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WITH SONIC BOUNDARY: (I) SUBSONIC DOPING PROFILE*
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Abstract. This series of papers concerns the structure of stationary solutions to the hydrody-
namic model of semiconductors with sonic boundary represented by Euler—Poisson equations. The
physical solutions are characterized according to different types of doping profiles. In the first part of
the series, we consider the case of the subsonic doping profile and prove that the steady-state equa-
tions with sonic boundary possess a unique interior subsonic solution, at least one interior supersonic
solution, infinitely many shock transonic solutions when the relaxation time is large, and infinitely
many Cl-smooth transonic solutions when the relaxation time is small. In particular, the interior
subsonic/supersonic solutions are proved to be globally C 3 Hoélder continuous, and the Holder ex-
ponent % is optimal. The regularity of transonic solutions is dependent on the size of the relaxation
time, equivalently, the effect of semiconductors. The proof of the existence of subsonic/supersonic
solutions is the technical compactness analysis combining the energy method and the phase-plane
analysis, while the approach for the existence of multiple shock/smooth transonic solutions is the
artful construction. The results obtained significantly improve and develop existing studies.
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1. Introduction. The hydrodynamic model of semiconductors, first introduced
by Blgtekjeer in [5], is usually described for the charged fluid particles such as electrons
and holes in semiconductor devices [5, 19, 24], and positively and negatively charged
ions in plasma [28]. The governing equations are Euler—Poisson equations as follows
[15, 16, 17, 20]:

pt + (pu)e = 0,
(1) (pw)e + (pu® + P(p))s = pE — &=,
E, =p—b(x).
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Here p, u, and F represent the electron density, the velocity, and the electric field,
respectively. P(p) is the pressure function of the electron density. When the fluid is
isothermal, the pressure function is physically represented by

(2) P(p) =Tp, with the constant temperature 7' > 0.

The function b(xz) > 0 is the doping profile standing for the density of impurities in
semiconductor device. The constant 7 > 0 denotes the momentum relaxation time.
In this series of papers, we are mainly interested in investigating the existence
and large-time behaviors of the solutions to (1) with sonic boundary condition. At
the first, but important, stage, we focus on the existence and classification of all
stationary solutions. Throughout this paper, we consider the following steady-state
equations to (1) in the bounded domain [0, 1] with subsonic doping profile. Denote
J = pu, the current density; then we have the stationary equations of (1) as follows:

J = constant,
(3) (ﬂ+P@0 —pE-2, z € (0,1).
P z T
E,. =p—bx).

Using the terminology from gas dynamics, we call ¢ := \/P'(p) = VT > 0 the
sound speed for P(p) = Tp (see (2)). Thus, the stationary flow of (3) is called to be
subsonic/sonic/supersonic if the fluid velocity satisfies

¢ =+/P'(p) = VT: sound speed.

We consider the current driven flow; thus the current density J is a prescribed con-
stant. Note that if (p(z), E(x)) is a solution to (3) with a given constant current
density J, then (p(1 — z),—E(1 — x)) is a solution to (3) with respect to —J and
b(1 — z). So, we may consider only the case of J > 0. Without loss of generality, let
us assume throughout the paper that

VIIA

J
(4) fluid velocity: u = —
p

T=J=1.

Thus, (3) is transformed into

(5) (1‘;>”ZPE‘L
E, = p—b(z).

From (4), it can be identified that the flow is subsonic if p > 1, sonic if p = 1, and
supersonic if 0 < p < 1. Therefore, our sonic boundary conditions to (3) are proposed
as follows:

(6) sonic boundary: p(0) = p(1) = 1.

Dividing the first equation of (5) by p and differentiating the resultant equation with
respect to x, and substituting the second equation of (5) into this modified equation,
we have

(7) [(;—;pr

p(0) = p(1) =

L+i (;)x—[p—b(w)] =0, z€(0,1),
1
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When p(z) > 1or0 < p(x) < 1 for z € (0, 1), equation (7) is elliptic but degenerate at
the sonic boundary. When p(z) > 0 varies around the sonic line p = 1 for z € (0, 1),
the system then changes its property and the phenomena of phase transitions occur.

The existence of subsonic/supersonic/transonic solutions to the steady-state
Euler—Poisson equations for the hydrodynamic model of semiconductors has been
intensively studied. In 1990, Degond and Markowich [9] first showed the existence of
the subsonic solution when the flow and its boundary are completely subsonic. The
uniqueness was obtained with a very strongly subsonic background, namely, |J| < 1.
Then, the steady subsonic flows were studied in great depth with different boundaries
as well as the higher dimensions case in [2, 3, 10, 11, 15, 18, 25]; see the references
therein. For the case of steady supersonic flows, Peng and Violet [26] obtained the
existence and uniqueness of the supersonic solution when the flow and the bound-
ary are strongly supersonic (i.e., J > 1). On the other hand, much attention has
been given to the case of steady transonic flows. By a phase-plane analysis, Ascher
et al. [1] first tested the existence of the transonic solution when the doping profile b
is a supersonic constant, which was then extended by Rosini [27] to the nonisentropic
flow. When the doping profile b(x) is nonconstant, by using the method of vanishing
viscosity, Gamba constructed 1-D transonic solutions with shocks in [12], and 2-D
transonic solutions with shocks in [13], but the solutions as the limits of vanishing
viscosity yield boundary layers. Recently, Luo and Xin [23] and Luo et al. [22] stud-
ied the Euler—Poisson equations without the effect of the semiconductor, namely, the
momentum equation (1), is missing the term of —Z. This means either the current
density J = 0 (the absence of the semiconductor effect for the device) or the relaxation
time 7 = oo (the huge relaxation time). Some interesting results on the structure of
steady solutions with nonsonic boundary condition are obtained. Precisely, based on
phase-plane analysis, Luo and Xin [23] thoroughly studied the existence/nonexistence
and the uniqueness/nonuniqueness of the transonic solutions with one side supersonic
boundary and the other side subsonic boundary when the doping profile b(z) is a con-
stant either in the supersonic regime or the subsonic regime. Some restrictions on the
boundary and the domain are also needed. Then, Luo et al. [22] showed the existence
of transonic solutions with shocks in the case of variable supersonic doping profile
b(x), which is regarded as a small perturbation of a constant, and further proved the
time-asymptotic stability of the transonic shock profiles.

In this paper, the subjected boundary is sonic, which is a critical case for bound-
ary and causes the problem to be more complicated and challenging. We are interested
in how the doping profile, the semiconductor effect, and the sonic boundary affect the
structures of solutions to system (5). All these features not only cause us some essen-
tial difficulties in the study of well-posedness and regularity of the solutions, but also
bring us fairly rich and interesting phenomena on the structure of solutions. In fact,
we have the following: (1) the elliptic equation (7) is degenerate at the boundary, and
hence the standard approaches on uniformly elliptic equations adopted in [9, 26, 22]
do not work; (2) because of the degeneracy of the equation, all subsonic/supersonic
solutions are expected only to be globally C* Holder continuous, and the C 3 reg-
ularity is proved to be optimal; (3) unlike in the phase-plane analysis in [23], the
presence of relaxation causes a difficulty in that the electric field E cannot be explic-
itly formulated as a function of p; and (4) most importantly, under the large effect
of semiconductor (i.e., 7 < 1) in combination with the degeneracy at the boundary,
the steady-state equations possess C'! transonic solutions rather than transonic shock
solutions, while, when 7 > 1, the equations admit transonic shock solutions, which
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coincides with the works of Luo and Xin [23] on Euler—Poisson equations without the
effect of a semiconductor (i.e., 7 = +00). To get the transonic solutions, inspired by
[23, 22], the approach adopted in this paper is also the artful construction method but
with a new development due to the difficulty caused by the sonic boundary. Precisely,
since there are many possibilities for the stationary solutions starting on the sonic
boundary, it is impossible for us to construct a supersonic solution directly from the
sonic boundary. Instead of the sonic boundary at x = 0, we first consider a supersonic
boundary p°|,—o = 1 —§ for 0 < § < 1. We can technically construct an approx-
imate supersonic solution p° < 1 in [0, zg), where the location z will be specified
such that the Rankine-Hugoniot condition and the entropy condition are satisfied.
Connecting by the Rankine-Hugoniot condition and the entropy condition, we fur-
ther construct a subsonic solution p°(z) > 1 in (xo, 1] with the subsonic condition
p°|z=1 = 1+ 8. By carrying out the compactness analysis, we can technically prove
the weak convergence of the approximate transonic solution to the desired transonic
solution (ptrans, Ftrans)(x) with the sonic boundary condition. The procedure pre-
sented in this paper is technical, explicit, and instructive. Remarkably, different from
the previous studies [23, 22] without the semiconductor effect (i.e., 7 = o0), there
also exist infinitely many C' transonic solutions when 7 < 1. As we know, this is a
physical case for the semiconductor industry and represents the first attempt to show
C! transonic solutions for semiconductor models.

We now state the main results of this paper. To do so, we need to make our
notation and assumptions more precise. Throughout this paper we assume that the
doping profile b(z) € L*°(0, 1) is subsonic:

subsonic doping profile: b(z) > 1 for all z € [0,1].

We denote

b:=essinf b(z) and b := esssup b(z).
z€(0,1) z€(0,1)

Because equation (7) is degenerate, we have to introduce the concepts of interior
subsonic/supersonic/transonic solutions in the weak sense.

DEFINITION 1.1. p(z) is called an interior subsonic (correspondingly, interior su-
personic) solution of equation (7) if p(0) = p(1) = 1 but p(x) > 1 (correspondingly,
0 < p(z) < 1) for x € (0,1), and (p(z) —1)? € HL(0,1), and it holds that for any

v € HL0,1)
1 1 1
1 1 1 P
/ ( — 3>pz<pmdx + = LI + / (p—b)pdz =0,
o \P P TJo P 0

which is equivalent to

1 [tp+1 e z !
®) 7/ T ((0=1), a4 S‘idH/<pfb>swlw:0~
2Jo P TJo P 0

Once p = p(x) is determined by (7), in view of the first equation of (5), the
electric field E(x) can be solved by

SRS VA VR0 (V2 A Y
B = (5= )t o 17, L

In this way, we could obtain the interior subsonic/supersonic solutions to system

(5)-(6).
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DEFINITION 1.2. p(z) > 0 is called a C transonic solution of system (5)—(6) if
p(z) € C1(0,1) with p(0) = p(1) =1 and there exists a number xqy € (0,1) such that

_ Psup(l'), T e [va ]7
p(x) N { psub(x)y HAIS [.’L'()7 f]?

where 0 < pgyp(z) <1 on (0,z0), psub(z) > 1 on (xo,1), and
9) Psup(T0) = psub(x0) =1 and p,,(20) = pyyuy(To)-
p(x) > 0 is called a transonic shock solution of system (5)—(6) if p(0) = p(1) =1
and it is separated by a point xo € (0,1) in the form
oo = { o) ZEG)
where 0 < psup(x) <1 and psup(z) > 1 satisfy the entropy condition at xg,
(10) 0 < psup(@g) <1< psun(]);

and the Rankine—Hugoniot condition,

(11) R

Set p1 = psup(xy ) and pr = psup

Our main results on the structures of solutions to (5)—(6) are as follows.

THEOREM 1.3. Let the doping profile be subsonic such that b(xz) € L>=(0,1) and
b > 1. Then the steady-state Euler—Poisson equations (5)—(6) admit the following:

1. A wunique pair of interior subsonic solutions (psup, Esup)(x) € C’%[O, 1] x
HY(0,1) satisfying

(13) 1+ msin(nz) < psup(z) < b, z€[0,1],

and particularly,
for x near 1,

where m = m(7,b) is a positive constant and Cy > C; > 0 and C3 > Cy >0
are some positive constants.

2. At least one pair of interior supersonic solutions (psup, Esup)(x) € C210,1] x
H(0,1) satisfying

{C%mé <1 — psup() Csx?

<
15 ~
(15) —Cra2 < Peup(T) < —Csa™2

for & near 0,

where Cg > C5 > 0 and C7; > Cg > 0 are some positive constants. psup has
only one critical point zy over (0,1), such that (psup)z < 0 on (0,2y) and
(Psup)e >0 on (2o,1).
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3. Assume further that T is large and that b—b < 1; then (5)—(6) have infinitely
many transonic solutions (pirans, Etrans)(€) combining stationary shocks which
satisfy the entropy condition (10) and the Rankine—Hugoniot jump condition
(11) at different jump locations xo, where xo can be uniquely determined when
pr satisfying p. — pp <K 1 is fized, but the choice of p; can be infinitely many.

4. Assume further that b(x) = b > 1 is a constant; then when T is small enough,
(5)—(6) have infinitely many C' transonic solution; moreover, in this case
there is no transonic shock solution.

Remark 1.4.

1. In parts 1 and 2 of Theorem 1.3, the estimates (14) and (15) imply that
C3 [0,1] is the optimal Hélder space for the global regularity of the subsonic
solution psyp(z) and the supersonic solution pgy,(x). We notice that the
same regularity C 3 was also obtained for the subsonic/sonic flow in nozzles
in [29, 30]. Regarding the other interesting studies on the subsonic/sonic flow
in nozzles, we refer interested readers to [4, 7, 8, 33].

2. The existence of infinitely many transonic shock solutions obtained in part 3
of Theorem 1.3 also holds for the Euler—Poisson equations without relaxation
term (i.e., 7 = 00) that were studied in [23].

3. Part 4 of Theorem 1.3 implies that if b(x) is a constant and 7 < 1, the
regularity of the interior subsonic solution on the left boundary, as well as
the regularity for the interior supersonic solution on the right boundary, can
be lifted up to C'. To the best of our knowledge, such a C! regularity of
transonic solutions is the first result obtained for semiconductor models so
far. Essentially, the strong damping effect (the semiconductor effect) of —%
causes the transonic solutions to be C''-smooth. Notice that the C? transonic
flow also arises in the finite de Laval nozzles, where the geometry structure
causes the transonic flow to be smooth. For details, we refer to the interesting
works of Wang and Xin [31, 32].

4. When the doping profile b is supersonic, a further study on the interesting
structures of solutions to (5)—(6) will be discussed in the second part of this
series of papers [21].

The paper is organized as follows. Sections 2 and 3 are devoted to the existence
of subsonic/supersonic solutions to (5)—(6), respectively. The proof is long and tech-
nical. To regularize the degeneracy of (7), for the fixed sonic boundary, by taking the
current densities j > 1 for the subsonic case and j < 1 for the supersonic case, re-
spectively, we then have the approximate equations for the subsonic/supersonic cases
both to be uniformly elliptic, and hence the approximate solutions are always sub-
sonic/supersonic, respectively. We observe that (p; — 1) can be estimated in Hg,
where p;(z) are the approximate subsonic/supersonic solutions for j > 1 and j < 1,
respectively. By using a compactness analysis, after taking the limits as 7 — 1~ for
the subsonic case and j — 17 for the supersonic case, we finally obtain the existence
of the interior subsonic/supersonic solution. Furthermore, we analyze the regularities
of these two types of solutions and show their optimal regularity as C''/2. In sections
4 and 5, we artfully construct infinitely many transonic shock solutions when 7 > 1,
and infinitely many C'-smooth transonic solutions when 7 < 1, respectively. For
7 > 1, to regularize the degeneracy, different from the skill mentioned before, here we
keep the equations fixed but regularize the boundary condition as p,.,,,(0) = 1—4 and
02.un(1) = 140 for any small enough & > 0. Then by the shooting method, we obtain
approximate supersonic solutions first, and then the approximate transonic solutions
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can be easily constructed by matching a subsonic solution to the obtained supersonic
solution satisfying the entropy condition and Rankine-Hugoniot condition. Letting
d — 07, the diagonal argument finally picks up a transonic solution to (5)—(6). Since
the left side p_ for the Rankine-Hugoniot condition can be arbitrarily chosen, we
get the infinitely many shock transonic solutions. For 7 < 1, we recognize that the
semiconductor effect % > 1 makes the transonic solutions C'-smooth, and no shock
transonic solutions exists. Finally, at the end of the paper, in order to understand bet-
ter the structure of all solutions as shown in Theorem 1.3, we present some examples
in section 6.

2. Existence and uniqueness of interior subsonic solution. First, we prove
that there exists a unique interior subsonic solution to (7). The adopted approach
is the technical compactness method, which is inspired by the vanishing viscosity
method.

THEOREM 2.1. Assume that b € L*°(0,1) and b > 1; then (7) has a unique
interior subsonic solution pgyp satisfying

(16) 1+ msin(rz) < pswp < b, x €[0,1],

where m = m(7,b) is a positive constant.

Since (7) is partially elliptic but degenerates at the boundary, the corresponding
solution to (7) will lack the necessary regularity, and we cannot directly work on (7).
In order to prove Theorem 2.1, we consider the following approximate equation:

(17) [(Ply - (/f)?’> (pj)x} + <T]pj) —[p; —b(x)] =0, z€(0,1),
b0 =) =1, ’

where the parameter j is a constant such that 0 < j < 1. Thus, (17) is expected to be

uniformly elliptic in [0, 1], because - i = (pj +7)(pj — ) > 0 for the expected
J

— 1

i P

solution p; > 1. To show the well-posedness of the approximate equation (17) and to
establish the lower bound estimate in (16), we need the following comparison principle.

LEMMA 2.2 (comparison principle). Let U € C*[0,1] be a weak solution of (17)
satisfying U > 1 on [0,1], and that

1 1 j2 ] 1
1 Tr 7713 x 7 x - = Hl 717
(18) /0 [(U U3> U, + TU:| @ dx—|—/0 (U —=b)pdx =0 for any ¢ € Hy(0,1)

where 0 < j < 1 is a constant, and let V € C[0,1] be such that V(x) > 0 forx € [0,1],
V(0)<1, V(1) <1, and

1 ) . 1
Lo J J
/0 [(V - V3) Ve + TV] @mdx—k/o (V —b)pdz <0 for any ¢ >0, ¢ € Hj(0,1).
Then U(z) > V(x) over [0,1].

Proof. Inspired by the textbook [14] (see Theorem 2.7 in section 10.4), we can
prove this comparison principle. Let us denote

A= (25 ) 4

z 23
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for simplicity. Then, for any ¢ € H}(0,1), ¢ > 0, we have
1 1
(19) [ aw) - A+ [ v - U)eds <o
0 0

Set e(z) := V(x) — U(z). A simple calculation gives
AV, V) — AU, U,) —A(VV)—A(U Vo) + AU, V,) — AU, Uy)

oA
= | Grvaret /a D)t - en(),
where Vi () := ¢tV (2)+(1—t)U(x). Taking p(z) = ﬁ with e™ (x) := max{0, e(z)}

and h > 0 a constant, a straightforward computation yields

(14 ‘f*}gﬁ“))]x a1 T)}

Since 0 < j < 1, V € C1[0,1], and mingepoV (z) > 0, it is easy to see that

oA 11 1—452_ 1-42
— (U, dt = — > ,
o op U VU =5 = g g 2 o
L oA

o
57 (Vi Va)dt < C|[Vallop.y + = < C.
0 T

It then follows from (19) that
1—352) [t +
h( J )/ [m (1+6 (I))}
Uz Jo hJle
Lot T(x)
et (x x
< Ch ————||In(1
<on [ S| (15 ),
st <)
< —= In{1+ dx +
20U~ Jo h /)1,
where we have used Young’s inequality in the second inequality. Thus,

! ()
e (x
In(1
Jo b= G5,
This inequality together with Poincaré’s inequality leads to

[l s of712).

C2||U |z
< — L
(=572

2

b(et(@)?
daz—l—/o e*(x)+hdm

g

dxr

C2h|U][7
2(1—-42)

2 2 6
1o < CPIUN5

(=572

for any h > 0.

2
dr

(20) for any h > 0.

Now letting & — 0, one can see that if e™(z) # 0 for some x € (0,1), then

1 2

+
lim [ln (1—|—€ (x))} dxr = oo
h—0t 0 h
which is a contradiction to (20). Therefore, U(z) > V(x) over [0, 1]. d
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Let us now prove the well-posedness of (17).

LEMMA 2.3. Assume that b(x) € L*(0,1) and b > 1; then (17) admits a unique
weak solution p; satisfying p; — 1 € H}(0,1) and

(21) 1 +msin(mz) < p;j(z) <b, z€0,1],

where m = m(7,b) is a positive constant independent of j.

Remark 2.4. In [9], Degond and Markowich also obtained the uniqueness of the
subsonic solution, but they needed to restrict the current density to be sufficiently
small j < 1 (the completely subsonic case). Here, we still have the uniqueness of the
subsonic solution for any j with 0 < j < 1.

Proof. Because 0 < j < 1, the fluid velocity of (17) is j/p;, which is subsonic if
p; > 1. In other words, (17) is uniformly elliptic for p; > 1. Recalling Theorem 1 of
[9], (17) has a subsonic weak solution p; € H?(0,1) satisfying 1 < pj(x) < b. Thus,
we only need to show that such p; is unique for any 0 < j < 1, and to establish the
lower bound estimate in (21).

Suppose that there are two solutions u and v satisfying u,v > 1, u,v € H?(0,1).
By the Sobolev imbedding theorem, u, v € C*[0,1]. Hence, the comparison principle
(Lemma 2.2) gives u(z) = v(z) over [0, 1].

We now derive the lower bound estimate for p;(x). Denote

¢(z) := 1+ msin(mrx),

where m > 0 is a constant to be determined later. Since 0 < j < 1, it is easy to
calculate that

- [(; _ é) qu_ (qu)z—s—(q—b) < C(m2+m)+(1-b) < C(m?+m)+(1-b) < 0

if m is small enough such that C(m? + m) < (b —1). Here C = C(7) is a positive
constant independent of j. Thus, by Lemma 2.2 again, we have p;(z) > ¢(z) =
1+ msin(7rz) on [0, 1]. 0

Proof of Theorem 2.1. Multiplying (17) by (p; — 1), we have

R e R (R IDN

)3 )3
(22) i (p(fj) 19 )
+ ;/0 de +/0 (pj - b)(pj —1)dz = 0.

Noting that

. 1 ) . 1
l/ @dx:l/ (Inpj)zdz =0,
T Jo 0

Pj T

| o= = e = [y =17+ [ 1=, - e

1 [t ) 1 [t )
> (pj—1D%de—5 [ (b—1)%dx,
2 0 2 0
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0<j<1,and 1 < p; <b, it follows from (22) that

LD ettt S5 [ -,
1

1 20,
< /O[b(x)—l]d,

2 1 1
dx + 7/ (pj — 1)%dx
2 Jo

=2
which gives
(23) o = 1)

Thus, by the compact imbedding H'(0,1) < C''/2[0, 1], there exists a function p such
that, as 7 — 17, up to a subsequence,

3
2

(<C oand (1= (0|, < CO= 572

H

(24) (pj —1)2 = (p—1)% weakly in H'(0,1),
(25) (pj — 1)% —(p— 1)% strongly in C'2 [0, 1],
(26) (1—35%)(p;)e — 0 strongly in L?(0,1).

Observing that ((p; — 1)?)z = 3(p; — 1)%((/)]- —1)2),, we get from (23) that

<C,

H1

1G5 = D2[| i = (o5 = D?[[ 2 + (G = DP)a[ 1o < C H(pj —1)2
which leads to
(27) (pj —1)* = (p—1)* weakly in H'(0,1) as j — 1"
Now we multiply (17) by ¢ € HZ(0,1) to derive

1 (tpi+1 t1 ,
3 [ P o= Dhadst [ (1= oy )aads
2Jo  Pj 0 Pj

- 1
+ l/ LA +/ [pj(z) —b(x)]pdr = 0.
T Jo Pj 0
Letting j — 17, and applying (25)—(27), we prove the existence of weak solution
p(x) = psup() satisfying (8). Since m presented in (21) is independent of j, then the
lower bound estimate in (16) immediately follows from (21) and (25).

To prove the uniqueness of the interior subsonic solution, we first need to inves-
tigate the regularity of w(z) defined by w(z) := (p(z) — 1)%. Clearly, w € H}(0,1).
From (7), it can be verified that w satisfies

(2 4+ w(z))w, 1
28 —(Vw(x)+1-0)=0, z€(0,1).
(28) (2(1—!— Vuw(x))? - T(1+ vw(x)))m (Vuwle)+ ) €0.1)

For simplicity, we set

_2eVel) L h@w) b

Because (28) holds in the sense of distribution, we have f3 € H*(0,1). By the Sobolev
imbedding theorem, we have w, f3 € C*/2[0,1]. Since w > 0 on [0, 1], then

e el —w@) ) vl o
Vel =l = e e = Vit = ¥
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On the other hand, for any x,y € [0, 1], it holds that

Fol@) = foly) = —— e = ——— =
> T o) 1+ Vel L+ Ve@)(d + Vo)

f2(2) = f2(y)] < [Vw(y) = Vw(@)| < Cly — |/,
This means fo € C'/4[0,1]. Similarly, we have f; € C/4[0,1]. Notice that w, =
72f37f21f2/T € C'/*)0,1]; then

Thus,

(29) w e CHY40,1].
Now, integrating (28) over [0, z] and setting

Gl o 2EVODe) |1
201+ Vo@) | r(+ Ve@)

(30) 2(L+vwp " (14 V)
Gu(@) = Gu(0) + /O [/w(s) + 1 — b(s)|ds.

@+ Vo 1

We are now ready to prove the uniqueness of the interior subsonic solution. Sup-
pose p1(x) and po(x) are two different interior subsonic solutions to (7). Thus, there
exists at least a number z € (0, 1) such that p;(z) # p2(z). Without loss of generality,
we may assume that pi(z) > pa(2); then wi(z) > wa(z). Since wy,wy € C1H1/4[0, 1],
there exists a maximal interval [a, ] C [0, 1] such that z € (a, c),

wy(a) = wa(a), wi(c) = wa(c), and wy(x) > wa(x), z € (a,c).

Obviously, it holds that

B) (el = tim W0 gy D)) )
) (o) = i O < i MO = ) (o),

Owing to (32) and the first equation of (30),
G, (€) < Guy(0).

Substituting this inequality into the second equation of (30), we have

G, (a) +/c [\/wl(x) +1 —b(x)}dx < G, (a) +/c [\/wg(x) +1 —b(x)}dx.
Since wy () > wa(z) over (a,c), then
Gy, (a) < Gy,(a).
Using the first equation of (30) again, we obtain
(w1)z(a) < (w2)z(a),

which contradicts (31). Therefore, p1(z) = p2(x) over [0,1], namely, the interior
subsonic solution pg,,(x) is unique. 1]
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We proceed to study the regularity of this interior subsonic solution.
PROPOSITION 2.5. pau, € CY/2[0,1], and there exist 0 < sy < 1, C; (i = 1,2,3,4)
such that
Ci(1— x)1/2 < psup(r) =1 < Co(1 — x)1/2

1—s1,1].
—C3(1 - x)71/2 < (psup)z(z) < —C4(1 _x)ﬂ/g forx e s1,1]

Remark 2.6. This proposition indicates that % is the optimal exponent in Holder
space for the global regularity of the unique interior subsonic solution pgyp(z). And
the derivative of the approximate subsonic solution sequence {p;}o<j<1 constructed
in Lemma 2.3 blows up as j — 1~ at = = 1, namely, limjﬁl_p}(l) = —o0.

Proof. For convenience, we denote by p the interior subsonic solution of (5). By
(29), we have (p — 1)? = w € C'[0,1]. Since p > 1 on [0, 1], then
p(x) =1+ p(y) =1 = [p(z) = 1|+ |p(y) = 1| = |(p(x) = 1) = (p(y) = D] = [p(z) — p(y)]-

Thus, we have

p@) = pW)I* _ lp(@) = p)ll(p(x) = 1)* = (p(y) = 1)?| _ Jw(@) —wly)] _

2 —y| |z —yllp(x) — 1+ p(y) — 1 - |z -yl

for any x,y € [0, 1], which indicates that p € C'/2[0, 1].

Now we are going to prove the estimates in (33). We first claim E(1) <
Otherwise, if (1) > =, then it will imply a contradiction. In fact, since p € C[0,
and p(1) =1 < b <b(x ) for z € [0, 1], there exists € > 0 such that ,0( ) —b(x) <0 for
a.e. x € [1—¢,1]. By integrating the second equation of (5) over [x,1] for x € [1—¢
we have

1
E(z)=E(1) - / [p(s) —b(s)]ds > E(1) > % for x € [1 —¢€,1].

Noting p(z) > 1 over (0,1), we have E(x) — %(I) >1(1- p%) 0 for z € [1—¢,1).
It then follows from the first equation of (5) that ,ow( ) > 0 on [1 — ¢1], which
contradicts the fact that p(1) =1 and p(z) > 1 over (0, 1).

Now let ¢ := E(1) — %; then ¢ < 0. Based on the continuity of the function
(E(z) - #(03))’ there exists a number 0 < s; < € such that

(34) ﬁ<E($)— ! <29 for x € [1 — s1,1].

2~ Tp(x) — 2

From the first equation of (5), we have

O O )

Applying (34) to the above equation, we then have

3ap*(x) _ 1] 20%x) _ gp’(x)
( 1S ((,0 1) )x = {E(x)_Tp(:r)}p(as)Jrl < OES <0 forz € [l—s,1].

Applying (16) to the above inequalities, we can estimate

3qb3 9 q
(35) T < ((p(m)—l) )x<13T1<0 for z € [1 — 51, 1].

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 11/29/17 to 132.216.238.223. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

HD MODEL OF SEMICONDUCTORS WITH SONIC BOUNDARY (I) 4779
Integrating (35) over [z,1] for x € [1 — s1, 1], we get

(36) Ci(1-2)? <p(z) —1<Cy(l—2)> forxe[l—sp,1],

[ /3]alb®
= —_ d = —_—
Cl b+ 1 an CQ 9

Furthermore, from (35), we have

with

3¢b®
4(p(x) — 1)

This with (36) together implies

< pp(x) < —= ¢ <0 forzell—s,ll.

2(b+1)(p(z) = 1)

—C5(1—2)7% < paz) < —Cy(1—2)"2, z€[l—sp,1],

for some positive constants C3 and C4. The proof is complete. ]

3. Existence of interior supersonic solutions. We next prove the existence
of interior supersonic solutions of (7).

THEOREM 3.1. Assume that b € L*°(0,1) and b > 1; then (7) admits an interior
supersonic solution psyp(z) satisfying £ < psup(x) < 1 over [0,1] for some positive
constant £. Moreover, psyy satisfies the following properties:

1. For any & > € > 0, there exists a number § > 0 such that psuy(z) <1—46 for
any T € [e,1 — €.

2. psup has only one critical point zy over (0,1) such that (psup)s < 0 on (0, 29)
and (Psup)z > 0 on (20,1); i.e., zo is the minimal point.

As shown in the proof of Theorem 2.1, we consider the approximate equation

(37) K;‘(,f,;) (Pk)w] +(T];k) — [pr(x) = b(z)] =0, z€(0,1),
(0 = pe(l) =1, o

but with the parameter 1 < k < oc.

LEMMA 3.2. Let the doping profile be subsonic with b(x) € L*(0,1) and b > 1.
Then (37) admits a weak solution py(x) satisfying

(38) pr € HY(0,1) and 0 < pp(x) < 1 over [0,1].

Remark 3.3. Peng and Violet [26] showed that if k is large enough, then (37) has
a supersonic solution. Our Lemma 3.2 further shows that, in the case of the subsonic
doping profile, for all 1 < k < oo, (37) has a supersonic solution. Thus, our result
essentially improves the previous study in [26].

Proof. The velocity ug(z) = satisfies

k
Pk ()

(39) Kuk - ulk> (Uk)a:]m + (uj)x — (fk — b) =0, ze(0,1).
ug(0) = ug (1) = k.
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So we only need to show that (39) has a weak solution uy € H'(0,1) satisfying
k < up < oo. To this end, we define an operator T : ¢ — u by solving the following
linear elliptic equation:

(40 (v-5)u] +%-(E-0) =0 we0,

Set

X = {(x):p € C'0,1], k < (x) < M, p(0) = (1) =k,
[¥llcaon <A [#llerpa < YA,
where 0 < a < 1/2, M, A, and T(A) are some positive constants to be determined
later. Suppose that ¢» € X. By the L? theory of elliptic equations and the Sobolev

imbedding theorem, we see that (40) has a unique solution u € C**[0,1] for 0 < a <
1. Multiplying (40) by (v — k)~ (z) := min{0, (u — k)(z)}, we have

[T

1
k
(41) +/ (b> (u—k)"dx=0.
0o \¥
Because k > 1 and ¢ > k, we have ¢ — > k — 1> 0, and noting that
1

/Olum—k)-dx: ;T/Olq(u—k)-]?)wdx:o,

T

it follows from (41) that

(42) 71/|u7 - 2dx+/01(2b>(uk)dx§0.

This inequality in combination with the fact that % —b(x) < 0gives (u—k) () =0
for all z 6 [0 1]. Thus, u(z) > k over [0, 1]. Now multiplying (40) by (u — k), just as
shown in (42), and using Young’s inequality and Poincaré’s inequality, we get

—1/|u— 2dz</ <b—i}>(u—k)dm
g% 1( — k)2 dv+ 50— /01<b )
g /\ |2dm+ /Ole

HU || 2( ||bHL2
z||L 01) = F_1

It then follows that

Furthermore, a straightforward computation yields

161l 2
kE—1"

0<u(z)<k+
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Thus, the compact imbedding of H'(0,1) into C*[0,1] with 0 < ag < 1/2 gives
|ullcaoo,1) < Co(k,[|b]|2) for a constant C > 0.
Hence we determine M =1+ ”;ﬂLf, a = ag, and A = Cy(k, ||b||2). By the Holder

estimate for the first order derivative of divergence-form elliptic equation [14], we
derive

llullcr+apo,) < Cr(k, ||bl[z2, A).

Now we take T(A) = Cy(k, ||b]|p2, A) with A = Cy(k, ||b]|2). Then it is easy to see
that u € X and X is a nonempty bounded and closed convex set in C1[0,1]. On the
other hand, by the Arzela—Ascoli theorem, the imbedding C1t<[0,1] < C[0,1] is
compact. Thus, the operator T is a compact map of X into itself. By the Schauder
fixed point theorem (see Corollary 2.3.10 in [6]), there exists a fixed point © € X such
that

T(u) = u.

Therefore, (39) has a weak solution uj, € C[0,1], and pi(z) = k/ug(x) is a desired
weak supersonic solution of (37). 0

Proof of Theorem 3.1. Multiplying (39) by (ur —k) and using Young’s inequality,
we have

Doup +1 4 1 1
(k—1) / B2 (), 2+ = / 2 e — R)PPde
0 Uk- 9 0 Uk

! k
:/ <b—>(uk—k)dx

0 Uk
1! 2 [ k2
= —k)*de + = b——) d
) )“3/0( uk) !

1! 2 [
3 ) =02 pan S [
3Jo 3. Jo

IN

IN

Thus, we have
(43) (k= 1)% (u)ell 2 + |(u — k)2 g < C

for a constant C independent of k, where we have used £k > 1 and u; > k. This
inequality together with the Sobolev imbedding theorem yields

(44) g e < k+C3.
Hence
(45) pr(z) = i i i LI ¢ forall z € [0,1].

> > > > 3
ur(z) ~ Juklle T k+C3 T 1403

A direct calculation yields

(Pr)z = —k(Zi];)x and ((1-— pk)2)x = Ak (uy, — 1);Eguk — l)f)z.
k k
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It then follows from (43) and (44) that

1@ = p) [l + 111 = pi)* 2 < Cn,
(k= 1) (pr)alle < Cr(k—1)%.

Thus, there exists a function psy,(z) such that, as £ — 17, up to a subsequence,

1—pr)? = (1 — pgup)? weakly in H'(0,1),
or)3% = (1 = peup)®/? weakly in H(0,1),
)3/2 - (1- psup)3/2 strongly in C%[O, 1],
k—1)(px)s — 0 strongly in L*(0,1).

(
(1-
(1= pw
(
Applying the same procedure as in the proof of Theorem 2.1, one can show that pgup
satisfies (8). The lower bound of pgy, follows from (45) and the third convergence of
(46).

Let us now prove that ps,,(x) < 1 for any interior point = € (0,1). We observe
that if a function p satisfies p(z) = 1 on an interval [a,¢] C [0,1], then p is not a
solution of (7) because b > 1. Thus, for any 1 > € > 0, there exist a § > 0 and two
points a. € (0,¢] and é € [1 —¢,1) such that psyup(de), psup(ée) <1 —0 < 1. We only
need to show that psyp(z) < 1— 6 over [a.,¢.]. Actually, set w := (1 — psyp)?; then
w € H(0,1), w(ac),w(e) > 62, and it follows from (8) that for any ¢ € Hl(ac, ¢c)

1 [ 2—uw 1 (% g, e
- Y wa0.d = d 1-— —b)pdx = 0.
3] a et [ e [0V e =0

Taking op(x) = (w — §?)~(x), we have

L (" 2=yw 1 [C w— 627,
o, a2 [T

+/66(1 — Vi — b)(w — %) dw = 0,

€

Observing that pgy, > ¢, hence 2 — y/w > 1 — \/w > ¢ > 0. This implies that the
first term of the equality is nonnegative. Because b > b > 1, the third term is also
nonnegative. On the other hand, a simple computation gives —2(y/w+In(1—y/w)), =
11”7“”\/@, which implies that the second term is zero. Thus, (w—3§2)~(x) = 0 over [, ¢
And as a result, psyp(x) <1 — 0 over [de, &

It remains to show part 2 of Theorem 3.1. We only need to show that if zy € (0,1)
is a critical point of psyyp, then it must be a local minimal point. Because ps,, € C[0, 1]
and psup < 1 over (0, 1), by the interior regularity theory of elliptic equations and the
Sobolev imbedding, for any zy € (0,1), there exists an interval I C (0,1) such that
20 € I, psup € W2P(I) for any 1 < p < 00, and psy, € CH(I). Now if 2 is a critical
point, then (psup)z(20) = 0. Since pgyp € CH(I), there exists a § > 0 such that

T(b—1

[(psup)z(x)] < ) for any x € (29 — 0,29 + 0).
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If x € (29, 20 + §), we integrate (7) over (zg,z) to derive

1 1 (Psup)a
( -3 ) (Psup)z |:psup - } ds
pSUP psup Tpsup

where we have used (psup)z(20) = 0 and pgsup < 1. Thus,

(Psup)e(x) > 0 on (20,20 + 6).
Similarly, integrating (7) over (x, zg) with « € (29 — 6, 20), one can get that

(Psup)z(x) <0 on (20 — 6, 2p)-
Therefore, 2z is a local minimal point of ps,,. The proof is complete. 0

As in Proposition 2.5, we also study the optimal global regularity of the interior
supersonic solution.

PROPOSITION 3.4. pg,, € CY/2(0,1], and there exist s < 1, C; (i = 5,6,7,8)
such that

—Csz'/? < Psup — 1 < —Cgz'/?

47
0 ~Cr 2 < ()i < —~Cior ™2

for xz € [0, s2].
Proof. The proof is similar to that of Proposition 2.5. Here for supersonic solu-
tions, we need the local analysis for the solution near x = 0. We omit the details. O

4. Infinitely many transonic shock solutions. We turn to study the exis-
tence of transonic solutions of (5)—(6). We first consider Euler—Poisson equations (5)
with constant doping profile b but without the semiconductor effect (namely, % =0,
or, say, T = 00), and the imposed boundary condition is completely supersonic. That

is,
1
(1 - p2> pz = pE,

E, = P — bv
p(0) = p(L) =1—46 (supersonic boundary),

(48)

where L > i is the parameter of length and § > 0 is a small constant. As shown in

the proof of Theorem 3.1, for any ¢ > 0, (48) has a supersonic solution. We have the
following uniform estimates with respect to ¢ for the supersonic solutions of (48).

LEMMA 4.1. Assume that b > 1, and that (pr, EL)(x) are supersonic solutions of
(48). Then

B(L,b) < g%éri]pl'( xz) <v(L,b) and EL(0)> C(L,D),

where B(L,b), v(L,b), and C(L,b) are positive constants independent of ¢.
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Proof. For convenience, we denote (pr,, Er) by (p, F). In the phase-plane (p, E),

we have
dE _ (p+1)(p-b)(p—1)

dp Ep?

Integrating the above equation with respect to p, we obtain the part of trajectory
through (1 — 4, E(0)) as follows:

w EO_EO 205 2

+ p(z) — bln p(x)

and

E(a) - iﬁ\/ B0 2O o)+ b1 p(0) + 2D =L 4 ) bin ).

Thus, the supersonic solution obtained satisfies 0 < p(z) < 1 — ¢ and is symmetric in

x € (0,L). Set p := mingep,z)p(z). By the symmetry of p(z) in (0, L), we know that
p(z) reaches its minimum at « = £. Thus,

(50) p=p(L/2) and p'(L/2)=0.

We next estimate p. The velocity u(z) = 1/p(z) satisfies u(z) > %5 and

(51) <(u _ i) uz) _1 _ub“, w(0) = u(L) = %

Multiplying (51) by (u — 125)?, we get

o0 2 [ o o e [T e ) e

Artfully, we can reduce the left-hand side of (52) to

R (e

u 1—
so [T L (e s
I -

Luti 1 \2,
26 [Fu+l 1 )
_1—5/0 u (“_1—5)(%)‘”

L
1 A (e DAY
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Further, by using the Cauchy—Schwarz inequality, |ab| < pa? + 4%172 with any u > 0,

and by using Poincaré’s inequality, |gl|z2(0,z) < %ng||[‘2(07L), where % is the best

number for Poincaré’s inequality, because A := Z—z is the minimum eigenvalue of
—9gzz = Ag with g(0) = ¢g(L) = 0, we can estimate the right-hand side of (52) as
follows:
[P ) s on [ (v ) e B
(54) o u 1—6 =212 J, 1-0 2
I L2y Py b*L?
< — - -
=22 J, ’((“ 1—5) )x SR
Substituting (53) and (54) to (52), we then have
26 (fu+1 1 9 E(r? = Du+ n? 1\ |°_ p°L?
_ d MR - < =
176/0 (o 175)“"”%*/0 s (= 15) ), ==
which gives
1 \2
(55) H ((u —~ ) ) < b LVL.
1-4 zIlL2(0,L)
Notice that, for ¢ € H}(0, L), it holds that
@Ml < VLl¢allz2-
Thus, from (55) we have
1\’ 1\’
o) = (e ) o 2
1-0 1-9 olr20.n)
which gives
1
Thus, we can estimate the minimum of p(z) by
1 -t -1, 1
p> (15 + \/wb'L) > (2+ «/wb-L) 2 (L), when § < -

On the other hand, by (48), since b > 1 > p, we have

P

_ A1 (3 N b=p ] 2 W)
(56) Pre = 511 L}z(l—p) <p2 1)p”+(1—p)] Z5 2y ol
By Taylor expansion

p(0) = p(L/2) = p/(L/2)L/2+ p" (§)(L/2)*/2 with & € [0, L/2],

it then follows from (50) and (56) that

L233(L) 12 1 N
57 <]_§-_2C g - AL,
&7 E= 2+ = 2t (24 mh- L)’ )
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Since p = p(L/2) is the minimum value, from (48) and the fact p,(L/2) = 0, we have
E(L/2) = 0. Thus, in view of (49), we further obtain

E*0) 2-b-26 20— b

2 ey T10 =9~ |5 +p-blnp
_ 0[2—2b— (2 b)]
_ o7 —6—bIn(1—0)+1
LD WY L

2p?
52— 2b— (2~ )]

> 21— 0)? —d+ f(p),
where
oy 1+ QDO RWEID oy
Notice that f(1) = 0 and f'(s) := —@75)3(%52) < 0 for s € (0,1), namely, f(s) is

decreasing and positive for s € (0,1). Using the boundness estimates carried out in
(57), i.e., p < (L), when ¢ is small such that W +6< w, we have

E?(0) > 2 [_5((2 ;(‘ls)fb&;;) L) f(p)}
> f(v(L)).

Integrating the second equation of (48) over [0, L/2], we get

L/2 L/2
EO =BL2)+ [ G-pd= [ (0= pyit>o
0 0
Hence, it follows from (58) that E(0) has a positive lower bound,

(59) E0) = v f(v(L)),
which is independent of §. O

THEOREM 4.2. Ifb > 1, 7> 1, and 0 < b —b < 1, then system (5)—~(6) has
infinitely many transonic shock solutions over [0, 1].

Proof. The proof is technical and longer. We divide it into seven steps.
Step 1. Let n be a small number to be determined later such that § < n <« 1.
Denote by (p1, E1)(z) the solution of (48) with L = 1. Then by (59),

(60) E1(0) > v/ f(7(1/2)) = A

Let us consider system (5) with the supersonic initial value:

.
(P 0 7E(0)) (1 — 6, E1(0))
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In this step, we will show that when 7 > 1, there exists a number x; < Cn such that
p(z1) =1 —n, and E(x1) > FE1(0) — Cn?, where C > 0 is a constant independent of
7, § and 7.

It is easy to see that if 7 > Ail > E14(0) and 6 < i then the initial data of (61)
satisfies

p(0)E(0) — % — (1= 8)Fy(0) — % > ElT(O) > 0.
Observing that (61) is a standard initial value problem for the ODE system without
degeneracy, it follows that (61) has a unique supersonic solution on some interval.
Because b > b > 1 > p, the solution component F keeps decreasing. Using result 2 of
Theorem 3.1, p is decreasing until it attains the unique critical point, after which p
keeps increasing. Denote by x; the first number for which p(z) attains 1 — ), namely,
p(x1) =1 —mn. By the second equation of (61),

E(z) = E1(0) + /OI(p— byds > E1(0) — bz for x € (0,2).

4 > _4 _ then

Since p € (1 —n,1—6) on (0,z1),if n < % and 7 > NOL

&

Ay
1 - E E _
pE — = > (1 —1n)(E1(0) — bz) — 14(0) > (1-1n) ( 14(0) - b:c) for z € (0,1),
T
which in combination with the first equation of (61) leads to
(62)
_ —6)(1 — p2 2n?
= P =00) _ (=001 = %E) : with € € (0.1).

Pz (§) (POEE) — £)p*(€) ~ (1 —n)3 (2D _ pyy)
Eq1(0) 1

To solve this inequality, we notice that when 7 is small such that n < min{ W APIE
then

—_

B 0)  shP_ E(0)
4 1-gPT 4
y

Thus, we get from inequality (62) that

1 (B(0) [E20) 8?2 \'?
“’“<2b< o () )

—250% > —(E?(0) — 2%0®) > 0.

>~

_ An?
B E1(0 E2(0 b2
(1= (2 4 (B — fyr2)
16772 27,',]2

< )
T (A =n)PE(0) T A
where we have used (60) in the last inequality. In view of the second equation of (61),
we further get
27bn?
Ay

Step 2. Now let us consider the initial value problem for the ODE system without
semiconductor effect

(64) (1 - 12):1 =05,
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In this step, we prove that there exist numbers z5 > 0 and Ey > 0 such that 2o < Cn?
and the solution of (64) satisfies p(z2) = 1 —n and E(x) = E(z;). Here E and
are given by Step 1, and C' > 0 is a constant independent of 7, §, and 7.

We argue by the shooting method. Using phase-plane analysis, it is easy to
see that, for any Eo > 0, there exists L(Ep) > 0, such that (64) has a symmetric
supersonic solution on [0, L(Ey)] satisfying

p(0) = p(L(Ep)) =1 -6, E(0) = —E(L(Ey)) = Eq.
Now taking Ey = 2E1(0), suppose Z5 is the first number for which p attains 1 —1.
Since p € (1 —n,1—0) on (0,Z2), by the second equation of (64),
xT
(65) E(x) = E(0) +/ (p—b)ds > 2E1(0) —bx  for x € (0,7).
0
Hence
pE(x) > (1= n)(2E:1(0) — ba),

which in combination with the first equation of (64) leads to

2(9) 20

bz = (0) _ (n—5)(1 3 i
) = (1=n)3(2E1(0) — bZ2)’

(66) Ty = i —
P (8) PAE)E(

’
é

Notice that when 7 < min { il\ﬁ%) , % , it holds that

8bn?

4E%(0) — e

> 4(E3(0) — 2%bm?) > 0.

It then follows from (66) that

1 9 8bm? 1/2
72 < o <2E1 (0) - <4E1 (0) - (177)5) )
2n?
(67) - =
(1=m)* (E1(0) + (E}(0) - 2225)"/?)
2,'72 24,'72

SU-PE0) S A

where we have used (60) in the last inequality. This inequality together with (65)
gives

43,2
2%bn >
Eq(0)

E(%2) > 2E1(0) — bZy > 2E1(0) — 2E1(0) — 2 = B(0) > E(x).

Here we have used F1(0) = F(0) > E(x1) because F is decreasing.

On the other hand, if Ey = El(o), by (63), one can easily see that if n < 2%” /AL

2 b
it holds that E(z1) > ElT(m. Thus, E(z) < Ey = ElT(m < E(zy) for any x > 0 because

F is decreasing. Now by the continuity of the solution with respect to the initial data,
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there exist Ey € (Ele)JEl(O)) and length L > 0 such that (64) has a supersonic

solution (p, F) satisfying
p0) =p(L)=1-0, E(0)=-E(L)=E.
Moreover, as in (67), there exists a number x5 < Cn? such that

(68) plrs) =1—n and E(xy) = E(xy).

Thus,
. . . T2 T2 _
0<E07E(1‘1):E07E(1‘2>:7/ Eaadl‘:/ (b*ﬁ)d$<bl‘2 <017]2,
0 0

which in combination with (63) yields
Eo — B1(0) = By — E(z1) + E(z1) — E1(0) > E(21) — E1(0) > —Can?,
Eo — E1(0) = Ey — E(x1) + E(z1) — E1(0) < C1?,
where we have used the fact that F is decreasing. Thus,
|Ey — E1(0)] < Csn? with Cs = min{Cy, Cy}.

Observing that the length L of solution is also continuous with respect to the initial
data, since the length of the solution (p1, E1) to (48) with initial data (1 — 4, F4(0))
is %, there exists lp > 0 independent of 7, 6, and 7, such that if C3n? < Iy, then

<L<

el
Ao

Step 3. In this step, we show that when 7> 1 and b — b < 1, system (61) has a
unique solution (p, E) on [0, z4] with

1 3
1O Saa< 14O p(0) = plaa) =16

for some constant C' independent of 7, 4, and 7. Set (p, E)(z) := (p, F)(x — 1 + 2).

Then (p, E) satisfies (64) with initial-boundary data

(5 E)(w1) = (1 =1, E(22)) = (p, E)(21) and plaz) =1-1
_|_

with z3 = L + 1 — 225, where we have used the symmetry of (p, F), and hence
(L —3) = plws) = 1 —1. Set ¢ := ji—p, 1 i= B — E. Then by (61) and (64), (6,%)
satisfies
_ (p*p*=p*—pp—p*)9E P’
Or = GG T GG G- T TG
(69) Yo =¢+b-b,
(¢(z1),¥(z1)) = 0.

Define the solution space X7 := {(¢,%) € Clx1,T]|d(z1) = ¥(x1) = 0, |¢| < n/2,
|)] < n/2}. We only need to show the a priori estimate

(70) ¢*(x) +¥*(x) < 1°/4 onx € [z, 5],
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Multiplying the first equation of (69) by ¢ and the second one by ¢ and adding them,
and noting |p — p| < n/2, by Young’s inequality, one can easily get

C C -
(8" +9%)e < (@ +9%) + 5+ Cb-b)",

where C' is a constant independent of 7, §, and 7. It then follows from Gronwall’s
inequality that

¢4yt < C [C +(b- bﬂ e/ < C [C +(b- bﬂ e for 1 € (31, s).
T

T

Now taking 7 > 1 and b — b < 1 such that [T—Cz +(b— 9)2] eC/m’? < i we derive (70).
Moreover, we also get

lp—pl <n/2 and |E-E|<n/2,
which gives p(x3) < p(x3) + 2 =1 — 7, and further by (68) and (63),

(71)
E(.’Eg) < E(.’Eg) =+

= B(L—22) + 3 = —B(w2) + 3 = —B(m) +

N3

Now taking x3 as the initial data, we can extend (p, E), the solution of (61), to
the state satisfying p = 1 — 4. Denote by x4 the number for which p(z4) =1 — 9. As
in the proof of Step 2, we have

x4 — 3 < O
for some constant C' independent of 7, §, and 1. And then by (71),

Now we obtain a solution of (61) on [0, z4] satisfying

(72) p(0) =p(xg) =1-46, E(0)=E(0), E(z4) <—E1(0)+Cn.
Moreover,

1 - - 3
(73) Z—CnQ < L4z 209 =a3 <ay <a3+Cn° =L+x,—205+Cn < 1"‘0772-

Step 4. In this step, we construct a transonic solution of (61) on an interval [0, z5]
with

1
Z—C’nﬁ%ﬁ%—i—Cn, p(0)=1-46, p(xs)=1+0.

Set py =1 —mn; then p, = 1/p; > 1. We take the jump location Zg € (0,z4) as the
last number for which p(Zg) = p;, and restrict our supersonic solution (psup; Fsup)(2)
only on [0,Z]. We denote E,,(Zo) = E;. As in the proof of Step 2,

Thus, owing to the inequality of (72), the supersonic solution satisfies

(75) pp=1-n, E; <E(x4)+Cn<—FEi(0)+Ch.
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It is then easy to see that

pE == < (L= )(=E1(0) + C) < = Ey(0) + (C + E1(0))

Thus, when 7 < 1 such that (C + E;(0))n < Z49 it holds that

1 EL(0
(76) szz—fg—%«) and FE; <O0.
T

Next we construct the corresponding subsonic solution. For x > Zg, let us consider
the system (61) with initial data

p(Zo) = pr, FE(Zo)=E, = E}.

By the standard ODE theory, the initial value problem admits a unique solution
(p, E)(z) for & > Zy. By (76), a simple calculation gives

pu
Eq.(0 1
s- 12( - [1_ - (1= n)] (—E1(0) + Cn)
E
< - 1(0) +Cn?
2
It hence follows that when Cn? < 7E14(0)7
1 E
prEr_*S_ﬂ<0.
T 4

From the first equation of (61), we know the component p of such a solution is de-
creasing in a neighborhood of Z§. We denote this subsonic solution by (psup, Esup)(T)-
If n<1—%,then

Banl@) = B + [ (o~ Vi

Zo

gEﬁ—/j(lin—b)dx

< E,. <0,

where we have used the second inequality of (76) and E, = E;. Noting that the

function g(s) = = is monotone decreasing on (1, V/3), we thus get from (75) that
E.,—1 3 _
(psub)m _ Psub sub1 T < P;Er _ K, < By (O) + 077 < _El (0)
1— pi=1 @ =n)2=n) ~ n1-=n)2-n) 2

if < min { Egg) ) , %} This inequality implies psyup Wwill keep decreasing and attain

1+ 6 at a finite number x5 and

R 1
17n <Chn if77<min{E21g))72}.

77 T5 — Tog = 1 N
() T [ (peun)a (525 + (1 — 8)i0)ds
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Now we have constructed the transonic solution to (61) in [0, z5] as follows:

(psuvasup)(m)a T e [0,5?0),
(psuba Esub)(m)a HARS (£07 JJ5],

(ptransa Etrans)(x) = {

which satisfies the boundary condition
Poup(0) = 1 =6, poup(as) = 140,
the entropy condition at Zg
0 < poup(Zg) =1 =1 <1< pou(z7),

and the Rankine-Hugoniot condition (11) at Zy. Furthermore, it follows from (73),
(74), and (77) that

1 3
- —Cn< < —+Chn.
1 77_935_4+ Ui

Step 5. In this step, we construct a transonic solution of (61) on an interval [0, z7]
with 2 —Cp <27 <24 Cn, p(0) =1 -6, and p(z7) =1+6.

We take L = 2 in (48) and denote by (ps, E») its solution. As shown in Steps 1-3,
we know that there exists an interval [0, 2] with

5 7
7_02< < 02
4 77_336_4+ n,

such that system (61) has a supersonic solution on [0, z¢] satisfying
p(0) = plze) =190, E(0) = E5(0), E(wg) < —E5(0) +Cn.
As in Step 4, we may construct another transonic solution for (61) in the form of

(PsuvasuP)(x)v x € [0, Zo),
(psubaEsub)(x)a T € (i’o,!lﬁ],

(ptransv Etrans)(x) = {

where % € (0, z¢) and % —On? <ar < % + On? are some determined numbers. This
transonic solution satisfies the boundary condition

psup(o) =1- 57 psub(x7) =1+ 5;
the entropy condition at Zg
0 < psup(@y) =1 =1 <1< pun(iy),

and the Rankine-Hugoniot condition (11) at .

Step 6. We next construct transonic solutions of (61) on [0,1]. Without loss
of generality, we assume that F;(0) < E2(0). As in Step 4, one can see that when
0<d<n<l, 7> 1, for any Ey € (E1(0), E2(0)), there exist a number zg > 0 and
a transonic solution of (61) on the interval [0, zs] satisfying the boundary condition

psup(o) =1- 6) Esup(o) = E07 psub(xS) =1+ 57
the entropy condition at Z

0< psup(z%o_) =1- n <1< psub(‘%(—)i_)?
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and the Rankine-Hugoniot condition. Applying the continuation argument in the
length of the interval L, we realize that system (61) has some transonic solutions
(Ptrans, Etrans)(x) for & € [0,1] and satisfies the boundary condition

psup(o) =1- 5» psub<]~) =1+ 57
the entropy condition
0 < paup(x) =1 =1 < 1< paup(a),

and the Rankine-Hugoniot condition at some jump location xg in (0,1).
Step 7. Let us now prove the existence of transonic solutions of (5)—(6) on [0, 1].
For any 6 > 0, denote by (p?, E°) the transonic solution of (61) on [0, 1] obtained
in Step 6. Multiplying the first equation of (61) by p%((l —6—p?)?),, integrating the
resultant equation on (0,zJ), and using the second equation of (61), noting

LU0l — ot = oy + 20,

) )

/ (b—p°)(1 =0 —p°)dx < / b(1 -6 — p°)%dx
0 0

2 2
§1/ (1—5—p6)4dx+/ V2 dx
4 0 ‘ 0
1 o s 5\2y |2 2
<L = 6= 0o + 02,
4 0
we have
5
/%2&ﬁ+nﬂ5ﬁxmf+(ﬁ+1W06ﬁVth
0 (95)3 2([’6)3
zd
N A R e R
0
2

— 2= ) lpr + pr 4 (1 6)In(1 = 8) — (1= 9)]

Similarly, multiplying the first equation of (61) by p%((p‘; —1-6)?%),, integrating the

resultant equation on (xJ, 1), we have

/1 20(p" + (P’ = 1=0)((p")2)* (0" + DI((P° =1 =0)%)al®
a8 p? 2(p°)?

1 1
<3 [P 1= 8PP+ ¥ - B - 1= 0
o
2
+=lpr = (1 +0)Inp, — 1+ (1+0)In(1 +4)].
Substituting this inequality into (78), we get

||(1 -6 pgup)2||H1(0,:cg) < C? H(pgub -1- 6)2||H1(acg,1) <C.
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Since > 0, as § — 0%, up to a subsequence, 2§ — o € (0,1). Thus, for integer k
large enough, there exists a subsequence, still denoted by {p°}, such that

(1-6- pgup)2 - (1- pgup)2 weakly in H'(0, 29 — 1/k),
(Poup = 1= 6)* = (plup — 1) weakly in H' (o + 1/, 1).

0 ans)s We know that (5)—(6) has a
transonic solution (ptrans, Etrans)(z) for & € [0,1] that satisfies the sonic boundary
condition, the entropy condition, and the Rankine-Hugoniot condition at the jump
location zq in (0, 1).

Because 7 depends only on (£ (0), E2(0), 1), and n depends only on (£ (0), E2(0)),
there exists a 79 > 0 such that for any n € (0,79), there exists a transonic solution
jump location at p; = 1 — 7. Thus, such transonic solutions are infinitely many due
to an arbitrary choice of 0 < 1 < 1. The proof is complete. |

Applying the diagonal argument for (p,,,s, E2

5. Infinitely many C! transonic solutions. In this subsection, we assume
that the doping profile b(x) = b > 1 is a given constant. We will construct C*-
smooth transonic solutions on the basis of refined local analysis of the interior subsonic
solutions and interior supersonic solutions on the boundary. The approach relies on
the phase-plane analysis.

We first study the structure of the interior subsonic solution. For convenience,
we set

1
(79) F=E—-— and n=p-—1.
Tp
Then system (5) is transformed into
_— (1+n)*F
T 2+ n)n’
(80) (1+n)F
Fo=n+1-b0+—-——"".
T(2+n)n

Clearly, (b—1,0) is a saddle point of (80). In the (n, F') plane, all trajectories satisfy

AP _(n1-0)2+n) n, 1 s g g

(81) dn (I14+n)3 F 7(1+4+n)?

Here and in what follows, to avoid confusion, F' = F(n) denotes the function of the
trajectory. The equation Hi(n, F') = 0 determines a curve

t(n+1 —b)(2—|—n)n.

2 2=E(n) =
(52) (n) —

Obviously, if a trajectory interacts with the curve & = Z(n), then the interacting
point is a critical point of the trajectory, and all critical points of a trajectory lie on
the curve E(n). We draw the phase-plane of (n,F) in Figure 1 with 7 = 0.5 and
b = 1.5. To state our results more precisely, we need the following definition.

DEFINITION 5.1. If (p, E) is an interior subsonic (resp., interior supersonic) so-
lution to system (5) on an interval [0, L] satisfying p(0) = p(L) = 1, then the corre-
sponding trajectory E = E(p) in the phase-plane (p, E) is called an interior subsonic
(resp., interior supersonic) trajectory to system (5). And the transformed trajectory
F = F(n) in the (n, F) plane is called an interior positive (resp., interior negative)
trajectory to system (80).

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 11/29/17 to 132.216.238.223. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

HD MODEL OF SEMICONDUCTORS WITH SONIC BOUNDARY (I) 4795

iy %

031

0.2

0.1H

| ‘ A
i\ // k

Fic. 1. Phase-plane of (n, F) with 7 = 0.5 and b = 1.5. * is the saddle point (0.5,0); the red
_ 1(n+1-b)(2+n)n
14+n °

line is the function E(n) =

Clearly, an interior subsonic (resp., interior supersonic) trajectory corresponds
to an interior subsonic (resp., interior supersonic) solution to system (5) on some
interval. Instead of studying system (5) directly, we turn to analyzing the structure
of solutions to the transformed system (80). Based on the analysis of the relation
between F(n) and Z(n), we first obtain the following important lemma.

LEMMA 5.2. When 0 < 7 < Nﬁ’ all interior positive trajectories to system
(80) start from the point (0,0).

Proof. Tt is easy to see that there are two zero points of Z(n) on [0, +00): ny = 0,
ng =b—1, and

(84) E//(n) = —27’(1 =+ (1_|_b3> <0 for n > 0,

")

(1]

'0)=2(b—1)7>0 and Z'(b—1) :—T<b—%) < 0.

Thus, Z(n) is concave on [0, 00) and has only one maximal point denoted by n* that
depends only on b. We just focus on the region F' > 0. By (81) and (82),

(85) ar _ =y
dn  T(1+n)2F  7(14+n)?’
which is equivalent to
(86) ar 1 F - (= (B-1=
dn  7(1+n)? F 7(1 4+ n)2F’

where § > 0 is a constant to be determined later. This equation in combination with
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(83) leads to

2 2:2’_2(F_BE) = p-1 2 _ _L
. (F == = Tasaye T s T (2 b2n (1+n)2)]
= (F? - p2%) - : +22-1,

7(1+n)2(F + BE)

where [ := = +76%(2— b+ 2n — 753 ). Since 2(0) = 0, if F(0) = h > 0, then
we have F2(0) — 3%2%(0) = h? > 0 for any B > 0. We next determine 3 such that

I >0 forn e [0,b—1]. To do this, we set § = £ with co = m. When 72 < 2,
we have for n € [0,b — 1]
I ! [0 1,5, (21 +n)3 — b(1 +n)2 —b)
= . | = = = n)° — n)? —
T(l+n)2 |72 T2
1 [ co iz
S R R
“r(1+n)? |72 T2 (b7 +9)
1 'CO 3
= 1 —co(b b }
T(1+n)? L2 i co(b” +b)) =

1 Co
- (&5 4
7(1+n)2 (27’2 )
> 0.
Noting =(n) > 0 on (0,b — 1), it then follows from (87) that
(88) F%(n) > 3*2%(n) forn €[0,b— 1].

Since (b—1,0) is a saddle point lying on the curve E = Z(n), the trajectories starting
from (0, h) with h > 0 cannot go back to the line n = 0, but go to infinity. Obviously,
a trajectory cannot start from (0,—h). Therefore, when 7 < ﬁm, all interior

positive trajectories to system (80) must start from (0,0). d

LEMMA 5.3. When 0 < 7 < Wﬁ’ all interior positive trajectories to system
(80) satisfy

3
(89) F(n)giE(n) forn > 0.
Proof. Taking 3 = 2 in (87), when 72 < 9(b?+b)’ we have for n € [0,b — 1]
I** 1Jrﬁ (2(1 +n)® —b(1 +n)* —b)
T rl+n? |27 74 " "
1 1 972 .

L e N e
— 7(14+n)? [2 4 (b7 +0)
> 0.

If there is a point 7 € (0,b—1) on the trajectory such that F(n) > 3Z(n), then noting
E(n) >0and I > 0 on (71,b— 1), we get from (87) that F(n) > 3Z(n) on (71,b— 1).
Because (b — 1,0) is a saddle point, this trajectory will go to infinity. We hence get
(89). O
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LEMMA 5.4. When 0 < 7 < Nﬁ’ all interior positive trajectories to system

(80) with F > 0 are Lipschitz continuous on a neighborhood of n = 0.

Proof. We first present a lower bound of ‘fl—i. Notice that all critical points of

trajectories lie on the curve = = =(n). We claim that an interior positive trajectory
to system (80) must have at least one critical point on (0,b — 1). Otherwise, the
trajectory has no critical point on (0,b — 1); then

F'(n)>0 on (0,b—1) or F'(n)<0 on (0,b—1).
If the former case holds, by (81) and (82),
(F—2)(n)>0 on (0,b—1).

By Lemma 5.2, when 7 < 2\/@, it holds that F'(0) = 0 = Z(0); then it follows that
F(n) > Z(n) on (0,b — 1). Since (b —1,0) is a saddle point, this indicates that the

trajectory cannot go back to the line n = 0, but goes to infinity. If the latter case
holds, since F(0) = 0, we get

F(n) <0 forany ne (0,b—1).

Using (81) again, noting n+ 1 —b < 0 for n € (0,b — 1), we derive

F'(n) > >0 on (0,b—1),

which is a contradiction. Thus, an interior positive trajectory to system (80) has at
least one critical point over (0,b — 1).

We next claim that an interior positive trajectory has at most one critical point.
Denote by ng a critical point of this trajectory. Taking 8 = 1 in (87), and using (83),
we have

s —ay _ 2(F-F) (s . b
) (F?—27) = an)e + 22 <2 b+2 (1+n)2)
= (F?-2?)- 2 —2==.

T(14+n)2(F+E)

Recall that n* is the maximal point of the function ( ) on (0,b—1). If ng > n*,
noting F'(ng) = E(ng) and Z(n) > 0, 2'(n) < 0 on (n*,b — 1), it follows from (90)
that

F(n) > EZ(n) over (n*,b—1).

Because (b—1, 0) is a saddle point, this trajectory will go to infinity. Thus, ng € (0,n*).
Now since =(n) > 0, E'(n) > 0 on (ng,n*) and F(ng) = =(ng), by (90) again, we
have

(91) F(n) < E(n) over (ng,n"].

Since all critical points of the trajectory are on the curve Z(n), (91) indicates that
there is no other critical point on (ng,n*] for this trajectory. On the other hand,
suppose that there is a critical point ny € (0,ng) for this trajectory; then

F(n1) =Z(n1), =(n)>0, and Z='(n)>0 on (ny,n"].
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Applying (90) repeatedly, we get
F(n) < Z(n) forn € (ny,n"].
This contradicts the fact that F(ng) = E(ng) because ng € (n1,n*). Thus, there is

no critical point on (0,n¢) for this trajectory, and ng is the unique critical point of
this interior positive trajectory. As a consequence, we conclude that

(92) d};ifln) >0 on (0,n0).

We next derive an upper bound of %. By (80), we get

Ny 1 1
(93) = =0 b—i_T(l—I—n)2 n b T <1—|—n)$

Noting n(0) = 0, by the continuity of the trajectory, 0 < n < b—1 on [0, 2] for some
z > 0. Noting F(0) = 0, hence, for z € [0, 2],

1 [* 1 1 1
F($)<_;/O <1+n)zdx_7'_7'(1+n)'

It then follows that for n € [0,b — 1] and F > 0,

dF(n) - T(n+1-0)(2+n) 1
dn (14+n)? 7(1 4+ n)?

1
< =

-
This estimate together with (92) implies the trajectory is Lipschitz continuous on
(Oa nO) . D

LEMMA 5.5. When 0 <1 < min{ﬁm, 4\/%}, all interior positive trajectories
to system (80) with F > 0 are C*-smooth on a neighborhood of n =0 and

on 9 - L (1 128@1)).

T T

Proof. By Lemma 5.4, we only need to show that the second order derivative of
the trajectory does not change sign on a neighborhood of n =0, i.e.,

d’F .
(95) i does not change sign if 0 < n < 1.
n
Step 1. We first compute ;f;l;“. By (81) and (82),
1
(96) (14+n)?’FF = =(F - ).
T

Notice that F(n) is C* over (0,b — 1). Differentiating (96) in n and using the first
equality of (85), a direct calculation yields

(1+n)*FF"

1
=2(1+n)FF —(1+n)*(F)?+=(F - =)
T
1 = =2
97) =-———"—— [2F3 - (22—~ (1+n)Z)F? +

r(1+n)F? S r(1+n)  t(1+n)
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By (82) and (83), it is easy to see that
2r(n+1-0)(24+n)n
1+n

:H%[Z(n+1—b)+bn(2+n)].

22— (1+n)= =

+T<1+n)<2_b+zn_(1fﬂ)2)

It then follows that

yo 2 72(n+1—=10)+ bn(2+n)
F —T(1+n)3F3{ ' 2(1+n) T
(2+n)n(n+1-05) 7(24+n)?n?(n + 1 — b)?
(98) 2(1 4 n)? e 2(1 +n)3 }
e 2 . HQ(TL,F)

" 7(1+n)3F3

Step 2. We next solve the equation Hy(n, F') = 0, which is a third order algebraic
equation in the form

(99) F3 4+ kF?24+mF+(=0,
where
T[2(n+1—0b) 4+ bn(2+n)] 2+n)nn+1-10)
k=— , m= ,
2(1+n) 2(1+ n)?

(100) 9 9 9

- T2+ n)*n*(n+1-0)

B 2(1+4n)3

Denote p = 7% +m,q= 2(%)‘3 — kTm + ¢; by Cardan’s formula, (99) has three roots:
Fy =A% + B3, F,=wA3 +w°B3, Fy=w?A’ +wB3,

where o = =1EY3 A = 4 1 [(1)2 1 (2)3]3, and B = —% — [(4)? + (2)%]. Fur-

thermore, if (2)® 4 (§)® < 0, then all roots are real valued. We claim that when

T< 4\/% and 0 < n < 1, then (£)? 4 (%)? < 0. Actually, a simple calculation gives

(101) (3)2 + (2)3 = _134 [(km — 96)% — 4(k? — 3m)(m? — 3k0)].

When 0 < n < 1, by (100),

k=7(b—1)+0(n), m=1-bn+0(n), (=2r(b-1)’n>+0(n").
It then follows that
km—9=—1(b—1)*n+0(n?), k*—3m=(b— 17+ 0(n),
m? — 3kl = (b—1)?n? — 67%(b — 1)3n? + O(n?).

Substituting these three estimates into (101) yields

q\? , (p\3

(3) +(5)
1 4.2 2 2_2 2 2 2

= g (b= =4 = 1)27%((b = 1)7 = 67°(b = 1)°)n” + O(n°)]
1 4 _2 2 2

= 15 BO-DT (14877 (b~ 1)n +0(n%)].
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Thus, when 7 < 4\/% and 0 < n < 1, we have (£)? 4 (§)% <0.
Now all roots of the equation Ha(n, F') = 0 are real valued functions. And clearly,
they are analytic in n on (0,0 — 1). We then take an expansion of the roots denoted

by Fy(n) as
Fo(n) = 0y + 01n + O(n?),
and substitute this formula into Ha(n, F') = 0 to get
0p=0 or fp=-7(b—1)<0,

and

1(1 1 1(1 1

Notice that when 7 < 1, 2 (£ +v/ & = 8(b—1)) =O(L) and L (L -/ 5 —8(b—1)) =

S L —— O(7). Because we are interested in the interior positive trajectories
14+4/1-8(b—1)72

with F' > 0, by Lemma 5.3, it holds that

1/1 1

Thus, the solution curve of the equation Ho(n, F') = 0 satisfies

40— 1)1

1+1-80b-1)r2
d

Step 3. We proceed to show that when 0 < n < 1, the function %(n) is
monotone.

Assume that 79 > 0 is a critical point of the function 2 (n); then ‘j;P; () = 0.

We claim that when 7y is small enough, it holds that ‘f’TI; fig) > 0. Differentiating
(97) in n, we have

(103) Fy(n) = 601n +O(n?) = n+ 0(n?).

201 +n)FF" +(1+n)?F'F" + (1 +n)*FF"

1 (F// _ EN).

T

= 2FF —4(1 +n)(F)* =21 +n)FF" —2(1 + n)*F'F" +

Noting F"'(i9) = 0, it then follows from (84) that
~ N2 1" TN A (o 2 E//(ﬁo)
(1+n9) " FF" (o) = —2FF'(fg) — 4(1 + 7o) (F'(70))” —
(104) T o
= —2FF'(fg) — 4(1 + o) (F(70))? + 2+ ————=.
(o) = 4(1 + 7o) (F (70))” + HETEEE

Using (97) again, since F"'(i9) = 0, it holds that

(14 79)*(F'(10))? = —2(1 + 1) FF' (7o) + %(F’(ﬁo) — Z/(fg)).
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Substituting this equality into (104) and using (85) leads to

(105)
(14 1g)*FF" (f)
= —2(1 + 7o) FF' (7o) — 4(1 + 1g) 2 (F' (720))* + 2(1 + 7o) + ﬁ
= 6(1 + 1) FF'(ng) — 4F/Tﬁ°) + 4E/£AO) +2(1+no) + (1+2[7)10)2
_ 6(F(no) —E(fo))  4(F (o) — (o)) | 4Z' (o) A 2b
=T (1 T ) T TRy e R G el Ty
- 20)217 [3F(F - :T)(l + 7o) 2(FT; ) N 2(1 + nTo) F2' (A4 h0)PF + bF}
S 2 T
(1 + no)2F (20)

By (82), (83), and (103), when 7y < 1,
F (i) = 1o + O(ng),  F(n) — Z(io) = (61 — 27(b — 1)) + O (i),
=/ (f19) = 27(b — 1) + O(#g).

Thus,
200, — 27(b—1
J(fg) = — G :2( ))ﬁo + 4(b — 1)01729 + 61720 + b1 + O(13)
(106)
4b—1) 26
= ( ) - 721 + (5b— 3)91 Mo —|—O(ﬁg)
T T
By (102),
Ab-1) 200 _ 8(b—1)
T T2 ! 14+/1-8(b—1)r2

It hence follows that if 7 <1 such that 7% < 1553 < 0oy then
4b -1 26 8(b—1
g——;+(5b—3)91:91 5b— 3 — (b-1)
T T 14+ 1-8(b—1)r2

> 0,(5b— 3 — 5(b— 1))
=26, > 0.

Substituting this inequality into (106) and then (105), we conclude that

1
4/b—1"

Thus, the critical point 79 must be the local minimal point of %(n), and hence there

exists ny > 0 such that the function 4£ (n) has at most one critical point over (0, ns).

d’F
dn?
exists ng € (0,n2) such that the function %X (n) is monotone on (0, n3).

F//l(ﬁ()) >0 ifng<k1l and 7<

This implies could change sign at most once on (0,n2). As a consequence, there

Step 4. Now by Lemma 5.4 and the monotonicity of %, one can easily see that

lim F’'(n) exists = F’(0).

n—0+
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Then F’(n) is continuous on [0,7n3]. It remains to show (94). Applying L’Hopital’s
principle to (81) at n = 0, it holds that

PO ="
Thus,
F'(0) = % <i+ % _8(b— 1)) _0 (i)

T T2

By Lemma 5.3, F'(0) = 3 (£ — V&% —8(b—1)). O

THEOREM 5.6. Assume that b(x) = b > 1 is a constant. There exists a constant
To = T0(b) depending only on b, such that for any 0 < T < 7o the interior subsonic
solution to system (5) satisfies

P =} ( _ L s 1>) _ o).

(107) peC0,d, p(0) =1, E(O):%, and px(O):1<1— 12—8(b—1)>

4\ T T

for some € > 0.

Proof. Recalling the transformation (79), p =n+1and E = F + ﬁ By
Lemma 5.2, one can find that all interior subsonic trajectories to system (5) must
start from (1, %) In other words, all interior subsonic solutions to system (5) must

satisfy p(0) = 1 and E(0) = 2. By L’Hépital’s principle and (94),

1 1
lim L lim = —

n—0t F(n) nso0t F'(n) 6’

which together with the first equation of (80) gives

T F(l’) o 91
na(0)= i ) = 2

Thus, n € C1[0, €] for some € > 0. Recalling n = p — 1, we have p € C1[0, ¢] for some

€ > 0, and
0, 1(1 1
m@—2—4< wﬁ,

where we have used 61 = 3 (£ — /& —8(b—1)). |
We next study the structure of the interior supersonic solutions. To do so, we
still study the transformed equations (80) and (81) but with n € (—1,0].

LEMMA 5.7. When 0 < 7 < —L-, all interior negative trajectories to system (80)

3vb’
end at the point (0,0).
Proof. By (82)-(84),
(108) E(n) <0, E'(n)>2r(b-1)>0, ='(n)<0 forne(-1,0],
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(109) lim Z(n) = —oo.
n——1
We next focus on the region F' < 0. Notice that (87) still holds. If F(n) —h <0,
then F2(0) — 3222(0) = h% > 0 for any 3 > 0. To ensure F?(n) > 3?Z2%(n) for any
€ (—1,0], we also need to determine @ such that I > 0 for n € ( 1,0]. Setting
B =% with ¢; = 3b,when7‘< 3\/B’W6 have for n € (—1,0]

2
I:T(liny[:;—l—&-~(2(1+n)3—b(1+n)2—b)
>1.{01_ _%C?]
“7r(1+n)2 |72 72
-zt ()
7(14n)2 \9br2
> 0.

It then follows from (87) that F2(n) > 5% for n € (~1,0). Noting F(0) < 0 and
E(n) < 0on (—1,0), we get

F(n) < E(n) forn € (-1,0).
It hence follows from (109) that

lim F(n)= —oo,

n——1

and the trajectory ending at (0, —h) with h > 0 does not start from a point of the
line n = 0. Thus, when 7 < 3\1/5, all interior negative trajectories should end at the
point (0, 0). d

LEMMA 5.8. When 7 < 3%/5, all interior negative trajectories to system (80) sat-
isfy

(110) F(n) > g -2(n) forn e (-1,0].
Proof. Taking 8 = 2 in (87), when 7 < 3\/5, we have for n € (-1, 0]
1 1 972
T=—— =+ 20 +n)? —b(1+n)?—
A1) [24- 1 (2(14+mn)’ —b(1 +n)* —b)

1 1 972

>~ |22

= 71 +n)? L 4 4

> 0.

If there is a point 7 € (—1,0) on the trajectory such that F (i) < 3 - E(n) < 0, then
noting =(n) < 0 and I > 0 on (—1,7), by (87), we have

9
F%(n) > 1 -Z%(n) on (—1,7).
Because Z(71) < 0 and F(71) < 0 on (—1,7), we have F(n) < 3 -Z(n) for n € (—1,n).

Thus, by (109), lim,,,_1 F(n) = —oo, and this trajectory starts from infinity and
cannot be an interior negative trajectory to system (80). We hence get (110). d
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LEMMA 5.9. When T < 3%/5, all interior negative trajectories to system (80) with
F <0 are Lipschitz continuous on a neighborhood of n = 0.

Proof. We first show that an interior negative trajectory must have at least one
critical point on (—1,0). Otherwise, the trajectory has no critical point over (—1,0);
then

F'(n) >0 on (—1,0) or F'(n)<0 on (—1,0).

If F'(n) > 0 on (—1,0), then

(F—2)(n) >0 on (-1,0).
By Lemma 5.7, when 7 < 3%/5’ F(0) = Z(0) = 0, we then have F(n) < Z(n) < 0 on
(=1,0). Thus, by (109),

lim F(n) < lim E(n) = —oc.

n——1 n——1

This implies the trajectory cannot start from a point of the line n = 0. If F'(n) <0

on (—1,0), noting F(0) = 0, it holds that F(n) > 0 for n € (—1,0). By (81), since
(n+1-b)(2—n)n

TFn)°F > 0, we have

1
F'(n) > 5 >0 on (—1,0),

7(1+n)

which is a contradiction. Thus, an interior negative trajectory to system (80) has at
least one critical point on (—1,0).

We next claim that this interior negative trajectory has at most one critical point.
Denote by ng € (—1,0) a critical point of this trajectory. Then by (108),

(111) F(ng) =Z2(ng) <0, E(n)<0, E'(n)>0 on(—1,np).
Noting (90) still holds, it follows from (111) and (90) that when F < 0,
0> F(n) > ZE(n) for n € (n.,ng),

where n, is the point such that F'(n,) = 0. In other words, there is no critical point
on (—1,7m9). On the other hand, if there is a critical point 7y € (ng, 0), then

F(n1)=E(n1) <0, ZE(n)<0, andZ'(n)>0 on (ng,ni).
Applying (90) again, we have
F(n) > E(n) for n € (n.,ny),

which contradicts the fact that F(ng) = Z(ng). Thus, there is no critical point on
(ng, 0) for this trajectory, and ng is the unique critical point of this trajectory. As a
consequence, we obtain

dF(n)
dn

(112) >0 on (ng,0).

We next derive an upper bound of 4. Integrating (93) on (z, 1), noting F(1) = 0,

we have )
1 1 1 1 n
F - de =~ — = .
(x)>7/£ <l—|—n>w * T 1(14+n) 7(1+n)

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 11/29/17 to 132.216.238.223. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

HD MODEL OF SEMICONDUCTORS WITH SONIC BOUNDARY (I) 4805

Noting F' < 0 on (z,1), it follows that % > 7(1 +n). By (81), we obtain

dF(n) t(n+1-0b)(2+n) 1 1 1
an < (040’ Tr0tne S ritn2 S ritn)?

for n € (ng, 0).

This estimate together with (112) implies the trajectory is Lipschitz continuous on
(10, 0). U

LEMMA 5.10. When 7 < min{g%/g, 4\/%}, all interior negative trajectories to
system (80) with F < 0 are C'-smooth on a neighborhood of n = 0 and

dF 1/(1 1
dn(0)=2<7_— 7_2—8(b—1)>.

Proof. The proof is quite similar to that of Lemma 5.5. The main difference is

that now the unique critical point of the function % is the maximal point of %.

Other changes are obvious. ]
On the basis of Lemma 5.10, analogously to Theorem 5.6, one can obtain the
refined structure of the interior supersonic solution established in Theorem 3.1.

THEOREM 5.11. Assume that b(x) = b > 1 is a constant. There exists a constant
To = 7o(b) such that for any 0 < T < 19 the interior supersonic solution (p, E) on an
interval [0, L] satisfies
(113)

peCUlLe I, p0) = plL) =1, B(L) =~ and po(L) = | ( —\/ = 80— 1))

for some € > 0.
On the basis of Theorems 5.6 and 5.11, we are able to construct interior C!-
smooth transonic solutions to system (5)—(6).

THEOREM 5.12. Assume that b(x) = b > 1 is a constant. There exists a constant
70 = 70(b) such that for any 0 < 7 < 79, there exist infinitely many interior C*-smooth
transonic solutions to system (5)—(6) in the form

psup(x), x € (0,z0),
plo) = { psub(T), T E (xo,lo),

where zo € (0,1) is the location of transition, and 0 < peyp(x) < 1 and psup(z) > 1
satisfy

(114) psup(xO) = psub(x()) - 1;
(psup)m(zo) = (psub)m(xo) = i (;l_ — % — 8(b — 1)) ,
(115)

1
Esup(xO) - Esub(xO) - ;

Proof. For any xg € (0,1), by Theorem 3.1, system (5) admits an interior super-
sonic solution pg,, on [0, x| satisfying

PsuP(O) = Psup(xo) =1
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By Theorem 5.11, there exists a constant 79 = 79(b) such that for any 0 < 7 < 79

psup € CHxo — €0, 0], Esup(wo) = £,
(116) { ! £

(Poup)alo) =} (£ = /% =806 1))

for some €y > 0.
On the other hand, by Theorem 2.1, system (5) has a unique interior subsonic
solution pgup on [xo, 1] satisfying

psub(xo) = psub(]-) =1.

By Theorem 5.6, there exists a constant 71 = 71(b) such that for any 0 < 7 < 7y

Psub S Cl[anxO + 61}7 Esub(xO) = %a
(117) {

(psu)a(w0) = § (£ = /% 80— 1))
for some €; > 0. We can now construct an interior C''-smooth transonic solution by

| psup(), x €0, 20],
ple) = { psun(T), T € [T0, (1)]

Furthermore, (114) and (115) follow from (116) and (117). Because z9 € (0,1) is
arbitrary, the C''-smooth transonic solutions are infinitely many. O

As a by-product, one can easily see that when 0 < 7 < 1, there is no transonic
solution with shock. In other words, when 7 is small, system (5) admits transonic
solution of C'-smooth type only.

THEOREM 5.13. Assume that b(x) = b > 1 is a constant. There exists a constant
To = 70(b) such that for any 0 < 7 < 719, system (5)—(6) has no transonic shock
solution.

Proof. We argue by contradiction. Assume that there is a transonic solution with
shock. Denote by z( the jump location. By the Rankine-Hugoniot condition (11)
and (12),

(118) E,=E, and pp, =1

Because the solution is discontinuous, it holds that 0 < p; < 1 < p,. Clearly, there
are two cases for the value of FEj:

1
E < -
-

1
or E;>—.
T

If the former case holds, observing that at zo, psup(0)Esup(zo) — % =pE — % <0,
it follows from the first equation of (5) that

1
(psup)z(xo) = —1 ~ > 0.

Thus, we can extend this supersonic solution to an interval [0, L] such that

1
Psup(L) =1 and Eyupy(L) < Egyp(zo) = B < .
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Here we have used the fact that F,,, is monotone decreasing. Recalling the transfor-
mation (79), this implies
1
Fyup(L) = Egup(L) — - <0.

In view of the proof of Lemma 5.7, we find that the corresponding trajectory satisfies

nilljll+ Foup(n) = —oc.

Thus, this supersonic solution cannot satisfy the left boundary condition psy,(0) = 1,
which is a contradiction.
If the latter case happens, by (118), we get

1
E.>— and p,>1.

T
Thus, we can extend backward this subsonic part to an interior subsonic solution of
system (5), still denoted by (psup, Esup) such that for some z_; € R,

1
psub(xfl) = ]-7 Esub(xfl) > Er > ;7
where we have used the fact that Fs,; is monotone decreasing. Recalling the trans-
formation again, we have
1 1

Fsub(xfl) = Esub(l‘fl) — ; > ET — ; > 0.

In view of the proof of Lemma 5.2, one can see that the corresponding trajectory will
go to infinity, which contradicts the right boundary condition ps,s(1) = 1. Therefore,

there is no transonic solution with shock. 0
Proof of Theorem 1.3. Combining Theorems 2.1, 3.1, 4.2, 5.12, and 5.13, we im-
mediately obtain Theorem 1.3. O

6. Examples. Let us test a special case when b(z) = b > 1 (constant). We
may clearly observe the structure of stationary solutions to system (5)—(6) from the
phase-plane analysis, which also further confirms our main theorem mentioned above.
Notice that, when b > 1, the critical point of system (5) is A = (b7 #), and the
Jacobian matrix of system (5) at A is

b b

JA) =702 -1) -1
1 0

It is easy to see that the eigenvalues A of matrix J(A) satisfy the following character-
istic equation:

bA b

11 2 _ _ —
(119) SR (= S

0.

3
Notice that A\j g = “2 1 < 0, where A; and \g are the roots of (119). Thus, A is

a saddle point. On the other hand, it follows from system (5) that

dE  (p=0)(1— %)

120 — =
(120) i
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051
0.4
0.3

0.2

0.5

F1G. 2. Phase-plane of (p, E) with 7 =15 and b = 1.5. x is the saddle point A = (1.5,2/45).

4
Interior subsonic
solution

1 Sonic line

Interior supersonic
solution

F1G. 3. Interior subsonic solution and interior supersonic solution.

which helps to determine the directions of all trajectories. Here and in what follows,
to avoid confusion, we denote by E = E(p) the function of the trajectory.

Ezample 1: Subsonic/supersonic solutions. Let 7 = 15 and b = 1.5. We draw
the phase-plane of (p, E) for (5) in Figure 2, from which we observe that there exist
at least one interior subsonic solution and one interior supersonic solution. These
interior subsonic/supersonic solutions can be roughly sketched in Figure 3.

Ezxample 2: Transonic shock solutions. In this example, we show in Figure 4 how
to construct an interior transonic shock solution when 7 is large: the discontinuous
trajectory in blue stands for a transonic shock solution with smaller length (e.g.,
%) and is structured by a stationary shock at xy with the Rankine-Hugoniot jump
condition (11) linking the other two solutions. One is a supersonic solution psy,(z)
with psup(0) =1 and peup(zy ) = pr < 1, and the other is a subsonic solution pgy(z)
with psub(acg) = pr > 1 and psub(%) = 1. The discontinuous trajectory in red (color
available online) represents a similar transonic shock solution with larger length (e.g.,
%) satisfying the entropy condition and the Rankine-Hugoniot condition at some jump
location. By continuity, there is an interior transonic shock solution to (5) on [0, 1].
Since the choice of p; = psup(zd) can be infinitely many when p, — p; < 1, there are
infinitely many transonic shock solutions. In Figure 5, we draw two transonic shock
solutions to system (5) with different p;.

Example 3: Smooth transonic solutions. When 7 is small, for example, by taking
7 = 0.5, we see in Figure 6 that the phase-plane changes dramatically: many subsonic
trajectories start from the same point (1, %), and many supersonic trajectories end
at the same point (1, %) As a result, one can see that there are possibly smooth
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©

Fic. 4. Transonic shock trajectories in the phase-plane of (p, E) when 7 is large.

Transonic shock solution

Sonic line

v

Xo1 Xo2 1

F1G. 5. Transonic shock solutions when T is large.

JIN—x=
HINE=

0.5
0

F1G. 6. Phase-plane of (p, E) with 7 = 0.5 and b = 1.5. * is the saddle point A = (1.5,4/3).

transonic solutions, which are constructed by two solutions at some location xy: one
is an interior supersonic solution with psu,(0) = 1 = pgyup(xo), and the other is an
interior subsonic solution with psyup(20) = 1 = psus(1). Since the transition location
2o can be chosen arbitrarily in (0, 1), these smooth transonic solutions are infinitely
many.
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