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Abstract. The hydrodynamic model for semiconductors in one dimension is consid-
ered. For perturbated Riemann data, global subsonic (weak) entropy solutions, piecewise
continuous and piecewise smooth solutions with shock discontinuities are constructed
and their asymptotic behavior is analyzed. In subsonic domains, the solution is smooth
and, exponentially as t — oo, tends to the corresponding stationary solution due to the
influence of Poisson coupling. Along the shock discontinuity, the shock strength and
the difference of derivatives of solutions decay exponentially affected by the relaxation
mechanism.

1. Introduction. Since its introduction by Blgtekjser [3], the hydrodynamic model
for semiconductors has recently attracted much attention because of its ability to model
hot electron effects which are not described by the classical drift-diffusion model. For
further discussion on these models in physics and engineering, and their derivation from
the kinetic transport equation, we refer to [30, 34, 22, 35, 36] for details.
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After an appropriate scaling, the one-dimensional time-dependent system in the case
of one carrier type, i.e., electrons, reads

Pt + (pu)z =0, .
(pw)e + (pu® + p(p))e = Pz — p7, (1.1)
¢zz = p—C(x),

where p > 0 and u denote the electron density and velocity, respectively. j = pu is
called the current density, E = ¢, is the electrostatic potential, and p = p(p) is the
pressure-density relation which satisfies

0*p'(p) is strictly monotonically increasing from (0, c0) into (0, 00). (1.2)
In the present paper, we assume that

plp)=p", ¥2>1 (1.3)

Also, 7 = 7(p, pu) > 0 is the momentum relaxation time, which is assumed to equal 1
for convenience. The device domain is the real line, and the function C = C(z) > 0 is the
doping profile, which stands for the given background density of changed ions.

Noticing that j = pu and E = ¢,, Eq. (1.1) can be written as

Pt+jx:O, .

(2 —oE -2

Je+ (5 +p(p))e =pE ~ =, (1.4)
u=j/p.

In the present paper, we consider the following initial value problems (IVP) for the
hydrodynamic model (1.1) (or (1.4)), with initial data given by

(p> u)(x,O) = (po,’lto)(l‘), (15)

where

lm (po,uo)(z) = Ve, Uz), Villy =V-U-. (1.6)

x
The goal here is to discuss the influence of the relaxation mechanism and the Poisson
coupling on the existence and asymptotic behavior of (weak) entropy solutions.

For the hydrodynamic model for semiconductors, the existence problem has been
considered by many authors. For the steady-state system on a strip domain, Degond and
Markowich [6, 7] first proved the existence and uniqueness of subsonic solutions in one
dimension, and, for irrational flow, in three dimensions, respectively; the existence and
uniqueness of subsonic solutions in two dimensions was discussed by Markowich [31]. The
corresponding investigations on transonic solutions in one dimension were done in [2, 33,
9]. For the time-dependent system, Marcati and Natalini [28, 29] discussed the existence
of weak solutions on the real line and proved the zero relaxation limit to the drift-diffusion
model for 1 < v < 2. Zhang [42, 43] discussed the existence of weak solutions and the
relaxation limits for v > 2. Gasser and Natalini [11] discussed the relaxation limit for
the non-isentropic hydrodynamic model. On the strip domain, the existence of weak
solutions was obtained by Zhang [40] and by Fang and Ito [8], respectively. Hsiao and
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K. Zhang [20, 21] discussed the relaxation limit and verified the boundary conditions
for weak solutions in the sense of trace. Chen and Wang (5] investigated the existence
of weak solutions on compact domains with geometric symmetry. Under assumption of
zero-current density at boundaries, Hsiao and Yang [19] discussed the time-asymptotic
convergence of the smooth solutions of the hydrodynamic model and those of the drift-
diffusion model to the unique steady-state solution. For density and potential boundary
conditions, Li, Markowich, and Mei [24] reproved the existence and uniqueness of a
subsonic steady-state solution of the hydrodynamic model and established its stability for
small perturbations. Regarding other topics on smooth solutions for the time-dependent
hydrodynamic models for semiconductor devices, such as time-asymptotic convergence
to the stationary solution of the drift-diffusion equation, the stability and instability of
the steady-state solutions, initial boundary value problems, and numerical analysis, we
refer the reader to [26, 13, 12, 27, 41, 4, 23] and references therein.

However, in the weak solution case, few results are known on the asymptotic behavior
of weak solutions. Our interest in the present paper is to investigate the large time
behavior of (weak) entropy solutions. As a first step, we consider the asymptotic behavior
of piecewise smooth solutions with discontinuities in the subsonic cases. For simplicity,
we consider the perturbated Riemann problems, i.e.,

_Jlopuw)(@), =<0,
(o, uo)(z) = {(pr,ur)(z), 250, (L.7)
and
(0-,u-) = lim (p,w)(z) # lim (pr,ur)(z) =: (04, u+). (1.8)

This problem is of importance in the study of existence and asymptotic behavior of
solutions for general initial-value problems. It works as the building block to construct a
weak solution [28, 29, 37|, and is the first step to investigate the interactions of elementary
waves. Unfortunately, due to global effects of the relaxation damping and Poisson terms,
the investigation of the Riemann problems for (1.1) causes difficulties. The loss of a
self-similar solution also makes it complicated to construct globally-defined solutions.

The corresponding steady-state system for (1.4) reads

const.,

+p(ﬁ)) = pE -],
ﬁ - C(.T),

=7j/p.

bjz/\ o
oS
t

[~4]
<

It was proved by Macarti and Mei [27] that there is a unique smooth steady-state
solution (5,4, E) (up to a shift) of system (1.9) satisfying pE(+o00) = pE(—00) = J.
Therein [27], the restriction of zero current used in [26] was also removed; namely, the
current density j may take a nonzero constant value.

In the present paper, we show that the piecewise continuous and piecewise smooth
subsonic solution (p,u, E) to the IVP (1.4) and (1.7) exists globally and tends to the
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solution (5,1, E) of the steady-state system (1.9) as time ¢ tends to infinity. For simplic-
ity, we first consider the case that the two states (o—,u_) and (o4,u4) are connected
by two shock curves. More precisely, in phase space there is a state (g, u.) such that
(0-,u-) and (g, u.) are connected by a backward shock curve, and (g, u.) and (o4, u+)
are connected by a forward shock curve. The methods used in the present paper can be
applied to deal with other kinds of connections between (o_,u_) and (g4, u+). In fact,
the main result (see Theorem 3.1) shows that if the initial jump is sufficiently small and
the initial value is a small perturbation of (5,4, E) with V, U, = j, then the piecewise
continuous and piecewise smooth solution (p,u, E) to the IVP (1.4) and (1.7) (or IVP
(1.1) and (1.7)) exists globally. The discontinuities consist of two shock curves—a back-
ward one and a forward one. These shock curves never disappear in finite time, but the
shock strengths decay exponentially. As time ¢ tends to infinity, the solutions (p,u, E)
converge to (p, i, E) exponentially.

The present paper is organized as follows. Under the restriction conditions on the
doping profile (2.1) and (2.4), we first state the existence results in [27] on the solution
to the steady-state system (1.9) in Sec. 2, where related properties about the solution are
also given. In Sec. 3, some preliminaries on the Riemann problem for the Euler equation
are introduced first, and the main result is given. The result is proved in Sec. 4. We first
construct the solution locally under the a priori assumptions that |(p—p, u—1a, F -E ) <1
(Secs. 4.1-4.2). In Sec. 4.3 the globally-defined solution and its asymptotic behavior are
obtained.

NoOTATION. Let L?(D) be the usual space of square integrable functions on domain
D C R, and let H™(D) (m > 1) be the usual space of functions f on D satisfying
0Lf € L*(D), i = 1,2,3,...,m. In the present paper, for convenience, C denotes a
generic positive constant, and the ¢; and a; with 7 integral denote positive constants.

2. Steady-state system. In this section, we state the existence and uniqueness of
stationary solutions for system (1.4), as well as the properties of these solutions. All of
these are shown by Marcati and Mei in [27].

In this paper, we assume that the doping profile satisfies

C(x) € C*(R), C'(z) € L}(R)n HY(R),

lim C(z)=Cy >0, C* =supC(z) >0, C. = inf C(z) > 0,
z—+oo zZER z€ER

(2.1)

from which one can verify C'(z) € WH4(R).
Dividing (1.9)2 by g, then differentiating it with respect to z, one obtains in terms of
(11)3 that
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To make Eq. (2.2) uniformly elliptic, we need

2

oF ,_ - X o
p'(p) - fg >0 5°p'(p) > j°. (2.3)

1

We conclude from (1.3) and (2.3) that there exists a unique jp, = pm(7) > 0 such that

oy I
p(p)—=>0
() 7

for p > pp-

Note that, by (2.3), the minimal point j, of 5 — F(j,7) is a strictly increasing
function of 7, and j,,(j = 0) = 0. One can make sure that Eq. (2.2) is uniformly elliptic
for 5 > pm. By (2.3) and j = jii, this condition implies |&| < ¢(5), where ¢(3) = /P'(p)
is the speed of sound.

One can prove ([27]) that if

inf C(z) = C > m(9), (2.4)

then there is a regular solution up to a shift to (1.9) with GE (f00) = J.
We remark that if |7| is so large or C, is so small that

Cu < pm(9), (2.5)

then the flow may at least be partly supersonic and the occurrence of shocks cannot be
excluded.

We expect to prove that for a stationary solution it follows that |(5z, Ez)(xz)] — 0 as
|z] — 400. The second equation of (1.9) is equal to

(v - p),, ) (26)

Thus, setting £ — %00, thanks to (2.6), (1.9)3, and (2.3), which implies p’(C4.) — (;%:— >0,
we get

C+Es =1, (2.7)

with E = ¢,, and EL and 7 have the same sign, where E_ = E( oo) Without loss of
generality, we assume j > 0, i.e., E4+ > 0. Note that, if j = 0, then E+ =E_=0and
the potential E+ — E_ =0, which is a trivial case.

We now state the existence result and the properties of the stationary solutions as
follows.
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THEOREM 2.1 ([27]). Under the assumptions (1.3), (2.1), and (2.4), there exists a unique
(up to a shift) smooth solution (5,7, E)(x) of problem (1.9), such that

C. < p(xz) <C*, z€R, (2.8)
15(z) — C+| = O(e™t1®1) as z — +oo, (2.9)
16 =Cll3 < Chaa, (2.10)
:lelg(lﬁ’(w)lz +15"(2))?) < Caaz, (211)
sup |E(z)|? < Csas, (2.12)

TzER

where C; (i = 1,2,3) are positive constants only depending on C*,C,,C_, and C4, but
not on a; (i = 1,2,3). The positive constants ¢4 and a; (i = 1,2,3) are given as

’ E:}:
+ = -——~2 >
p'(C+) — EX
a1 = |logCy —log C_| + [|C" | s + 1IC" 32 + IIC' |3
+ (|logCy —log C—| + [|C'|| s + [IC"]122)?,
a2 = a1 + |0 || + (@)% + [IC']| 1= )2,
[ a3 = [a1 + A2,0'(Bm)]/C2.

Y

(2.13)

3. Hydrodynamic model and main result. Consider the following Euler equa-
tions:

{m+(pU)z =0, 3.1)
(pu)e + (pu? + p(p))e =0,

where the pressure p is given by (1.3). Equations (3.1) can be written as

vi+ f(V)e =0, (3.2)

where v = (p, 5)T with j = pu, f(v) = (j, -7; +p(p))T. The Jacobi matrix of f is

Vf= (—g-(:p’(p) 2}) . (3.3)
The eigenvalues of (3.3) are
M= Lo A g =L (3.4)
or
M o=u—ap0 V20 g = ut rpT 2, (3.5)

and the Riemann invariants are

{s=u+w@»

r=u=9(p),
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where v is defined by
27 H(v=1)/2
=P y Y#EDL
¥(p) = {" '
In p, v=1.

Via Riemann invariants, the solution (p,u) can be represented as

u= %(54—1‘), p=H(r,s), (3.7)

where
2
— -1, 1,
H(r,s) = (4~/_(s r)7 v
es(s— ), v=1.

An i-shock wave, i = 1,2, for (3.2), is characterized by the Rankine-Hugoniot condition
and Lax entropy condition. Namely, along the discontinuity = z;(t), it follows that

(1(¢) = —/[0w + p(O)]1 /[P,
[puh = \/[pu2 +p()1/lph - lph, (3.8)
\)\1(171(1‘,) -0, t) > xl(t) > )\1(331(75) + O,t),

or

(42(t) = VIw2 + p(P) 2/ e,
loul2 = —/[ou? + p(p)]2/[Pl2 - [Pl2, (3.9)
k)\rz(:zcg(t) —0,t) > Z2(t) > Aa(z2(t) +0,¢1).
Here and afterward, we denote
[F]; = F(z;(t) + 0,t) — F(z;(t) = 0,¢), i=1,2.

In this section, we consider the IVP (1.1)—(1.5) in the case that the two states (o_,u_)
and (g4,u+) are connected by two shock curves in phase space; i.e., there is a state
(¢, uc) such that

U > Ue > Uy,
(0cuc — 0-u_)? = (pcu? — o—u2 + p(oc) — plo-))(ec — 0-), 0- < @, (3.10)
(04+u4 — 0cuc)? = (o4ud — gcu? + plo4) — p(oc))(0+ — 0c)s 04 < Oc-

Set
0_ o~
eo(z) = {/ /0 } (o(y) —p(y))dy,  e1(x) = pouo(x) — J.
+
Denote

do = |oc — o+] +lo- — ecls Mo = a1 + a2 + as,

Ho = ”(507502,5011,50221) H +”(51y51m51z:¢) H< +o00, (3.11)
st;p{w (po(z) — ()] + 185 (uo(x) — @(x))|} < +00, (3.12)
i= Oz

pe = il;g{!am(po(x) = B(x))] + 105 (uo(z) — a(2))]} < +oo, (3.13)
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where

0— )
If 4= ¢ / @) de + /0 @, (3.14)

i(z) = j/p(z), and a1, a9, as are given by (2.13).
We have the following main result.

THEOREM 3.1. Let (po,uo) € C3(R — {0}), €0 € L*(R — {0}), and (e9,€1) € H3(R —
{0}) x H*(R — {0}). Let (3.10) and (3.11)—(3.13) hold. Then there exists a 3 > 0 such
that if 69 + o + 1 + 710 < Bo, then the global weak entropy solution (p, u, FE) of the IVP
(1.1) and (1.5) uniquely exists. It is piecewise continuous and piecewise smooth with
two shock discontinuities—a forward shock curve z = z2(t) and a backward shock curve
z = z1(t) satisfying z1(0) = z2(0) = 0 and z1(t) < z2(t) for t > 0. Away from the
discontinuities, (p,u, Fz)(-,t) € C3. In addition, as t tends to infinity,

2
S8 (e, W) + 1165 (p, wlal) ~ O(1)e™™¢ — 0, (3.15)
1=0
and
2
> K oi(p—ppu—j,E—E)(-t)l| ~ O(1)e™™* -0, (3.16)
1=0

with two positive constants k1 and k2, where

+o00
¥ = 7[ f(,t)2dy

—00

+o0 ) z1(t)—0 z2(t)—0 +o0 )
f(y,8)"dy = / +/ +/ fly,1)" dy.
—o0 —o0 z1(t)+0 z2(t)+0

REMARK 3.2. 1) A similar result is true for general pressure p(v) with p’(v) < 0 <
P’ (v).

2) For other kinds of connections of (¢—,u_) and (g4, uy) in phase space, such as
a rarefaction wave and a shock wave, or two rarefaction waves, similar results can be
proved by using the same approach as the present paper.

and

4. Proof of main result. In this section, we construct the global weak entropy
solutions for the IBVP (1.1), (1.5), and (3.10), and investigate their asymptotic behavior.
4.1. Shock waves and geometric structure. Define

D_ = 0; + \0x,
D+ = 6t + /\28:;

Then the system (1.1) (or (1.4)) can be written, via Riemann invariants, as

{D_r =—3(r+s)+E,

: (4.1)
D+S = —§(T+S)+E,
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and the corresponding initial value is

(r,8)(x,0) = (g, 80)(z) = {E:i’,zlr))(z;’ i i g: (4.2)
where
(riys1) = (w = P(o1),w + ¥(o1)), (4.3)
(rry 8r) = (ur — %(pr), ur + ¥ (pr)), (4.4)
and
(rv5-) = Jim (r,)(&) # i (rey0)(2) = (s 54, (45)

By the argument used by Li and Yu in [25] to establish the local existence theorem,
one can prove that the discontinuous initial value problem (4.1)-(4.5) admits a unique
discontinuous solution (r,s) for 0 < to < 1 in the class of piecewise continuous and
piecewise smooth functions. This solution contains a forward shock z = z5(¢) and a
backward shock z = z;(t), both passing through (0,0). It is known, due to the entropy
condition, that = x2(t) must be located on the right side of z = z(t), given by

L4(t) = Ao(z4, (1),1), 24(0)=0,
and z = z;(t) must be located on the left side of z = z_(t), given by
z_(t) = Mz, (¥),t), z_(0)=0.
Moreover, it can be shown that s —r > 0 is bounded, |(r, sz)| < 1 for z # z;(¢) and

[[plil < 1 (i =1,2), provided that po(z) > 0 and |(po, u0)z|co + do < 1.
For any T >ty > 0, denote

Qo(T) = {(z,t)|z1(t) < z < z2(¢),0 <t < T},
Q_(T) ={(z,t)|z < z1(t),0 < t < T},
Qp(T) = {(z,t)|z2(t) < 2,0 <t < T}

Without loss of generality, we assume that the piecewise continuous and piecewise smooth
solution exists on

Q(T) =: Q4 (T) UQ(T) U Qo(T),

and assume that on domain Q4(T) it follows that

|(p(z,8) = B, pu = )| + lpo(@, )] + |us(z, )] < n < 1, (4.6)
and along z = z;(t) (¢ = 1,2) it follows that
okl <1, i=1,2 (4.7)

From (4.6) and Theorem 2.1, one can verify that the subsonic condition holds for the
solution (p,u, E) on Q,(T); i.e.,

lj
max |ulp 2 (z,t) < , 4.8
mex [T (@,0) < V7 (48)

and there are two constants p. and p* such that

0<p.<p<p. (4.9)
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In this subsection, we investigate the qualitative behaviors of the piecewise smooth so-
lution (7, s)(z,t) with shock discontinuity to (1.1) (or (1.4)), under the assumptions
(4.6)-(4.7).

Define, for i = 1,2,

3 13
A — %1 (Pf) :
z_ t) = ” N R T1(t atv
,1() </\;1_$1> p] ( 1() )
3
AF — I
Af ()= =22 £),),
z,l() (Azl_j:l) ($1() )
3 3-y
A+ ; + )
jz(t)z 1—2 x'2 (p—2_> (z2(2), 1),
' 1,2 — T2 P2
- ’\i_Z ) ’
AL@) = —=——— ] (z2(t),1),
1,2 — T2
and set
i —A+ 2
k() = - P22 ) .
T
(22 — ATp)?
Ky(t) = ——— 22 (2(t), 1)
T2
1 3— .
M1i1( )= ilﬁ(/’f)_ﬁ()‘% - )‘it,1)()‘1i,1 +)‘§L,1 —2i1)(z1(t), 1),
1 - _ _ .
M1i,2(t) = izﬁ(l’;)s_ﬂ(’\;z_’\1,2)(/\;,2+/\1,2—2$2)(w2(t)»t),
1 _\3=7,. _ _ .
Mas(®) = 2= (1) 7 (@1 = 23+ X = 280)(@(8) 1),
1 - . _ .
Map(t) = ———=(pF) T (AT, — 82) (A5 + ATz — 242) (22(1), ),

T2/

where and from now on

AL =X £0,8), fF=flz(t)£0,t), i=12 j=1,2.
Differentiating (3.9)2 and (3.8)2 with respect to t, respectively, and using (3.6), we
have, after tedious calculations, the following lemma (cf. [15, 17, 18]).

LEMMA 4.1. Let (p,u, E) be a piecewise smooth subsonic solution of the IVP (1.4) and
(1.5) with shock discontinuity z = z;(¢) (¢ = 1,2) on Qs(T). Then, along z = z5(t), it
follows that

(r2)z = Af5(r3)z — Af2(sT)a + Aza(s3)e + Bo(t) (4.10)
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and
_ 1.4 Af —
[ ]2D+[p]2 2 <$2 ) 2M1-’,-2 [p]2 ($+)z
1 /\2_ 1 [/\1]2

where D} =: 8; + 24(t)0, and

Bo(t) = 4M (z'z - ["—1‘2]3) a[pl2;

(Alz — #2) [oul2

and along z = z1(t), it follows that

(s9)e = Ay i(s1)z + ATJ("?)z — A7, (r1 )z + Ba(2) (4.12)
and
— L - - _ i _[pu2]1 l +/\i'-—3'31 r+
K Do = -2 (3= ) 4 G A B,
L= M—dn oL Pl
_§M1,1——"—[p]1 (17 )z 5 M2,1 ol (s1)z, (4.13)

where D; =: 8y + £1(t)0; and

+) 153 02
By(t) = 4M (3?31 _b h) T1[p):.

Ay = 1)° louly

Then, the exponential decay of shock strength follows from Lemma, 4.1.

LEMMA 4.2. Let (p,u, E) be a piecewise smooth subsonic solution of the IVP (1.4) and
(1.5) with shock discontinuity z = z;(t) (i = 1,2) on Q4(T). Then, along x = z2(t), it
follows for ¢ € [0, T] that

"ol D+([P]2 ) € [B1, B2], (4.14)
6oe_ﬁ2t < p(z2(t) + O,t) — p(wg(t) — O,t) < doe_ﬁlt, (4.15)
and along z = z1(t), it follows for ¢ € [0, 7] that

Tk . ([lh) € [61, Ba], (4.16)
Soe ™72t < p(x1(t) + 0,8) — p(z1(t) — 0,8) < Goe™A1F, (4.17)

with constants §; > 0 (i = 1,2), provided that (4.6)—(4.7) hold.
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Proof. We only prove (4.14)—(4.15). By (3.9)1, one can verify that along x = z5(t), it
follows that

[ou? + p(p)]2

[p]2 =A22 £ 0(1)[ple, (4.18)

[ou? + p(p)]2 _ o) v(p3) !
[p)2 T lpu)e  ouE 4 ()= £ O0(1)[pl2, (4.19)
P2 = O(1)[pl2, (4.20)

provided that [p]; < 1.
Then, it follows from the entropy condition and (4.18) that

0<ar = C(p)"F <Kp < CYA(p")T =, (4.21)
0<ag=:C7lp, <|Mf,| + | Mas| < Cp* =: ay, (4.22)

where a; > 0 (i = 1,2, 3,4) is constant, provided that (4.6) holds. Substituting (4.19)-
(4.22) into (4.11) yields (4.14)—(4.15) for two constants 5, and (2, provided that (4.6)-
(4.7) hold.

Similarly, one can prove (4.16)—(4.17). Then, the proof of Lemma 4.2 is completed. [J

4.2. The a priori estimates. In this subsection, we obtain the a priori estimates in
order to extend the solution, more precisely, to obtain the bounds of (ryz, szz)(z,t) and
(rzzz, Szzz)(Z,t) by solving initial value problems on Q4 (7T') and solving initial boundary
value problems on Q(T"), and to estimate the decay rates of [rz];, [sz]i, [Pzz)i, and [szz):
under the a priori assumptions (4.6)—(4.7).

Define
a(p) = (v + DpB 4, d(p) = P07/, (4.23)
h(p) = {i’j : /:)/4’ 37:2 (4.24)
and set
Y1 =d(p)sz +h(p),  Z1=d(p)rz + h(p), (4.25)
Y2 = (M)a, Zy = (Z1)z- (4.26)
It follows from (4.1) that for (z,t) € Q(T),
DY = —a(p)Y{ = bi(z, Y1 + fu(z, 1) + d(p)(p - C(z)), (4.27)
D_Zy = —a(p)Z} — ba(x,8)Z1 + fa(z,t) + d(p)(p - C()), (4.28)
where
bi(z,t) = ba(z,t) = 5 — 2a(p)h(p), (4.29)
fi(z,t) = fa(z,t) = h(p)(3 — a(p)h(p)), (4.30)
and that
D,Ys = —b3(z, 1)Y2 + fa(z,t) + (d(p — C(2)))z(z, 1), (4.31)

D_Z, = _b4(17t)Z2 + f4(I’ t) + (d(p - C(.’L’)))Z(QZ, t)v (432)
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where

bs(z,t 2+2(7+3)uz+7¢pm

(z,t) = (4.

ba(@,t) = § + 3 (v + 3)ug + 79 ps, (4.34

fa(z,t) = [ "(0)(d(p)sz + h(p))? + b1 (p)(d(p) sz + h(p)) — fi(0)px, (4.35
(z,1) (

fa =[a'(p)(d(p)rz + h(p))* + b1 (p)(d(P)rs + h(p)) — f1(p)]Pa- 4.36

The next step is to obtain the relation for Y2 and Z; along z = z;(¢t) (1 = 1,2).
Differentiating (4.10) with respect to ¢, one obtains that along z = z2(t),

z,

)
)
)
)

Mo, — 2o M, — 2
Vow = A+ 1,2 + _ A+ 2,2 + vr
(rg )ze 1,2 \2— x2( 2 ez 2,2 N2 2 (s3)
_ Ao — %2, _
+ A2,2—_——.—-(82 )zz + Ba(t), (4.37)
)\1’2 - ZEQ
where
1 _ _
By(t) = 1= {~(\2)2(r3)e = 5(s3 +72 )z — Bo(t)
1,2 — T2

2+ 5053 +73)e) = Afy(rD)s
( 3 )z) + Af 2.2(53)z
+ A32((A22)2(82 ) + 3(s5 +73)z) — Az 2(82 )z
T2(03 )2z + Az,z(‘ﬁg)wz — A5 2(92 )ac}- (4.38)

So +7'2

It follows from (4.37) that

Zy (z2(t) — 0,1) = B, 25 (2(t) +0,¢) — By ,Y;' (z2(t) +0,1)

+ By .Yy (22(t) — 0,t) + Bs(t), (4.39)
where
4 9-3y
A, — o +\ 4
Bf,(t) = 22— <p—2> za(t), 1),
12(t) ()‘iz_ftZ) s (z2(2),t)
4 9-3y
/\+ — Z9 + 4
B+ t) = 722 72 <p_2) z2(1), 1),
fa() <Ai2_¢2) 2) @
4
Az — &2
Bao(t) = | -=—— t),t),
22(1) (A;Q—@) (22(8),1)
and

Bs(t) = (hg)e + (d3)z(r3 )z — BY5((hf)e + (d3)z(r3)a)
+ B3 5((h3)z + (d3)2(s3 )2)
= By 5((h3)z + (3 )2 (52 )z) + d3 Ba(t). (4.40)
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Differentiating (4.12) with respect to t, we have that along x = x;(t),

Ao —Il /\+ .’il
57 )ee = Ay 2L (s +A ——r+
/\11 T

where

It follows from (4.41) that

V5" (z1(t) +0,t) = By, Yy (21(t) — 0,t) + Bf , Z5 (z1(t) + 0, 1)
~ By 12, (z1(t) = 0,t) + Bs(t),

where
4 37-9
_ Ay — I p+ 1
Bra(0) = (%—) (2) " @
21~ %1 P2
A -1
B, () = (X“——> (21(1). 1),
2,1
4 3y-9
A ]';1 + )
BiL () = (;ll——) (2) " @
21— T1 12
and

Bs(t) = (hf)x + (df)2(57)z — By 1 (A1 )e + (d7 )2(57)z)
= B 1 ((h)z + (d] )2 (r)e)
+ B, ((h1)e + (d7 )2(r1 )e) + dy Ba(t).
LEMMA 4.3. Under the assumption (4.6)—(4.7), it follows that
| AT, = 1+ B — 1|+ [A55] + | B3| = O(1) o)z,
|A2_,1 -1+ |Bz_,1 -1+ |A1i,1| + |B1i,1| =O0(1)[pl,

[Bo(t)| + |Bo(0)] < Cllplel + _ maxe  (lpu(@. )] + lua(. 1)),

|B4(t)] + |Bs ()| < Cllpl1] + max )(Ipz(w,t)l+luz(w,t)|)-

(z,1)€Qs (T

(4.41)

(4.42)

(4.43)

(4.44)

(4.45)

(4.46)
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Proof. By (4.18)-(4.19) and the following,

|Bo(t)| + [Bo(t)| < Cllplal,  |Bi(t)] + [Bu(t)| < Cllolal, (4.47)
|AT,2| + |A§F,2| + |A2_,2| + |A£1| + |AIL,1| + |A1_,1| <C, (4.48)
one can prove (4.45)—(4.46). a

LEMMA 4.4. Assume that the piecewise smooth solution of the IVP (1.1) and (1.5) exists
on Q4(T). Then, under the assumptions of Theorem 3.1, it follows that on Q,(T),

|3m:| + |Txm| <C (/1'0 +p1+d+m+ max (lpzl + qul)> )

(2,1)€Q(T) (4.49)

provided that (4.6)-(4.7) hold.

Proof. We can estimate the terms on the left-hand side of (4.49) on Q. (T) by solv-
ing initial value problems due to the entropy conditions. On Q(7T), the bounds of
|Szzls T2zl |Szzz], and |rzzz| can be obtained by solving the corresponding boundary
value problems for them. In fact, on Q4(T), the systems (4.31) and (4.32) are linear

for (Z3,Y2). Integrating (4.31) and (4.32) along 1l-characteristics and 2-characteristics
respectively on [0, ¢], noticing, due to (4.6), that

1
bg(.’l,‘,t) >

3 (z,t) € Q4(T), (4.50)

and

e )]+ sl 01+ (o - CaMel < (m+ _max 1@}, (450)

we can show, for any (z,t) € Q4 (T), that

Y Zo(z,t)| < z(x,t)| ] - 4.52
Yale 01+ 1Za(e 01 < © (s +potm+ _max | loale0l). (452)

Then, by (3.6), we gain, for any (z,t) € Q4(T), that

<C t) - 4.53
secl + el <€ (s +po 4o+ max [pa(a0)]) (459

Similarly, we can yield the corresponding IVP for (Y2), and (Z3), on Q4(T) and then
obtain, for any (z,t) € Q4 (T), that

pe(a0)).

Now we estimate them on (7). By (3.10), (3.8)—(3.9), (4.10), and (4.12), one can
show

<C ax
Iszzzl + l'rzz:t| = (/1«2 + 231 + Ko + Mo + (z,t)nelﬂi 1)

lim(|(rz, s2)(21() + 0, 8)] + |(2, 82)(22(t) = 0,2)]) < Cp + po + do)- (4.54)

By (4.54) and the assumptions of Theorem 3.1, we find
lim | By (t)] < C(p1 + po + do)- (4.55)
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Thus, we conclude, in terms of (4.54), (4.39), (4.43), (4.55), and (4.45), that
tli_I}(l)U(Zz, ¥2)(0,1)]) < C(p1 + po + o). (4.56)

On Qy(T), solving the boundary value problems (4.31), (4.32), (4.39), and (4.43) for
(Y2, Z3), we obtain, in view of Lemmas 4.2-4.3, (4.56) and (4.26), that

(z,t)e

for any (z,t) € Qo(T") with t > 0, provided that (4.6) and (4.7) hold. Similarly, we can
obtain, for (z,t) € Qo(T) with t > 0, that

|5:cz| + |r:vzl <C (Nl + po+ 69+ 1m0+ . m%X(T)(|pz(LII,t)| + |uz($>t)i)> s (4'57)

(Suae] + rasel < C (uz Fp o 4G+ max (lpa(et)] + |uz(x,t>l>) .
(z,t)€Qs(T)

Thus, the proof is completed. O

LEMMA 4.5. Assume that the piecewise smooth solution of the IVP (1.1) and (1.5) exists
on Q4(T). Then, it follows that along z = z,(t) (i = 1,2),

[sz)il + |[relil + I[szalil + |[rea)s] < Cooe™™, 0<t<T, (4.58)
|lpa)il + |[uzlil + l[pzalil + [ucz)il < Cooe™t, 0<t<T, (4.59)
provided that (4.6)—(4.7) hold.
Proof. We first estimate [s;]2. Due to Lemma 4.2 and
|[sz]2l < C(IM1]2] + |[v]2)),

we only need to estimate [Y1]2. By (4.27) it follows, along x = z2(t), that

Df 1]z = —bs(t)[Y1]2 + f2(2), (4.60)
where
bs(t) = 3 — alpy)[h(p))2 + alp3 )d(p7 )(53 )z + a(p3 )d(p3 )(53 )z (4.61)
f7(t) = (iZ - ’\;,2)(Y1+):c + ()‘2_,2 - iZ)(Yl_)z
= [a(p)]2(Y7)? = [br(0))2YT + [fi)2 + [d(p)(p — C(=))]. (4.62)

By (4.23), (4.24), (4.18), Lemma 4.2, and Lemma 4.4, we have

bs(t) > (4.63)

W=

and
[[R(p)]2] + I[a(p)]2] + [[b1(p)]2] + [[f1(p)]2]
+ |2 = Ayo| + |[d(p)(p — C(x))]2| < Coe™", (4.64)

provided that (4.6)—(4.7) hold.
Then, it follows from (4.64) and Lemma 4.4 that

|f7(t)] < Cooe™™. (4.65)
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Multiplying (4.60) by elo b5(M d7 and integrating it over [0,t], we have, in terms of (4.63)
and (4.65), that

|[Y1]2| < Céoe™?", (4.66)
where
%, if B; > %,
Bs =1 B, if By <3,
%, otherwise.

Similarly, we can estimate the other terms on the left-hand side of (4.58) in view of
Lemmas 4.2-4.4, (4.28)—(4.32). The estimate (4.59) follows from (4.58) and (3.7). O

4.3. Energy estimates. In this subsection, we need to estimate the bounds of p, p,,
and u, on Q(T). In fact, what we do is to obtain the following energy estimates.

LEMMA 4.6. Under the assumptions of Theorem 3.1, it follows that
t
K (e e ) @I + / I (s earee)(T)1? dr < Cluo + pa + o + mo)e ™, (4.67)
0
¢
¥ (€5 €22y €2e) (1)1 + / W (620w, €20) (7)1 dr < Cluo + p1 + 8o + mo)e™ ™", (4.68)
0

t
4 (5zx,5xa:xa€xzt)(t)“2 +/ ¥ (zes E:cmzyez:ct)(T)Hz dr < C(po + p1 + 6o + no)e_ﬁet,
0

(4.69)
provided that (4.6)—(4.7) hold.
Proof. From (1.1); and (1.9);, one has
(0= P)e + (pu =)z = 0. (4.70)
Define
c(e.t) = [ (olt) - 30 . (a71)
Then from (4.70), (4.71), and (1.1)3, one obtains on Q(7T") that
€xt + (pu — )z = 0, (4.72)
e = p(a,t) = plx), e =-(j(z.t)=j), e=E-E. (473)

Integrating (4.72) with respect to z over (—oo,z) together with the shock properties
(3.8) and (3.9) leads to

e+ (pu—3)=0, (4.74)

for (z,t) € Qs(T).
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Applying the relations (4.73) and (4.74), the IVP (1.1)-(1.5) can be reformulated, via

(1.9), into

7/~ 32 23 ~ -
e +e— (| P(D) - = &) +| =€) +pe+ Eeq
P z P T

= g1z + G2x — EE€g,

(6,€t)]t=0 = (€0,€1)(x) =: (/

—0o0

x

(0 — 3)(w) dy, —(potio — 3><x>) ,
for (z,t) € Qs(T'), where

~ 2 =2 ~ ~2
—€ 2

U—e) 1, 2, 70,
ptez p P p

92 =p(p+ez) —p(p) — P (D)ex

9=

Proof of (4.67). Multiplying (4.75) by (& + €¢), we have
{G1(e,ez,€0)}¢ + Gal(e, ex,61) — {G1(e,€x,6¢) Yo = (910 + G2z — €€5) (36 + 1),
where
F; 1

1 2 1 1 2 /(= 32 2
GI(E)EI)Et) = (Z + 5)6 + Esgt + §Et + 5 p (p) - Ez’
J
F;

2
1 1~ 1 0 ~ ]
Ga(e,eq,61) = 5@52 + —Feeg + (— - ﬁ) ef + (E - ) ExEt

2 2~ 2
1/, . J°
+§ (p (p)_ ﬁ) 631

1 /i~ 52 J 7/~ .72 J 2
G3(5a5m5t)='2‘ P(P)—ﬁj €5z+555t+ P(P)—ﬁ 6t5:c+56t‘

Integrating (4.78) over R, one has

d [T oo
— Gi(e,ez,6¢)dx + Ga(e, €4, €t) dx + 22[G1 (€, €1, €1)]2

@] o .

+ [G3(e,ex,61)]2 + 21[G1(€, €z, €)1 + [G3(e, €2, €01

+o0 1
=][ (912 + 920 — €€2) (58 + st) dz.

—00

For a; + pm/p« < 1, one can verify that

(4.75)

(4.76)
(4.77)

(4.78)

(4.79)

(4.80)

(4.81)

(4.82)
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where

1

2

0<cs= tmindfr L 2 p(1-p2e)_E
®T 2mer | 2°2 2 y 2 25 [

1 3p* 3 2jp, 2202 B2
- S p* 4 (p*)22Pz . =
2‘331%({2’2 52 HEYZ 50

P2
c
£G1(6,6z,6t) < Gofe,ex, €4). (4.85)

1 1 3
0<c4=§min{p*, P*}, 0<cf1=§max{p*+l,§,P*},

/
0<C5=

=

=2
* = '(5) — ]— = 1 '(5) —
P = max{p'(p) 7 }, P =min {p ()

It follows from (4.83)—(4.84) that

By Theorem 2.1, Lemma 4.5, (4.73), (3.8)3, and (3.9)s, one has

|22[G1(€, €2, €¢)]2] + |£1[G1 (e, €2, 60) 1]
+1[Gs(e, ez, e¢)]2| + |[G3(e, €z €0)]1
< C((ps pas s ug)i| + [[(0s Py s uz)]2])
< CéoePet, (4.86)

From (4.76)—(4.77), a straightforward calculation yields

10291 = O(1)(|€za| + leat| + |5al) (ee] + le]), (4.87)
|azg2‘ = 0(1)|5x151|- (488)

Thus, the right-hand side of (4.82) can be estimated as
+o0
l][ (912 + 920 — €€2) (36 + &) da

+o0
< cnjl (€% + €2 + 2)(z, t) do
+oo
<Cn Ga(e, ez, 6¢) dz. (4.89)
Substituting (4.89), (4.86), and (4.85) into (4.82) and integrating it over [0,t], one
obtains (4.67) in terms of Lemma 4.2.
Proof of (4.68). Differentiating (4.75) with respect to x, we have

1(~ 32 23 ~ I~
Extt +Ext — p (p) — =3 | €z + | =€zt + peg + Eegg
P z P z

=93 + Jizz + 9202 + 932 + 94, (490)
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where

27z
g3 = (%5113) 3 (491)
P z
j* ~
g4 = ((p'(ﬁ) - E) az) + pee + Erey — (€€4) - (4.92)

Multiplying (4.90) by (ie; + &4¢) and integrating with respect to & over R, we have

d [T oo
(E Gl(gzwsa:zaezt) dx"' G2(5z75:ca:, Ezt) d$+:t2[Gl(5:t75:ca:y 5zt)]2
+ [GB(Ezysza:a E:4:t)]2 + il[Gl(Em Ezx, Ezt)]l + [G3(5275:cz>5zt)]1
+00 1 +oo 1
=7[ N <§ex + 5xt> dz +7[ (912 + g2z + 93)z <§ex + sxt> dx. (4.93)

—0o0 —o0

Similarly, in terms of Theorem 2.1, Lemma 4.5, (4.73), (3.8)3, and (3.9)3, one can verify
that

|22[G1(ex) Exzs €xt)2| + |21[G1(Exs €2a, Ext)]1]
+1[G3(€xs Eazs €xt)]2| + [G3(€x, Exas xt) 1]
< C(|[(ps pzs Przs s Uzs Uzz)]1| + (05 Pzs Pz Uy Uy Uzz)]2])
< CopePst, (4.94)

The right-hand side terms of (4.93) can be estimated as follows:

+o0 1
7[ g4 (551 +5zt) dx

+o0
<Cn Ga(ex, Exzy Ext) dz + C(||(€0, €0s 81)”2 + 5)e’ﬁ4t, (4.95)

—00

1 +o0
‘5% (912 + 92o + 93)zEx dz
— 00

1 1
< 5”(911: + g2z + gS)zsz]ll + 5”(91:’: + g2z + 93)262:]2'

1 +o00
+ ‘5% (gla: + 9oz +93)Szz dx
—00

+oo
< C?] G2(5z)512>5zt) dz

—0o0

+C(ll(e0, €0z, €1)||* + 8)e P4t + C (81 + 82)ePt, (4.96)
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+o0
% g3z€xt dzx
+00 s
2
=f <]~—§x€zt> €zt dT
-0 P x
oo 2jpa 2jpz
< C("’ + 60) GZ(5x,5xa:a5mt) dr + ’ [( J..g €a:t) 5:::th + ‘ [(J.Tg)"fzt) E:l:t:|
—o0 4 1 p 2

1([25pz 5 1([24pz _»
+2Hﬁ”’°t1+2 7 o,

+o0
< C("IO + 50) G2(6ma Ezxz) 5mt) dzx + 0506ﬂ3t, (497)
+o00
f J2xxxt dx
400 “+oo
<Ot Galenemmen)dotf (054 0) ~ 1 (P)ens)utn do
—00 )
+o0
<Cn G2(€z) €2z, Ext) d
— 00

+ I[(pl(ﬁ + 590) - pl(ﬁ))ezmsmt]ll + |[(p/(ﬁ + 52) - pl(ﬁ))szzszthl

1 - 1 _
+ §|[P”(P + €0)Eatelg)t] + EHP”(P + €2)EatE 22l

+oo
@y (' (p+ez) —'(P))
+o00
<Cn Ga(Es, Eans €at) dT + C(61 + Ga)e™P5!
d [T /0~ 10\ 2
T (p (p + €z) —p (p))g:zx dxa (498)

il .
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+oo
% 1zt dz
—00
oo teo o 25
< C?] G2(5x,5zz;€xt) dz +% (T.ex + ~_25z> Ezzt€rt AT
—oo —co \P p
+o00
. 1 11
+£oo 2(] - 6t) (p~ p - ; + EEI) Exxtat dzx
too /95 . 1 1 )
J - 2
+ —5€t€zz +(J — € ~ - =€ Ept AT
7[_00 (p2 eae T U= o) <(p—6x)2 p2) )
+oo
< CT] G2(5275xra5xt)d1'
—00

1 2 2j ) 1|[(2 2j )
+5 ;sx—%;ﬁsx Ext 1 +§ 5€Z+§EI Ext ,
. 1 11 ) - 11 1 )
+H(J 2 <ﬁ—€x ﬁ*ﬁ?"") 5] +H(] ) (ﬁ—ex ﬁ+ﬁ2€m> S”L
~ 1 1 ~ 1 1
d 2 . 2
020 (e = ) el o[-0 (e ) oo,

too | 9 1 1
“f U (G ) et

+o0o
<Cn G2(6I,511a61t) dz + |[(pa p:cvuaua:)]l| + ”(pa Pz, U, uz)]2|
d [t - 5 1 1Y ,
— %f_oo (] — €t) (m — F) Erx dz. (499)

Then, integrating (4.93) over [0, ¢], one obtains (4.68) in terms of (4.95)—(4.99), (4.83)-
(4.84), and (4.67).

Similarly, one can get the estimate (4.69). Thus, the proof of Lemma 4.6 is completed.

O

Proof of Theorem 3.1. With the help of Lemma 4.2 and Lemma 4.6, we can prove that
(4.6) on Q5(T') and (4.7) really hold if we choose the initial-boundary data and the initial
jump small enough such that C(u1 + po + o + 1m0) < 151- Therefore, by the standard
continuity argument, we can prove the existence of piecewise smooth subsonic solutions
for the discontinuous IVP (1.1)—(1.5) on Q,4(T") with any T > 0. The asymptotic behavior
of solutions on a smooth domain and the decays along shock discontinuities then follow.
In fact, we have the following theorem.
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THEOREM 4.7. Let T > 0. Under the assumptions of Theorem 3.1, it follows that for
0<t<T,

Fo-puB=BY0B+ [ k(o= puB =Bl off dr
< C(p1 + po + 6o + no)e ™,
(05 P> Pz Uy s )1 | + 1[(9 Pa» Py Uy Uz Us)]2| < Coe™, (4.100)
and for = # z(t),

|Pa:a:| + luzz| < C(Nl + po + do + 770)’ |mei + |u:caca:| <C. (4'101)

Theorem 3.1 follows from Theorem 4.7.
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