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In this paper we study the asymptotic behaviour of the solution for a nonconvex relaxation
model. The time decay rates in both the exponential and algebraic forms of the travelling
wave solutions are shown by the weighted energy method. Our results develop and improve
the stability theory in {8, 9].

1. Introduction

Relaxation is a phenomenon which occurs in water waves, thermo-nonequilibrium
gases, rarefield gas dynamics, traffic flow, viscoelasticity with memory and magneto-
hydrodynamics. Hyperbolic conservation laws with relaxation also serve as kinetic
models. The relaxation is usually stiff when the relaxation time is much shorter than
the scales of other physical quantities. The 2 x 2 relaxation hyperbolic equations were
first analysed by T.-P. Liu [ 10] when considering nonlinear stability criteria for diffusion
waves, expansion waves and travelling waves. Since then, there has been much work
carried out on this subject, see [1-4, 7-10, 12, 16] and the references therein.

This paper is concerned with the simplest model of two equations which captures
the basic features of those physical models in the form

u+v,=0, xeR,teR,,
fwy—v (1.1)
—

v, +au, =

Such a model is included in [3, 107, and was also introduced by Jin and Xin [4]
for numerical analysis, and studied by H. Liu and Wang, Woo and Yang [8, 9] as
well as Mascia and Natalini [12] for the stability of travelling waves.

We consider the Cauchy problem of model (1.1) with initial data

(u9 v)(x, O) = (“0a UO)(x)’ (12)

where (ug, vo)(x) > (U4, v4) as x— + 0, (U4, v4) are the given state constants, and
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1054 Ming Mei and Tong Yang

v4 = f(u). Here u is some conserved physical quantity, v is some rate variable that
measures the departure of the relaxation from the local equilibrium, 0 < &<« 1 is the
relaxation time and a is a positive constant satisfying

—Va< fu)<Va, for all u under consideration, (1.3)

which is the subcharacteristic condition introduced by T.-P. Liu [10].
By scaling the variable (x, t) to a new one (gx, t), equation (1.1) is reduced to

{u,+vx=0, xeR. teR,,

v, + au, = f(u) —v. (14)

The behaviour of the solution (u, v) for (1.1) and (1.2) at fixed time as ¢—0" is
equivalent to the long-time behaviour of the solution (i, v) in (1.4) and (1.2) as
t—o0,see [7].

The travelling waves, which are the viscous shock waves of (1.4) and (1.2), are the
solutions of (1.4) in the form

{(u, )(x, 1) = (U, V)(x — st) = (U, V)(2),

(U, VO~ (s, v2), 352 20

s is the propagation speed of waves. The stability and the time decay rates are shown
in [8, 9], and the L'-stability is given in [12]. Applying the I>-weighted energy method
used in [13], see also [5, 6, 14], the authors in [8, 9] proved that the travelling wave
solutions of strong shocks are stable for both the nondegenerate and degenerate cases,
when a>> 1. More precisely, if the initial data (ug, vo)(x) approach a travelling wave
solution (U, V)(x) with a spatial decay rate O(|x| %) for any given o >0, then the
solution (u, v) approaches a shifted travelling wave solution (U, V)(x — st + x,) with a
shift constant x, in the algebraic time decay rate t~**7, for any 5 = 0, but # =0 only as
o is an integer, i.e. a = [«], in the case of nondegenerate shock f'(u,) <s < f'(u_); while
the algebraic time decay rate t~*?*" for any >0 even if « =[«], in the case of
degenerate shock f'(u.)=s< f'(u_). However, the decay rates they obtained are not
optimal. As shown in [17] for the scalar viscous conservation laws, we also expect to
get the algebraic time-decay rates by removing # for both the degenerate and non-
degenerate cases. Roughly speaking, the aim of one part of this paper is to improve the
time decay rates as ¢t ~* in the case of nondegenerate shock f(u,) <s < f'(u_), as well
as t~ %2 for the case of degenerate shock f'(u.)=s < f’(u_), even for noninteger . The
other part of this paper aims to show the time exponential decay rate e~ # for some
constant § >0, when the initial data (u,, v,)(x) approach a travelling wave solution
(U, V)(x) in the spatial decay rate O(e~**!) for some given o> 0. To prove this, we
make use of the weighted energy method in the first author’s work [15] for the single
equation of conservation laws. We also point out that the stability and the time decay
rates hold, when a is large for the strong shock profiles, but without the assumption
that a> 1 for the weak shock profiles.

This paper is organised as follows. After stating some notation below, we give
some preliminaries and main theorems in Section 2. In Section 3, we reformulate
the original problem. Section 4 is the proof of the exponential time decay rate. In
Section 5, we give the proof of the improved algebraic time decay rates. Finally, we
remark on the stability and time-decay rates of the strong detonation travelling
waves for a viscous combustion model in Section 6.
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Convergence rates to travelling waves 1055

NoTaTiON. I? denotes the space of measurable functions on R which are square

integrable, with the norm
1A= (JIf(X)I2 dX> :

H'(I1 = 0) denotes the Sobolev space of L2-functions f on R whose derivatives 97 f,
j=1,...,1 are also I?-functions, with the norm

||f||z=<;0 ||5£f!|2>

L2 denotes the space of measurable functions on R which satisfy w(x)? f € 2, where
w(x) > 0 is called a weight function, with the norm

1fly= <fw(x)|f(x)|2 dx)z.

H!, (120) denotes the weighted Sobolev space of L2-functions f on R whose
derivatives 0if, j=1,...,1, are also L2-functions, with the norm

1 E2
= ( 3 10212)
j=o
Denoting (x> =+/1 + x* and
NV14+x% ifx=0,
(xP4 = {

1, if x <0,

1
Zz

we will make use of the spaces LZ,, and H,,, (I=1,2) later. If w(x) = (x>% we
denote L2 = L?%. The weighted space L2 for such weight function w = {x>*(x), is
denoted as LZ,,,, and the corresponding norm is ||, . We denote also
f(x)~g(x) as x—>x, when C lg<f<Cg in a neighbourhood of x, and
[(f1s f25 f3)lx ~ | f1lx + | f2lx + | f3lx, where ||y is the norm of space X. Without
any ambiguity, we denote several constants by C;, or ¢;, i=1,2,..., or by C.
When C1<w(x)ZC for xeR, we note that [?=H°=12=H? and ||| =
”.“0~|.|W=|.|0,W‘

Let T and B be a positive constant and a Banach space, respectively. We denote
C*0, T; B) (k = 0) as the space of B-valued k-times continuously differentiable func-
tions on [0, T], and I2? (0, T; B) as the space of B-valued I*-functions on [0, T].
The corresponding spaces of B-valued functions on [0, c0) are defined similarly.

2. Preliminaries and main results
The travelling wave solution of system (1.4) is a solution (U, V)(z), (z = x — st),
satisfying equations (1.4) and (U, V)(£ o) = (44, v4 ), namely,
—sU,+V,=0,
—sV,+aU,=f(U)-V, (2.1)
(U, V) (£ o) =(us,vs),

Downloaded from https:/www.cambridge.org/core. McGill University Libraries, on 19 Jan 2017 at 01:46:16, subject to the Cambridge Core terms of use,
available at https:/www.cambridge.org/core/terms. https://doi.org/10.1017/S0308210500030067


https:/www.cambridge.org/core/terms
https://doi.org/10.1017/S0308210500030067
https:/www.cambridge.org/core

1056 Ming Mei and Tong Yang
which implies
(a—s)U.=f(U)-V. (22)

Integrating the first equation of (2.1) over (+ o, z) and noting (U, V)}(+ 00) = (U4, v4),
as well as v, = f(u,), yields

—sU+V=—suy +0vy =—suy + fluy). (2.3)
Substituting (2.3) into (2.1), we have
(@—s)U, = f(U) = flus) — s(U — uy) =:h(U). (2.4)

From (2.3), we see that the speed s and the state constants (u,, vy ) satisfy the
so-called Rankine-Hugoniot condition

vs =0 flu)—flu)

Uy —U_ Uy, —u_

(2.5)

S =

It is well known that the ordinary differential equation (2.4) has a solution if and
only if the Oleinik entropy condition

<0, u,<u_,
h(u) = - —s(u— 2.6
() =S 0) — fl) = s(u — ) {>0’ o (26)
holds. This entropy condition implies that
Slu)<s<fu-) (2.7)

or

fu)=s<fu) or flu)<s=f(u-) or flus)=s. (2.8)

The entropy condition (2.7) is the well-known Lax shock condition. We call it the
nondegenerate shock condition. For each case in (2.8), we call it the degenerate shock
condition, or the contact shock condition. I the viscous shocks (U, V)(x — st) are
degenerate, we restrict ourself to the case

flu)=s<fu), (29)

since other cases in (2.8) can be treated similarly. Furthermore, we assume that for
the case (2.9),

hu,)=0 and h"*V(u,)#£0 forn=1. (2.10)
In this paper, without loss of generality, we focus on the case
Uy <u_.

Regarding the existence of the travelling wave solutions, by a similar proof in [6]
for the scalar viscous conservation laws, see also [13, 147, the existence result is
given in [9] as follows:

ProPOSITION 2.1 [9]. Under Oleinik shock condition (2.6) and the Rankine—Hugoniot
condition (2.5), there exists a travelling wave solution (U, V)(x —st) of (1.4) with
(U, V)(£ ©0) = (u4, v4), unique up to a shift, and the speed satisfies

s’ <a. (2.11)
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Convergence rates to travelling waves 1057
Moreover, it holds that
(a—s2)U,=hU)<0 foru, <u_ (2.12)

and, as z— + o0,

{Ih(U)I ~U —uy, V—og )@ ~exp(—cxlzl), i fu)<s<flu-),
_ . (2.13)
[RU)FD AU —uy, V=0)@ ~12]7H, i fluy)=s<f'u-),
where ¢4 =|f'(us) —s|/(a—s*)>0.
Defining the following weight functions, cf. [13, 157,
U—u )U—-u) (U —u,)u.—U)
w(U) = nU) , w(U)=— ) (2.14)

for Ue(u,,u_), which are positive due to u, <u_ and h(U)<0, we give the
properties of the travelling wave solutions (U, V) as follows:

LemMmaA 2.2. Let (U, V){(x — st) be the travelling wave solution of (1.4). Then:

{W1(U)~0(1), wy(U) ~ e=2,if flu,)<s < flu-), (2.15)
wy(U) ~<2)y, i fu)=s<f'u-), '
as z— + oo, and
wy<a MOl oyl —ud
(w,h)'(U) =2, ’wi(U) =0() =5, =12, (2.16)
—h(U)(w,h)"(U) = 0(1)w,(U), for f(u)<s<f'(u-) (2.17)

Proof. 1t is easy to check (2.15) and (w h)"(U) =2 by (2.13) and (2.14).
For (2.16) and (2.17), (2.14) and (2.13) give

W2h)'(U) = —((U ~u,)i(u- — U)})"’

(s ~u_P(U —uy) > u_ — U)7>2 = 0(1)w,o(U)/| (V)]

o=

for f'(u,)<s< f'(u.). This proves (2.17).
We also have, by (2.12),

wi(U), _ wi(U) h(U)
wi(U)  wi(U) a—s*’

and by (2.4), see also (2.14),

wil) 1 [ hU) WU) 1 :
Wi(U)_kih(U){ - h(U)}, i=1,2,

=12,

U—u, + U—u_ k
where k; =1 and k, =1. Since

h'(i)
2

0=h(us)=hU)+ K U)u: - U)+ (s — U)?
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1058 Ming Mei and Tong Yang
for some i, € (u,,u_) and |K'(U)|=|f'(U)—s| L Clu, —u_|, we can conclude that
hU) h(U) 1 hU) 4 KU)

——hU
U—u, U-u_ ki() U—u, U-—u_

ki—1
< —h'(U)‘ +— 1K)

1

Z=Cluy —u_|, fori=1,2,
where C > 0 is independent of |, —u_| and a. Thus, we show that

wi(U), ki h(U) N vy 1
w(U)| a—s2|U—u, U—u_ Kk

h'(U)| écw
a—s

This completes the proof of Lemma 2.2. [

REMARK 2.3. Tt is well known that if ju, —u_|« 1 or a> 1, then |w,(U),/w;(U)] « 1,
i=1, 2. This will be used to get the a-priori estimates below.

After assuming

I‘rw (up(x) — U(x + x¢)) dx =0, (2.18)

— o0

also letting x, = 0 for simplicity, and denoting
Po(x) = f (o —U)(y) dy, ¥o(x)=(vo— V)(x), (2.19)

the authors in [9] proved the time decay rates to the travelling wave solutions
as follows.

THEOREM 2.4. [9]. Under the assumptions of (1.3), (2.5), (2.6) and (2.18), and letting
a be suitably large:

(i) the case f'(u,) <s < f'(u_): suppose that (¢q, Yo)(x) € L~ H? holds. Then there
exists a positive constant &, such that if (g, Yo)ls + (@0, Yo)ll2 < &1, then the system
(1.4) and (1.2) has a unique global solution (u, v)(x, t) satisfying

sup (4, 0)(x, ) — (U, V)(x — st)| < C(1 + 1) “P (I, Yo)l + (@0, ¥o)l2)
(2.20)
for any constant ¢ 20 and ¢ =0 only as o is integer.

(i) The case f'(u,)=s<f'(u_): suppose that (po,Yo)(x)€ Lik,s, NnH?* holds,
where (0<a<2/n). Then there exists a positive constant &, such that if
HPo> Yo)lacxs, + (@0, Wo)ll2 < &2, then the system (1.4) and (1.2) has a unique global
solution (u, v)(x, t) satisfying

sup [, v)(x, t) — (U, V)(x — st)| < C(1 + )" “D"*(|(po, Yo)lucx>, + 1o, Wo)ll2)
(2.21)

for any constant ¢ > 0 whether or not a is an integer.

However, these decay rates in [9] are not optimal. The ¢ in Theorem 2.4 can be
dropped for both the nondegenerate and degenerate cases. The method of proof we
adopt follows from [17] for scalar equations. One of our main results can be stated
as follows:
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THEOREM 2.5 (algebraic rates). Under the same assumptions as in Theorem 2.4, let a
be suitably large or |u, —u_| be suitably small. Then the solution (u, v)(x,t) of (1.4)
and (1.2) satisfies the following:
(1) the case f'(u,)<s< f'(u_):
sup @, )(x, £) = (U, V)(x ~ st)| < C(1 + )~ (| (po, Yo)lu + (90, ¥o)2);
(2.22)
(ii) the case f'(us)=s<f'(u_):
sup @, 0)(x, 1) — (U, V)(x — st)| < C(1 + )" “(|(po, Yo)lacx>, T (@05 Yo)l2)-
(2.23)

On the other hand, when the initial perturbation (g, ¥/,)(x) has an exponentially
spatial decay rate as x — + oo, we will expect that the solution (4, v)(x, t) of (1.4) and
(1.2) converges to the travelling wave solution (U, V)(x — st) at an exponential time
decay rate, too. This is our other aim in the paper. The method of proof we use
is the weighted energy method developed by the first author in [15] for scalar
equations. The exponential time decay is stated in the following theorem:

THEOREM 2.6 (exponential rates). Let a be suitably large or |u, —u_| be suitably
small. If f'(u)<s<f'(u_) and (”OEH?vz(U)a Yo € H. ), then there exist positive
constants &5 and 0 = 0(|lu, —u_|, a) such that if |(¢o, Yo)l2,w, < &3, then the Cauchy
problem (1.4) and (1.2) has a unique global solution (u, v)(x, t) satisfying

u—U e C°0, oco; Hy, )N L*(0, o0; H3,),
v—U e C%0, oo; H2 )N I2(0, co; H3,)
and
sup [(u, v)(x, t) — (U, V)(x — st)| < Ce ™ *"|(9o, Yo) l2.w,- (2.24)
ReMARK 2.7. As in [8, 97, we also need the condition a> 1 for the stability of the

strong viscous shock waves. However, as shown in Theorems 2.5 and 2.6, if the
shock is weaker, i.e. the strength |4, —u_| <« 1, the condition a> 1 can be dropped.

3. Reformulation of the original problem

Letting (U, V)(z) be the travelling wave solution, and putting
w, 0)(x, ) =(U, V)@ + (., ¥)(z, 1), z=x—st, (3.1)

we substitute (3.1) into the original problem (1.4) and (1.2), and integrate the first
equation once with respect to z, to yield a new system as follows:

¢ —sp, + ¥ =0,
Y —sy.+ap..=f(U+o¢.)— f(U)—V¥, (3.2)
(i, ¥)(z, 0) = (9o, Yo)(x).
The first equation of (3.2) gives y = —(p, — sp,). Substituting it into the second
equation of (3.2) yields

L(p) = (¢, — 5¢.) — 8(¢, — 5¢.), — ap,, + ¢, + W(U)p, = F, (3.3)
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where
F=—(f(U+¢,)—fU)-f(U)p.) and [|F|=0(1)l¢’|. (3.4)
The corresponding initial data for the scalar differential equation (3.3) are
9(z,0)=9o(2), 4z, 0) = spo(z) — Yolz) =: 91 (2). (3.5)

We now state the theorems corresponding to Theroems 2.5 and 2.6.

THEOREM 3.1 (exponential rates). Under the same assumptions as in Theorem 2.6, if
9o€ H (), 91 € H} 1), then there exist positive constants &, and 0 such that if
|@0l3,w, + |90112,w, < €4, then the Cauchy problem (3.3) and (3.5) has a unique global
solution ¢(z, t) satisfying

9(z, t) € C°(0, co; H3,,)nn (0, co; H3)
(2, t) € C%(0, c0; H,) (0, co; HZ, )
and
()30, + 0:(D130, = Ce™* (10013, + 10113,0,)- (3.6)

THEOREM 3.2 (algebraic rates). Under the same assumptions as in Theorem 2.6, let a
be suitably large or |u, —u_| be suitably small. Then the solution {(u, v)(x, t) of (1.4)
and (1.2) satisfies the following:

(i) the case f'us)<s<f'(u_):

sup (¢, 92, ¢z, ] < C(1 + ™o, Yo)l. + (@0, Yo)ll2)- (3.7)

(ii) the case f'uy)=s<f'(u_):
Sup (¢, ¢z, 9:)(z, ) = C(1 + )" (@0, Yo)lacxr, + l(@os Yo)ll2)-  (3.8)

4. Exponential time decay rate

In this section, we investigate the exponential time decay rate for the stability
problem of the travelling wave. The local existence and uniqueness of the solution
@ of (3.3) and (3.5) is well known by a standard argument. Our intention in this
section is to establish the a-priori estimate.

Define the solution space of (3.3) and (3.5) as

X,(0, Ty={pe C°(0, T; H},)nI*(0, T; H;,), p, € C'(0, T; H2,)nL*(0, T; H2 )}
and let

N(T)= sup {l@{t)ls,w, + 12:(D)2,w,}
O=t=T ’

for Te[0, 0].
Firstly, we have the following lemma:

Lemma 4.1 (basic energy estimate). For any T> 0, let ¢ € X,(0, T) be a solution of
(3.3) and (3.5), and assume that a>1 or {u, —u_|« 1, and (1.3) hold. Then there
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exists a positive constant 6 dependent on |u, —u_| and a such that

(D)3, + 0 ()2, + 0 J (o)W, +10:(012,) dr £ Cl9ol3 o, + 9113,) (4.1)
0

holds for t € [0, T} provided N{(T)« 1.
Proof. We multiply (3.3) by 2w,(U)¢ to obtain
2w, (U * L(p) = —2Fw,(U)g. (4.2)
By a simple but tedious computation, we have from (4.2)
[w2(U)¢” + 2w, (U)p(, — 59.) + sw,(U), 9?1, — 2w, (U) (@, — sp.)?
+2aw,(U)g2 — W, h) (U)U,¢* + {---}. = —2Fw,(U)g, (4.3)

where we used (a — s?)U, = h(U); {---} denotes the terms which will disappear after
integration with respect to z € R.
On the other hand, we muttiply (3.3) by 2w,(U)(p, — sp,) to obtain

2wy (U, — 5¢.) - Lig) = —2Fw,(U)(p, — sp.), (4.4)
which gives
[aw, @2 + walg. — 50, T + (2w, + 5wy, ) (0. — 50.)°
+ 5aw, ¢ + 2f (U)w,0.(9, — 59.) + 2aw,.0.(p, — 59.)
— [sw2(@ — 50.) + 2aw,0.(p, — s0,) + asw, 97 ],
= —2Fw,(p, — 50,). (4.5)
Hence, the combination (4.3) x 1 +(4.5) yields

{E1(¢, (¢t - Swz))' + E3(¢z)'}t + E2(¢z9 (¢t - Sq]z))

1
+Efp)+{-}, = —2Fw, [5¢+(¢t—swz)], (4.6)

where

1 22 |
E (9. (p.— 59.)) = wy [(% — 50, ) + 9(o. —5¢,) + 2 <1 +s2 ) tpz]», (4.7)

Wy

Ey (9, (9. — 5¢.)) = w2 [( I+s %) (0. — sp.)’

+2 (f'(U) +a t) 09— sp.) +a (1 +s ”fv) ¢] (43)

2 2

E3(p,) = aWz‘Pf, (4.9)

1
Eq(p) = — 5 wh)(U)U.¢" (4.10)
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WZz
W;

see (2.16), we have

Since

luy, —u_|

=0(1)—a—s—2<<1 asa»lor|u, —u_|>»1,

WZ(U)z
1+2s >c¢, >0, (4.11)
w(U) =71

for some positive constant ¢,, and also

WZ(U)Z 2( )z
a<1+8m) <f(U)+ 2(U)> ¢, >0, (4.12)

for some positive constant ¢, provided a>» 1 or |u, —u_|«1 and the fact (1.3)
a > f'(U)%. Thus, the discriminants D, (i = 1, 2) of E, (i = 1, 2) are negative, that is,

1
Dii=1—-4x~- 1+sw22 — 1+25KZQE < —e¢ <0, (4.13)
2 Wy w,(U)

and

. ’ WZ(U)Z 2 WZ(U)Z
D2.—_-4(f(U)+a———W2(U)> —4a<1+ (U)> —4c,<0.  (4.14)

These facts imply that
E (9, (p: — 59.)) 2 c3w,(U)9* + cqw,(U) (0, — 59.)° (4.15)
and
Es (92, (90 — 50.)) Z cswo(U)p? + ¢6 wo(U)p, — 59.)° (4.16)

for some positive constants ¢;, i=3,4, 5, 6.
On the other hand, (2.17) gives us that

—(w2h)(U)U, Z c;w,(U)

for some positive constant ¢;, which implies

Ey(9) Z c;w,(U)g™. (4.17)
Hence, we have by (4.15)-(4.17)
Ey (¢, (9. — 59.)) + Es(92) Z cs(lo() 3w, + 0(D)3,) (4.18)
and
E> (92, (9. — 59.)) + E4(9) Z co(lo(t) 3 0, + 10:(1)12,) (4.19)

for some positive constants cg and cg.
Integrating (4.6) over [0,t]x R, and making use of (4.18), (4.19) and
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|[F|=0(1)|g.[* we have

'¢(t)|1w2+|¢t D, f (le@R,w, +10.)I5,) do

t
<C (I%lf,w2 +1o1ls, + N (1) f (@2, 9) (D2, df)- (4.20)
0
Letting 0 < 0 < c¢q/cg and N;(t) <(co— cg8)/cgC, we obtain (4.1) from (4.20). This
completes the proof of Lemma 4.1. [
Lemma 4.2, Assume that a> 1 or lu, —u_| < 1, and (1.3) holds. Then:

10.0(O) % w, + 10.0.(D15, + 6 J (1091 , +10.0.(5,) de

0
< Clgol3 ., +lp1ltw,) (4.21)
for t € [0, T] provided N,(t)« 1.

Proof. We first differentiate the equation (3.3) once with respect to z, and multiply
it by 2w,(U)gp, and 2w,(U) d,(p, — sp,) respectively, that is,

2w, (U)g, * 0, L(p) = —2w,(U)g, F, (4.22)
and
2w, (U) 0.(p. — 59,) * 0, L(9) = —2w,(U) 0,(p, — 59, )F,. (4.23)

Combining (4.22) x 1 +(4.23), and integrating it over [0, T] x R and using (4.1)
gives us the desired estimate (4.21) in the same way as in Lemma 4.2. The details
are omitted here. [

In a similar way, differentiating the equation (3.3) twice with respect to z, and
multiplying it by 2w,(U) 82¢ and 2w, (U) 8%(p, — se,), respectively, we then integrate
it over [0, t] x R and make use of Lemmas 4.1 and 4.2 to obtain the higher derivatives
estimate as follows:

LemMa 4.3. Assume that a> 1 or |uy —u_| <« 1, and (1.3) hold. Then:
102:0(O)1 s, + 02005, + 0 f (1029(@)2 w, +1020:(1)I3,) de

< C(I@oli, +10112.w,) (4.24)
for t € [0, T] provided N,(t)« 1.
Thus, we have the a-priori estimate as follows:

Lemma 4.4, Assume that a> 1 or |lu, —u_| < 1, and (1.3) holds. Then:

t
19Oy + 1010 B, + 0 f (19 B, + 10,0 ;) d7 < CU DB, + 91 B.y)
0
(4.25)
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and

|9(8)13 ., + 10O, £ Ce™ " (19013, + 0115, (4.26)
for t e [0, T, provided N,(t)« 1.

Proof. Combining Lemmas 4.1-4.3 yields (4.25). Based on (4.25) and by applying
Gronwall’s inequality, we can obtain the decay rate (4.26). [

Proof of Theorem 3.1. Applying the method of continuous extension, the a-priori
estimate of Lemma 4.4 together with the local existence result then implies
Theorem 3.1. O

5. Algebraic time decay rates

In this section, we intend to improve the algebraic time decay rates for both the
nondegenerate and degenerate cases in [9], by a method similar to that used in
[17]. We focus here only on the nondegenerate case f'(u,)<s < f'(u_), since the
degenerate case f'(u,)=s< f'(u_) can be treated similarly.

Let

U, +u_
2

U= e(u+9u—)

and z* be a unique number in R such that U(z*) = a. Denote also
K(z, 1):= (1 + 1)<(z — z*)/a)Pw, (U),
where {(z — z*)/a) = V1 + (z — z*)*/a%.

By multiplying (3.3) by 2K{z, t)¢ and 2K(z, t)(p, — s¢,), respectively, to give
2K(z, t)p * L(p) =2FK(z, t)p (5.1)
and
2K(z, t)(¢. — sp,) * L(p) = 2FK(z, t)(9; — 59.), (52)
and combining (5.1) x § + (5.2), the authors in [9] showed the following lemma:

LemMMA 5.1 [9]. There is a positive constant &5 such that

Ny(T):= sup (9,0, 9.)(t)l, <és.
te[0,T]

Then it holds that, for t € [0, T],

(1+6)1(p; 02, ) (D5 + f {B(L+ D@1 + (1 + 1), 0) (@) I3} dr
0

t t

1+ o)) dr}
(5.3)

A+ (@ 0. p) @5 dr + B f

0

<C {l(w, 92, 0)(0) 5+ f

0
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for anyy =0 and fe[0,a], and

(1 + t)yl(¢, Dzs ¢t)(t)|§—y +(OC—')/) J‘ (1 + T)ylw(r)lg—y—l dr
0

+ f (1 + 2z, p )DL~ de = Cl{p, ¢, p)O)Iz (54)
0

for v being an integer in [0, o].
If « is integral, then by taking y = « (5.4) gives

(1+0°1(p, 9z, @) (D1 + f (1 + 919z, 0)(@)1? d = Cl(p, 9., 9)(O)IZ,
0

which reduces to our desired decay rate.
If o is not integral, then taking =0 in (5.3) yields

(1+ Y e, 0 017 + f (1+ 7 (9, 9@ dr
0

=C {II(% 92, 0)(0)|1> + f 1+ (e ¢z 9D df}- (5.5)
0
Also, taking y =[] in (5.4) yields

(1 + t)[all((oa @z wt)(t)lg—[a] + (a - [(X]) J‘ (1 + ‘C)[allw(r)lg—[a]—l d’f
0

+ f (1 + (9., @)1 d1 = C{I(@, 92, )O3} (5:6)

We are going to estimate the last term in (5.5) by making use of (5.6) and Holder’s
inequality:

j 1+ e, 9, p) (@) de

0

t
= J~ (1 +t)V“1J‘ <(z__Z*)/a>(a—[d])([1]+l—a)-(a—[al)([a]+1‘d)
R

0

X (@, 95 9.)(z, D)2 WA =D+l g7 gy

t [alt1—a
< f 1+ ( f {(z —2%)/a> (g, 9., 9,)(z, 7)) d2>
(V] R
a—[«]
X (f {z—z*)/ay~®* 17 (g, 9., 9,)(z, ) dZ> [ dr
R

t
= j (1+ 0~ = 2{(1 + (g, 9., 9)D)F -1}
0

X {(1 + T)m](% ¢25 ¢t)(r)|azt—[az]—1 }a—[a] dT
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t
<Cl(p, 4., p)(O)01+1-2 J (1491
0
X {(1 + T)[u]l((p’ 0., ¢t)(.’:)|§_[a]_1}a—[a] de

t [a}+1-—a
< Cllg, 9=, @)(0) 1179 {J (14 )@@tz dt}

0

t a—[a]
X {J‘ (1 +T)Ia]|(¢a @z (01)(‘5)|§—[a1—1d’f}
0]

t

[e]l+1—a
< Cllg, %%)(WI?{J (1+7) @ imvi+i=e df} : (5.7)

0
Now putting
y=a+e (5.8)

for any ¢ > 0, a simple computation yields the last integral in (5.7) as

t
J (1 + T)f([a]+1—v)/([a]+1—a) dr = M [(1 + t)£/([a]+1—a) _ 1]
£

(4]
S C(1 + p)f/@=+iza), (5.9)
Applying (5.8), (5.9) and (5.7) to (5.5) gives us

t

(1+ " ll(e, 0, ) (O] + L 1+ |(g,, 0)@)||* de

sC{ll(¢, ., p)(0)|?

t

[a}+1—a
+(@+2)lg, 9-, (pt)(o)ﬁ(f (14-7)~ T/t "‘)dr> }

0

< C{li(@, 9, p)O)P+(1+2)F|(p, ¢., 0.)(0)12}
< C(1+2¥{ll(@, 9., 9O + o, 92, 0 )(O)Z}.

Since

(@, @2, 2Ol < l(@, ¢=. 9)(0)I3,
we have the following lemma:

Lemma 5.2. For any ¢> 0,

t

(L+ 6 li(p, 02, @)D + f (1 + " 1(p., p)()|1* dr
0

<CU+ 000 p) O (5.10)
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namely,

t

1+ 01, 02, 2 )OI + (1 +1)7° J (1 +79" (g2, 9 )@ de
0

< Cl(p, 9., 0. )(O)2. (5.11)

Using Lemma 5.2, in a similar way as in Lemma 5.2 we can show the following
estimate. The details are omitted.

Lemma 5.3. For any ¢ >0,
t
(1+ 11 1102p, 02 9)DI* + (1 +1)* J (140" 0%p.. @) (@)1 de
0

< Cl(@s 02, 2)0) 12 + (g, 9., 2)(0)Z), [=1,2. (5.12)
Thus, we can easily prove the a-priori estimate as follows by Lemmas 5.2 and 5.3:

LemMmA 5.4. For any ¢ >0,

t

L+t le@I3+ leDIZ+(1+07° j I+ (le@3 + llex)3) dr
0

= Cll@oll3 + llpallz + 190l o + |94 12)- (5.13)
This lemma implies Theorem 3.2.

6. Remark

The same method can be applied to the study of convergence rates in both algebraic
and exponential forms for the strong detonation travelling waves for a viscous
combustion model

(u+ qz); + f()x = B,
z,= —Kop(u)z,

where g, § and K are given positive constants. The stability of travelling waves for
this model was studied in [11] and a convergence rate was given in [ 18].
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