrrd$
0 n n x 0 n -

o0 2J<]x oo oo _ B
- / ( > Grzadr + / Forppoadr + / (¢xtt + Qut + Ny + nx¢)¢xmxdx
0 x 0 0

n
Here, we have known that )
e J
|7 (0 - 35 ) anie = Nllbanat0)
0

Since the Sobolev inequality and the property of 7., in Theorem 2.1 leads

(2 (®)lloe + 66 (B)lloc)?|Fiza|* < CO1[[(as B1s Paws dut) (O],

and the properties of the correction functions in Lemma 2.2 leads to
(A lloo + 1T ) lloo) Iize||* < Core™1,

we can get
) ~ J2 j2
o)) - (- %
c / (A4 6o + b1+ Ditsadanada
0

1) loo + 1 () loo) Iizall® + |z (D)%)
(I62(B)lloo + l6(*) lloo) Pz || Gz (B
< - H(bzfﬂl(t)”2 + 051||(¢I7 ¢t7 ¢ZL’I7 (b:r:tv ¢zzx)(t)||2 + C§le_ult~

0

IN

<

—~

NES
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Similarly, it is easy to get that

0 J? j2
[ o -r@n- (5= 5)| wuuds
< 0(51 + 5)” (¢$7 ¢t, (ybmm’ ¢mta ¢xmz)”2 + C(Sleiult,

0 n z

0

N, _
4 ||¢www(t)||2 + 0(61 + E)H((bwv ¢t7 ¢wa}7 ¢zt7 ¢wwwa (bwwt)H + C1516 Hlt’

<

and o
/ F2t¢t:mcdl' < 0(51 + 5)”(¢z7 ¢zta ¢rzt)(t)||2 + Céleiﬂlt-
0

By (2.41), we have
[Gaza (I < Cll(Barts brue) (B)||* + Core™1". (2.64)

Let 2

J
) ¢925tt + ﬁ¢?t:| dz.

n2

Q2(t) = /0 |:¢ttt¢tt + %th + G + (p(n)

The same as (2.53), from (2.62) and (2.64), there exist two positive constants di3 and di4 such that
d13H(¢mxt7 ¢a¢xw)(t)H2 - Cdleiplt < QQ(t) < d14||(¢tt7 ¢;ctt7 ¢ttt)(t)||2' (265)

Substituting (2.62) into (2.61) and noticing the smallness of 01 + €, by (2.41) again, we have

L Qu(1) + Cs@a(1) < e, (2.66)
for some constant C's > 0. The Gronwall’s inequality implies that
Q2(t) < C(61 + BF)e 2, (2.67)
where 0 < po < 1. Here, we have also used

[(atts p1ee) (0)]1* < Cll(Pawt: baaa) (0)]|* + C1
< C(6; + @3), (2.68)

which can be easily get from Egs. (2.33) and (2.63) by the same method as (2.55). By using (2.65) again,
we obtain
[(bawt: acas att, Deee) (H)[|* < C(61 + D5)e 2. O

Proof of Theorem 2.2. Let ay = min{uj, g2}, then Lemmas 2.3 and 2.4 imply Theorem 2.2. O

3. The insulating problem

In this section, we consider the system (1.1) with the initial data (1.3) and the insulating boundary
(1.5). Similarly, we first look for the asymptotic profile of the original solutions, the corresponding steady-
states subjected to certain boundary conditions. Secondly, we carefully look at what kind gaps between the
original IBVP solutions and the expected asymptotic profiles at the far field, then we construct some suitable
correction functions to delete the gaps. Finally, we prove the convergence of the original IBVP solutions to
the corresponding asymptotic profiles time-exponentially or algebraically, according to the decay situation
on the boundary at the far field.
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3.1. Asymptotic profiles

Different from the inflow /ourflow /impermeable problem, the asymptotic profile (7, J, E)(z) to the IBVP
(1.1), (1.3) with the insulating boundary (1.4) satisfies the system

J = n+E y
2
Y) - 55 ) = RE - .
2 " z € Ry (3.1)
B, =n - D(x),
E,(0) = no(0) = D(0), lim B(z) = B,

Tr—r0o0

Here, as showed in Section 2, for J = n, E*, we can also conclude that there is a minima value 71y = fip(|.J| =
Ing E*|) > 0 such that 72p/(713) — [ny E*|* = 0, and for some constant 73 > s, it holds that

7%p/ () — [ny ¥ > C5 >0 for v > 0} > i,

for a positive constant Cj. The existence of solutions to system (3.1) is submitted in the following Theorem.

Theorem 3.1 (Asymptotic Profiles). Assume that (1.2), (1.14) and D, > ng hold. If
1
N2 = [lno — Dl|% + [E*[ + | D — ny |52 < 1,

then the system (3.1) possesses a unique solution (7, J, E)(z) in the solution space

Va ::{ (i, J, E)(x); J =nyE*, (h—ny, E— E*) € HX(Ry) x H*(Ry)
(3.2)
with i > 15 > Mg, |0 —ng | g2 < Camg and ||E — E*||gs < Canga },

where Cy is a positive constant dependent on E*, D, and D*. Moreover, it holds that (ﬁ,E) € CYRy) x
C?*(Ry) and
72 =1y lloe + 7z]loc < Ca, (3.3)
1E = E oo + | Ezlloo + | Eaaloo < Conp.

Similarly, we construct the solutions satisfying (3.1) by proving that there exists a solution to the
well-posed BVP (1.13) with the boundary (1.9). For this purpose, we set

E(z) = E(z) — £,
then the BVP (1.13) with (1.9) is equivalent to the system

P/(E$ +D(£E)) (nJ’»E*)Q / B *
E, + D(z) - (E, + D(z))3 (Ezw + D'(z)) =E+ E* —

E,(0) — no(0) — D(0), xl;nolo E(z) = 0.

7’L+E*
E; + D(z)’ (3.5)

By the same method as Lemma 2.1, we can get the existence of the solutions to the system (3.5) in the
following Lemma.

Lemma 3.1. Assume that (1.2), (1.14) and D, > Nz hold. If n2 < 1, then the system (3.5) has a unique
solution E € H3(Ry) satisfying
IEll gs < Cana.

Proof of Theorem 3.1. The method is analogous to the proof of Theorem 2.1, where the only difference
is that we set
fi(z) = E.(z) + D(x), J =nyE*, and E(z) = E(z) + E*. O
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8.2. Correction functions

We also denote
(n* . J* B () = lim (n, ], )z, 1)

By the boundary condition (1.5), we already have ET(t) = f(t). From the original IBVP, we have the

following first order ODE p
7t — _ 7t
JT(t) = ny f(8) =TT (D), (3.6)

dt
J+ (0) = J+.
It is easy to solve the system (3.6) as

t
JH(t) = Jee b + n+/ e~ =9 f(s)ds.
0

It has been known that the corresponding stationary solution
(i, J, E)(c0) = (ny,ny E*, E*).

By (1.6), it must hold that

¢
’J+e_t + n+/ e~ %) f(s)ds — n E*
0

_foe "y <! for 0, > 0,
o+t 2) <t for 0y > 1.

So, we get
(In" (1) = A(+o0)|, [T () = J(+00) |, [E* () = E(+o0)]) = (0,Ct™1,Ct ™).

Now we have found the precise forms of the gaps between J(z,t) and J(x), E(z,t) and E(z) at 2 = oo,
which leads to

J(z,t) — J(z) and E(z,t) — E(x) ¢ L*(R,).
In order to delete the gaps, we construct correction functions (7, J, E’) (z,t) such that
fy+Jp =0,
Jy=nyE—J,
E, =,
ﬁ(:oo, t) =0, 37
J(+o0,t) = JH(t) — J(400),
E(400,t) = E*(t) — E(+00).
To get (7, J, E)(x,t) satisfying the system (3.7), we solve the following linear equation
e (,t) + fe(z,t) + nyn(z,t) =0, (3.8)
with the selected initial data as
A(z,0) = nym(x) and J,(z,0) = (J; —ny E*)m(z). (3.9)
It can be easily solved (3.8) with (3.9) that
e~ 3t [m_ + (;mr - A5> t} m(z), for ny = i,
Az, t) = (AQ)ZJF_JF/\;% eMt 4 )\1)\7?_&‘245 e’\2t) m(z),  forny < i,
e~ 3t [n+ cos(At) + MZ—i)\jAs sin(/\gt)} m(x), for ny > i,
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J(z,t) = JF(t) —n E* —

e_%tA—&-1 1n —A t/+oom( )d for n _1
5T 5\ 9"t 5 . y)ay, T
)\1()\2n+ =+ A5) /\lt )\2()\11’L+ -+ AS) Aot /+°° 1
_ _ dy, f < =
|: Al )\2 + )\2 . )\1 € ” m(y) Y, or n4 47
4n? —2A Foo 1
e~ 3t |:A5 cos (Ast) + P Gin (Agt)] / m(y)dy, for ny > —,
W : 4
and
E(x,t) = f(t) - E* -

1, 1 teo 1

e 2" Iny + oM+ As |t m(y)dy, for ny = 7

)\2n+ + As it A1n+ + As ot /+OO 1

d f -

(Fetmeny Mo ) [y, forng < g,

—24 oo 1

ezt {mr cos (Ast) + % sin ()\3t)} / m(y)dy, for ny > T

3 T

where A; (1 =1,2,3) is the same as before and A5 = J; —ny E*.

Lemma 3.2. The correction functions (1, J, E)(x,t) to the IBVP (1.1), (1.3) and (1.5) satisfy

17(t)]loo < Cbae™",

1(J, B)(t)]l
- Cdpe 1t as |f(t) — E*| = O(e™ "), 61 >0,
Coa(14+1)7%2 as|f(t)— E|=0((1+1)"%), 6> 1,

and
supp N = supp 8§Ej = supp 8§CE = supp m1, for j=1,2.
Moreover,
n(Oyt) —7(0,t) —n(0) = 0,
(J —J = J)(+oo,t) = (Jo — Ju — J2)(0,8) = 0,
(E— FE — E)(400,t) = 0.

Here by = |Jo |+ |E*, 0 <vp < & 1 and vi = min{0;,1}.

3.3. Convergence results

21

(3.10)

(3.11)

(3.12)

(3.13)

Similarly, we can make a perturbation of the solution (n,J, E)(x,t) to the IBVP (1.1), (1.3) and (1.5)
around the steady solution (7,.J, E)(z) to the system (3.1) corrected by the corresponding correction

function (7, J, E)(z,t) as follows.

(3.14)
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We define the new unknown functions as

o) = = [ Inlo0) — (0:0) — )Ny,
O(x,t) = (J —J = J)(x,1),
w(z,t) == (E — E — E)(x,t).

(3.15)

Here, different from the inflow /outflow /impermeable problem, we have ¢, (0,t) = ¢(400,t) = 0 from (3.13);.
Let

+oo
do(z) = — / Ino(y) — Ay, 0) — iy)]dy,

(3.16)
Yo(z) = Jo(x) — J(x,0) — J(x).
Then, the same as the inflow/outflow/impermeable problem, we can reduce the problem into
J2 P
Gut + ¢ + g = (p(A + 1+ ¢z) — p(7))z + (n - ﬁ) — F3,
* (3.17)

(¢, ¢¢)(,0) = (do, —1bo) (),
¢2(0,t) = ¢(4+00,t) = 0.

Here F5 is the same with (2.34). Now the convergence results are stated as follows.

Theorem 3.2. Let 03 = 12 + |J4| and Py == ||¢ol|gs + ||ol|gz- Then there is a small 7o > 0 such that
when b + Py < To, the system (3.17) has a unique time-global solution ¢(x,t) satisfying

¢ € C'([0,00); H*7'(Ry)), i=0,1,2. (3.18)
Moreover,
||(¢7¢wa¢t7¢wtz>¢zta¢tt>¢za:a:a¢a:wt)(t)”2 o
Core™ 2 as |f(t) — E*| = Ce™ 1", 0, >0,
= { Céz(l +1)7% as :ﬁti - E*: =C(1+t)7%, 9; > 1, (8.19)

where ag 18 a positive constant.

Corollary 3.1 (Convergence to Asymptotic Profiles). Under the conditions of Theorem 3.2, it holds that

I(n =7, J = J, E = E)(t)||os
{052602t as |f(t) — E*| = Ce™ %t 61 > 0,

= 0 . 0 (3.20)
Co(1+1)"% as|f(t)— B*| = C(L+)~%, 6y >1,

for oo = min{az, 01,11} > 0.
8.4. Proof of Theorem 3.2

Because the methods of establishing the a priori estimates are same for the two situations of f(t), we just
give the proof for the case
1f(t) = E*|=0(1+1)"") ast— oo

Set the same a priori assumption as the inflow/outflow /impermeable problem, by the properties of the cor-
responding correction functions in Lemma 3.2 and the results to the steady-state solutions on Theorem 3.1,
we can obtain the a priori estimates in the following Lemmas.
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Lemma 3.3. Ife+ 6o < 1, it holds that

||(¢a (b:m (bta ¢ww7 ¢wta ¢tt>(t)||2 S 0(62 + ¢3)(1 + t)_92- (321)

Proof. Multiplying the equation in (3.17) by ¢ + 2¢; and integrating it over [0, +00), we obtain

% [gbtqs + (; + n> »* + gzﬁf] dr + /(qbf + n¢?)dx
_ / (p(n) ~p(@) + J; - ‘f)y (6 + 26¢)dz — /F2(¢ + 26,)du. (3.22)

Notice that

We have
[ (s st + 2 - 2) 6+ 200

2
< / Kp’(n) - ;;) (Gz +112) + O(1)(hs + 1+ J + )y + %(fx —~ %)] (¢ + 2¢¢)dx
< C(02 +&)[(B, bus Dts Pat)(DII° + Clldhaa (t)1> + CO2(1 4 )%

It is easy to get
/F2(¢ 1 20)di < Coal (b be) (1)) + Coa(1 + 1),

Because of the smallness of d5 + ¢, there exist two constants Cy, C5 > 0 such that

% [¢t¢ + (; + n> * + cﬂ dz + Cy /(¢2 + ¢7)da
< C (02 + )| (s Put) ()12 + Csldaa (1) ||* + COo(1 + ) 702 (3.23)

Differentiating the equation in (3.17) in x leads to

Dtte + Oto + Ny + figd = (P(n) —p(n) + — — ~) — Fyy. (3.24)

Multiplying (3.24) by ¢, + 2¢,; and integrating the resultant equation over [0, +00), we obtain

il {‘ﬁ“‘” " (; * ”) 02t %} dot [0+ )do+ [ 7006, + 26,0z
J2 j2
- 7/ <p(n) —p(R) + o n) (bew + 2000 )dr — /Fgm(qu + 21 )d. (3.25)

It is easy to get
- / Tind(x + 2000 )d < C(62 + €)[[(6, b dar) (B2 (3.26)
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For the right hand side of (3.25), we can estimate that

_/ (p(n) — p(R) + g n)z (G2e + 200at)da

_ / { [(pxn) - ;’;) - (pfm) - ‘f)] oo+ %(J; - asxt)} (ban + 26rar)da

d / I2N 2
=% p(n)fﬁ mdxf LA+ K+ Ko + K3

o 72
d J? J2
< —%/ <pl(n) - n2> Sode — ( 2) o2,

+C(62 +€)||(¢xa¢tv¢mza¢a¢)( )”2 +052 ) 02 (327)
where
2
Ky = / (p'(n) — i) (2020 Bt — N P ) dex
2 JQ
+2/ (p/(n) - ig)z ﬁm(b:rtdw +/ (p/(n) - n2>t ¢izd$
S 0(52 + 5)“((725177 (btv ¢$z7 ¢zt)(t)||2 + 062(1 + t)792
Jz J2
Ky = / [p(n) —pl(ﬁ) - (TL2 — ~2>:| (2nzx¢xt ﬁx¢zz)dx
. J2 T\ .
w2 [ o)~ @)= (55 = 55 )| wtade
< C(62 4 )[[(¢a Dt Dra Gat) (1) ||* + Coa(1 4 ) 772
and

K3 = _/%( ¢mt)¢zmdx+2/ |:2T;](jm _¢It):| Prdr

x

< 0(52 + €)H(¢xa ¢t7 ¢:cxa ¢zt)(t)||2 + 052(1 + t)792'
The second term in the right hand of (3.25) can be done as
< O3z + )| (bs Gts s S0t (D> + Ca(1 4 £)7, (3.28)
where we have used
+oo ~ B
/ G2l (P + Pat)dz < o () [loo [ Exl| (02 (D) ]| + [| 022 (D))
< C62|(ds S dat) ()1
Substituting (3.26)—(3.28) into (3.25) and noticing the smallness of d; + €, we get
d 1 J?
[ oot (54 0) 24 oin (o - ) ) dot o [+ 62 4 o
< 0(62 +8)ll(¢ ) O + Co(1 +1)77%2, (3.29)

for some constant Cg > 0. By choosing A'Cg > Cs and taking (3.23)+)\ x (3.29), we can get that the term

Qs3(t) = /{¢t¢+( +n)¢2+¢t+A¢mt¢m+A< +n>¢2+A¢
J2
X () - ) ot Jas
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satisfying
d21 || (¢7 (bxa ¢t7 ¢x;c7 ¢xt)(t) ||2 S Q3(t) S d22|| (¢7 (bxa d)tv ¢xx7 (ybxt)(t) ||2a

for two positive constants ds; and dos. Moreover, by the smallness of d; + €, we obtain

d

7 @s(t) + CrQa(t) < Cor(141)7",
for some constant C7. The Gronwall’s inequality and (3.30) imply that

(6, b bt baas bat) ()I* < Q3(t) < C(62 + 65) (1 + 1)~ %.

From the equation in (3.17), it can be easy to get that

lgee()1> < C (62 + )1 +1) 2. O

Lemma 3.4. Ife+ 02 < 1, it holds that

||(¢I:L’t7 ¢ztt7 (bzzz)(t)”Q S 0(52 + @g)(l + t)_92.

Proof. Differentiating (3.24) in ¢ leads to

- - J?
Dttte + Otta + Ny + TPy = (p(n) + n) — Fouy.
xxt

Multiplying (3.33) by ¢zt + 2¢,4+ and integrating it over [0, +00), we obtain

d
dt

J2
= _/ (P(n) + > (Pwat + 20004 )dx — /szt(¢zt + 20544 )dx.
n xt

It is easy to get
/ﬁw@(fbm + 20510 )dr < Cba|(d1, Puts dare) ()]

Notice that

(p(") + ﬂ)ﬁ = (p’(n) - Ji) (baat + Nat) + (p'(n) - ij)f (Gon + fra + i) + <2JJm

n n n

After integrating by parts, we can get

J2

d J? J?
= T (P/(”) ) (biwtdx - / (Pl(n) - ng) ¢ia:tdx + K4+ K5

n2

d . J? . J?
< % (p (n) — nz) Py d — / (p (n) — ng) P2y dr
+ 0(62 + 5)||(¢$a:7 ¢xta ¢tta ¢a:a::v7 (b:rwt? ¢$tt)(t)||2 + 062<1 + t>_027

where

J? J?
Ky = / <pl(n) - ng) (2ﬁ11t¢xmt - ﬁzt¢zzt)dx + 2/ (p/(’n) - 7’12) ﬁxt¢mttd$

n2

2
t

- [¢$t¢xtt + <; + ﬁ) ngzct + ‘bitt} dx + /(¢itt + ﬁébit)dz + /ﬁx¢t(¢xt + 2¢xtt)d1'

25

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)
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2
+/ (p/(n) - ;]7/2) (2020 Pt + 2000 Pprt + Ny Pape)d
tx

< C(02 + &) |(Puas Puts Dt s Dt ate) (B)]|2 + Ca(1 + 1) 7%,

and

Ks = / <2‘;‘]‘T>t (Paat + 2020t )dz

2J 2J 2J 2J
n n t n T n t T

0(52 + 5) ||(¢xm7 ¢{L’t7 ¢tt7 ¢:1:xz7 (bavzta ¢xtt)(t) ||2 + 052(1 + t)_GQ .

IN

The last term in (3.34) can be estimated as

- / Fth(¢aft + 2¢xtt)dm S 0(52 + 5)”(¢xaﬁ; ¢$t7 ¢xwt7 ¢xtt)(t)||2 + 052(1 + t)iez'

Thus, we have

d J?
pn |:¢a:t¢mtt + <; + ﬁ) G2y + Doy + (p’(n) - nz) ¢92mt] dz
JZ
+/ {Qﬁitt + 7, + <p’(n) - n2> ixt:| dz
S 0(62 + 3) H ((btv (bwmv ¢wt7 ¢tt7 ¢wxw; ¢xzt7 ¢wtt)(t)||2 + 062(1 + t)_92~

Multiplying (3.24) by ¢4 and integrating the resultant equation over [0,400), we obtain
JE\
/ (p/(n) - TL2> xmzdm
S 0(62 + E)H(bm:vw(t)HQ + C”(d)? ¢17 ¢t» ¢a:a:a d)a:ta ¢wmta ¢$tt>(t)||2 + 062(1 + t)_eg-
By using smallness of d2 4+ € and (3.21), we have
[@rax(O)* < Cll(Gawt, are) (1)]1* + Co2(1+ 1) %2,

Let
1 J?
Qa4(t) = / [¢zt¢ztt + (2 + n) Qo+ By + (p’(n) — ng> ¢ia:t:| de.
Then from (3.37), there exist two positive constants doz and da4 such that

d23||(¢zza:a d)a:a:tv ¢wtt)(t)||2 - 062(1 + t)_62 S Q4(t) S d24||(¢wta d)a:a:tv ¢wtt)(t)| 2-

Substituting (3.37) into (3.36) and noticing the smallness of d2 + €, by (3.21), we get
d -6
a@zx(t) + CQa(t) < Coa(1 +1)772,

for some positive constant Cg. The Gronwall’s inequality and (3.38) imply that

[(Baas Dty Gure) D)? < Qult) < C(6a + d2)(1+)7%. O

Proof of Theorem 3.2. Lemmas 3.3 and 3.4 imply Theorem 3.2.

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)
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4. Numerical simulations

In this section, we are going to carry out some numerical simulations according to the different boundary
cases. As showed before, the solutions (n, J, E)(x,t) for the dynamical system (1.1) with the initial value (1.3)
subjected to either the inflow/outflow/impermeable boundary (1.4) or the insulating boundary (1.5) time-
asymptotically converge to the corresponding steady-states (asymptotic profiles), so we are mainly interested
in what shapes of the asymptotic profiles. Namely, we numerically calculate the corresponding steady-state

system
Jp =0,
J? -
<~ +p(n)| =nE—-J, zeR4, (4.1)
n x
E, =@ — D(x),

J(0)=J., FE(0)=E,, (4.2)
or the insulating boundary:
E.(0) = no(0) — D(0), lim E(x) = E*. (4.3)
x oo

For numerical calculations, let us simply take the initial data as

( {2 +e 7 for inflow/outflow/impermeable case;
nolxr) =

cos(mx/200) + 0.1, for insulating case,
Jo(x) = J, +e705% — 1,

the doping profile as

and the pressure function as

For the insulating boundary conditions, we take
E* =01, ny =2,

and for the inflow/outflow/impermeable boundary conditions, we take

0.5, for the inflow case;
E, =01 ny=2, J.=<-0.5, for the outflow case;
0, for the impermeable case.

By using difference scheme, we get the numerical solutions of the electronic density 72(x) and the electric
field E(z) for all boundary cases as follows (see Fig. 1 for i(z) and Fig. 2 for E(z)). Here, the Curve 1,
Curve 2, Curve 3 and Curve 4 are corresponding for the insulating boundary case, the inflow boundary case,
the outflow boundary case, and the impermeable boundary case, respectively. Note that, the graphs for 7i(z)
and F (x) in different boundary cases are significantly distinct.
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Fig. 1. The graphs for the solution #i(z): Curve 1 is for the insulating boundary case, Curve 2 is for the inflow boundary case, Curve
3 is for the outflow boundary case, and Curve 4 is for the impermeable boundary case.

N curve 1
: ---curve 2

1.5 -—-curve 3| |
: —curve 4

1 L 4

N

Fig. 2. The graphs for the solution E(z): Curve 1 is for the insulating boundary case, Curve 2 is for the inflow boundary case, Curve
3 is for the outflow boundary case, and Curve 4 is for the impermeable boundary case.
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