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1. Introduction and main results

We study the p-system of hyperbolic conservation laws with nonlinear damping

Vt - le - 0,
x,t)eR xRy, 1.1
{ut+p<v>x=—au—ﬁ|u|q—1u, .0 + (D)
with the initial value condition
(v, u)(x, t)|t=0 = (vg, ug)(x) > (V4,u4) as x — £o0, (1.2)

which models the compressible flow through porous media with nonlinear dissipative external force
field in Lagrangian coordinates. Here, v = v(x,t) > 0 is the specific volume, u = u(x, t) is the velocity,
the pressure p(v) is a smooth function of v such that p(v) > 0, p’(v) < 0. A typical example, in the
case of a polytropic gas, is p(v) = v™¥ with y > 1. The external term —au — B|u|9"'u, called the
nonlinear damping, appears in the momentum equation, where o > 0 is a constant, 8 # 0 is another
constant but can be negative or positive, ¢ > 1 is a given number, and —g8|u|9"'u is regarded as a
nonlinear perturbation to the linear damping —«u. v+ > 0 and u. are constant states.

According to Darcy’s law, the solutions (v, u)(x, t) of (1.1) and (1.2) are expected to behave time-
asymptotically as the self-similar solutions (v, u)(x,t) = (v, u)(x/+/1+t) of the following (parabolic)
porous media equation

_ _ 1
- =0, V= —— Vv
{ Vet _or Ve ap(v)""’ (x,t) e R x R, (1.3)
p(v)x = —ou,

p(V)x = —ail,
with
v, u)(x,t) > (v4,0) as x — =o0. (1.4)

Such self-similar solutions (v, u)(x/+/1+t) are usually called nonlinear diffusion waves of the p-
system (1.1). The existence of the self-similar solutions was proved by C.T. Duyn and L.A. van Peletier
in [2]. To prove the convergence of the solutions (v, u) to the diffusion waves (v, u) with small |u|
is one of our main purposes in this present paper. The other target is to show that the solutions
(v,u)(x,t) will blow up when |uy]| is large.

When g =0, the system (1.1) is linear damping. In this case, Hsiao and Liu [3] first showed
the convergence to the diffusion waves in the form of ||(v — v, u — ) (t)||zc = O(1)(t~1/2,t71/2),
then Nishihara [15] succeeded in improving the convergence rates as |[(v — v,u — u)(t)||po =
O (1)(t—3/4,t=>/4). Furthermore, by constructing an approximating Green function, Nishihara, Wang
and Yang [19] and Wang and Yang [21] improved the rates as |[(v — vV, u —i1)(t)||z = O (1)(t~1, t73/2),
which is optimal in the sense comparing with the heat equation. For other studies related to this
topic, we refer to [1,4-6,8-10,16-19,22-25] and the references therein. In [8], Li and Saxton consid-
ered a more general (quasilinear) system

{vt — (h(v)u), =0,
U +0o(W)x = f(vu,

where ¢’(v) <0, h(v) >0 and f(v) <0, and obtained the convergence of the solutions to the cor-
responding diffusion waves. Although the damping term f(v)u is nonlinear, the nonlinearity f(v) is
only for v but not for u. Regarding the damping effect which is essentially governed by u for the
second equation, the damping term f(v)u is still linear with respect to u. So, the convergence to the
diffusion waves obtained in [8] is still regarded as the case of linear damping.
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When g # 0, the damping effect is nonlinear. The study in this case is very limited as we know.
The convergence to the nonlinear diffusion waves has been recently investigated by Zhu and Jiang
in [26] under the stiff condition uy =u_ =0 for g > 3 with the less sufficient convergence rates
as |(v — v, u — ) (t)||i= = 0(1)(t—3/4,t73/4), see also the boundary case by them in [7]. The main
difficulty as they mentioned is hard to construct a pair of correction functions to eliminate a gap be-
tween (v,u)(x,t) and (v, u)(x,t) at x = 400, so then they needed to assume u, = u_ = 0. However,
by a deep observation, we succeed in this paper in constructing such a pair of correction functions
such that we can obtain the convergence to the nonlinear diffusion waves without the restriction
uy =u_ =0, and also we can release q > 5/2. Furthermore, as showed in [21], by the technique
of constructing a minimizing Green function, we can improve the convergence rate to be optimal:
l(v—v,u—u)t)|1~ =01, t~3/?). In what follows, we introduce how to construct the correc-
tion functions and how to set up properly the working equations.

For a given diffusion wave (v, u)(x,t), we consider its shifted diffusion wave (v, u)(x + xg, t) with
some shift constant xg, which will be determined later. First of all, we are interested in the perturba-
tion of (v, u)(x,t) — (v, u)(x+ Xp, t). From the first equation of (1.1) and the first equation of (1.3), we
have

(v—v)r—(u—u),=0. (1.5)
Integrating (1.5) over (—o0, co) with respect to x, and noting (1.4), we obtain

% f [v(x,t) = V(x+ X0, t) ] dx = [u(+00, t) — iI(400, )] — [u(—00,t) — ii(—00, )]

=u(4o00,t) —u(—oo,t). (1.6)

In order to get u(+oo,t) — u(—oo,t) =0, Zhu and Jiang [26] had to assume u_ = u, = 0. Because
this yields u(+o00,t) = u(—o0,t) = 0. However, for any given constant state u., it usually holds
u(+o00,t) — u(—oo, t) # 0. To overcome this difficulty, we need technically to construct a couple of
correction functions (v, i1)(x, t) so that we can eliminate the gap of u(+oo,t) — u(—oo,t).

First of all, we investigate u(£o0,t). Let

uT(t) :=u(doo,t) = im u(x. o). (1.7)

Taking the limits to the second equation of (1.1) as x — £o00, and noting that p(v)y will be vanishing,
then we find that u®(t) satisfy formally the following modified Bernoulli’s ODEs:

%ui(t) = —au* () — Blur )" @), >0,

uT(0) = u(o00,0) = ug(+o0) = u.

(1.8)

Using the method of separation of variables, by a straightforward but tedious calculation, we can
exactly solve (1.8) as (for the details, see Appendix A in the last section)

Cie—at

u®(t) = :
(1 §(ICelemanya=)aT

: (1.9)

where Cy are the integration constants. In order to avoid the solution to blow up at a finite time, we
need to restrict C+ in (1.9) to be 1 > %|Ci|q_1, namely,

[C1] < (%)H. (1.10)
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Determining by the initial conditions in (1.8),

Ct
Uy = 1
(1= £ICsla-yaT

’

which implies that C+ and ui both have the same signs, i.e., sign(C+) = sign(u+), then we further
specify

Ut

Cy= —. (111)
(1+ Blugla-)a
From (1.11), the restriction (1.10) is equivalent to
':ﬂmiw—1 < ‘1 + §|ui|q—1 . (1.12)

Note that, when g > 0, the condition (1.12) automatically holds. While, when g8 < 0, (1.12) is also true

if we ask
| ( a )1/((1—1)
uj: < - )
2|81

which implies that |u4| needs to be suitably small. Thus, if |u4| <« 1, then (1.12) is always true, and
there is no blowing-up for u®(t).
Substituting (1.11) to (1.9), we obtain

—ot
uE(t) = txe . (113)
1+ Blug|a=11 — e—e@-Drp 7T
Obviously, it holds
lu(oo, )| = [uF(®)] ~ 0O(DJusrle " ast— cc. (1.14)

Next is to construct the correction functions such that we can eliminate the gap of u(+4o0,t) —
u(—oo,t) in (1.6). Let us consider the function i (x, t) such that

di _ ol — BlUl7'd, xeR, teR
dt ’ ’ * (1.15)
fi(x,t) - ut(t) as x— =+oo.
As shown in (1.9), we can similarly solve (1.15) as
. m(x)e %t
ux,t)= @ , (1.16)

(1 = E{im(ole-arja=1)

where m(x) is an integration constant (with respect to t). Note that ii(x, t) — u®(t) as x — +oo, we
further confirm

m(x) - C+ as x — too. (117)
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Let mo(x) > 0, mo(x) € Cg°(R) and ffooo mo(x) dx =1, then we construct the desired function m(x) as

m(x) :=C_+ (C4+ —C-) / mo(y)dy. (1.18)

It can be verified that m(x) is sufficiently smooth and satisfies (1.17) as well as

1

=
m@o| < minf|C4 1. 1C_[} < (%)q , (119)

which ensures no blowing-up for (x, t).
Now we are going to construct another correction function V(x, t). Let

t t

W(x,t)::/ﬁx(x, 7)dt = {/ﬁ(x, ‘L’)d‘L’}
0 0 X
L —T
:{/ mxje : dr}
5 (1= Zlmeleera=haT ],
t
mx)e %t
= / —dt
{O (1= E[VIm)? e-erje-1)aT }
t
= {/ m(x) e : dr} [change of variables: s =m(x)e 7]
y (1= ElVIm@eorRp-nHzt ],
. m(x)e”*t ’
={ - — —ds
{ b e (= ElslehE }
/ / —ot
_ me m (x)e . (1.20)
a1 - Lime)e- a1 a1 — E[im(y)je—atja-1)aT
Define
/ —uot /
b t) = — m (x)e . = me (1.21)
a(1— Glimeole=etj=1)a a(1— gIm@=1) T

we then have w(x,t) =n(x)+Vv(x,t) and V¢ = w¢. From (1.20), i.e., W; = Iy, we further obtain V; = ily.
Thus, the constructed correction functions (v, @i)(x, t) satisfy

e (122)
Uy = —att — Bul.

Therefore, from (1.1), (1.3) and (1.22), we get

{(V—V—V)t_(u_u_u)x=0’ (1.23)

W—1 -+ [pv) —p(¥)], = —a@—i—) — B(jul""u— i 'd) — a,
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where (v, u) is the shifted diffusion wave (v, u)(x + xg, t) with the shift xo, which will be specified

below.
To determine the shift xg, let us integrate the first equation of (1.23) over (—o0, o0) with respect

to x,

% / [vx.t) = V(x+ X0, 1) — V(x, )] dx

= [u(+o0,t) — li(+00, t) — li(+00, )] — [u(—00, ) — i(—00, ) — lI(—00, )]
=[ut®) -0—ut®]-[u"®) —0—u"(®)]

09

and integrate the above equation with respect to t to have
o o0
/ [vx,t) = V(X +x0,t) — V(x, 1) ] dx = / [Vo(x) — V(x +x0,0) — V(x,0)]dx =: I(x0). (1.24)
—00 —00

Now we are going to determine xg such that I(xg) = 0. Since

/ 9 i > 5
I'(x0) = %< / [Vo(x) — V(x+x0,0) — V(x,0)] dx)
=_ / V(x4 X0, 0)dx = —[V(00, 0) — V(—00, 0)]
=—(vy —v_), (1.25)

we have

X0

I(x0) — 1(0) = / I'(y)dy = —(v4 — v_)no.
0

which gives, with I(xp) =0, that

X0 = él(O) = # / [vo(x) —V(x,0) —v(x, O)] dx. (1.26)
Vy —V_ Vy —V_

Define

X

V(x, t):= /[v(y,t) — V(¥ +x0,0) = V(y,0)]dy, (1.27)

z(x,t):=u(x,t) —u(x +xg, t) — u(x,t),
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and

X

Vol i= /[vo<y>—v<y+xo,0)—v(y,O)]dy,
Zo(X) :=ug(x) — u(x + xg, 0) — u(x, 0),

we deduce (1.23) into

Vi—2z=0,
ze+ (p'(V)Vy), =—az—F1 — F3,
(V. 2)|t=0 = (Vo, 20) (%),

where

1 _ i} .
Fii=——p@u+ {P(Vx+V+0) = p(¥) — p'(V)Vi},

Fp:=gz+u+1u)—gl)=g(Ve+u+1)—g),
g(u) == Blul?u.

Instead of (1.1) and (1.2), we study the initial value problem (1.29).

1281

(1.28)

(1.29)

(1.30)

(1.31)
(1.32)

Notations. Before stating our main results, we give some notations as follows. Throughout the paper,
C > 0 denotes a generic constant, while C; >0 (i=0, 1,2, ...) represents a specific constant. L%(R) is
the space of square integrable functions, and H*(R) (k > 0) is the Sobolev space of L2-functions f(x)

whose derivatives dd—); f,i=1,...,k, also belong to L%(R). The norms of L%(R) and H¥(R) are denoted

as || fllizwy and || fllyxw), respectively. For the sake of simplicity, we also denote ||(f, g, h)ll

2 —
[2(R) —

IIfIIfZ(R) + IIgII%Z(R) + ||h||i2(R). Let T > 0 and let B be a Banach space. We denote by C°([0, T]; B)

the space of B-valued continuous functions on [0, T], and L?([0, T]; B) as the space of B-valued L?-
functions on [0, T]. The corresponding spaces of 3-valued functions on [0, co) are defined similarly.

Our first result is as follows.

Theorem 1.1 (Convergence). Let q > 3, (Vo, z0)(x) be in H*(R) x H2(R), and u 4 satisfy

a 1/(q—1)
lut| < (—) .
2|B]

There exists a number &1 > 0, when the initial perturbation and
8=V — V| + [uy] + [u_|
are suitably small such that
8+ IVollgsw) + 20l p2r) < €1,

then the global solution (V, z)(x, t) of (1.29) uniquely exists and satisfies

V(x,t) € CK(0,00; H**(R)), k=0,1,2,3,  z(x,t) e C*(0,00; H**(R)),

(1.33)

(1.34)

k=0,1,2,
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and

Z(1+t) |kv @) LZ(R)+Z(1 + 02 [0¥2(0) | 12 g,

k=

t
+ f [Za +9 oV s | o) + Zﬂ +5) Hakz@HLz(R)} s

k=0

0
C(”VOHHB(R) + ”ZO”HZ(R) + 8) (135)

Furthermore, (1.35) can be improved as the following optimal convergence rates

Ha,’fva)HLz(R) C(IVoll3 + llzoll3 +8) (1 + H=i"%, k=0,1,2,3, (1.36)

k

Hakz(t)HLz(R) C(IVoll3 + llzoll3 +8)(1 + 467373, k=0,1,2. (1.37)

Notice that Vy =v—V—V, z=u—u—1, and use (1.16) and (1.21), i.e., |V (x, t)|, | (x, )| ~ O (1)e™“¢,
and Sobolev’s embedding inequalities | f 1o ®) < «/§||f||¥fR)||fx||¥fR), we immediately obtain the
following decay rates.

Corollary 1.2 (Convergence to diffusion waves). Under the conditions in Theorem 1.1, the system (1.1) and (1.2)
possesses a uniquely global solution (v, u)(x, t), which converges to its nonlinear diffusion wave (v, u)(x +
Xg, t) in the form of

|(v =) HLOC(R) =0+t~ 1, (1.38)

[ =)O ooy = OMA+D72. (139)
The rates showed in (1.38) and (1.39) are optimal.

If <0 and |ug| > (2)1/@—1), then, from (1.13), u(£o0, t) will blow up at the finite time t,, :=

1 |Bllus 9!
@D " Bl o
blow up at a finite time.

. Since |lu(t)||rer) = |u(foo, t)|, we immediately recognize that (v, u)(x,t) will

Remark 1.3. When g8 < 0 and

o 1/@q-1)
lus| > (IITI) , (1.40)

then the solution (v, u)(x,t) of (1.1) and (1.2) does not globally exist, and

lim | (v, u)(®) ] o = 00, (1.41)
t—t,
where
q—1
0<t, < Bllu| (1.42)

n 5 .
a@—=1)  |Bllutl™ —«a
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The paper is organized as follows. In Section 2, we prepare some preliminaries, which are useful in
the proof of theorems. Section 3 is devoted to the proof of the convergence of the solution (v, u)(x,t)
to the nonlinear diffusion waves (v, u)((x + x9)/+/1 +t) (i.e.,, Theorem 1.1). The adopted approach is
the elementary energy method together with the technique of approximating Green function.

2. Preliminaries

In this section, we are going to introduce some well-known results, i.e., the decay rates of the
nonlinear diffusion waves (v, i1)(x, t), the decay rates of the correction functions (v, u1)(x, t), and the
fundamental properties of the linear damped wave equation.

Let (v,u)(x,t) = (v,u)(x/~/1+t) be the self-similar solution of (1.3) satisfying the “boundary”
condition (1.4). It has been proved in [2] (see also, for example, [3,26], etc.) that the so-called nonlin-
ear diffusion wave (v, u1)(x, t) exists and behaves as follows.

Lemma 2.1. For each p € [1, o], it holds

_ _(k_ L
|57 | oy = ODIve —vo (A +07 272, k=1,2,3,..., (2.1)
k= - -5
[5a©®) ] p gy =0MIvy —v_[A+07" 272, k=0,1,2,3,..., (2.2)
ks (52—
|57 | oy = OV —v_| (14072 7% k=0,1,2,3,..., (23)
ko -2 -5
|9t pgy = 0MDlve —v_ |+ 2 72, k=0,1,2,3,.... (2.4)

As shown in (1.16) and (1.21), where m(x) and C., defined in (1.11) and (1.18), respectively, are
bounded, the correction function (v, t1)(x, t) can be immediately confirmed to satisfy

Lemma 2.2. It holds

VO ooy = 0DV —v_le™™, (2.5)

||ﬁ(t)||Lw(R) = 0 (1) max{|uy|, Ju_|}e*". (2.6)

Furthermore, we introduce the following famous lemma, which can be founded, for example, in
[10,11,13,20].

Lemma 2.3. Leta > 0, b > 0. If max(a, b) > 1, then

t
f(l +t—5)"%1+5)Pds=0(1)(1 + )~ min@b, (2.7)
0
If max(a, b) = 1, then
t
/(1 +t—95"%1+5)Pds=01)1 + )" ™M@ |52 4 p). (2.8)
0

If max(a, b) < 1, then

t
f(1 +t—5)"%1+s)Pds=01)1+t)!79P, (2.9)
0
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3. Proof of Theorem 1.1

Substituting the first equation of (1.29) into the second equation of (1.29), we obtain

{vn+avt+(p’(0)vx)x=—ﬂ —F, (¢ eRxRy, (3.1)

(V, Vo)l=o = (Vo, 20)(x), x€eR.

It is known that Theorem 1.1 can be proved by the classical continuation method based on the local
existence and the a priori estimates. The local existence of the solution for (3.1) can be obtained by the
standard iteration method (cf. [12,14]), so we will omit its details. To establish the a priori estimates
for the solution usually is technical, which will be the main effort in this section.

Let T € [0, oo], we define

3 2
N(T)> = sup {2(1+t)k||aj§V(t)||f2(R)+Z(1+t)"+2||a,’§vt(t)||f2(R) . (32)
ST k=0 k=0

We first establish the following basic energy estimate.
Lemma 3.1 (Basic energy estimates). It follows that

t
[V Vi VOO oy + / [ (Ve VOO | 2y 5 < C(IVO I3 gy + 1200122 ) + ) (3.3)
0

provided N(T) + 6 < 1.

Proof. Multiplying (3.1) by AV + V; with small constant 0 < A <« 1, we have

{E1(V, Vi, VO ), + E2(Va, Vo) + {E3(x, )}, = —(F1 + F2) AV + V), (34)
where
E1(V, Vy, Vo) :=%v3+wv[+az—’\v2— %p’(\'/)v,%, (3.5)
Ea(Vy, Vo) := (@ — M)VZ + [—Ap’(\‘/) + %p”(\_/)\_/ti| V2, (3.6)
E3(x,t) :=p'(V)Vx(AV + Vy). (3.7)

Notice that p’(v) <0. When A <« 1, |[vy — v_| <« 1, the following estimates hold
C1(VZ+ Vi + V) SE1(V, Vi, V) S G (V2 + Vi + VP, (38)

for some positive constants C; (i =1, 2, 3). Integrating (3.4) over R x [0, t] with respect to x and t, we
have
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t

[V, Vi VOO | 2oy + / [V VoY) 2o d
0

t
C(IVollF g + 12011725, +9) +c// |F1] =+ [F2l) (MV] + |V¢]) dxds.
0

As shown in [9,15,26], we can estimate

t

0 R

+ClIVoll2 g + C[1+ N®]s.

R)
Now we are going to estimate the second part of the last term in (3.10). Notice that
|Fol = |g(Ve+u+ 1) — g(@)|

SCIVe+a|(JVe +al?= ! +1a)7 ")

SC(IVel®+ [l + (a7 Vel + 1219 Hal),

we have

t
//lel(k|V|+|Vt|)dxds
0 R

t
< C//(Ivth + ]+ @9V + 12T Hal) (A V] + [ Vel) dxds.
0 R

From (3.2), we can first estimate

t

[ [ vineavis v axas <. sup (Ve |G [V O i) [ 1V e, 8

0 R
t

+ SUP ”Vf(s)”LOO(R)/” Vf(s)”iZ(R) ds

<<
St
0

< CN(DH! f [Ve®) 2z, ds.
0

Notice from (3.2) that

1 1
[V 1oy < V2IVO | Loy VxS | 2y < ENOQ +5)74,

1 1
H Vt (S) H L (R) g \/EH Vt (S) HI?Z(R) ” VXt (S) H 52 ®) < CN(t)(l + S)_% )

t
//|F1|(A|V|+|vt|)dxds<cw(r)!}vxmuz+c[a+N(t>]/Hvx(snﬁz(R)ds
0

1285

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)
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and (2.2), we then obtain

t

t
ffwﬂMw+wawm J IV Ol + 1V i O e
0 0
t

SCN@®|vy — v_l"f[(l 4577+ (1 +s)—%](1 +s)—? ds
0

5
<Clvy —v_|IN(t), forq> 5" (3.17)

Furthermore, notice (2.6), we can similarly prove

t t

//Iﬁlq_llvrl(klw+|V[|)dxds<

0 R

/|vt|(x|V|+|vt|)dxds

t
Cllugl + lu_l) lfe—a(q ns[ \V(S)HLZ(R)“‘Hvt(s)”LZ(R)]
0

Cllugl+u )" N©®?, (3.18)

and

t
//| “Na|(MV]+ |Vl dxds
0

/“u(s)HLOO(R)/|ﬁ|(A|V|+|VE|)dxds

t
<CQuet+ 1) [ e ) o [V O 2y + V265 3
0

C(lusl + lu—))""Jvs — v_IN(O. (3.19)
Substituting (3.14), (3.17), (3.18) and (3.19) into (3.13), we obtain

t

//IFzI(A|V|+|vt|)dxds

0 R
<ENOT [ Ve [ + €l = v- 1N
0

+ Clupl + lu_ ) NO + Clup |+ Ju_ )" vy — v ING). (3.20)

Substituting (3.11) and (3.20) into (3.10), and taking N(t) + 8 < 1, where § = |[v —v_|+ |uy |+ |u—_|,
we finally prove (3.3). The proof is completed. O
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Lemma 3.2 (Higher order energy estimates). It holds that

2 2
| (Vi Vi, Vi) O] 2 ) + f | Vi, Vi) )] 2y d5 < C(IVoll gy + 120l gy +8)  (3:21)
provided N(T) + 8 <« 1.
Proof. Similarly, let us differentiate (3.1) with respect to x and multiply it by Vy, then integrate the

resultant equation over R x [0, t] with respect to x and t. Applying the basic energy estimate (3.3), we
can further prove the higher order energy estimate (3.21). Here we omit the details of the proof. O

Lemma 3.3 (Decay rate for V). It holds that
2 2

provided N(T) + 8 <« 1.

Proof. Multiplying (3.1) by (1+41t)V; and integrating it over R x [0, t] with respect to x ant t, we have

(1 th)f[vt2 - p’(v)vﬁ]dx+2af(1 +9) vt(s)||i2(R) ds

t
=/[zg p'(v(x,0))V§,] dx+// — p'(V)VZ]dxds
0

R

t t
_/(1 +s)/p”(\7)\7tvfdxds—2/(1 +s)/(F1 + F)Vidxds. (3.23)
0 R 0 R

From (3.3), we can estimate

t
f f V2~ ' (@)V2]dxds < f [V VOO oy 5 < C(IVOI 1) + 20l gy +6), (3:24)
0 R

and notice |V¢| ~ 0 (1)(1 +t)~3/2, we further have

t t
/(1 +s)/p”(\7)\7tvf dxds < C/(l +957 172 Vx(s)Hiz(R) ds
0 R 0

/ || VX(S)”]_Z(R) ( |VO||H1(R) + ”ZOHLZ(R) +8) (325)

For the last term of (3.23), as exactly shown in [15], the first part on F1 can be estimated as
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t
/(1 —|—s)fF1thxds
0 R

t
2 o 2
<ENOA+0[Vx®O |2y + 5 /(1 +9)[Ve() |2, ds
0

t
+ CSN(t) f(1 +5) | Vx(s) ||f2(R) ds + C (| Voll31 ) +9)- (3.26)
0

While, the second part on F; in the last term of (3.23) is estimated as

t t
/(l +s)/szfdxds < C/a +s)/[|vt|q+ 19+ 119 Vel + 11 @[] Ve | dxds
0 R 0 R

t t
< C/(l+s)HVt(s)Hzool(R)/|vt|2dxds+C/(l+s)HVt(s)HLOC(R)/|ﬁ|quds
0 R 0 R

t t
A -1 N -1 A
+C/(1+s)”u(s)H‘Zoo(R)/|Vt|2dxds+C/(1+s) u(s)”'zoo(R)/lthldxds
0 R 0 R

=11+ 1)+ I3+ 4. (3.27)

Thanks to (3.16), we first have

5(@-1

t
I1<CN(t)q_1/(1+S)(1+5)_ 7 ||Vt(5)||f2<R)d5
0

t
< CN(D)T! / A +9| Ve |2, ® ds- (3.28)
0

1 1
Notice also from Lemma 2.1 that [|u(s)||rawr) < Clvy—v_|(1 +s)_(7_ﬁ), and notice q > 5/2, we then
estimate

t
I <CN(®) f A+ +577 |a(5)| ) ds
0

t
2q—1
<Clvy — v_|qN(t)/(1 +5)" 7 ds
0

< Clvy —v_[IN()

<81, for N(t) < 1. (3.29)

Applying Lemma 2.2, we further estimate I3 and I4 as
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t
I3 < C[max{lu], |u,|}]q_1 /e‘“(q_l)s(l +53)| Vt(5)||i2(R) ds
0

t
<o / (1+9)|Ve) |2, ds. (330)
0
and

t
I4 < C[max{lu4|, |u_|}]q_1 /e“"(q_l)s(l +5)[[|acs) ||i2(R) + | Vets) ||i2(R)]ds
0

t
<csit et / A +35)|Ves) |5 & 45- (3.31)
0

Substituting (3.28)-(3.31) into (3.27), we obtain
t t
/(1 +5) / FoVedxds < C(8948971) + C[N@®)I™" +8971] /(1 + )| Ve(s) H;(R) ds.  (3.32)
0 R 0

Applying (3.24)-(3.26) and (3.32) into (3.23), we finally prove (3.22) by providing N(T) +8§ < 1. O

For the following estimates, since the proofs are similar to the previous three lemmas, we give
only the outline of the proofs, and omit their details.

Lemma 3.4 (Decay rate for V). It holds that

t

(1402 (Vi Vo) (O 2y + f [A+9[Vix®) |2 + 1+ Vae) |2 gy d
0

< C(IVoll3 gy + 120131 ) + ) (3.33)
provided N(T) + 68 <« 1.

Proof. Differentiating (3.1) with respect to x, and multiplying it by (1 + t)Vy, then integrating the
resultant equation over R x [0, t] with respect to x and t, as shown in Lemma 3.3, we can similarly
prove that

t
1+ (Ve Vi Vi) O | Lo ey + / (1+9) ] (Vat. Vi) ) | 12 d
0

< C(IVollfagg, + 120031 gy +93) (334)

provided N(T) 4+ 8§ « 1. Furthermore, by taking 8x(3.1) x (1 +t)?Vy and integrating it over R x [0, t]
with respect to x and t, and applying (3.34), we then obtain
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t
1+ 02 (Vi Vi) O oy + f (1492 | Vae®) | 12 ds
0

< C(IVoll3 ) + 120131 ) + 8) (3.35)
provided N(T) + é « 1. Thus, combining (3.34) and (3.35) gives (3.33). The proof is completed. O

Lemma 3.5 (Decay rate for Vyxy ). It holds that

t

(1 +02 | (Vi Vi) O 12y + / [+ 92 Vi) | 2y + 1+ 9 [V ) 2y ] d
0

2 2
< C(”VO||H3(R) + ||ZO||H2(R) + 8) (336)
provided N(T) + 6 <« 1.

Proof. In the same manner of Lemma 3.4, by calculating fot fR 83(3.1) x (1 4 t)2Vy dxdt, we first
have

t
(1402 Vi, Viosws Vi) O 12y + f (1452 (Vaat, Vioo) ) [ 2z S
0

< C(IVolls ) + 12013 ) +8) (3.37)

provided N(T) +8 < 1, and by calculating [ fp 82(3.1) x (1+1)Vyy dxdt, we further have

t
(1402 (Vi Vi) O 12y + f (1452 | Vit ) 12, 5
0

< C(IVoll3 gy + 120131 ) +8) (3.38)
provided N(T) + 6 « 1. Combining (3.37) and (3.38) deduces (3.36). O

Lemma 3.6 (Decay rate for V). It holds that

t
1+ 02| (Ve Vae Vi) © | o gy + f (1+ 92| (Va. Vi) (9) | 12
0

< C(IVollf gy + 120131 ) + ) (3.39)
provided N(T) + 6 <« 1.
Proof. Differentiating (3.1) with respect to t to have
Viee + Ve + (p'(V) Vx)xt = —Fit — Fa, (3.40)

and multiplying (3.40) by AV + Vi (A < 1), then integrating it over R x [0, t] with respect to x and ¢,
and using Lemma 3.2, we first have
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t
|(Ve, Vi, vtt)<t>||§2(R) + f |(Vae, Vi) (5) ||f2<R) ds
0

<C(IVollFzg, + 120031 g, +5) (3.41)
with small N(T) + 6.

Secondly, multiplying (3.40) by (1 +t)(AV: 4+ V¢) (A < 1), and integrating it over R x [0, t], and
using the above estimate (3.41), we obtain

t
A +0] Ve, Vi, Vi) O 2y + / (1+9) (Vat. Vi) ©) | 12 d
0

< C(IVoll g, + 120031z, + ) (342)
with small N(T) + 6.

Finally, multiplying (3.40) by (1+t)?>(AV+ V) (0 < A <« 1), and integrating it over R x [0, t], and
using the above two estimates (3.41) and (3.5), we obtain

t
1+ 02 (Ve. Vi Vi) O oy + / (1492 | (Vaa. Vi) (9) [ 12, 5
0

< C(IVoll3 ) + 120131 ) + ) (3.43)
with small N(T) + 8. The proof is completed. O

Lemma 3.7 (Decay rate for Vy ). It holds that

t
(1 +02 | (Vae. Vi) O oy + / (1+9°[Ver) | 2, 5
0

< C(IVollf ) + 120131 gy + ) (3.44)
provided N(T) + 8 <« 1.

Proof. Multiplying (3.40) by (1 +t)3V, and integrating it over R x [0, t], then using Lemma 3.6, we
can obtain (3.44). O

Lemma 3.8 (Decay rate for V). It holds that

t

1+ 0% Vi, Ve O [ 12 ) + f [+ 93 Vit ®) [ 12 ) + 4+ 94 Var )| 2y ] 5
0

< C(IVollds gy + 12013 ) +8) (3.45)

provided N(T) + 6 < 1.
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Proof. In a similar way as before, differentiating (3.40) with respect to x, and multiplying it by
(14 t)*Vy, and then integrating the resultant equation over R x [0, t] with respect to x and t, also
using Lemmas 3.2-3.7, we can prove (3.45) provided N(T) +§ <« 1. O

Based on Lemmas 3.1-3.8, we have proved (1.35) in Theorem 1.1. Next, we are going to adopt the
technique of approximating Green function to obtain the optimal decay rates (1.36) and (1.37).
As in [19], we rewrite Eq. (3.1) as

aVe—(a(x,t)Vy), =—F1 — Fy = Vq, (3.46)
where a(x,t) = —p’(v(x,t)) > Co > 0, and construct a minimizing Green function as
1/2 2
o —o(x—
CXGY.)=\ T exp =) ; (3.47)
4ma(x, t)(t —s) 4A(y,s, )t —9)

where A(y,s,t)=—p'(v(n)), v= \7(%%) is the diffusion wave in the form of self-similar solution,

and 7 is defined as

_{y/«/l-i—s, s>1/2,
= y/JT+E/2, s<t/2.

Then the solution of (3.46) can be written in the integral form

o0

Vixt) = / G t: y, O)Vo(y) dy

—0o0

t oo
+or1/ / G, 3. [~ F1(y.5) — Fa(y.5) — Vis(y. )] dy ds
0 —o©
o0

t
+/ch(x,t; y,s)V(y,s)dyds, (3.48)
0

—00
where
Ro(x,t;y,8):=Gs(x.t; y,5) +a {a(y, )Gy (x,t; y,9)} .

Differentiating (3.48) with respect to x and t, we have, for [ <1, k+1<3,

o0

alokv (x,t) = alak f G(x,t;y,0)Vo(y)dy

—00

—a1alak G, t;y,s)F1(y,s)dyds

‘ Cl’\ﬁ
g T—g 8T—3

—a1alak

G(x,t;y,5)Fa2(y,s)dyds

o
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t oo
—a—1a£a,’§f / G(x.t; Y, 5)Vss(y, s)dyds

0 —o©

t oo
+8f8,’f//RG(x,t;y,s)V(y,s)dyds
0 —o©
LK Lk | Lk | L} Lk
=17 4+ LI+ I (3.49)

Based on the estimates obtained in (1.35), and by applying the decay of the approximating Green
function G(x,t; y, s), as exactly showed in [19], we can further prove, for [ <1, k+1<3,

[ 2y = O + )75, (3.50)

|5 12y = 0D + 07775, (3.51)

”’leikHLz(R) —oMmA+0 175, (3.52)
Lk _ 1k

15"y = 0DHA+0)73772, (3.53)
Lk 1k

|12 ”LZ(R) =0(MHAA+) 2 2. (3.54)

The details are omitted.
Combing (3.49)-(3.54), we then obtain the optimal rates (1.36) and (1.37), namely,

Lemma 3.9 (Optimal decay rates). It holds that

|05V ©) ] oy = 0DA+07375, k=0,1,2.3,

|0 Ve 120, = 0(DA+0775, k=0,1.2.
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Appendix A

In this appendix, we give the detailed proof for finding the solution (1.9) to the ODE (1.8). The
approach adopted is the standard method of separation of variables.
Let us consider the following modified Bernoulli’s differential equation

d _
fO=—af©-plro|"" fO. (A1)
It can be separated as

df

S . ——
Fa+ L
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and can be reduced to the form of partial fractions

B fia—2Ifl
1 Glflio
(— - u) df = —adt.
o1+ Lifpe
After integration, it yields
Bipa—2ll
ln|f|—/.7a — L df=—attcy, (A2)
1+ gl fla1

where Cp is an integration constant. Let us define

1, if f(©) >0,

sign(/f) = { —1, if f(t) <O. (A3)
Then it holds
|fI=sign(f)f and f=sign(f)|f| (A4)
and formally
difl . df
> _51gn(f)a. (A5)
We may also treat | f| by taking
difl — f df _ df
— /f2 -
fl=yr? and S0 = g =g (A6)
Now let
—1+’3 f197T,
then, from (A.6), it can be verified that
— d ﬂ q—1 B 219-1
dh_clf( |f| )df f(lJra[\/T] )df
Lol L (e =La-nl/rr =L () ar
o df o 2,/f2 df
B q-2 f B 2 f
=—(@-1 df = -1 a-
Za-n[y/r] TS = @I
_ B g2y,
o f
where the last step we used % = % =sign(f). So, we can integrate
B -2 If] et
o f1I7 1 dh 1 g |
/1+§|f|q—1 df = =1/ " =i 1n|h|_ln|h|q 1n1+—|f| (A7)
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Substituting (A.7) into (A.2), we obtain

1
-1

B 119
In|f| —In|14+ =|f]9™ =—at+Cq,
o
which gives
|f| — = e*ateC} ,
B —1|g=1
11+ S fla= T[T
namely,
q—1
[f] _ o~ a-Dat,q-1)C1

11+ 2 f1a-1

1295

(A.8)

In order to avoid the solution to blow up at a finite time t, we need to look for a small solution f(t)

such that

B

14+ =|fl9'>0.
o

Thus, (A.8) is reduced to

_ B a1\ —@q— _
Nik 1:<1+ |f19 1) e—(@-Dat,(q 1)C1’

o

which can be solved as

fl= e
(1 - EleCreatja-1)a
namely,
fo FeCle—t _
(1 - LleCre-otja-1ya=
Let
Cy = e,
and note that |C;| = €1, we finally obtain
Che—t

[ = .
(1 = BliCo ey

This proves (1.9).

Furthermore, when |Cy| < 1, we can easily confirm |f(t)| <« 1, which ensures 1 + §|f|q_1 >0 as

we required before.
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