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Time-weighted energy estimates

1. Introduction

In order to investigate how the weak dissipation affects the solutions to the damped wave equations,
Wirth [39-41] first studied the linear wave equation with time-dependent damping

Vet + b(t)Ut — Av = 0,

and derived the standard LP — L9 estimates for the solutions, where the damping coefficient b(t) is time-
gradually vanishing, for example, b(t) = (1+t)~* with A > 0. Later then, Nishihara and his collaborators [18,
27,31] intensively studied the global existence or blow up of the solutions to the time-dependently damped
wave equations with nonlinear source

vy + b(t)vy — Av + |v|p_1v =0,

see also some recent developments [4,28,37] and the references cited therein.
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Instead of nonlinear source term, the other typical models are the visco-elasticity dynamics or the porous
media flow with nonlinear diffusion

v + () vy — Ao(v) =0, or vy +b(t)v + Ap(v) =0,

with o’(v) > 0 or p'(v) < 0. Here, o(v) is the stress function for visco-elastic material, and p(v) is the
pressure function for porous media flow. If we set u, = v; for the above 1-d equation, then we derive the
following damped p-system

v — Uy = 0,
us + p(v), = —b(t)u.
In this paper, we are interested in the following Cauchy problem for the p-system of hyperbolic conser-
vation laws with time-gradually-degenerate damping

— Uy = 07
{” B ) (z,t) € R x R, (1.1)
ut + p(v)s = —rr W

Physically, system (1.1) models a compressible flow through porous media in Lagrangian coordinates, where,
v > 0 is the specific volume, u is the velocity, and the pressure p(v) is a smooth function of v with p(v) > 0
and p/(v) < 0. A typical example is the polytropic gas, where p(v) = v=7 with v > 1. The damping
term ﬁu represents the time-gradually-vanishing friction effect. Here and hereafter, we assume that
0< A<

Subjected to (1.1), the initial value is proposed as
(v,u)(x,0) = (vo,up)(x) = (vg,us) asx — £oo, (1.2)

where v+ > 0 and u4 are the constant states.
From Darcy’s law, the asymptotic profiles of the solutions to system (1.1)—(1.2) are expected to be the
solutions of the following nonlinear diffusion equations with time-dependent damping:

B — Gy = 0,
{”_”z . (@) eRxRy, 0<A<, (1.3)
p(v)x = _(l—O—t))‘u’
or
0= —(1+t)p(0) g,
{t ( 1“} () ERX Ry, 0<A<, (1.4)
p U)l’ = _(1+t)ku3
with
(v,u)(x,t) = (v4,0) as z — +oo. (1.5)

This system possesses some self-similar solutions in the form of

T

6.0)(@8) = @00 —=m)

which are usually called nonlinear diffusion waves. When A = 0, C.T. van Duyn and L.A. Peletier [3] first

showed the existence of the self-similar solutions in the form of (v, u) (\/%th)
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The p-system without time-dependent damping (i.e., the case of A = 0) has been drawn a lot of attention:

vy — Uy = 0,
1.6
{Uter(U)xozu, (z,t) e Rx Ry, (1.6)

where a > 0 is the damping constant. In their pioneering work, Hsiao and Liu [9] first proved that the
solutions (v,u) of (1.6) converge to the diffusion waves (v,u) of the system

{vt = —Lp(0) s,

in the sense ||(v — 7, u— @) (t)| g~ = O(1)(t"2,t~2). Then Nishihara [24] significantly improved the conver-
gence rates as ||(v—0,u—a)(t)|| g~ = O(1)(t~,¢~ 1) for the initial perturbations in L2-sense. Subsequently,
Nishihara, Wang and Yang [29], Wang and Yang [38] further improved the rates as ||(v — v, u — u)(t)||p~ =
O(l)(til,t*%) by constructing an approximate Green function for the initial perturbations in L'-sense.
Furthermore, Mei [23] observed that the best asymptotic profiles are the solutions for the corresponding non-
linear diffusion equation with some particularly selected initial data, and showed that the convergence to the
best asymptotic profile is in the form of ||(v—o,u—1u)(t)|| L~ = O(l)((lth)*% log(2+t), (1+t)2log(2+1)),
when the initial perturbations are in L!. The new rates are much better than the existing convergence rates
to the diffusion waves, which was further improved to ||(v — 9, u — @)(t)[| L~ = O(1)((1 +1)72,(1 +1¢)7%) by
Geng and Wang [5]. For other results related to (1.6) with nonlinear damping or vacuum or bounded do-
main, and so on, we refer to these interesting works [1,2,6,10-17,19,20,22,25,26,30,42-47] and the references
therein.

Regarding the time-dependent damping to the p-system, the following 1-d isentropic Euler equations
have been paid more attention in recent years:

Or(pu) + 0 (pu?) + 0: P(p) = — it pu, (1.7)

pli=o =1 +¢epo(r), uli=0 = cuo(x),

where po(z), up(z) € C§°(R), |z| < R and € > 0 is sufficiently small. Here p(z) is the density, u(z) denotes
the fluid velocity, P(p) stands for the pressure. A > 0, 4 > 0 are two constants to describe the scale of
the damping. Pan [34] showed that A = 1, u = 2 are the critical values of (1.7), which separate the global
existence and finite-time blow up of solutions. More precisely, when A=1, u >2o0or 0 < A< 1, u >0, (1.7)
has global smooth solutions; while, when A = 1,0 < pu <2 or A > 1, u > 0, the C* solutions of (1.7) will
blow up in finite time. The case dealt with A = 1, ;1 > 2 has been reported in [33], and the case of A = 1,
0 < p < 2 is treated in [32]. Furthermore, Pan [34] gave a finite upper bound for the lifespan of classical
solutions when A =1, 0 < g < 2o0r A > 1, u > 0. For more results about 2-d and 3-d Euler equations with
time-dependent damping, we refer to [7,8,35,36].

Motivated by the above results, in the present paper, we study the case of 0 < A < 1 corresponding to
(1.1). We shall prove the existence of global smooth solutions, and derive the convergence of the solutions
(v, u) to the diffusion waves (v, @), which are the solutions of the corresponding nonlinear parabolic equation
given by the Darcy’s law. Here the diffusion waves have the form (v, a)(z/+/(1 + ¢)1+*), which are different
from the existing studies in the form of (v, %)(x/y/1 + t), due to the gradual vanishing of the damping. See
Section 2 for more details.

In order to see what of kind gaps between the original solutions and the target profiles (diffusion waves)
at far fields is, let us make the following heuristic analysis. For a diffusion wave (v, @)(z + xo,t) with some
constant xo, which will be determined later, we first get from (1.1); and (1.3), that
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(v—"2)¢ — (u—1u), =0.
Integrating (1.8) with respect to x over (—oo, +00), and noting (1.5), we have

—+o0

= / [v(z,t) — 9z + z0, t)]dz = [u(+00,t) — a(+00,t)] — [u(—00,t) — @(—00, t)]

— 00

(1.9)
= u(+00,t) — u(—00,t).
In order to overcome the difficulty caused by u(+00,t) # u(—o0,t), we need to construct a pair of correction

functions (0, 4)(z,t). As in [22], we define

a(x, t) Zm(x)el S -
@(%,t ft eT= —=1- 1+g)1 A}d(g?

where

rmm=uf+w+—wq/7mwmy

Here mg(z) > 0, mo(x) € C§°(R) and f (z)dz = 1. Thus
+o00
Oz, t) = (u— — ug)mo(x) / eﬁ[l_(l‘”)lﬂ]ds7 (1.10)
t
and it holds that
- Uz — 07
DTt = (1.11)
Uy = —(1+t))\u.

) — (u—u—1a), =0,

- - -~ u U [ — (112)
(== -+ 9(0) = (00 = (et — s — ) —

where (v, u) is the shifted diffusion wave (v,u)(z + xo,t)

Next, we are going to determine the shift xo. Integrating the first equation of (1.12) with respect to x
over (—oo, +00), we obtain

+oo

% / [v(z,t) — v(x + zg, t) — 0(x,t)]dx
= [u(400,t) — u(+00,t) — u(+00,1)]
=0.

(1.13)
— [u(—00,t) — u(—00,t) — 4(—00,t)]

Integrating (1.13) with respect to ¢, we have
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400 +o00
/ (@, ) — 5@ + 0, ) — (@, t)]dz = / [o(x) — 5z + 20, 0) — 8(x, 0)]dz

Now, we determine xy such that I(zg) = 0. Since

I'(z0) = %( 70[110(33) — 0(z + x0,0) — ﬁ(x,O)]d:c)
+Oo—oo
=- / V' (x + x0,0)dx

—[v(400,0) — v(—00,0)]
= _(er - U*)?
we get

Zo

I(o) — 1(0) = / I'(y)dy = —(vs — v_)ao,

o

with I(zg) = 0, we further have

+oo
1 1 _ .
To = p— 1(0) = — / [vo(z) — ¥(x,0) — O(x,0)]dz.
Define
V(z,t) = [T [o(y,t) = o(y +@0,t) — 0(y,1)]dy, (1.14)
2(x,t) 2 u(z,t) — u(z + xo,t) — 0(z, 1), '
and
Vo(z,t) = 7 [vo(y) — 0y + 20,0) — 0(y,0)]dy, (1.15)
z0(z) £ up(x) — @z + x0,0) — a(x,0). '
Thus, (1.12) can be transformed into
‘/t —Z= 07
Zt + (p/ Vw) - (1+t))‘ zZ+ F— Gw7 (116)

v)
(V;2)(z,0) = (Vo, 20)(2),
where
F2140)"p0)e + M1+ "1p0), and G2 p(Vy + 0+ 0) — p(0) — p'(0) V.

Notations. Throughout this paper, C' denotes a generic positive constant which may change from one line
to another. H™(R) (m > 0) is the usual Sobolev space whose norm is abbreviated as
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m

1f e := D NOEFI with [f]] = 11f |z ey

k=0

For convenience, we also write
ICF I = [LF117 + Nlgll*.
Our main result is as follows.

Theorem 1.1. Suppose that both |Vp|s + ||20ll2 and 6 =: vy —v_| + |uyx — u_| are sufficiently small. Then,
there exists a unique couple of time-global solutions (V,z)(x,t) of (1.16), which satisfies

V(z,t) € C*(0,00; H**(R)), k=0,1,2,3, z(x,t) € C*(0,00; H* *(R)), k=0,1,2,

and

3 2
P e LAY OIS SR R LAEODT
k=0 k=0

2
/ [ DA+ NGV I + (L4 )P EIN 9k ) | d
0 k=0

< C(||Vo||3 +[lz20ll3 + ).

By the Sobolev inequality

1 1
£l < V2121 fell 2,
we further derive the following estimates.

Corollary 1.1. Under the previous hypotheses, one has

3(1—))

||Va:('7t)||L°° X C(1+ ) B (117)

and

5(1 2)

Vi( D)l < C(L+1)" (1.18)
In view of (1.14), (1.15) and (1.10), the estimates (1.17) and (1.18) with 0 < A < 1 imply the convergence
of (v,u)(z,t) to (v,u)(x + xo,t), namely, we obtain the following corollary.

Corollary 1.2 (Convergence to diffusion waves). Under the conditions in Theorem 1.1, the system (1.1),
(1.2) possesses a unique couple of global solutions (v,u)(x,t), which converges to its nonlinear diffusion
wave (0,a)(x + x0,t) in the form of
N (-3
(v =) (-, )|l = O(1)(1 +1)~ ; (1.19)

0(1 )

[(w—a)(,t)][Le = OQ)(L 4+ 1)~ : (1.20)
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Remark 1.1. If the initial perturbations are in L', we first need to derive the optimal decays for the linear
equations with time-gradually vanishing damping

Ve + vy — a(z, t)ve =0, a(z,t) >0,

1
(14¢t)*
by the method of approximate Green function, then we show the optimal convergence of the original solutions
(v,u)(z,t) with time-dependent damping to the corresponding diffusion waves. This will be our next target
in future.

2. Diffusion waves

In this section, we firstly state some fundamental properties of the nonlinear diffusion waves. Then we
will consider the dissipative nature of the nonlinear diffusion waves.

Inspired by the classical works of van Duyn and Peletier [3], we confirm that the nonlinear diffusion
equation

v =—(1+ t))\p(l_})xxa p/(ﬁ) <0, (2.1)

has a unique (up to a shift) monotone self-similar solution called nonlinear diffusion wave in the form

u(z,t) =¢ <W> 2 0(8), £€R, (2.2)
with
p(Fo0) = vy.

Substituting (2.2) into (2.1), it follows that

P (0(€))¢'(€) — 2E¢
P (¢())

As in [9], it is easy to see that the self-similar solution ¢(€) satisfies

(&) + ¢'(€) =0.

4
S 10ERE)] + [#(8) = vi|eag + 0(8) = v- o < Cloy —v_[eCOHDE, (2.3)
k=1

for some constant C' > 0. A direct calculation from (2.2) gives

"

_ 4 _ A Y _

vr(x’t): \/%7 Ut(xat):7%a vmm(xat): %7

= A+ [ (O)+E0" (6) - A1) (A+3)éy! A+1)%€%0"

Uxt(x’t) - 2(1+[ZD)\/(1+:)0>\+1 }’ Utt(x’t) = S )éi((lg-i)j)(z e (5)7

o = A+D[20" () +£¢™ (€)

Vgaa(T,1) = (1+t)>\f1 \/((El)_;,_t)wrl ) Vgt (T, 1) = — [22’1+15)A+2<)(J | ) 9.4
Do (1, 1) = QFLOHS OFOHDEN5)E" () +O+1)°E 0 (€) (2.4)
xtt\ 4Ly 4(14;1522 \/(1+t)*+1 ’

= _ O[3 () +Ep™ (9]

Ugczzt(xat) = - 21+ 2 (L) FL °

5 5 = AOEDOH2)e"(O+O+D BA+TER (O +(A+1)?E2 0 (€)

Vatt (2, 1) = (1131 .

Thanks to (2.3) and (2.4), we have the following decay estimates for the diffusion waves.
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Lemma 2.1. Assume that 0 < \ < 1, it holds that

+o00

/‘Oiﬂ(x,t)}zdx:O(l)‘wr—v_‘Q(l—i—t)_w, k=1,2.3

.

+oo

/|8]3f17t(x,t)|2da::O(l)|v+—v_|2(1+t)7%, k=0,1,2,3,

+oo
/ [Bee(, 1) Pz = O oy —v-[(1 +0)77=,

94X

+o00
/ ‘T}m(x’t)‘Qdm =O0(1)]vy — ”—’2(1 +t) 2,

1143X

“+o0
/ |@mmtt(z7t)|2d'r = O(l)|’U+ — ’U_|2(1 +t)7 2

3. Proof of Theorem 1.1

By (1.16), we obtain

1 _
Vit + mvt + (p’(v)Vz)x =F -G, (z,t)eRxRy,

(Va V;f)|t:0 = (V07ZO)(x)a z € R,

(3.1)

where
F=14t)"p®)s + A1+ "p(0)s, G=p(V,+0+0)—p(®) —p'(0)V,.

As is well known, Theorem 1.1 can be proved by the classical continuation method based on the local
existence and the a priori estimates. The local existence of the solution for (3.1) can be obtained by the
iteration method which can be found in [21] for details. Next, we shall devote ourselves to establishing the
a priori estimates for the solution by the time-weighted energy method. It is technical and will be the main
effort in this section.

Let T € [0, 0], we define

3 2
N(T)? = sup {Z(m)k“k3>*||8§V<-,t>||2+Z<1+t>2+k+<k3>*||a§vt<-,t>|2}. (3.2)
0sIST Lo k=0

Lemma 3.1. Assume that N(T) + 6 < 1, then
A+ )MV EDIP + (L + )M (Ve, V) 012

/ —2X 2 2 2 (33)
+ /(1 +8)TM(Ve, Vi) () [|2ds < C (IIVoll + [lzol1* +9) -
0
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Proof. Multiplying (3.1) by 2(1 +¢)~*V;, we get

[T+ )MV =P @OV, + 20+ )2 + A1+ 12
+ [AA+ ) @) + A+ 6) 7" (@)5] VE +2((1+ 1) (0)VaVe), (3.4)
=214 ) "VGF — 2(1 4+ ) *V,G,.

In view of (2.3) and the second equality of (2.4), we have
(L+ )" (@) 0 |V; < Co(1+ 1) V2 (3.5)
To estimate the right hand side of (3.4), we set
(L+6) " VF = p(0)aVi + A1 + 1) p(0).V
£+ 1.

By Young’s inequality and the second equality of (2.4),

1
L < (U4 0)72VE 420040 (0 ()80 + ' (0)5m0)”

IN

1
g(1 +8) "2 V2 + C(L+ ) (|00 + [0t ]?) (3.7)

IN

éu )7V 4 CO(1+ )P 2[5, ]2 + C(1 + )2 a2
Analogous to (3.7),
L= A1 +8) " @)V < %(1 "BV 4+ O(1+ )22, 2. (3.9)
The second term on the right hand side of (3.4) can be estimated as follows.
— (1 4+ 1) VG,
==L+ (Vo + 04 0)(Vaw + T + 02) — P/ (0)0, — 1" (0)0: Vi — P (0)Vaa] Vi
=—ﬂ+0”[@0@+@+m—ﬂ@»%m+@ﬂ@+ﬁ+m—pﬁﬂ—ﬂ@ﬂ@ﬁv (3.9)
9 (Ve + 5+ 0)0 ] Vi
< C+ ) (Ve + 0l Vil + (0] + Vi + 0%)[0a] + [02]) [Val,
where we have used

P (Vo + 0+ 0) = p'(0)| = O(1)[Va + 9|

(3.10)
' (Vo + 0 +0) = p'(0) = 9" (0)Va| = p"(0)0 + O()|Va + 0.
By Gagliardo—Nirenberg’s inequality,

3(A—1)

IVa (s )llzee < ClVa(s D)l 72llVaa (5 OlI7: S CN(E(A+1) 5,

e (3.11)

||sz('at)||L°° < CHVM('7t)”EZ‘HVIM(',t)HE? < CN(t)(l + t)
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Thus, it follows from (3.9) and the first equality of (2.4) that

A—5

1
(L+1) MG, < S+ H"2AV2 4+ ON()(L+1)77 V24 C(10] + |0a])-

In view of (1.10), we get

)17>\

[0, )] + |02 (2, )] < Coe™ U (mo(2) + [my (2)])-

Now, integrating (3.4) over R x [0, ], and noting that by Lemma 2.1 and (3.13),
t
[ 10+ PP + (@22l + Jo] + 0] < €5
0
it follows from (3.5)—(3.12) that

Jaso @z -peve) + / JRa+oeaasa vz

t

+/ / (Al (@) = C8) (1 +5) V7

0
t
< CN(t)//(l +5) T V2 +C/ (25 + Vi) + C6.
0
On the other hand, multiplying (3.1) by (14 t)~2*V, we get

1
{(1 +4) P VV, + 51+ 67V A1+ t)”lv?] — (1482
t

3\

+ [)\(2/\ + 1)1+t 2 21+ t)”l} VI 1+t =p' (0)V2

2
= [FA+)TEVV + 14+ V) - (L4+ 7V,
— (L) Vap @) + A1+ )TV ()5, + (1447 VLG

By Young’s inequality,

- - 1 - _ Loy
A+ )V @] < S0+ @V + S0 @)1,
A A
ATV @)0,] < SO+ )77V (1 4+ )M ()70

x

By Taylor’s formula,

(1+1)72MVG| < C(A + )22 (|0| 4 Vi + 92| Ve

< (i + CN(t)) L+ 02 @)V + O+ 1)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)



H. Li et al. / J. Math. Anal. Appl. 456 (2017) 849-8'71

Hence, integrating (3.16) over R x [0, t] gives

t
1
/[(1—&-15)_2/\‘/‘/}4-5(1+t)_3’\V2+>\(1+t A 1v2} //1+s )"2Y2
0

+§f/a+g*%%ﬂ+(i—CN@>//h+wr”W@mg

< c/ (25 + Vi) + C6.

Combining (3.15) with (3.17), and noting that

1 ,
A+ 2+ A +)"22VV, + 5(1 + 1)V > Co(1+ 1)V + O (14 t) 3 V2,

for some positive constants Cy and C7, and that —2\ > -\ —1 > %, it follows that

/[00(1+t)_)\‘/752+Cl(1+t)_3)\v2+(1+t)_>\vw2] +)\//(1+3)_3>‘_1V2

t
+%//(1+s)”vf+<——czv Cd)//1+s )2V 2
0

gc/(z§+v(§,3+vf?) +C5.
Therefore, when N(T') + < 1, we get the desired estimate (3.3). O

Lemma 3.2. If N(T) + § < 1, then it holds that

t

@+ (Ve, V) G )P + /(1 +8)! VA 9)[Pds < C(IVOlIf + llzol® +6) -

0

Proof. Multiplying (3.1) by 2(1 4+ t)' =22V}, we get

[(L+ )" 22 (V2 =P (@0)V2)], + [20+ )" = (1 —20) (1 + )] V2
—[A=20)(1+ )72 (@) + 1+ 1) " (0)ve] VP = 2((1+ 1) (0)Va Vi),
+2(1 + )PV F - 2(1 4+ 1) 2 VG,

The right hand side of (3.20) can be estimated as follows. Analogous to (3.5), we get
(L+8) 72 p" (0)5e| V2 < CO(L+ )2 V2.
As in (3.6),

1+ )2 VF = (1+ )2 p(0) Vi + A1+ 1) p(0). Vi
LI+ Iy

859

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)
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By Young’s inequality and (2.4),

1
Iy < GO+ 72 42014 ) (0 ()30 + 9/ (0)000)”

(3.23)
1
< g+ OME 4 C6(1 4+ )M oa]? 4+ C(1 + ) o
Similarly,
1
I g(l +)IB3MVE o1 4 )M oA (3.24)
Analogous to (3.9), by (3.10), we have
L+ ) 2AVGe| < CA+ )2 (Ve + 0[Viw| + (18] + [V + 9]*) 02| + [02]) | Vi
1 1-3A7,2 _Ad3 o R . (3.25)
g(1+t) VE+ONt)(141t) 2 V74 C(|0] + [02]).
Now, integrating (3.20) over R x [0,¢], by (3.21)—(3.25) and Lemma 2.1, we obtain
/(1 +) T (VE - // ( L+ — (1 —20)(1 + s)—”) 1%
t
< c//(1 +5)" V2 4+ ON(t) //(1 15T V2 4 c/ (22 + V) +Cd.
0 0
Since —2)\ > —M we further get
/(1+t)1’2A(V —p/( //1+sl~‘“v2
, (3.26)
< C//(l +8)"AWV2Z+VH + C/ (25 + Vi) + C6.
Therefore, owing to Lemma 3.1, we obtain (3.19). O
Lemma 3.3. When N(T) + 9 < 1, it holds that
¢
(140> M (Vaa, Var) (01 + / (L4 8) M Vaa (s 8) [P + (L4 8)2 72 [V (-, 9) 7] ds (3.27)
J .
C (IVoll3 + llzoll +6) -
Proof. Differentiating (3.1) in x yields
1 _
Vatt + mvxt + (p/(v)vzw)z =—(p"(0)0:Va), + Fo — Goa- (3.28)
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Multiplying (3.28) by 2(8 + t)V,: with 8 being a constant to be determined later, and integrating the
resultant equation, we have

% / [(B+1) (Vi =P (0)Vi)] + / [?ﬁtfﬁ —1} &

- / [5(@) + (8 + )p" @5 V2, +2(8 + 1) / ViiFs (3.29)

“2(540) [ Vet (Gow + 0 GI1E),)

In view of (2.4), we get

(6+1) / (05 |VE < C6 / V2, (3.30)

By Young’s inequality, (2.4) and Lemma 2.1,

2(5+t)/vxtFx

C
6(5+t)1_’\/Vft +5 [(1 +t)2k—2/17§ +(1 -l-t)g/\_l/f)gm + (1 4t)3 1 /Ugm}

5(ﬂ+t)1*’\/Vft+C§(l+t)”z‘_°

(3.31)

We estimate the last term on the right hand side of (3.29) as follows.

—2(8 + t)/ wt (Goa + (P (0)0:V2) )
—2(B+1) / [0 (Ve + 0 4 0) (Ve + U0 + 0) — 0/ (0) 0 — D' (0) Vira], Vit (352
£ 15 + IG;

where

Is = —-2(8+ t)/ [(' (Vo + 0 +0) — /() Vm]xvm
- % [(6 +1) / (' (Ve +0+0) —p'(0) V2,
_ / [p/(Vz +o40)—p @)+ (B+t) P (Ve+0+0) — p’(ﬁ))t}Vfﬂ
and

Is < C(5+t)/ (VaallTo| + (10aa] + [52*)([0] + Vi) + 02| + [0za]] [Vl

3A—=5

6(6+t)1—*/ +05/ +051+t1*/v2+05( £)*
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By Gagliardo—Nirenberg’s inequality,

1 1 3X
Vi ()L < ClVar ()| F2l[Vaar (5 0|22 < ON(#)(1 +2)

It then follows that

(5+0) 10 (Ve+ 5+ 0) = § (@) V2, < OB+ 1) [ Vil +[51] + )V,
< C(N(t) +5)/er.
Hence, by (3.29)—(3.33), we obtain that

d

7 [ B+ (Vo - P @OV — @' (Ve +040) —p'(0) Vi3]

+/ [2(8+t)'*—1-30] V2

< /(|p'(@)\ +CO(N{)+0) V2 +Co(1+1)72"

Integrating (3.34) over (0,t) gives
/(5+t) /(ﬂ+t)[ '(v) —C5— CN(t // B+ =135 V2

< / [ @1 +cvo+avi o [ (6 +vi) +co

On the other hand, multiplying (3.28) by (8 +t)!~*V,,, and integrating the equation, we get

B e (R R R R
- / (B+ 6 V2 — (B + 1)1 / POV
1 _ 1— 2
:§(>\(1—)\)(5+t) + B+t +1)" /V

LB+ / VoFy + (B4 1) / Viw (G + 1 (0)52Va).

As in (3.31),
8+ t)lf*/Vxe

5(6+t)*2A/VI2 +
/

= Q

{(Htﬁ 1/ +(1+t>”/ iﬁ(Hﬂ””/ﬂim]

V24 C5(1+18) 2

x

S(B+1t)"2

(3.33)

(3.34)

(3.35)

(3.36)
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As in (3.32),

B+t)— / Viw (G + 9" (0)0, V)
=B+ /(p’(Vz +049) —p'(0) (Vi + 0 V) + (B+) /p/(Vz + 0+ 0)0 Vi

A—3

< C(N(t) +68)(B+1)" A/v2 +C5(1+1) ”/Vf—&-C&(l—&—t)T.
Integrating (3.36) over (0,t), by Lemma 3.1, we get

t

[erovars ge 2] - [ [eravs

0

T=A(| /(Y _ 2
+ / /ms) (IP'(8)] = CN () = COVE,

(3.37)
t
< ca//a + 5V 4 C/(l V2 4 C/(Vo%g +22,) +Co
C (IIVoll5 + [zl +6) -
Adding (3.37) to (3.35) leads to
t
/ [Co(B+1)(VE + VE) + Ca(B+ )22 V2] + //[(ﬁ +8)17 =1 -3 V2
0
t
+ [ [+ = 0w e) - o - ooz,
0
< C (IIVoll3 + llz0ll} +6) -
Now choosing = 10ﬁ, it is easy to see that if N(T') + 6 < 1, then
t
[le+nmz+v2)+@+0m2v2) 4 [ [+ wa+v2) .
/ .

C (IVoll3 + ll=ollt +0) -

Multiplying (3.34) by (B +t)!~*, integrating the resultant equation over (0,¢), by (3.38), we then have

t
/ (B+ 62 (V2 +V2) + / / B+ )7 2V2 < C (IVll2 + l1z0l2 + 6)
0

This inequality in combination with (3.38) gives (3.27). O
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Lemma 3.4. If N(T) + 6 < 1, then

(1 + t)3H(sz7 th)('vt)HQ + / [(1 + s)zHVzm(-, 3)H2 + (1 + 5)3_A||met('» 3)||2] ds

) (3.39)
< O(IIVoll + llzoll3 + ).
Proof. Differentiating (3.28) in z leads to
1 .

where H = p”/(ﬁ)ﬂgvx + 0" (0) 022 Vi + 29" (0)02 Vipr. Multiplying (3.40) by 2(8 + t)3vmct with 3 = 1()&’
and integrating the resultant equation, we have

d

- [B+1)° (Vﬁm—p’(ﬂ)Vﬁm)+/[2(,8+t)3/<1+t)k—3(ﬁ+t>2] Vst
(3.41)

+ / [3(B+ )% () + (B+t)*p" (0)v,] Vi3, = 2(8 + t)?’/vm(Fm — Gawe — Hy).

Asin (3.31), by (2.4) and Lemma 2.1,

26+ [ VertFos
<§(B41)3H / V2, + %(1 + t)3+3A/ ([0002 % + 020021 + 0400 Vg |* + [Vt Ve |*
10Tt + [oBaral? + ) + G+ O [0+ [or0a] + 22,
< (B +1)>H / V2, +Co(1+1) 2.
As in (3.32),
—2(8+ t)g/th(sz + Hy) = Iz + I,

where
I = —2(5+t)? / [0/ (Va 40+ ) — 0/ (0)) Viwa] Viat
~ G0t ro e -pEna

38+t / W (Va5 +0) — p/(0) Vs — (B +1)° / W (Ve + 54 0) — (1)), V2o,

' JICE R @) V2| o) o)+ 1 Vi,

and
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s = O+ [ Ve + 61(5al? + [8s0] + [zl Vet
OWE+1 [ (1Vaal? + Vo Pl + Vel + Ve[V
[Vl [Bal + Vil Bz + 10001Vl + 00] + 00| + 1002 ) Vet
<OV + 88+ 00 [VE + oW ® +8) B+ 07 [VE,
+C(1+ t)l‘*/ngw +(1+ t)—”/vgc2 +OS(1+1)77

Now, integrating (3.41) over (0,t), by Lemmas 3.1 and 3.3, we obtain

(3.42)
t
< [ [ 6@+ 05+ CN W) B+ V2, + C(IValE + 0lB) +C.
On the other hand, multiplying (3.40) by 4(8 + t)?V,,, we get
d 2 208+1t)2 2
pn [4(,8 + ) Voo Vawt + WV” —4(8 + t)Vm}
(B+1) 2 2
=2 [(1+t ] /Vm+4 B+1t)? /VMFM+4(B+t) /Vmw(GmﬂLH).
By Young’s inequality,
A 2
4(6 + t>2 / szFzz = _4(6 + t>2(1 + t))\ /p({)):thvwza: + % /p({))ﬂmwvmc
< CH(B+ t)2/ e+ CO(B+ 1) */fo + O+t
Similarly,
(B+1t)? / Viws(Goo + H)
— 1P [ (@ Vat 54 0) = @) (Vars + o) + (0 (Ve + 546) = 9(0) 8] Vs
(3.44)

O3+ [ (V2 Warlloal + 120/ Varl +1) + 0] Ve

C(N(t) +6)(B +1) /m+c1+t1 A/ 1+t)—2*/vf+05(1+t)%

Hence, integrating (3.43) over (0,t) leads to
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/[4(ﬂ+t)2Vmet+1O(ﬁ+t2 W2 —4// B+ s)2V2,

+(4— CN(t) - C9) //ﬁ+s "))V
(3.45)

<UE+0+8(+0 [VE +c// (Lt )2,

t
vo [ w2 ee [ (G + 18 + o
0

Therefore, combining (3.42) with (3.45), and noting 8 = 10/~ the desired estimate (3.39) follows from
Lemmas 3.1 and 3.3 provided that N(T)+d < 1. O

Lemma 3.5. If N(T) + 6 < 1, then

(1402 M (Ve V) S 0IP + (1+ 87V )]

t

+ / [+ )72 Vae(y s)IP + (14 8)* 722 Vi (-, 5) 7] ds (3.46)

0
C(IVoll3 + llzoll? +9).

Proof. It follows from (3.1) that

1 _
Vi = —gygn Vi~ (POVa), +F ~Ga.
By Lemmas 3.1-3.3, we get
t
//(1 +)IVE < C(Vall2 + 1202 + ). (3.47)
0
Differentiating (3.1) in ¢ yields
1 A /(= 1=\
Vit + mvtt - th + (p (U)Vtw)m =F — Gyt — (p (U)Uti)ms (3.48)

Multiplying (3.48) by 2(1 + t)2~*V};, and integrating the resultant equation, we have

p [(L+0)2 (V2 =P (0)V2) = AL+ )22V +2(1 + 1)~ 2A/vj

=@2-N1+ t)l‘A/Vt% — A1 =20 (1+ t)‘”/vﬁ‘
(3.49)

- / (2= N+ )7 (@) + (1+ 02" (0] V2

+2(1+1)** /VttFt —2(1+1)** /Vtt (Gt + (p"(0)0,V2) ] -
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Analogous to (3.31),

2(1‘|‘t)27>\/VttFt
<o(1+ t)2—2*/V£ + %/ (14 6227210, + (14 8)*M g + C(1+ )22 |00 |]

3A—=5

< 5(1+t)2’”/1/£—|—05(1+t) 2

Analogous to (3.32),

o142 / Vi [Got + (0" (0)0V2), ]
{(1 +)*7A / W' (Ve + 0+ 0) — p'(0)) Vft]
/ YA+ (Ve +0+0) =p/(9) + (L + 1> (0 (Vi + 0+ ) —p’(ﬁ))t}Vﬁs
Lo+ A/[|vx+a|<|ax||m|+|axt\>+|vm|m|+\@t|<|vm\+1>+|ax|+|@xt\]mt|

di { 1+1)* A (P (Vi + 0 +0) —p'(v)) V,?t] + C(N(t) +0)(1 +t)1’A/V§t

S(1+1t)* ”/Vtt—&-Cé/ A CS(1L41)7A 1/V2+C’5(1+t)

Thus, it follows from (3.49) that

| oo - sovd)] s - [

<4 [/\/(1 +6)P V2 4 (1 +t)2*A/(p’(Vz + 0+ D) p/(v))Vft]

—dt

(3.50)
+ (A +)7M2 =N (0)] + C5+ CN(t)] / VA + O+ t)lf*/vj

+C/V§I+O(1+t)—”/Vf+C(1+t)—A—1/V§+05(1+t)”5'

Integrating (3.50) over (0,¢), by (3.47) and Lemmas 3.1-3.3, it is easy to see that, if N(T') + 6 < 1, then

/<1+t>2 V24V // (1+ 522V < C(IVol2 + 1012 + 6). (3.51)

On the other hand, multiplying (3.48) by 2(1 4+ ¢)*~*V; and integrating the equation, we get

d

o [ RO+ (L4072 V2 = (L= N1+ V] =201+ )77 /p’(@)Vé

=2(1+t)'* / Vi+ (A=A +0)"r 1+ /v;? (3.52)

+2(1+ 1)t / ViFy +2(1 + 1) /Vm(Gt + 9" (0)0: Vy).
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By Lemma 2.1, a simple calculation yields

3A—=5
2
)

2(1+t)H/VtFt < 5(1+z&)*2*/vt2 +C3(1+1)
2(1+t)1*A/WI(Gt + " (0)0:Vz)
<O+ [ (Vat 0l(Varl +[51]) + 101 Ve

3A—5

<CE+N@E)A+1)HA /Vft +C05(1+t)~ > /Vf +CO(1+1) 2

It then follows from (3.52) that, if N(T) + 6 < 1, then

B N e R A R (R ey IO
< % {/(1 - A)(1 +t)’\Vt2] +C(1 +t)H/V§ +C(1+zt)*H/vm2 (3.53)

3A—5

+C(1+t)—2*/vf+05(1+t) 2

Multiplying (3.53) by (1 +#)!~*, and integrating the resulting equation over (0,t), noting that

1
2/(1 + 1272V, < 3 /(1 + )23 2 4 2/(1 + )2 V2,

t t t
2//(1+s)1—”v;v;tg//(1+s)—2km2+//(1+s)2—”v§,
0 0 0

by (3.51) and Lemmas 3.1 and 3.2, we get

t
/ (1412 P2 4 / / (1452222 < C(IVoll3 + 1202 + 6). (3.54)
0

=

Finally, multiplying (3.50) by (1+%)!~*, and integrating the resulting equation over (0,t), by (3.51), (3.54)
and Lemmas 3.1-3.3, we obtain the desired estimate (3.46). O

Lemma 3.6. If N(T) + 6 < 1, then

t
(L4 )" M (Vs Vaat) (5 01> + /(1 + 8) M| Vo (-, 9)|Pds

/ (3.55)
< O(IVoll3 + 12013 + 9).
Proof. Differentiating (3.48) in x gives
V. 1 V. A V, '(0)V, = G J. 3.56
J;ttt+(1+t))\ xtt — (1+t))‘+1 J,t"‘(p ('U) tl.L)z_ xzt — Uzxaxt — Jax, ( . )
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where J = (p ()0, Vs ) +p"(0)03 Vi Multiplying (3.56) by 2(8+1)*"*V,4 with 8 = 107%, and integrating
the equation, we have

2(8 + )4
(14>

&|g‘

oot 0 -v@vz)| + | a-ne+ o] [v
A

d[ [ (@t , ,
[ mva] - [la- oo s g ot @nl v, G

(B0 -
-\ <(1+t)1+/\>t/vgc2t + 2(,3 + t)4 A/Vrtt(th — Gaat — Jr)

As in (3.31),

28 + 1)1 / Vit Fot

<6 (402 + § [ [0+ 02 P + (14 0 o
+ (14 )M oge|? + (1 4+ )22 0000 ]® + (1 + 03000 |* + (1 4 )2 T |
A—3

5B+ t)4—”/v§tt +C5(1+1t)77 .

As in (3.32),

- 2(6 =+ t)47)\ / tht(Ga:xt + Jz)

di [ B+t A/ (Ve +0+0) —p/(0)) fot} + OB+ N@)(B+1)+2 / V2,

+C(6+ N(t))/ [(1 )3V 4+ (L4 0)2V2, + (L+ ) AVE 4+ 1+ ) V2
+(1 +t)—2*vﬁ] L o141

Integrating (3.57) over (0,t), by Lemmas 3.1, 3.3-3.5, noting 5 = lOﬁ7 it follows that

JE+ 0wz - rov, //ﬁ+s4 22,

t

Co+ N W) [ [(3+52V2,+ C(VGIE + 0] + 9)
0

We thus derive the desired estimate (3.55) provided that N(T)+d < 1. O
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