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ON NONLINEAR COUPLED
REACTION-DIFFUSION SYSTEMS®

Mei Ming (8 %)
Dept. of Math., Jiangzi Norm. Univ., Nanchang, China

Abstract
In this paper, the problem of initial boundary value for nonlinear coupled reaction-diffusion
systems arising in biochemistry, engineering and combustion.theory is considered.
§ 1. Introduction

We consider the problem of initial boundary value for nonilinear coupled
reaction—diffusion systems which arising in biochemistry, engineering and
combustion theory

Uy — du=f1(u, v, Dou, Dev) . @
v —dv= fa(u, v, Dy, D,v) @ HERL xRy @)
/1 I t=0=1() 3
R
v | t=0~= Q2 (W) z€ 4)
U] gpe =1 (2 ) (5)

A =1, 2, -, 7 1) ERTIXR
V| gy =Py (@), 1) G W (o) * * (6)

where 4 is Laplacian, i.e,
Az‘ﬁ";a’/wmf,
Rz ={(wy, ++, @,) E R*|2,>0, =1, 2, -+, n},
D= (Upy, Ugy ***, Us,),
Dyv= (Vg ey ***y Va,)
#,; denotes the vectoT &;= (@4, **+, Tjy, Biss, *=*, Tn) € RYTY, §=2, 8, oo, 0,51 = (@g, Ty, +++,

mn) ) In= (wlr Tgy *°* mn—i) .
For convenience’s sake, the following signs are given (z;, #;) denotes the vector

P
= (.’Di, 200y D1y Tfy Tigdy *°°y ﬂ;,,) ER’.;. and ((51;, O) denotes the vector which let ID;—_—O
in &, i.e.
P - .
(-’Ujl‘ O) = (a'd,' *tty Ty—y, 0’ Digay **°y Ti-1y Tty % %)ER:- as Z<j
(mjl’ 0) = (Oy Day **y Dj~dy Tygay zn)
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or PN
(aﬁl' O) = (1717 ety By_gy By, **y D1y O, Tpp1y° :b",.) ER’fl as l>3
@ 0) = (@1, ***y Tj-1, Bygar *** B, 0)
§=1, 2, -+, m; I=1, 2, +-, m; §%I.
‘We give some elementary hypotheses now
(Hy) f1, fa» @1, @a are real continuous functions

(Hﬁ) l)blh 'l’ﬂl e CB' : (R:-_I 1] R+)

A~ P —~
U CT V) ~%n P1;(zg, 0, 8) =0

A~ P ~
Pai(@q, 0, £) =% Pay(@q, 0, ) =0

§=1,2, <o, m;; 1=1, 2, -+, m; §%1
(Hs) P1 (5;:" ;) lc,-.. =1y (f??h t) [t:o =0
P2 (‘2:'7 T1) 0= ’4’25(‘21’ £) [s=0=0
§=1, 2, -, n.

There are many studies for reaction—diffusion equations (see[1—b5]), the main
method is usually the scheme of upper—lower solutions. We know that the method
is often based on the comparison theorem of the nonlinear systems whioh are
investigated, so it must depend on the extremal principle, but as for now the
method of upper—lower solutions cannot be used for the non—-weak coupled gituation
because the extremal prinoiple of the systems does not hold. B. G. Pachpatte® dis-
cussed coupled nonlinear reaction—diffusion equations, under very strict conditions,
he proved the existence of the solutions. In this paper, the problems (1) —(6) which
we investigate are nonlinear non-weak coupled systems, they are wider than the
problems studied by B. G. Pachpatte under certain means (our systems contain the
coupled terms of D,u and D,v). We prove the existence and uniqueness of classical
solutions for the systems under more weakly condition than in[6].In section 2, our
approach to the problems is based on converting the systems into the nonlinear
coupled Volterra-Fredholm type integral equations, then we give some sharp
estimates on the solutions and use Banach theory to prove the existence and
uniqueness of the olassical solutions for the equations. This scheme is similar to H.
Fujita™’®, Here we can avoid the difficulty of using the method of upper—lower
solutions. Finally, we will point out similar results held still for multiple coupled
equations,

§ 2. Main Result and Proof

In the section, we turn the nonlinear coupled systems into the nonlinear coupled
Volterra—~Fredholm type integral equations, then define a Banach space,and give
some sharp estimatss on the solutions (, ») in this space, moreover, use the Banach
fixed point theorem to prove that the classical global solutions exists.

Noticing the elementary hypothese (H;)—(Hg),we known that the systems (1)
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—(8) are equal to the following integral equations (see [4], [6], [8])
u(e, ) ~wa(o, D+[ df (o t; & Dfaw v Dew, Do) (€, D, (D)
o(@, 1) —u(a, 1)+ &5[ Ga b & Dfa(w v Dew Do) (€ D, (8)
for (z, ) € R. x R,, where
woo )= [ @@ b & 0p(©)i

+§J: dTJ’R’."‘ 32‘,- Gz, t; (€ 0), 7) -tsy(€s. 7Y, )
w(@ ) ={ GG 4 & Ops(©)d
+3 e G 6 G 0, Dbl D (107

G (=, % &, 7) is the Green function of the systems (1)—(6), and
Gz, t; &, 7)) = i (=)W ((=1) b2y, =y (=D, 8 €, 7)), (11)
11, 0p=0

o , ; St e
((_ ) D1y *°y (—1) Ty 1; g! T)ZWGXP{—_ 4(t—7) -
(12)

In order to look for the classical solutions of the problems (7)—(10), a fit
funoction space and several lemmas must be given.

Definition. Assume B denotes a real value functional seb

{(u, ) ERXR| (s, t)ER, xR.},

and (u, v) satisfies the conditions

(i) u(a, ), v(x, t) exist continuous first pardial derivatbives.

@) lule, D], [o(, D], [Daula, D)1, |Dev(e, 1) | <M -E(a, t+7)
for (z, t) € R. xR, where

~ 1 __l=l®
Bl t40) = gy o gy |

r ig a positive constant, M >0 and may depend on % and v.
(iii) Introduce a norm in B

|u@, )|+ [o(a@, )]+ 3| Dea(a, )|+ Do (o, £)])
{ Bz, t+71) }

(%, v)|z= sup
(&, )ERTXR
It is known easily that B is a Banach space.

We must point out that the condition (ii) is important and necessary for the
uniqueness of the solutions, because some papers gave the result of the non—uni-
queness of solutions with the condition (ii) unsatisfied (ses [10] and its references).

Lemmal.
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jkn 1G(z, 8 & v)| B, r)dé<2*"E(z, t—%+71) .
Proof. We have the following by (11)
[, 166 5 & 9156 e

<f S [t —7) ]2 (dar) 2
R? 11, 1, =0

S-Dia—E 28
-exp{— =0 —5 }d§

~n —n/a 7] f‘iz 62'7‘
< @) E—)r)™ ‘gl{expl:— 4(t—7) * 4(t—7)w(t—'r+rr5]

f; 1,,-$,=oexP[_(v L=y S (- Dy o o) "”‘)s}df‘}

< (4m)~[(E—7)r] " g{exp[ ﬁm]

( i+r— 'r)—'%' : \/;}

4/r'(t T) .1,,...,;,.=o 2
<2 H(w, t—v+7).
Let
Vi(s, ) = Sbsy@y ) =€ RLIER,, (13)
Uy(a, 1) =§¢,,(5,, ) zCR:, tCR,. (14)
Since
Q= % & %) |=e=0, §=1,2, -, n (15)
2 G+§ ggz G=0, (16)
G(z, 3; &, 8) |0, (17
Noticing (H;) so we obtain
U (@, t)1=0=0, ¢=1, 2, sERL, (18)

According to (15)—(18) and (H;)—(H;), using the method of integration
by prats, we get

J:dr."R.G(as, £ £, u:)(a‘;z1 —AWI)(fr ©)d§
=j;dq,-jma. P (e, myag
o0 5
=| G, 5 & DWUE B |ihag
R?
- J:d'rJR? W biem) g vag
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W j=+oo £
j o G526 D158

6@( y t; §, ) 6@[’1
3 af EELOT T ¢

-— J’ j —G(w, 8 & DU (E, v

G (w. t: & ¥) oW,
1=1 de ? 23] g, (& mdf

= -rdT —G(% 5 & DT v)de
J;J' .[ 86'- (‘”’ t & NP1, ")Igfzﬁ'“"dfl

) R IR AOL AGROT:
( o +2—f)<w, t; & DT(E, v)de
J:d't‘j E: G(wy t; (gh O)r 7) 'w‘il(fiv 7)d£I

M='?—‘“

J

il
-

M:

“

=1

Similarly for v,bg,(f, t), it holds

3 e e G 6 B ), )l D,

i=oJo

= —J:d'rij(z, £ &, 7)(%3‘—;—2—2 gng (& v)dE.

w(e ) =| @G & & Opu(©a

~fLae G s 6 D(FR -2 T8 )€ e,

w(m =[Gt & Opu©)a

S EU ORI Sp s SRS

: J _;’,-G(w’ & (& 0), v) Wy (&), v)dEs

(19)

(20)

(21)

(22)

Lemma 2. Sﬁppose na>2, 0<a<1, If the initial boundary values satisfy

respectively

|#1(2) | + |Pa(@) | + | Dep1(2) | * | Dojos(2) | <8+ B, t+7), §=1, 2, -,

2 d

9 | 5 .
](W" A)Wt(l}, t)l<w E(w, t+0‘),
6=1, 2; 6=1,2, -, n

(23)

(24)
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K-——A)L[Jl,(a;,, t),< O B, t+r),

(t+ )na/2
S a
, ( 7 4 )‘p”(”’” 2 i STy e i), (25)
6=1,2; §=1,2 -, n. sC R, t€R,, 2,ER,
where E@G, )= (4m)-<~—1>/2-exp[— S o3/4 ] (26)
§=1,6%4

then (u,, vo) € B, and

I (%o, vo) | 3<O4d. @7

Here and after here, 0 denotes different constant, and is not relative to v, v, » and
t. 8 is a positive constant.

Proof. According to (21), (22), thanks to Lemma 1 and (23)—(25), we have
firstly

(e, 1< 16 6 £ O] lp(@)

S MEOEHPIREAES WS NGO
<2 "5 EH(z, t+7)

+'[od7jm 1G (@, 5 £ v)] -m—f)—"a/—a-E(f, T+1)dé

<2""3.E (s, t47)+2""3E (3, {+7) j: (v+r)-"/2dg

<2"-"(0o+1)3E (z, t+1)
<O3E(a, t+1), (28)

where O, =J:(7+ r)-"/2dy

converges to a positive constant as na>2.
Reason by analogy of (28), we gain

|vo(2, t) | <O18E (w, t+1). (29)
Moreover, it is easily known

_?_ —1)4 eee, (—1)tn .
o T(( 1) Ty, ) ( 1) Ty T; §, '17)

- (~1>“+1-5?§7r<<~1>"w1, oy (=D, £ €. ), (30)

as 0<\{<e, ¢ is an arbitrary selected constant, let n=t—=

J [ t+r Vb . dn
—_ (’F+0’>(m+1)/2 ° '\/7'7_ (t"77+4')(m+1)/,

<¢—(M+1)/2 R /t_*_,rjt ..g’n:_
o7

N =Ny
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<2,r—(m+1)/2 R /8+'T" / 8-
<O, (31)
as $>>8, we have
J dv
'\/t R (,,,._,_q.) (mat1)/2
_ J N . dv
'\/t p (1_*_ ,‘.) (na+1)/2
¢ t+r dv
+ iz (ohr) o (32
tut the right-hand first term of (32) holds
2 [+ i+ o
Jo ‘/ t—v (r—i-'r)("““’/z J t/2 "Jo ()~ 2 dy
<V2+2r/e-0,<0, (33)
where = I : (v-+7) a3y
it converges as na>2.
Let n=1t—=, the right—hand second term of (32) holds
J" ~/t+fr . dv =I"2\/m_ dn
oV t—7 (wr)®DE o S () et
< Nitr [ dn
(na+1)/2
(l t—H‘) °
<2 t+r)t
\/ ( )MH <0. (34)
—t+
So, as £>8, by (33)—(34), (32) may express
i+
J \/ I—7 (7+q~)(na+1)/2 <0, (35).
therefore
/ t+'r C i 0
—7 (,v_*_q-)(na-i-l)/ﬁ < ’ or te [ ’ +°°) . (36)

Paying attention to (23)—(256), (36) and (35) and condition (H;), and thank-
ing to Lemma 1, we get the following inequality by means of integration by parts.

1
ID"uOI <J’R? l;,».§=0 I-DD‘I‘(("]-)L‘{D]‘, o (—1)1"@'" t; f’ O) ' *

R” llv

(%2~ Awi)(s,z—)ldf

<Lm é I ((=1)bayy <oy (=1) 'z, £ &, 0) | Dpps(€) |dE

Ly Ip=

(&) lag
+las[ 3 DL~ D)y e, (~1)ba 6 €, 9]
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o] 3 P, (D G0, D
. (—aa; w‘;[_Aqri)((éb 0)1 1") id’é‘

+j:)d7 R"1 ,..%=or((_1)hﬂ71y °t%y (—1)l"wm t; §’ 7)

- —%—A)Dﬁw‘l(gv ‘E’)!d§
<8 3 I((~DPay - (~Dim, €, 0) B, r)d

+J:d1 Rn—,ZF«—l)I‘fbb oy (=D, ¢ (E" 0), %)
(-% Py — APy )(E‘* ) ldf‘

+8J:d'r ST~ Dbay o, (=D 8 €, )

o (zHr)~ M V2E(E y+r)dE
<2""3H (», t+1r)+dexp [

S N
4@+r) 4 JAdm(t+r)

gy s —(na+1)/2 i(z+r)
S EE oo 25
JR S\ (<D, £ &, D) EE, v+r)dv

+2"-"08E (@, t+T)
<2"-"0H (z, t+1r)+ 2" XD05H (5, t+1)
+ 2" "0,3E (z, t+r)
<OdE(w, t+r), j§=1,2, -, n. 37
Similarly, we have same estimates for |vo, |Dq,%0]. So [ (1o, o) |2<O. The lemma

has been proved completedly.
Lemma 3. Suppose na>2, 0<a<1, then

f.in]_16@ & & 0| -B(¢, 1<n)d<0-B(, t+n), (38)
J:dmjn. | DoG (a, t; &, v)| - B™(§, v+1)dé<OE (, #+1). (39

Proof. We can prove (38) easily, as
{¥.exp(—{) <0, N>0 (40)

J:d'rjm |G (. 4 &, o) | B**(E, v+r)dé
=J:E¢(§y 'r-i-'r)d'l:'JRn |G, 3 & 7) |- B¢, v+r)df

<j; [ (v+1)] " 2dw 2Bz, t+7)
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<2"._"00E(97, t+’r) <0-E(5, t+’r), (41)

dv
o (4w (t+r)]™/2’

and converges to a positive constant as na>2.
Now, we prove (89). According to Lamma 1, and (36), (38) as na>2, we gel by
the method of integration by parts

Jos], 1D @ & & D | B vy ag

where 2"""

<j:d1.l’gﬂ—,2[‘((—1)hmir °% (—1)‘”‘”’» t; (gh 0)7 7) .E1+a((£‘, O)v 7+'r)d£‘
+[ av| BL((~1bas, ey (—Dom, 4 € 7)- | DEHOE, w7) |dE

<J.:Eu((£¢y O)r 7+'r)d7J-R,:_‘2I'((—1)“ r % (—l)lnwm (1 (Eﬂ O)! 7)

<E((&, 0), v+r)dé;
+J‘ 1+a 1 [__ﬂlilz_]

& @y (zrycaron 5P| TS

;i/a'_fl dv nEF((—l)"-’h, Mt (-1)‘"57" t; §7 7) 'E<§v 7+’r)d§

((—1)":17,)2]. t Nitr .« (wtr) (a2

1
< Az (t+ 1) .BXP[_ 4(t+r) o Ni—7

_alé]® i (v+1) ug, 4 £
'BXP[ 4('r+fr)] XP[_T@Z—‘:}‘(—:TT)]' m‘_‘ZI"((—l’x,, % o %)

B, v+r)df+OE (=, t+1)

1 @} A
<0 -——4”-(_—— -t-{- _rr_).exp[—m] E(x;, t+r )-i—OE(ZD, t+'r)
<OE(w, t-+7). #2)

So the proof has been completed.
‘We set an integral operator

S;: RXR—)R. i=1, 2
81w, v) = [ [ @G 4 € ©faw, v, Dar, D) €. DK, (43)

Saw, )= [ dv[ 6@ & & Dfaw. v, Dot D) E M. (43)

Lemma 4. Suppose na>2, 0<a<1, f satisfies the following assumption
fie RBxRxR"xR"—R is a function which belongs to
C*3(Ky), theset Ky ={(§, n, {, s) ERXRxR'x R —
11, Il, 1Zl, [e] <N, N'>0}, and f, satisfies (44)
ft(O! 0, 0, O) =f4’((0v 0, 0, 0) =f4,q(0r 0, 0, O) =D{fl(0’ 0, 0, 0)
=D,f.(0, 0,0, 0), 3=1, 2,
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If (u, v), (W, v)EBand |(y, v)|s, | (@, v)|p<N, a8 N<N’ then
| (S1(%, v) ~81(«, v"), 82y, v) —83(w, v")) |
<ON®| (u—u', v—o'|3, (49)
1(81(u, ), Say, v)) z<ON**, (46)
where O ig independent of (u, v), (%, v') and N..

Proof, Since f,(£, 9, {, &) €C***(Ky-) according to the Holder continuity of
Jiand (44), then the following estimates hold

(61 L)1 16 0 & ISOUELT ol + LI +leDs
ID:fi(€s m & &) |1 Dfu(§, m, L, 8) | <O(L€]+ [l + L]+ 8]
Due to the mid—value theorem of multiple function and (47), we may obtain
| fi(u, v, Doy, Dgw) — fi(2, v, Dgu’, Dpo”) |
< Ifw’f(§7 m D¢, Dz'n) l ¢ Iu_u’l + If{vfl(gy K2 Cy 8) l * l’D*'U’l
+ lD{fi(Ev 7, Dif, Da"?)" ]D,u—D,u' ’
+ IDSfi(Ev m Daf» Da"]) l ¢ lDz‘v_Da'v,I
<O(I¢|+ |n| + | D& ] +| Dan])*(|u—o/| + | Dou— Do’
+ |o—2'| + | Dev—Dpv’|)
<ON?| (u~u', v—2") | g E** (2, t+7), ‘ (48)
where (£, o, D,¢. D,n) is a point which situates on the line made up of (u, v, D,
Dv), (&, v/, Dou', Dpv’). Since| (u, ©) |z, | (&, ") |s<N, (£, n, Def, Den) satisfies
the following (49)
(|€1+ [n|+ [DL[+ | Dem|)*
<max{(|u|+ [v]+|Deu| + | Dev])® (|u'|+ |v'|+ | Do’ | + | Dov’ )2}
<N°E*(w, t+7). (49)
For (48), thanks to Lemma 3, then next two estimates hold
|84 (uy v) —8i(ud/, v)]

< ﬁ,dffml%y t; & )|+ 1 (fi( v, Doy, Dyv)

_fi(ulv 7),7 Dtulv Dtv,)) (57 7) |d§
<ON*| (u—v', v—2") |5

faef 16@ 5 & DB vrnE
<ON*|(u—u, v—0') | pE(w, t+1), (60)
|D.. 8., v) —De,Si(w, o)
<[ @[ 106 % & D1+ (flu o, D, Do)

_f ‘ (“,y o', D/, Do'”l))(§7 7) ldf
<SON*|(u—u', v—0) |sE (z, t+71). (b1)
Therefore, the estimates of the operator §; on (u, v) and (u/, ¥) in the space B are

and
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gained
| (S1(u, v) —8;(u, v'), Sa(u, v) —8a(u/, v')) s

<O-N2 | (u—u', v—2") 3. (52)
So, (45) is proved completely.
Let (u', v") =(0, 0), then (46) can be proved easily.
Theorem 1. Suppose na>2, elementary hypothese (H;)—(H,) hold, initial-
boundary values and f; satisfies respectively the assumption (23)—(25) in Lemma 2
and the assumptions (44) in Lemma 4, then as § is small suitably,there exists a

unique classical solution for problems (1)—(6).
Proof. Define an integral operator 7:B—>B

T (uy ) = (s, v0) + (81 (x, ), 83w, v)). (83)
Now let B; be a subspace of B
B;={(u, v) €EB||(u, v)|z<N, N<N'},
¥ is a positive constant that may be chosen arbitrarily,
According to Lemma 2 and Lemma 4, we have
1T (w, 0) [5<<] (%0 90) |5+ 1(S1(%, v), Sa(y, v))|s<O3+ON*, (54)
Choosing N < (1/0)¥/3, so 1—ON=>0, and let < (1/0;) (N —ON*e), it is got

that |7 (u. v) |s<N. Therefore, T (u, v) € By, i.e. T: B;—>B,.
For (u, v), (u/, v") € By, by Lemma 4, the following estimate of T’ about (u, v)

and («/, ') hold (1-ON*>0)
17 (w, v) =T (', v") |z
=] (81(u, v) —81 (', v"), Sa(u, v) =S8 («, v")) |5
<ON%| (u—u', v—2") |5
< (u—u, v=2")]a. (55)
So we point out that the operator 7' has a unique fixed point in B; by means of
Banach fixed point theorem. This point of 7’ is however a solution of BIVP (1)—

(6).
This completes the proof of the theorem.
Theorem 2. Assume that the hypotheses hold in Theorem 1. Then for any

(u®, ) € By, the sequence {(x™, v'™)} = {T (u™ ¥, ™)} converges in B, %0 a
unique classical solution (u, v) of BIVP (1)—(6). Moreover
[, o) [3< ST | @, o) — @, o). (36)
It is easily to prove the theorem.
According to (55) in Theorem 1, we know
| (@™, v™) — (u, ) |p=|T ("2, v ) —T(u, v)]»
< I]T(u(m—l), ,v(m—l)) —T(u("", ,U(m)> "B
+T (@™, o) ~T (u, v) |5
<02—Va" (u(m), ,D(m)) — (u(m—l)’ ,Ucm—l)) ﬂn
+ON*| (4™, ™) — (u, v)|5. (G
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So we can prove (56) by (57)
| (@™, o) — (4, v)|p< - (_JZN“ [ (™, ™Y — (gD, yim=2) o
(ON=
1-ON*
(566) is an error estimate of the convergemential sequence.

Notation. Theorem 1and Theorem 2 may be extended similarly to the situa-
tion of multiple reaction—diffusion equations

< I (@@, o) — (&®, o) | 5.

%L—A?l‘=f‘(u1, vy Uy Dotty, -+, Dﬂuﬂl) (:U, %) ER";‘XR"' (58)
U)i-o=pi(z) 2ER] (59)
u‘|¢u=°= ‘I’i! (55, t) (‘;}v t) E R’-;-—l X R+ (60)

§=1,2 -, m 6=1, 2, -r, m.

I would like to express my thanks to Professor Xiao Yingkun for his encour-
agement of attacking this problem.
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