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Abstract. In this paper we consider a model of hyperbolic balance laws with damping
on the quarter plane (z,t) € Ry x R;. By means of a suitable shift function, which will
play a key role to overcome the difficulty of large boundary perturbations, we show that
the IBVP solutions converge time-asymptotically to the shifted nonlinear diffusion wave
solutions of the Cauchy problem to the nonlinear parabolic equation given by the related
Darcy’s law. We obtain also the time decay rates, which are the optimal ones in the
L2-sense. Our proof is based on the use of the classical energy method.

1. Introduction. Let us consider the following model of hyperbolic equations with
damping, on the quarter plane Ry x Ry (R4 = (0,+00)) given by

— Uy = 07
e (z,t) € Ry x R, (1.1)
us + p(v), = —au,

which models a compressible flow with dissipative external force field in Lagrangian
coordinates. The external force term —au appears in the momentum equation. Here,
v > 0 is the specific volume, u is the velocity, the pressure p(v) is a smooth function of
v such that p(v) > 0, p’(v) < 0, and a > 0 is the damping constant.

It has been proved in Marcati and Milani [13] in the case of weak solutions and in Hsiao
and Liu [7], Nishihara [19] in the case of smooth solutions that the solutions (v, u)(z, t)
to the corresponding Cauchy problem of (1.1) tend time-asymptotically to the nonlinear
self-similar diffusion wave solutions (7,u)(z,t) (v(z,t) = ¢(xz/v/1+1t)) of the porous
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media equation

T = —1p(0),
Ui=—aP@u e RxR., (1.2)
p(V), = —au,
namely
o~ =0, (z,t) e R x R. (1.3)
p(V), = —am,

The convergence theory on the nonlinear diffusion waves for the Cauchy problem can be
found, for instance, in [14, 3, 1, 8, 2, 9, 5, 4, 15], and in the references quoted in those
papers.

Denote by v(z,t) any solution of (1.2) with the end states

v(to0,t) = vy, vy Fv_. (1.4)
Due to the Darcy law u(x,t) = —1p(v),, we have
(00, ) = 0. (1.5)

Suppose that the initial data for (1.1) satisfy the following limiting conditions:
(v,u)|t=0 = (vo,up)(x) — (v4,uy) as T — +oo. (1.6)
Moreover, we assume that the following boundary condition for (1.1) holds:
Vlz=0 = g(t), tERy, (1.7)

where g(t) takes a value on [v4,v_] (or say [v_,v4], if v— < v;). This kind of boundary
condition arises in several physical problems and, in particular, it has been considered,
in a different setting, to model the isentropic hydrodynamic flow of electrons in a semi-
conductor device, where the Ohmic contact is described by using a boundary condition
on the electron density. This problem will be considered in a forthcoming paper by the
authors.

The main purpose of this paper is to show that the solutions of (1.1) with the initial
data (1.6) and the boundary condition (1.7) converge to the nonlinear diffusion wave so-
lutions of (1.2) when vy # v_ and the initial-boundary perturbations are small. This will
be given in the following Sections 2 and 3. In the special case v, = v_, the convergence
of the IBVP solutions (v,u)(x,t) to the constant solutions (v,%)(z,t) = (vy,0) will be
discussed in the last part of this paper. Therein, instead of the boundary condition (1.7),
we will consider a boundary condition on w.

Now, let us assume for the moment that v, # v_. In general, we will consider the
situation in which g(t) converges as t — +0o. As a prototype of this situation we will
investigate the case where g(t) — v; as ¢ — +00. To overcome the difficulty of large
boundary perturbations,

Vle=0 = (z/ViE + 1)lz=0 = 9(t) = 0(0) = vy —=B(0) #0 ast — +oo,

we will introduce a suitable time-dependent shift function on the time ¢. Such a technique
was used to treat the convergence to travelling waves in [12, 11, 17, 18] for some examples
of conservation laws with the boundary conditions.
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To be consistent with the known decay estimates for the corresponding Cauchy prob-
lem given in [7, 19], we assume that
lg(t) —ve| = O(M)|vy —v-|[(1+1)7", M >3/4, (1.8)

and the compatibility condition

9(0) = vo(0). (1.9)

Since the nonlinear diffusion wave v(z,t) = x/ Vt+1) of (1.2) satisfies (see [7, 19])
vy = T(z,t)| < Cluy — v_|e'C°o‘§ =z/Vt+1, forz>0 (1.10)

for some constants C > 0 and ¢y > 0, let us choose the shift function d(t) in C3(R,)

such that
d(t) >0 forallt>0, (1.11)

2
exp {—aco (\Z(—i)_l> } <OM)(24+1t)77, v > 3/4, (1.12)

2
d'(t) exp {—aco ( d(t) ) } <O()(1+t)"*2) /log(2 + ¢). (1.13)

Vi+1

Here, we denote d(0) = dg. The function d(t) satisfying (1.11)—(1.13) includes many
examples. Two kinds of important examples are d(t) = v/1+¢ - \/clog(2+t) with
¢ > v/(acy) and d(t) = (1 + t)2*¢ with any ¢ > 0. Note that the choice d(t) =
VI+t-y/cilog(2+1t) with ¢ = 72/(aco) is the weakest one in the sense of optimal
decay rates.

Because of the second equation of (1.1), we have

u(z,t) — e *uy, asz — +oo (1.14)

and the implicit relation

Ulaeo = €= tu(0) — /O == (g(7))v. (0, 7) d7. (1.15)

Let us denote (U,u) = (U,u)(x+d(t),t): the shifted nonlinear diffusion waves of (1.2).
By (1.3) we get

%6(15 +d(t),t) = d'(t)v.(z + d(t),t) + U, (z + d(2),t) (1.16)
and by (1.4) and (1.5) we have
(v,7) — (v4,0) as z — +oo. (1.17)

Denote

Az, t) = e [uy — (uy — ug(0)) [ mo(y) dy]

where my(z) is a C§°(R4) function satisfying

+oc
mo>0 forallzeRy, mp(0)=0 and / mo(z)dz = 1. (1.19)
0
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We can easily check that

{”’ =0, (1.20)
U = —at,
and the following boundary and limit conditions hold:
(0,0)]o=+00 = (0,67 uy), (1.21)
(9, @) |e=0 = (0,u0(0)e™*"), (1.22)
o] < a~"fus — uo(0) e~ m (). (1.23)
From (1.1), (1.16), and (1.20), we have
(w—1-9);=@w—-u—10—d(t)V); (1.24)

by integrating it over [z, +00) and by using that (v=0—10)|z=40c = 0, (U—U—1)|z=4oc =0
and (1.15), (1.22) we have

d oC

— (v(z,t) —v(z +d(t),t) — O(z,t)) dzx
dt Jo

= —(u =T — 8)|z=0 — d'(t)[v4+ — V(d(t),1)] (1.25)
= /0 e~ p! (g(m)va (0, 7) dr +u(d(t), 1) — d'(t)[vs — B(d(2), 1)].

Since v, (0,t) can be controlled automatically by the equations (1.1), we conjecture that
the right-hand side of (1.25) is integrable and the integration tends to zero as t goes to
infinity, namely,

(Ansatz) :

/oo(v(:v, t) — v(z + d(t),t) — 0(z,t)) dz

/ox(”"(“) - 0(x + dy,0) — ¥(x,0)) dz
+ /0 {/OT e~y (g(n))v2(0,m) dn (1.26)

Fad(r),7) - d(fos - Td(r),7)] dr}

<O)(14t)"YY ast— +oo.

In the next sections, we will prove that this ansatz is true.
Due to the previous analysis, let us define the new variables

+oc
V(1) = / (v £) — By + d(t), 1) — 9(y, )] dy,

(1.27)
z(z,t) == u(x,t) — u(z + d(¢),t) — a(zx,t).
Thus, the ansatz (1.26) is equivalent to showing that
(Ansatz)’ : |V ],—o| S O)(1+t)"Y* ast — +oo. (1.28)

It will be answered below; see Theorem 2.1, Corollary 2.2, and Remark 2.3 in Sec. 2.
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From the equations (1.1), (1.3), (1.16), (1.20), and (1.27), we can reformulate the
original equations (1.1) to the new one

Vir = 2 — dl(t)—ﬁxa
{zt A N S et (1.29)
where
fi o= =L+ d(6),1) - (p(Ve + 5+ 9) - p(0) - ' (0)Vi o (1.30)

dt
Since V]p=troc = 2|z=t0c = 0, U|z=45 = vy, then by integrating the first equation of
(1.29) over [z, +00), one has

= d'(t -
Vi=z+d Ol -7, (z,t) € Ry x R (1.31)
2t +az+ (p/(ﬁ)vx)m = fl’
The corresponding initial data are given by
(V, Vi, 2)|t=0 = (Vo, V1, 20)(z), = € Ry, (1.32)
where
+oc
Viw) == [ len(w) ~ oy + o 0) - (0,0)] dy (139
z0(x) 1= uo(z) — T(z + dp,0) — 4z, 0), (1.34)
Vi(z) == 20(x) + d'(0)[vs. — ¥(x + do, 0)], (1.35)

and the boundary value is given by (1.7) and (1.22):
VIII=0 = (U —-U - {})Im:() = g(t) - ﬁ(d(t)»t)
= [g(t) — vi] + [v4 —(d(t),8)] =: G(t), te€R,.

Plugging the first equation of (1.31) into the second equation of (1.31), we have the
following Neumann type IBVP:

(1.36)

LV)=Vy+aV,+ (@' @Ve)r=F, x>0,1t>0,
(Vi Vi)le=o = (Vo, 1)(x), x>0, (1.37)
Vzlz:() = G(t), t> O,

where F' := f; + f> and
fo = d"(Ows — ) — d'(0) ST+ d(0), ) +od (s ~7). (139

From the compatibility condition (1.9), we may easily check the other compatibility
condition G(0) =V} »(0) for the IBVP (1.37).
In the following two sections, we will prove that the IBVP (1.37) has a unique global so-
lution with some algebraic decay rates in the L?-sense by the elementary energy method.
Notation. Here and after here, we denote several generic constants by c or C, or ¢;, C;.
H*(R,) is the usual Sobolev space with the norm

k
11 =D 18a11,
=0
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where || f]| = (f;7°° f(x)?dz)"/? is the norm of LA(Ry). W*>(0,T;H') (k > 0,1 >
0,0 < T < +00) 1s the space of H'-valued k-times differentiable functions on [0, T}.

2. Nonlinear diffusion waves and main theorem. In this section, we firstly
recall the properties of the nonlinear diffusion waves. Then we are going to state our
main result on the convergence to the suitable diffusion waves.

As shown in [6], [7], and [19], since the nonlinear diffusion equation

Tt = _ép(T)wxy p/(T) < 07 (21)

is invariant under the transformation (x,t) — (cz,c?t), ¢ > 0, then it has self-similar
solutions called “nonlinear diffusion waves”, namely solutions in the form

Tz, t) = ¢p(z/ V1) = p(§), EER, (2.2)

with ¢(+00) = v4. The function ¢ satisfies
3
k=

and hence 7*(z, t) satisfies

@¢\ﬂmrwmw+waﬂuwémm—uwwi (2.3)

(3 I 3 (3 I - () Y (Y R L (3

Tz = \/Z y Ty = 2t ’ Tox = t ? Tet = 2t\/z ’ (2'4)
36O ") L _¢"(E) . _ 3¢/(§) +56¢"(€) +£%¢(§)

Tt = 4t2 ? Texx = t\/z ’ Trtt = 4t2\/z ’ (25)

and the following decay estimates:

/ I3 (2, 1) dt = O(1)|vy —v_[*t71/2
oc N ) '
/ (ITt*|2 + IT;L|2) dt = O(1)|vy — v-|2t“3/2,
/ (722 + |70 )?) dt = O(1) vy —v_|?t75/2, (2.6)
/ I (z,1))2 dt = O(1)|vy —v_|?t™7/2,
—oC
oC

/ |T;tt(xat)|2 dt = O(l)|v+ _v_|2t—9/2‘

—0oC

To avoid the singularity at t = 0, we prefer to set
U(x,t) :=7"(x,t +1) = ¢p(z/V1+t (2.7

Our main theorem can be stated as follows.

THEOREM 2.1. Suppose that vy € H*(R,),v; € H%(R,) and denote by 6 = |[vy —v_|+
|ut — uo(0)|. Then there exist a constant &; > 0 such that if |[Vo|ls + ||Vill2 + 6 < ey,
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then the IBVP (1.37) has a unique globally defined solution V (z,t) satisfying

3
Ve [\ Whe([0,00); H*™)

1=0
and
D AHNEV DI+ Y1+ oV 1))
i=0 i=0
2.8
/[Z(Hry HeLv (., r)||2+2 1+ 1) OLVa (- T)||2] dr 2
1=0

< C(IVoll3 + IVAlI3 + 6.

By using the inequality || f||z=~ < V2||f]|'/?||f=||'/?, Theorem 2.1 yields to the follow-
ing sup-norm estimates.

COROLLARY 2.2. Under the previous hypotheses, one has

V()= < CO+1)714, (2.9)
Ve (-, t)llLe < C(1+1)7%4, (2.10)
Vi, )= < €O +1)75/4, (2.11)
IVaal Dl < CL+1)75/4, (2.12)
[Var ()l Lo < C(L41)7T/4 (2.13)

REMARK 2.3. From (2.9), we see that our Ansatz (1.28) or (1.26) is true, namely
VO, <V llz~ < CA+ 874

3. A priori estimates. Since we intend to apply the classical continuation method,
we will give a proof of Theorem 2.1 based on a local existence result together with higher-
order a priori estimates, which are the core argument. Since the local existence can be
proved by a standard method, see, for instance, Matsumura [16] and Nishida [20], our
main effort, in this section, will be to prove the a priori estimates. The outline of the
proof is quite similar to that one in the paper of Nishihara [19].

Let us define

2
N(T)? == sup {Z(m floLv t)||2+Z<1+t)i+2ua;vt(-,t>||2} (3.1)

0<t<T i=0

for any T € [0, 400]. We will prove our estimates in five steps. Our estimates will provide
both the a priori bounds and the decay rate at the same moment.
Step 1. The decay rate for V, and V;. We begin with the first-order energy estimate.

LEMMA 3.1. It follows that

IV, Va, V) ()12 +/0 1(Ve, VO(T)II? d7 < C(I(Vo, Voo, VI)II? +6) (3.2)

provided N(T) + 6 < 1.
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Proof. By multiplying (1.37) by AV + V, (0 < A « 1), it follows that

{E\(V. Vi, Vo) e + B2 (Ve, Vi) +{Bi(z,t)}o = F - (AV + V), (3.3)
where
E1(V, Vo, Vi) == V2 +AVV, + %"v‘z - V2, (3.4)
Ey(Vy, Vo) := (a = NV + (=2 () + 30" (0) (@, + d'(1)52)) V7, (3.5)
Bi(z,t) := p'(0)Va(AV + V). (3.6)

It is clear that, when 0 < A < 1, we have constants C; > 0 and C] > 0, such that
C1(V? + V2 +V?) < Ei(V, Ve, Vi) S CHVZ + V2 + V). (3.7)

Since —p'(7) > 0,|p"(T)] < C,0 < d'(t) = O()(1 + t)~/?(log(2 + t))}/?> < C, and
[7:] < Cluy —v_|, |[U.] £ Cloy — v_]|, letting |vy —v_| < § € A, we obtain for some
Cy>0

Ey(Ve, Vi) > Co(V2+ VD). (3.8)
Now we deduce the boundary estimate. By using (1.8), (2.3), and (1.12), one has
1G] = 1lg(t) — vi] + [vy —2(d(2), )]

< 0(1)5[(1 +1)™ 4+ exp (—ac() ( dl(iz t>2>] (3.9)

<O +8)~" + (1+ )]
<OM)S(1 4+ )7,

where 3 := min{vy1,72} > 2 (since v1,72 > 2). Therefore, it follows that

1+ )% sup |V(z,t)|+ (1 +8)%/* sup |Vi(z,t)]

rER r€ER4
< V2 + )YV Va2 + V21 + )V )2 vz (3-10)
< CN(t).

Then the boundary integration can be controlled as follows. Since 3 > 3/4,

/t B,(0,7)dr

0

/0 P (U]2=0)G(T)[Vi(0,7) + AV,(0,7)] dT

< CON(t) /t(l + 7—)”73[(1 + 7.)—5/4 +(1+ 7_)—1/4] dr (3.11)
0

< CON(t).
Integrating (3.3) over Ry x [0,¢] and using (3.7), (3.8), and (3.11), we get

t
(VA Va V() + /( |(Va, V) () dr

t fe’e}
5C(II(%,VM,VI)II‘Z+5)+C/ / F-(AV +V,)dzdr. (3.12)
0 JO
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Similar to (3.11), by Taylor’s formulas,
Ip(Ve + v+ ) — p(Vz +9)| = O(1)[9)] (3.13)
and

Ip(Vz + ) = p(@) = ' (0)Vz| = O(1)|V2[?, (3.14)
and by 7|,—¢ = 0 (see (1.19)), V;|».=0 = G(t), we have another boundary decay as follows:

[(p(Va + 7+ 9) = p() — ' (@) Va) AV + V2)]|a=ol
<N(p(Ve + v+ 9) = p(Va +9))AV + V)] |o=o
+[(p(Vz +70) = p(@) = P’ (@) V) (AV + Vi)l lz=ol
< C|BAV + Vi)lle=ol + CIVZ(AV + V))]|a=ol (3.15)
< CONGE) AL +t) Y4+ (14 ¢)7%4
< CzSN(t)[(l F1)"CNED 4 (1 4 4)"Cm+)]
< CON(t)(1 4 )~ Cmta),
Now, we are going to estimate the integration dealing with the first part f; of the

nonlinear term F'. First by (1.30) and by integrating by parts with respect to x, we can
rewrite it as follows:

// fi- OV + V) dzdr
// ——uz—i—d (1), ) (AV + V;) dx dr

/0 [(p(Va + 5+ 8) — p(8) — p'(B)Va) AV + V)] oo d (3.16)
[ [T 00 +549) - p) - POVIAV: + Ve doar

0 JoO

=: Il + IQ + I3.
From (1.2), (2.3), and (2.4), we note
[@z| = |p' (0)0ze + p" (V)72
2
<Cloy —v_|(1+t) Texp (—coa <x—:j(i)) ) , (3.17)

G| = Ip' (D)0 + p" (V)07

2
< Cluy —v_|(141t)"% %exp (—coa (x + d(t)> ) . (3.18)
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Then, due to (3.17), (3.18), (1.12), (1.13), and the inequality (3.10), since d(¢t) > 0, I;
can be controlled in the following way:

I =/t/oo —(d'()u, +u)( AV + V,)dx dr
< Cloy — v_|N(t // [d(T)(1+ 7)1+ (1+7)7%7
0

- exp <—Coa (x t d(T)> ) MNA+7) "V (1 + 7)Y de dr

NS
< Clvy —v_|N(t) /t[(l + 1) 2 (log(2+7)V2 + (1 +7)73/7
0 (3.19)
2
MA )TV 4 (14 7)Y (1 4+ 1) 2 exp <—c0a ( dT(_? 1> ) dr

/Oc exp (—coa <7x )2) d—X
0 Vi) ) el
< Cloy —v_|N(1) /0 (L4 1)~ DL+ (log(2 + 7)) /2] dr

< CSN ().

On the other hand, the boundary integration I, can easily be controlled from (3.15) and
v1 > 3/4. Then

t
I < CJN(t)/ (1+7)" G143 < C5N(t). (3.20)
0

Finally, we are going to estimate I;. By the Sobolev inequality, (1+t)%/4sup, ¢ p L Va(,t)]
< CN(t) and since || < Cde™*'my(x), mo(z) > 0, see (1.23), we have

t o0
// (p(Va + 7 +0) — p(v) — p'(0) Vo) AV, da d7
0 JO
t o
S/ / (Ve + T+ 0) — p(Vy +0))A\Vy| dz dr
0 0
+C/ / p(Vy +7) — p(¥) — p'(0)V,)A\V,| dx dr
t >
SC/ / |’f1V;v]dxdT—|—C/ / |V3| dx dr (3.21)
0 Jo 0 Jo
t oC
< CSN(t) / / e (14 7) " my(x) dx dr
0 JO

t oc
+CN(t)/ (1 +7)WV2dzdr
0 JO

< CSN(t) + CN(t) /0 IV, (7)|12 dr.
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Now let us observe that

(p(Va + 74 0) — p(0) — p'(0)Ve) Vi

Ve +7+0
- { [ seds—sav. - %p'wwf}
(3.22)

Therefore, denoting by

Ve+0+0
H(V, +7+9) = / p(s)ds, H(®) =0, H'(%)=p(r), and H"(3)=p ().
Thus, Taylor’s formula
HV,+v+0) = H(@) + H (®)(Vy +9) + 1H'(@) (Vs + 9)? + O(1)(Vy + 0)*
leads to the following identity:
Ve +7+0
/_ p(s) ds = p(0)(Ve +9) + 5" (0)(V +9)* + O(1)(Vz + 9)°,

namely,

Vo +040
/ p(s) ds — p(o)Va — 3p' (W) V2
v (3.23)

= p(®)d + 39" () (2Vad + 9%) + O(1)(V; + 9)°.

By means of the same calculation as used in (3.21), we can prove

/[p )o + 19" (0)(2V,0 + 02) + O(1)(V, + 9)%] da

< CH(1+ N(t)) + CN(®)|Va(D)]1%,
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so that from (3.23), we get

> Ve +7+0

< C8(1+ N(t)) + CN(@®)||Va (t)]%

(3.24)

Similarly, thanks to (1.11)-(1.13), (1.18), (1.19), (1.23), and (2.3)—(2.5), by using the
Taylor expansions (3.13) and (3.14), we show

/ / p(V + T+ 0) — p(v) — p'(U)VI] %5 dxdr
/ / p(Vo +v+9) —p(Vy + v)] [d’(T)ﬁz + @] dxdr
/ / p(Vs +7) — p(@) — p’(ﬁ)VI] [d’(f)m + m] dz dr

<C’// vz+vtldde+C//

t o t
< 05/ e“”/ mo(x) d:v+C(5/ (1+7)" 22 (log(2 + 7)) 2 | Ve (1) |12 dr
0 0 0

)0, + ’vt] ‘ dx dr

t
< C5+C6 / Va2 dr, 7> 3/4,
4]
(3.25)

an

/ / —p(V + T+ 8)0y + "(v)dtvf] dz dr

<C'5/ / mo(z) dzx

+C<5/t {(1 +7)" 02D (log(2 4+ 7)) 4 (14 7)~ 0243 } Ve (7)1 dr
0

(3.26)

t
<Co+ 05/ IVa(r)2dr, 2 > 3/4.
0
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Due to (3.22), (3.21), (3.24)—(3.26), and the integration by parts in ¢ for the term V,,
we estimate I3 as follows:

t oo
Iy = / [p(Va + 5+ 8) = p(0) — ' ()Ve]| (V. + Vi) dadr

// (V+“+”) p(v) - ()VI]AVzd:ch

Ve+0+9
+/ E/ {/_ p(s)ds —p(v)V; — %P’(E)VZQ} dx dr

/ / p(Va+7+0)—p(T )—p'(z‘;)Vz] %ﬁdwdT
1/ d_
/ / —p(Ve +7 +0)0 + 5p" (v )dtV]da:dT (3.27)
< CSN(t) + CN(t) / Va2 dr
0
00 V4040 t
+ C/o {/ﬁ p(s)ds — p(v)V, — %p’('t_))Vf} dx B
+C6+Cl+ N(t)] / VeI dr
0
t
< ON@OIVIF +CP+ M) [ V(o) dr
+ C||Vull3 + C(1 + N(t))é.
If we combine (3.19), (3.20), and (3.27) with (3.16), we obtain
/t/oof1 (AV + V,) dz dr
0 0
(3.28)

< CNOIVa®)I? + Cl5 + N() /0 IVa()|1? dr
+ C|Voll2 + C(1 + N(t))é.

In order to estimate the second part f2, of the nonlinear term F', we notice that the terms
d"(t) vy —o(z +d(2),t)],d (t)*V.(z + d(t),t), and d'(t)T;(x + d(t),t) have a faster time-
decay with respect to the last term ad'(t)[v4+ — (z + d(t),t)]; then we restrict ourselves
to analyze this last term. Since of d(t) > 0, (1 +1)5/4|V;|, one has (1 +1¢)/4|V| < CN(t)
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and (1.13), then it follows that

ad' —9(z +d(7),7)](AV + V,) dx dr
< aCON(t) / /0 T)exp(—aco (I\/—%)> )[(1 +7) VA4 (14 7)7 Y dedr
t 2
gaccsN(t)/ (L4 7)Y+ (1+ 7)1+ 1d/(7) exp <—ac0 <—d(:31) )
0 vT

> T 2 x
. e —ac d———d
/0 Xp( ()(\/T+1) ) Vs

< aCoN(1) /t[(l +7) 7 (L) (14 1) 7 (log(2+ 7)) /P dr
0

< CSN(t), 72 > 3/4.

(3.29)
Therefore, the integration on f, can be controlled in a similar way:
t ¢
/ fo- AV + V) dxdr| < CON(t). (3.30)
o Jo
Letting N(t) < 1 and applying (3.28) and (3.30) to (3.12) implies (3.2). O

LEMMA 3.2. It follows that
¢
L+ )V, V(@O + / 1+ DIVi(D)IPdr < C(|(Vo, Vo, VIII? + 8), (3.31)
0

provided N(T) + 4 < 1.

Proof. Multiplying (1.37) by (1 + ¢t)V; and integrating it over R} with respect to z,

we have
;(Zt{ 1+t)/(V “P(U)VQ)da:}+a(1+t)/0th2da:
=§fﬂw—ﬂwwbw+u+mmmwwmﬂ (3.32)
0

- /OOO [1@(1 +4)(T + d (t)5,) V2] do + /000(1 +8)FVidz.

Because of the boundary decays, the formulas (3.11), (3.15) and v1,v3 > 3/4 yield

dr

=0

AU+ﬂW@%%)

< C6N(t) /‘(1 )14 7) (4 ) dr (3.33)
0

< CSN(t)
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and

/0 1+ D(p(Ve + 7 +19) = p(@) = p' (@) Vi) Villo=o dr

t
5 .34
SCJ/ (1+7)(1+7)"Cn+D g7 (3.34)
0

< CON ().

Since [T, (z+d(t), )| = O(1)(1+1)~G+72) and |d'(¢)7,] = O(1)(1+¢)~ 72 (log(2+1))?
for all z € Ry, 2 > 3/4, see (2.3), (2.4) and (1.11)—(1.13), by using the energy estimate
(3.2), we get

/ox [puf) (L +8)(@: + d’(t)ﬁx)Vﬂ dz

t
<c / Vo ()2 dr < CI(Vo, Voo, VI + 6).
0

(3.35)
By using the estimate (3.29) for the slowest decay term for v, > 3/4, one has
1+7' Jad' (1) [vy — v(z + d(7), )]V dz dT
< aCéN(t) / (1+ 7)1+ 7)772(log(2 + 7)Y2(1 + 7) "4 dr (3.36)
0 .

t
= aCoN(t) / (1+7)~02* %) (log(2 + 7)) /2 dr
0
< CON(t).
Furthermore, by the boundary integral (3.34), a similar calculation to (3.28) and (3.30)

yields
t oc t o]
// (1+T)Fth:ZIdT=// A+ 7)(fr + fo)Vedrdr
o Jo o Jo

<ONOQ+ OO +Cl+ N0 [ IVaoper B

+ C|Voll2 + C(1+ N(2))é.
Thus, integrating (3.32) over [0,¢] and using (3.33)—(3.37) and the basic estimate (3.2),
we prove (3.31) provided that N(¢) + 6 < 1. O
Step 2. The decay rate for V., and V,;. Let us differentiate (1.37) in z and multiply
the resulting equation by V;;. Then by integrating it over [0, +00) with respect to x, we
get

1d _ a [
=1 (v;—p'(v)v;)dwz | Vi

<32 /( +5+8) — p/(8)V2 d + (5 ())Va)s Vatloo 039

+ C(N(t) +6) [(1 +1)72 /Ooo VZdr +(1+t)7! /0oo V2 dx]

+C8(1+ )G (log(2 + 1)) 2.
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Here we used (1.8), (1.11)—(1.13), and the decay estimates (2.6) for the diffusion waves.
Note that g + 3 > 3, since y3 = min{vy;,y2} > 3/4.
From (3.9) and (2.3), (2.4), and the inequality (1 + t)%4|V,.(z,t)] < CN(t), the
boundary decay can be estimated as follows:
I((p/(ﬁ))vx)vvzth:()l

= (0" (@)0:G(t) + p' (V) Va) (0, )G (1)

< OB[(1+)~GHM) 4 N()(1 + £)75/4)(1 + ¢)~ 0+

< C8(1 +t)~Gm), ‘

(3.39)

where % + 1 > 3, since y; > %
On the other hand, by differentiating (1.37) in z, by multiplying the resulting equation
by V., and by integrating it over [0, +00) with respect to x, we obtain

d [ o, =2 2
dt/o (FV2+Valau) do /0 Vuda:+/0 (= (0))V2, do

< (0 (@)Va)aVelzmo + CON(H)(1 + 1)1 / V2 dz (3.40)
0
+C3(1+ )"0 (log(2 + 1)) 3,
where § + 73 > 2 since y3 = min{y1,72} > 3. As shown in (3.39), we also have

(P (B)) Vi) Vi lemol < CO(1 + 1)~ Gim), (3.41)

where % + 1 > 2 since y; > %
By (3.38) + A x (3.40) for 0 < X\ < 1, integrating it over [0, ], we have

LEMMA 3.3. It follows that
t
|(Vas Ve, Vzt)(t)”2 + / I (Vax, Vzt)(7)||2 dr < C(||(Voz, Vo.zxs Vl,av)”2 +9) (3.42)
0

provided N(T) + 6 <« 1.

By multiplying (3.38) + A x (3.40) by (1 + ¢), and by using (3.39), (3.41), and the
inequality

t
/ (1+7)(1 4+ 7)) (log(2 + 7)) dr < C,
0
since 73 > 3/4, by virtue of Lemmas 3.1 and 3.3, we proved
LEMMA 3.4. Tt follows that

t
1+ OI(Ve, Ve, Var) @)1 +/0 (L4 TN (Vat, Var)(0)NP dr < C(IIVo13 + |V IIT + 6)
(3.43)

provided N(T') +d < 1.
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Furthermore, by multiplying (3.38) by (1 +t)? and integrating it over [0, ¢], thanks to
(3.39) and Lemmas 3.1-3.4, as well as the fact

/t(1 +7)2(1+7)" G (log(2+ 7))2 dr < C (3.44)
0

since 3 > %, we proved

LEMMA 3.5. It follows that

(1+t)2|l(Vamszt)(t)H2+/0 (1 + D) Vaa ()1 + (1 + 1)V (7)) dr

< C(IVoll3 + VAl +6),

(3.45)

provided N(T) + 6 <« 1.

Step 3. The decay rate for Vo, and V.. First, we are going to prove the boundary
estimate in the higher-order case. From (1.37), that is,

R _ d_
Va:tt + aVa:t + (p(Vx +v+ ’U) - p(v))zz = _Eua: + sza (346)

which implies

V:L'z:c = p/(Vm +v+ i})_l { - Va:tt - ant —PI(VI +v+ ﬁ)(ﬁzx + ﬁx:c)

. . _ d_
+p" (Ve + 0+ 0) (Ve + 0 + UZ)Q + (V) gz — auz + fgz} ,  (3.47)

then (3.47) and Vi |,—0 = G(t), ¥]|z=0 = 0 gives us

Varsloeo = 9(G() + loco) ! { @ () — aC(1)

- p,(G(t) + 5Iav::O)(;Ea::z: + ﬁzx) Im:O

+ 9" (G(t) + Tlaeo) (Vaz|omo + (T + 9)|oo)? (3.48)

d
# D(0)selron = Geleco + faalooo |

By making use of (3.48), (3.9), (2.3)-(2.5), (1.12), and (1.13), as well as 71,72 > 3/4,
and by integrating by parts with respect to t, thanks to the inequality

(1 + )3/ 4Vo (0, 8)] + (1 + £)% 4 Vau (0, 8)] + (1 + 8) 74|V, (0,8)| < CN(2),
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we estimate the boundary integral as follows:

/0 1+ 7)%((P'(T)Va) 2z Vert) dr

< C5+CSNE#)(1+t)~ =3 (log(2 + 1)) 2
+CSN()2(1+t) ™ (log(2+1))2 + CEN(t)*(1 + ¢)~ 1

=0

+CSN(t) /t(1 +7)" 8 (log(2 + 7)) % dr

0
¢ t
+ CéN(t)2/ (1+7)" 04D (log(2 + 7)) dr + CJN(t)3/ (147)" 9 gr
0 0
< C4, 3 =min{y,72} > 3/4,
(3.49)

provided N(t) < 1.
Differentiating (1.37) twice in z and multiplying it by (1 + ¢)*V,.s, by procedures
similar to Step 2 and by using the estimate (3.49), we prove

LEMMA 3.6. It follows that
t
1+ 8)°(Vaza, Vazt) @)II” + /0 (1 + 72 [Vaae (DI + (1 4+ 7)*|[Veae (1) 1P d7
< C(I(Voll3 + IV ll3 + ),
provided N(T) + 6 < 1.

(3.50)

Step 4. The decay rate for V; and V,; and V. By differentiating (1.37) in ¢ it follows
that

L(V); :=Vie + aVie + (0’ @0)V2)ae = Fo. (3.51)

By multiplying it by Vi; and by integrating, with respect to x, the resulting identity on
[0, 4+00), we get

/ Vtt-L(V)tdxz/ Vi - F, da. (3.52)
0 0
Hence, by a straightforward computation, we get
1d [ _ a [
33 | VE-r@vide+§ [ Vi
1d [
< 2 /1: — N o (s 2d ,_vaz—
Sqai ), PUAATHDYOWEE @OV leo

-3 * 2 -2 * 2
FON() +6)[(1+2) /()dex+(1+t) /Ode:c]
+C5(1+t)~(+3) (log(2 + 1)) 2.

Thanks to the inequality

(1+1t)%4|V,(0,t)| < CN(t),




HYPERBOLIC CONSERVATION LAWS WITH DAMPING 781

and (2.3), (2.4), (3.9), and (1.12), by integrating by parts in ¢, we estimate the boundary
integral as follows:

/t(l +7)% (0 (@))Va) Ve dr

0

=0

[ ) @ @), )G )+ (), 7)), 7)) Vi (0,7) e
= |1+ 7)° (0 (B(d(7), 7)) G (7) + B (0(d(7), )l d(7), 7)) Vi, )

- 3/0 (1+7)? (0 (@(d(7), 7))G'(r) + 0" (@(d(7), 7))Te(d(7), 7)) Ve (0, 7) dr

- /0 (L+7)° (@' (@(d(r), )G () + p" (B(d(7), 7))Be(d(7), 7)), V2 (0, 7) dr]|

t
< CON(2) (1+(1+t)_(73—%)+/ (1+T)—<1+73—%>d7>
0

< C6N(t)
(3.54)
provided 3 > 3/4 (see (3.9)).
On the other hand, by multiplying (3.51) by V; we get
4 [T ey, Y S (p @)
g Greevin)a- [ vids [T r@)Vide
< (' (®)Va)Vilamo + CEN(8)(1 + £) 2 / V2 do (3.55)
0

+C8(1 + ) (T (log(2 + 1)) 2.

As shown in (3.54), the boundary integral can also be estimated in the following way:

dr
z=0
By taking [J[A- (3.55) + (3.53)] dr, [T(1+7)[\- (3.55) + (3.53)] dr, [y (1 +7)%[X- (3.55) +
(3.53)]dr for 0 < A < 1, respectively, and by using (3.54), (3.56), and (3.44), we have

/t(l +7)%((P'(0)) Vo) Ve < C4. (3.56)

LEMMA 3.7. It follows that
t
(L + 2 (Vi, Vie, Vad) DI + / (14 72| (Vie, Vi) (7) |2
0

< C(IVol3 + IVAll§ +6), '
provided N(T) + ¢ < 1.

(3.57)

Finally, by using [; (1 +7)%(3.53) dr, by (3.54), (3.57) and by

t -
/ a+7)301+ T)_(%+73)(log(2 + T))% dr < C,
0

since 73 > 3/4, we obtain
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LEMMA 3.8. It follows that
t
(1 + 83 (Vie, Vae, Ve (D12 +/ (14 ) Ve ()2 dr
0

< CUIVoll3 + VAl +9),
provided N(T) + 6 < 1.

(3.58)

A combination of the Lemmas 3.7 and 3.8 yields the optimal decay rates, namely,

LEMMA 3.9. Under the previous hypotheses, one has
L+ VO + (1 + 2| (Vae, Va) ()

+ /0 (1 + 72 Vae (DI + (1 + 7)° [ Vi ()]1?) dr (3.59)
< C(IVoll3 + VAl +6),
provided N(T') + 4 < 1.

Step 5. The decay rate for V,p and V4. By similar procedures as in Steps 2—4, since
the boundary integration for the higher-order case can also be treated like Step 3, we
can prove

LEMMA 3.10. Under the previous hypotheses, one has
L+ O (IVaze (01 + [ Vaee(0)]1%)
t
+ / [(1+ ) WVaae ()P + (14 1) | Vare(7) 1) dr (3.60)
0
< C(I(Voll3 + V)13 + 6),
provided N(T) + 6 <« 1.
Combining Lemmas 3.2, 3.5, 3.9, and 3.10, we prove our estimate (2.8).
4. Concluding remarks. In this section, as concluding remarks, we are going to
discuss two situations. One is the convergence in the special case v4 = v_. Another one
is the case of boundary layer on u.

In the case of vy = v_, we know that the equations (1.2) have the constant solutions
(v,u)(x,t) = (v4,0). As shown in the Introduction, let

V)= - [ o0 - vy

(-’L‘,t) € R+ X R+. (41)
2(z,t) := u(z, t),
Then the IBVP (1.1), (1.6), and (1.7) is reduced to
Vvt =2z,
2t + 9 (v4)Vaz + @z = F1, (z,t) e Ry xRy,

(4.2)

(V. 2)lemo = (— / o) — vy dy, uom) = (Vo 20)(a), xRy,
Vale=o = g(t) — vy =: G(t), t € Ry,




HYPERBOLIC CONSERVATION LAWS WITH DAMPING 783

where Fy := p(V; + vy) — p(vy) — p'(v4)V,. Moreover, substituting z = V; into the
second equation of (4.2), then (4.2) is rewritten as follows:

Vit +p (v )V +aVe = Fy,  (z,t) € Ry x Ry,
(V. Vi)le=o0 = (Vo, 20) (@), (4.3)
Vlz=o = g(t) — vy =: G(2).

Since V;; decays faster than V;, also hinted by the previous sections that the equation

Vie + aV; + p'(v4 ) Ve = F) is essentially controlled by the part aV; + p'(vy)Vys, so we
denote it as follows:

/

1

v+ 2y Lp v, (4.4)
(8] (87

Thus, let us express formally the Neumann type IBVP (4.4) in the integral form

Viz,t) = /0 Gz, t;y)Voly) dy + é/o /000 G(z,t — 1y y)(F1 — Vi) dydr, (4.5)

where

__a(x— )2 _ _a(e+ )2
G(at,t,y) = ———-—\/a—[e —04;(5.).” —e —04:(1:,)t]

—dmp/ (v )t

is the Green function of the heat equation in Ry x R, with Neumann boundary

ur + pl—(zl)um =0, (z,t) e Ry xRy,
ule=0 = up(), z € Ry,
Ualomo = wi(t),  t€Rs.
By the energy method used in the above section and a similar L°°-analysis as in
Nishihara [19], as well as using (4.5), it is possible to state (without any proof) the

following result.
REMARK 4.1. Suppose that

G(t) = O(l)(l + t)—%, Y4 > 1, (46)

and Vy € H3(Ry) N LY(Ry), 20 € H2(R4) N LY(R,), when ||Voll3 + ||20]l2 < 1, then the
IBVP (4.3) has a unique global solution satisfying
V()= <CA+D7 IV Ol < C(L+ )72 (4.7)

The above decay rates are almost optimal in the L°°-sense, comparing with the corre-
sponding Cauchy problem studied by Li [10], Zheng [21], and Nishihara [19].

Finally, we deal with the situation of boundary layer.

REMARK 4.2. If we put the boundary condition

ulz=0 = b(t) (4.8)

for equations (1.1), instead of the boundary condition (1.7), the corresponding conver-
gence result is similar to Theorem 2.1 and Remark 4.1, under the natural restrictions on
b(t).
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