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ABSTRACT. This paper deals with a p-Kirchhoff type problem involving sign-
changing weight functions. It is shown that under certain conditions, by means
of variational methods, the existence of multiple nontrivial nonnegative solu-
tions for the problem with the subcritical exponent are obtained. Moreover,
in the case of critical exponent, we establish the existence of the solutions and
prove that the elliptic equation possesses at least one nontrivial nonnegative
solution.

1. Introduction and main theorems. The purpose of this article is to inves-
tigate the existence of multiple nontrivial nonnegative solutions to the following
nonlocal boundary value problem of the p-Kirchhoff type

fM(/ |Vu|pdx) Apu = N (2)|u|f%u + g()|u]"u in Q, 1)
Q

u=0 on 082,
where A,u = div(|]Vu[P~2Vu), Q is a bounded domain in RM with a smooth
boundary 09, 1 <g<p<r <p* wherep*:I\fl\f—f’;ifN>paundp*:ooifNSp7

M(s) = as + b and the parameters a, b, A > 0, the weight functions f, g satisfy
the following conditions:
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(A1) f, g € C(Q), and f* = max{+f,0} #0, g* = max{+g,0} # 0;

(A2) [, flul?dz > 0 and [, g|lu["dz > 0 for u € Wy (Q)\ {0}.

Such problems are called nonlocal problems because of the expression of M ( fQ
|VulPdx), which implies that the equation contains an integral over ), and is
no longer pointwise identities. In the case p = 2, if we replace \f(z)|u|9"2u +
g(x)|u|"~2u by function h(z,u), the problem (1) reduces to the following nonlocal
Kirchhoff elliptic problem

—M(/ |Vu|2dx> Au = h(z,u) in Q,
Q
u=20 on 0f).

(2)
This is related to the stationary analogue of the Kirchhoff problem

Upt — M(/ \Vu\zdx>Au = h(z,u),
Q

such a model was first proposed by Kirchhoff [19] in 1883 to describe transversal
oscillations of a stretched string, particularly, taking into account the subsequent
change in string length caused by oscillations. Nonlocal problems also arise in other
fields, for example, physical and biological systems where u describes a process
which depends on the average of itself. For more details of background, we refer to
[1, 6, 7].

The study of Kirchhoff type problems is one of hot spots in nonlocal partial
differential equations. The first frame work was given by Lions [20]. Since then, the
study of Kirchhoff type problems have been paid more attention. In [24], Ma and
Munoz Rivera proved the existence of positive solutions for the Kirchhoff elliptic
problem (2) by the variational method and minimization arguments, under some
restrictions on M(s) and h(x,u). Subsequently, by the truncation argument and
uniform a priori estimates of Gidas and Spruck type [15], Alves, Corréa and Ma
[2] proved the existence of positive solutions if the nonlinear h(x,u) satisfies the so-
called Ambrosetti-Rabinowitz condition, where M (s) is nonincreasing and does not
grow too fast in a suitable interval near zero. When M (s) is increasing, the existence
of positive solutions is also obtained by Ma [25] and Perera and Zhang [27], where
in [27] the nontrivial solutions was established by the Yang index. Furthermore,
Chen, Kuo and Wu [8] considered the problem (2) with h(z,u) = \f(x)|u|9?u +
g(z)|u|""2u, where 1 < ¢ < 2 < r < 2*. By using the Nehari manifold and fibering
map methods, they examined the multiplicity of positive solutions for the exponent
r satisfying r > 4, r = 4, and r < 4, respectively. If the nonlinearity is critical,
Figueiredo [14] obtained the existence of solutions by using the truncation argument.
For more results, we refer to [3, 4, 9, 16, 28].

With regard to p-Kirchhoff type elliptic problems, Corréa and Figueiredo [10]
proved a result of existence and multiplicity of solutions by the Krasnoselskii’s
genus when the nonlinear term is nonnegative function and satisfies subcritical
growth condition. Liu [22] established the existence of infinite many solutions by
the Fountain theorem and Dual Fountain theorem. According to Morse theory and
the local linking, Liu and Zhao [23] further proved the existence of two nontrivial
solutions if M(s) is bounded. Recently, Huang, Chen and Xiu [17] studied the
following quasilinear elliptic problem with concave-convex nonlinearities

—M(|[ul|P)Apu = Ma(z)|u|9™%u + H(z)|u|""?u n Q,
u =0 on 012,
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where M(s) = ask +b, 1 < ¢ < p < r < p*, and proved that the problem has
at least one positive solution when r > p(k + 1) and the functions h(z), H(z) are
nonnegative. The approach adopted is the mountain pass lemma. In [18], Hamydy,
Massar and Tsouli considered the following problem with critical exponent

—M(JJu||P)Apu = Af(z,u) + |u|p*_2u n Q,
u=20 on 0N.

By the variational method, they obtained a nontrivial solution when the parameter
A is sufficiently large. After that, Ourraoui [26] showed the existence of at least one
solution when the parameter \ = 1.

However, when the weight functions f(z) and g(x) change their signs, the ex-
istence of solutions to the p-Kirchhoff elliptic equations is open, as we know. To
attach this problem will be the main target of the present paper. Motivated by
the results of above-mentioned papers, in this paper, we will discuss the existence
of multiple nontrivial nonnegative solutions to the problem (1) by a variational
method. There are three special features of this study. Firstly, the corresponding
energy functional Jy a7 (u) of the problem (1) is not bounded in Wy?(Q) for r > 2p,
then we cannot take advantage of the standard variational argument directly. In
order to overcome this difficulty and obtain the existence of nontrivial nonnega-
tive solutions, we will adopt a variational method on the Nahari manifold which is
similar to the fibering method (see [5, 12] for details). Secondly, the problem (1)
involves the p-Laplacian operator, which makes the uniform a prior estimates of
Gidas and Spruck type for the case p = 2 failed. To overcome this shortage and
to get the existence of two nontrivial nonnegative solutions for r < 2p, we need to
compare the min-max levels of energy and use the truncation arguments. Such an
idea originally comes from Corréa and Figueiredo [11]. Finally, when r = p*, due
to the lack of compactness of the embedding of Wy (Q) < L?" (), we prove the
compactness of the extraction of the Palais-Smale sequences in the Nehari manifold
by the Lions concentration-compactness principle.

Before stating our main theorems, let us have the following notations. Let

1
W,?(2) be the Sobolev space with norm [|u|| = ([, [Vu[’dz)”, and we denote by

S; the best Sobolev constant for the embedding of W, **(€) in L} () with 1 < I < p*,
in particular,

lull e < S,7 [lul] for all w € WaP(€)\ {0},

1
where |[ul e = ( [ ul'dz)".
Firstly, we give the definition of the weak solution to the problem (1).

Definition 1.1. We say that a function v € Wol’p(Q) is a weak solution of the
problem (1) if

M(||qu)/ |Vu\p72VuV<pdxf)\/ f|u|q72ug0do:—/g|u\r72u<pdx:0
Q Q Q

for all ¢ € W, P(2). Thus, the corresponding energy functional of the problem (1)
is defined by

1. A 1
Iam(u) = —M([[u]”) - f/ flul?dz — f/ glul"dz,
p q.Jq T Ja

where M(s) = Jo M(t)dt. It is well known that the weak solutions to the problem
(1) are the critical points of the energy functional Jy ar(u). However, from the
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expression of functional Jy ar(u), we know that it is not bounded in W, (Q) when
r > 2p, so it is useful to discuss the functional Jy pr(u) on the Nehari manifold

NA,MZ{UGWOLP( )\{O}|<J>\M U>—0}

Moreover, u € Ny pr if and only if

M(JulP)Ju]? — A /Q flulda /Q olulrdz = 0,

and Ny contains every nonzero solution of the problem (1).

Define
1.~
Kuar(t) = Inaatu) = N1 ) = = / flultdz — & / glul"dz, t >0,
we have

o () =t M ([P [Jul P — Atq’l/QfIUI(’dﬂc —t! /QQ|U|Td$7
Ky (1) =(p = DM ([[twl?) ull” + pt*P =M (|[t]|7) | ul*?

- g — 1)tq_2/ flulfdz — (r — l)t’“_Q/ glu|"dz,
Q Q

and K /(t) = 0 for u € WyP(Q)\ {0}, t > 0 if and only if tu € Ny . In
particular, K7, 5,(1) = 0 if and only if u € Ny ps. Now, we split Ny as into three
parts:

N,T,M ={u € N u| Z,M(l) > 0};
N/(\),M ={ue N/\,M|K;/,M(1) =0}
Ny = {u € Nxml| Ky 5 (1) <0}

Thus, for each u € Ny ps, one has
w1 = (0 — Q)M ([[u]|P)Ja]lP + pM([[u]P)[|w]* = (r - q) / glul"dz (3)

= (p = r)M([[ul")Jull? +pM' ([Jull?) ]| * + A(r / flul*dz. (4)
The main results of this paper are the following theorems:

Theorem 1.2. Assume 2p < r < p* and N < 2p. Then for each a > 0, there exists
a positive number \* = max{f%px\l( a), 35A2(a), LA} such that the problem (1)

has at least two nontrivial nonnegative solutions u;\r_M € N;M and uy 5, € Ny
for 0 < A < X\*, where

2/ab(r —2p)(r — p)Sq% (2\/ab(2p —q)(p— q)SE ) =7

A(a) = = — S ol ’
_a(r—2p)S; ra(2p— q)S?F \ 23
Ao(a) = (rfq)HfHoo((?"*Q)”g”oo) ’
o b(r —p)Sq% b(p — Q)SE =
As = (r=a)llfll <(r - q)llglloo)
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Define
A = inf {||u||2p |u e WhP(Q), /Qg\u|2pdx = 1}, (5)
then A > 0 is achieved by some ¢ € WP (Q) with Jo 9lu?’dz = 1. In particular,
A [ gtz < uf.

Theorem 1.3. Assume r = 2p and N < 2p. Then
(i) for each a > t and A > 0, the problem (1) has at least one nontrivial
nonnegative solution ux pr € N;:M = Ny m;

(i) for each a < t and 0 < X < TXo(a), where

q

bpSy < b(p — q)A )’%
20— @)l flle \2p — @)A1 —ah)/

the problem (1) has at least two nontrivial nonnegative solutions u;tM € NIM,

)\o(a) =

uy € N):M and
lim inf Jy m(u) = cc.

1= -
a—x ueN%M

Theorem 1.4. Assume r = p*.

*

bo" )5S (b(p—cnsp? )% the problem (1)
P \ 09l » e p

has at least one nontrivial nonnegative solution ux pr € N;FM.

Thenforeacha>0and0<)\<(

2p2
5p—g < T < 2p. Then

(i) for each a > 0 and X > 0, the problem (1) has at least one nontrivial
nonnegative solution uy p € Wol’p(Q). Moreover, if a > A and A > 0, then
UNM € N)tM = N)\yM,

Theorem 1.5. Assume p <

2
(i) for each 9 > 0 and 0 < a < bT(LT(;])”), there exists a positive number \, =

min{d, \s(a), As(a)} such that the problem (1) has at least one nontrivial nonnega-

tive solution ug\lg\/l € N;M for 0 < A < Ay, and

P < b(p‘p)
where
A (0= 0lgleS )™
(blp—q)) " (2p—q)
(b —p)—a@p 1S bp—a)SF s, _ b(r—p) b(r—p)
MO =T e e —aldle) e e T )
_ b =p) e=a b(r —p)S§
Alo) = ) T e
L) = 0| flloeSs * €+ llgllocSr 7 €.
2p2

Theorem 1.6. Assume p <

min{bi([i(:f)’),/l*}, there exists a positive number \* < min{f},f\,)\*} such that the

5pg < T < 2p. Then for each ¥ > 0 and 0 < a <
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problem (1) has at least two nontrivial nonnegative solutions “5\13\4’ u@w € N/\*M

for 0 < X\ < X*. Moreover,

W =P @
(el o [l

where

b(r—p) 2p—gq .
m) ’ ||f||0015q

pr (r—p)? 2p— 1 2-r
A, = =p
) s Ty )

The outline of this paper is as follows. In Section 2, we present some necessary
preliminaries and some properties of Nehari manifold. Section 3 will be devoted to
the proofs of Theorems 1.2, 1.3 and 1.4. In Section 4 and Section 5, we will prove
Theorem 1.5 and Theorem 1.6, respectively.

:a(

2. Preliminaries. We present some important properties of Nehari manifold.

Lemma 2.1. Assume that ug is a local minimizer for Jy ar(u) on Nxa and ug ¢
NQ’M. Then ug is a critical point of functional Jx ar(w).

Proof. The proof is similar to the proof of Theorem 2.3 in [5], we omit the details
here. O

Lemma 2.2. (i) If r > 2p, then the energy functional Jx ar(u) is coercive and
bounded in Nx pr;

(i7) If r < 2p, then the energy functional Jx p(u) is coercive and bounded in
Wy (9).

Proof. (i) By the definition of Ny s, the Sobolev imbedding theorem and Young’s
inequality, we find that

1. A 1
Ix e (u) = *M(HUII”)—*/ flul"dx—*/glwrdx
p q.Jo rJo

a(r — 2p b(r —p Ar—q ~5

> W20 ey PPy ATy gy
pr pr qr
b(T — p) —ﬁ )\(’I" - Q) 7% pfq

> — () T (A sy )

Thus, Jx,a(u) is coercive and bounded in Ny as.
(7i) Using the Sobolev imbedding theorem, we have

a b A -4 1 _r
T (w) > —[Jull? + ZJull? = =0 fllooSq P llul|? — =lglleeSr ¥ lJull”,
2 (w) 2p|\ I pll | qll llooSq * llull* = —llgll [l
then the energy functional Jy a(u) is coercive and bounded in W, *(Q) by the
Young’s inequality. The proof of Lemma 2.2 is complete. O

Lemma 2.3. If r < p*, then each Palais-Smale sequence for Jx pr(u) in WyP ()
has a strongly convergent subsequence.
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Proof. First, we need to show that Palais-Smale sequence {u,} for Jy a(u) in
WyP(€) is bounded. Due to Jyar(un) — ¢, Jim(un) — 0 as n — oo, we see
that
1 !

<J>\,M(un)7un>

r

c+o(1) = Japm(un)

-2 b(r — Ar —
= A2y oy AP p - 22 g
2pr pr qr Q
a(r —2p b(r—p Alr—gq -4
> W2 oy WP o AT Dy 6 o,
pr pr qr

using the Young’s inequality, we can conclude that {u,} is bounded in WO1 P(Q).
Next, we prove that each Palais-Smale sequence for Jy ar(u) in W, *(2) has a
strongly convergent subsequence. Since {u, } is bounded in VVO1 P(Q), we know that
there exists a subsequence, still denoted by {u,} and u € W;?(2) such that
u, — u weakly in Wy* (),
Uy, — u strongly in L"(Q) for 1 < r < p*,
Uy, — u almost everywhere in Q.

Denote P, = <J/’\’M(un),un7u> and Q,, = M([lun|?) [, IVulP~?>VuV (u, —u)dz,
we have

lim P, =0 and lim @, =0,
n—oo n—oo

lim [ f(2)|un|? 2, (up — u)dz = 0,
n—oo Q

lim [ g(z)|wn|" " 2un (u, — u)dz = 0.
n—oo Q

Noting that

P, — Qn =M (||u,|?) / (|Vun|P2Vu, — |Vu|P"2Vu)V (u, — u)dx
Q

— /\/ Fln |7 2w (uy — u)dz — / g\un|r_2un(un — u)dz,
Q 0
we can derive that
le M ([lun|®) / (|Vun P2V, — |VuP~2Vu)V(u, —u)dz = 0.
n oo Q

Moreover, using the standard inequality in R™ given by

<|£|p—2§ - |7I|p_277a g - 77> > Cp‘g - 77|pa p > 2;
(e~ = nl"=*n, € =) = Cple — (Il + P72, 1<p<2,
we get ||u, — u||W01,p(Q) — 0 as n — oo. Then, u, — u strongly in W, (). O

Lemma 2.4. (i) If 2p < r < p* and 0 < XA < max{\1(a),A2(a), A3}, then the
submanifold NY \, =0 for all a > 0;
(i) If r =2p and a > %, then the submanifold N;CM = Ny for all A > 0;

(iii) If r =2p, a < + and 0 < X\ < Xo(a), then the submanifold N3 v =0;
() If r < 2p and a > A, then the submanifold N;M = Ny,m for all X > 0.
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Proof. (i) Suppose that NY ,, # 0, then for u € NY )/, by (3), (4), arithmetic-
geometric and Sobolev inequality, one has

3p

2\/ab(2p — q)(p — q)|[ul =

a(2p — @)llul? ¢ < ap —g)|[ull*” + b(p — g)ull”

b(p — q@)[ull”

T

< (r = a)llgllseSr " flull",

2\/ab(r — 2p)(r — p)|ull *
a(r — 2p)|[ul|? p < alr — 2p)||u|® + b(r — p)||u]]?
b(r — p)|lul”

<M = @) fllsoSg ? llul?,
it follows that

2y/ab2p — @)p — )SI\ 7w A —lf e \sim
= ) S ”<(2¢ab(r_2p)(r_p)sqz> :
a@p— )P\ AT = )l 7
(o amar) ™ st = (o=, )™
(& alate) st (5= )™

This implies A > max{\;(a), A2(a), A3}, which is a contradiction. Therefore, we can
get the submanifold NY ,, = 0 if 0 < A < max{A;(a), A2(a), Az}
(ii) If r = 2p and a > %, then combing (3) with (5), we have

K501 =a(2p — @)l + blp — )Jull” (20 ~ ) [ glufda
Q
S(aA—1)(2p—q)
= A
for all w € Ny pr. Thus, NIM = Ny for all A > 0.

(iii) Suppose that NRM # (), then for u € Nf\),M, using (3), (4), (5) and Sobolev
inequality, we get

b(p = )llull” = (2p - 61)(/Q glulPdz — allul*") < (2p — q)

[ull*” +b(p — q)[u]l” >0

1—aA

ull*,

bpllull” = A(2p — ) /QfIUI"dr < A2 — )1 flloeSq * lull,

that is,

blp— @A v A2p = @)llflloc \ 77

(o) < < (Al
bpSq

This implies A > Ag(a), which is a contradiction. Thus if 0 < A < Ag(a), then the

submanifold NY 5, = 0.

(iv) If r < 2p and u € Ny s, then by (3) and Sobolev inequality, we find that

T

Ky p(1) 2 [JullPlap = g)l|ull” + b(p = q) = (r = @)llgllocSr " [l 7).
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(r—0)llglloosy #) 77
2p—r
(b(p—CI)) = (2p—q)

Since a > A = , then we have

a(2p — @)l[ull” +b(p — @) = (r = DllgllocSr " [Juf"" >0
and K ,,(1) > 0. Hence, N;fM:N,\,M for all A > 0. O

Lemma 2.5. (i) If 2p <r < p* and 0 < A < max{A1(a), A2(a), A3}, then Ny =
N;MUN;M and NfM # 0 for all a > 0;

(i) If r =2p and a > £, then N;\"’M = Nxm # 0 for all X > 0;

(iii) If r = 2p, a < § and 0 < X\ < Xo(a), then Ny = Ny, UNy,, and

+ ) ' ’
N)\7M7é®7

(iv) If r < 2p and a > A, then NXM = Ny m # 0 for all X > 0.

To prove Lemma 2.5, we require the following lemmas.

Lemma 2.6. Assume that 2p < r < p* and 0 < A < max{\i(a), A2(a), As}.
Then for each u € Wol’p(Q), there are unique 0 < tT < t4maz < t~ such that
ttu € N;M, t"u € Ny 5, and

J>\7M(t+u) = inf JA,M(tu), J)\7M(t7U) = sup J>\7M(tu).
0<t<ta,ma= t>ta maz

Proof. Fix u € W,?(Q), we define
ha(t) = at®~9|u||?P + btP~9||u||P — tT_q/ glu|"dz  for a, t >0,
Q

then it is easy to see that h,(0) = 0, . liHl ha(t) = —00, he(t) achieves its maximum
— 400

at t = tq mas, increasing for ¢ € [0, 4 mas) and decreasing for ¢ € (g maz, +00).
Now, we divide the proof into three cases:

Case (7). If max{Ai(a), A2(a), A3} = A1(a). Let

3p—2g

ma(t) = 2v/abt "= " ||u|| ¥ —tT-Q/ glu["dz  fora, t >0,
Q

then, it is easy to see that mg(t) < hy(t), m,(0) =0, \ ligl mg(t) = —oo and there
—+00

(3p—2q)vVab|lu| ¥

v (r—a) Joy glul"dz c

t = tmax, increasing for ¢ € [0, tnax) and decreasing for ¢ € (£max, +00). Moreover,

is a unique fmax = ( )27331) such that m,(t) achieves its maximum at

. <2r—3p)¢a?(¢@<3p—2q)5§

mq tmax Z 2T_SZHU q.
() 2 === = (T g - Ml
Since

ha(0) =0 < A / flultdz < Al fllooSy * lul?

(2r — 3p)Vab ,Vab(3p — 2q)S? e
< - G )7 |
r—q (r=a)llglls
= Mg (Zmam) < ha (ta,maw)v
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therefore, there are unique ¢+ and ¢~ such that 0 < t* < tg ez < t7, ha(tT) =
A Jq flul?de = ho(t) and Al (t*) > 0 > h/(t7). A bunch of computations yield

d +
il t _
o Iam (tTu)

Kgl_u,]\/f(l) =

thus, tTu € Ny ,,, t7u € Ny, and

T (ttu) = inf  Jym(tw), JIaam(ETu)= sup  Jawm(tu).
0<t <ty max t>ta, max

Case (i1). If max{Ai(a), A2(a), A3} = A2(a). Let
ng(t) = at® = ul|?P — tr_q/ glu|"dx  for a, t >0,
Q

then ny(t) < he(t), ne(0) = 0, . ligl ng(t) = —oo and there is a unique ., =
—+00

2 1
(M) "=2¢ guch that n,(¢) achieves its maximum at ¢ = ¢

=) T, glul"d= tmax, iRCreasing

for t € [0,¢,,..) and decreasing for t € (..., +00). Moreover,
r—q 7 —2p , (2p— q)Sf 2p—g
Na(tmax) = @727 ( T ]
(b e agl)
Since

fmm:o<AAfmwaWﬂu$?ww

<t (L2 (D e
r—q " (r=qllglle
S na(émaz) S ha(ta,maz)v
then, there are unique ¢+ and ¢~ such that 0 < T < tgmee < t7, ho(th) =
A Jo flul?de = hq(t™) and R (t*) > 0 > h[,(t”). Repeating the same argument of
Case (i), we conclude that tTu € N;CM, tTu € N):M7 and

J)\,M(t+u) = inf J)\’]\/[(t’u,), J)\)M(t_u) = sup J/\,M(tu)-
0<t<ta,max t>ta, max

Case (i1i). If max{\i(a), A2(a), A3} = A3. Let
ho(t) :btp—qnuup—tr—q/g\urdx for ¢>0,
Q
then, we see that ho(t) < he(t), ho(0) = 0, . ligrn ho(t) = —oo and there exists a
—+00
b(p—a)||u|l”

(r—q) Jq glulmdz
t0,max, increasing for ¢t € [0, o max) and decreasing for ¢ € ({9 max, +00). Moreover,

unique o max = ( )ﬁ such that hg(t) achieves its maximum at ¢ =

e N
ho(tomax) = b7> =2 |9,
oltoma) 20 G ) G =) 1
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On the other hand, since

ha(0) =0 < A / Flultdz < A flloeSy * Jlul

<= (L P05
r—q " (r=qllglle
S hO(tO,mam) < ha(ta,maz)v
therefore, there are unique ¢t* and ¢~ such that 0 < tT < tgmaz < t7, ho(tT) =
A [q flul?dz = ho(t™) and Al (t*) > 0 > h[(t”). Repeating the same argument of
Case (i), we conclude that tTu € N;M, t"u € Ny 5, and

J)\,M(tJru): inf  Jym(tw), Iam(ETu)= sup Jau(tu).
0<t <t 0 max >0 max

This completes the proof of Lemma 2.6. O

Lemma 2.7. Assume that r = 2p, a > +. Then for each u € Wol’p(Q), there
is a uniquely determined number t+ > 0 such that ttu € Ny, and Jx p(thu) =

inf J)\’M(t’u).
>0
Proof. Fix u € W, (1), let
Tra () = 129 (q]|u]| 2% — / glu2Pdz) + bP=|ul]P  for ¢ >0,
Q

we see that h,(0) =0 and lim hy(t) = +o0. Since
t——+oo

!

g (t) = (2p — )t*P~ 7 (a|u|? — /Qg\UIQ”dx) + (p— Qbt" I |ul|?,

we can conclude that h,(t) is increasing for ¢ € [0, +00). Thus, there is a unique t* >
0 such that h,(t") = X [, flu|?dz and E;(t*) > 0. Repeating the same argument
of Lemma 2.6, we conclude that ttu € N, and Jy p(tu) = t1r>1(f) Ixm (tu). O

Lemma 2.8. Assume that r = 2p, a < x and 0 < XA < Xo(a). Then for each

u € Wol’p(Q), there is a uniquely determined number 0 < tT < t,as such that
ttue Ny and Iy ar(thu) = 0<ti£1tf I (tu).

>bmazx

Proof. Fix u € Wy ?(Q), let
h(t) = bt~ P|jul|? — )\tq_2p/ flu|%dz  for ¢t >0,
Q
it is not difficult to see that lim h(t) = —oc and lim h(t) = 0. Since
t—0t t—+o00
!/

7 () = —pbt ="~ [ul}? — (g — 2p) Ma—21 / flultdz,
Q

2 o S ) 5 quch that

h(t) reaches its maximum at t = tyay, increasing for ¢ € [0, fmax) and decreasing

we can conclude that there exists a unique ¢y = (
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for ¢ € (tmax, +00). Furthermore, due to

q
- b(p —q) bpSy
() 2 =5 = (S — 7=
1—aA
7,

P
)7 Jlull*?

and

[ull* < A(tmax),

1—alA
[ aulras —ayr < 15
Q A
thus, there is a unique ¢ such that 0 < t* < tpqeq, h(tT) = [, glu[*?dz — allul/*

and E/(t“‘) > 0. Repeating the same argument of Lemma 2.6, we conclude that
ttu e N;M and Jy p(tTu) = O<ti£lf I, (tw). O

St>bmax

Lemma 2.9. Assume that r = 2p, a < % and 0 < A < Xo(a), and let ¢pp > 0

as in (5). Then there exit two uniquely determined numbers t+ and t~ satisfying
0 <tT <tgmas <t, such that ttos € Nyt ,, t=da € Ny, and

Dot oa) = inf  Jom(toa), Dot oa)= sup  Jya(tda).

0<t<te, max 121, maa

Proof. Let
ho(t) = bt"%|pall” — tz”_q(/ gloalPdz — al|ga|*?)  fora, t >0,
Q

combing (5) with a < 1, it follows that [, g|¢pa|?Pdz — al|¢a[|*? = 1 — aA > 0.

Then, we have hy(0) = 0, tlir+n hg(t) = —oo and there is a unique tymax =
—+0o0
1
(%)% such that hy(t) achieves its maximum at ¢ = ¢4 max, increasing for

t € [0,%4 max) and decreasing for t € (t4 max, +00). Moreover,

b(p — q)A% »-q bpA?
t max) — P )
Al mes) ((2p—q)(1—a1\)) 2p—gq

and

ho(0) =0 < A /Q Fléalidz < AlfllsoSy * éal

< (e q)Az 250 bpA 2
(2p—q)(1 —al) 2p—q
= hcﬁ(tab,mam)'

The rest of proof is similar to the proof of Lemma 2.6, we omit the details here. [

Lemma 2.10. Assume that v < 2p and a > A. Then for each u € Wy?(Q) and
A > 0, there is a unique ty > 0 such that txu € N;rM and Jx pr(tau) = %r>1:f) I (tu).

Proof. Similar to the argument in Lemma 2.6, we can prove Lemma 2.10. Here, the
details are omitted. O
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3. Proofs of Theorems 1.2, 1.3 and 1.4. In this section, we give the proofs of
Theorems 1.2, 1.3 and 1.4. Applying Lemma 2.5(i), we write Ny yr = N;FMUN;M,
and define

O3 v = inf Dom(u), Oy, = inf  Jy am(u).
uENA,]M uENNM

To prove Theorem 1.2 and Theorem 1.3, we need the following results.

Lemma 3.1. If2p <r <p* and0 < A < \* = max{f%p/\l(a), 2A2(a), TAs}, then
(Z) HIM < O;
(i) 0;,1\/[ > ko > 0 for some ko depending on X, a,b,7,p,q,Sr, Sq, || flloo: |g]|cc-

inf J>\7M(u).
A

: +
In particular, 9/\,M =
uENX M

Proof. (i) Let u € N;M, it follows from (4) that

A(r—q) / flul?da > a(r — 2p)|[ul* + b(r — p) |[ull?,
Q
substituting it into Jy a(u), we obtain

a(r —2 b(r — Ar —
) = g 2 g~ 20 [ g

2pr
< alr=2p)(¢ ~ 2p) b(r —p)(¢ —p)
2pqr T
50 03y = inf Ixm(u) < 0.
weNY o
(7i) Let u € Ny ar» we divide the proof into the following three cases.

ul* +

[[ul” <0,

Case (i). \* = f%pAl(a)' From (3), arithmetic-geometric and the Sobolev imbed-
ding theorem, we find that

2y/ab(2p — q)(p — @)|[ul| * < (r — @)llgllocSr " [Jul|",

which implies

2/ab(@— )0 — S} | 2
bl > === "
this show that
2ab(r — 2 - 3p Mr — _a
o) > V2O =R)y s N0 oty
p?“ qr
>(2\/ab(2p —q)(p—q)S¥ ) 25 {\/2ab(7" —2p)(r — p)
= llgl | P
24/ab(2p — q)(p — q)SF \ =5 A —q) g
- 0S¢ 7| = ko.
( (r = @)l ) el | =k

Thus, we have HX’M >ko>0for0< A< f%px\l(a), where kg depending on A, a,
ba Ta p7 Q7 S’r’a Sqa H.f”OO? HgHOO

Case (i1). \* = %)\g(a). Using (3) and the Sobolev imbedding theorem, we see
that

a(2p — lul® < (r = )llgllcSr * [[ull",
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which implies

(1,(2]9 B Q)ST; )T_12p
(r = a)lgll

Jlull > (
Then, we have

(r —2p)

a A(r
J >
A (u) > 5

2p —4q) S*% q
[Jull —T\Ifﬂoo g 7 lull

(a(2p —q)S? - [a(r —2p) (a(2p —q)S? 20
(r=a)llglls 2pr M (r = g)llgllo

Mr — _a
ATy sy ] = ke > 0

qr

for 0 <A < ghAs(a).
Case (iii). A" = 1)3. Combining (3) with Sobolev’s imbedding theorem, we get

T

b(p = @llull” < (r = )llgllocSr *[lu]l",

which indicates

b(p —q)SF | 1

el > (el ™
Then, one has
b(r—p)y 1p ANr—a) -4 g
I nr (u) ZTHUH - THf”oosq [|ul]
( b(p — 9)S¥ yes (A =n) b~ 9)SF )=
(r = @)llgllo pr (= Qllglle
A(r —q) -1 _
= [fllocSq "] = ko >0

for 0 < A < %)\3. This completes the proof of Lemma 3.1.

Lemma 3.2. Ifr =2p, a< 1 and 0 < A < %)\O(a), then
(i) 03 5 <0;
(i) O3 > Ko >0 for Ky depending on X, a,b,p,q, A, Sg, I1f oo -
In particular, 0 ,, = inf  J\ a(u).
’ uENX M

Proof. (i) Let u € NIM, by (4), we see that

A@p@/ﬂww>www
Q

and
b A2p —q) /
— 2 gy — NP 4 aq
Iar(w) =gl = 22D [ ppajas
b b
lull? — Zlul? < o.
<gollulP = o ll? <
Hence, we have GIM = inf Jym(u)<O0.

ueN;M
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(ii) Let u € Ny ,, from (3), we find that

b= lulP < (2~ ) glul"de — alju?) < EEZDEZ oy,

which implies that

bA(p—q) \:
u|| > P, 6
[l ((2p7q)(17aA)) (6)
On the other hand, since
b A2p —q) —4
>__ p_ P q
Iraalw) ool = 22D 7S,
( bA(p —q) )%[3( bA(p — q) )55
(2p—q)(1—al)” “2p*(2p—q)(1 —ah)
A(2p —q) —4
- Sy 7| = K. 7
D) s P = Ko @
Thus, we have 0;7M > Ko >0for 0 < A < %)\O(a), where K depending on
A a,b,p,q, A, Sy, || flleo. The proof of Lemma 3.2 is complete. O

Proof of Theorem 1.2. Applying Lemma 2.2 (i), Lemma 2.5 (i), Lemma 3.1 and
the Ekeland variational principle [13], we obtain that there exist two minimizing
sequences {ut} for Jy pr(u) in N)ij such that

T () = 050 +ou(1)s T3 ar(ury) = 0a(1).
Then, it follows from Lemma 2.3 that there exist subsequences still denoted by
{uf} C N5\, and uy ,, € Wy (Q) such that
ut — uf’M strongly in W, *(9Q),

hence, uva € N/\ﬂfM are solutions of the problem (1) and JA,M(“T,M) = 9§M. On
the other hand, since JA,M(“iM) = J)\’M(\uiMD and |uj\—LM| € Ni,,, we get that
uf v €N /\i u are nontrivial nonnegative solutions of the problem (1). Moreover,
NIM N Ny 5 = 0 show that uy ,, # uy ;. Thus, the problem (1) has at least two
nontrivial nonnegative solutions. This completes the proof of Theorem 1.2. O
Proof of Theorem 1.5. (i) By Lemma 2.5 (ii), we write N pr = N;M and define
9)\71\/[: inf J)\,M(U).
uENiM
Similar to Lemma 3.2, we can conclude that 65 s < 0. Applying Lemma 2.2 (i)
and the Ekeland variational principle [13], we obtain that there exists a minimizing
sequence {uy,} for Jy a(u) on Ny, such that
Ia v (un) = 0x a1 + 0, (1), JA,M(“n) = on(1).
Then by Lemma 2.3, there exists a subsequence still denoted by {u,} C N ;\" a and
ux s € WyP(2) such that
Up, — Uy, p strongly in WOI’Z’(Q).
Thus, uxm € N;M is a solution of the problem (1) and Jx a(u) = Oy . On
the other hand, since Jx ar(uxar) = Jam(Juaar|) and |ux ar| € N;'M, we get that
uxm €N ;’ s 1s nontrivial nonnegative solution of the problem (1).
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(i) Similar to the proof of Theorem 1.2, we know that the problem (1) has at
least two nontrivial nonnegative solutions u:{' M EN )\+ AU s € Ny py- Moreover,
combining (6) with (7), we see that

1
||u;MH —o00as a— — ,

A
lim  inf Jy m(u) = cc.
a—x " uENS
This completes the proof of Theorem 1.3. O
Before giving the proof of Theorem 1.4, we introduce the following lemmas.

a4 > p—q
*—p)SP [ blp—a)S k \p -p
Lemma 3.3. If r =p* and 0 < A < (;(f_q)’ﬂ)ﬁfm ((p(f—;))ﬂgp\lm) , then the sub-

manifold N = NIM UN, s and N/%:,M #0.

Proof. The proof is similar to Lemma 2.5(i), we omit the details here. O
Let 01 ,, = inf J\ a(u), then we have
’ UEN;M

Ny p—q

b(p*fp)Sq% b(P*q)sz )p**p +
o /1~ ((p*,q)”g = s then 05 5, < 0.

Lemma 3.4. Ifr=p* and0 < A <

Proof. Let u € N;:M, it follows from (4) that

Alp" - Q)/ flul®dz > a(p* = 2p)[ul® + b(p" — p)||ull”,
Q

and

a(p* —2p b(p* —p Alp* —q

Tart) =282 MOy - 229D g
pp p qp Q
a(p® —2p)(q — 2p) b(p* —p)(q —p)
< Y [[uf|?P 4+ =—— 2 u|” < 0,
pap

SO QIM = in£ J)\JV[(U) < 0. O

UEN Y o

4 % p—q
b(p*—p)S& ( b(p—q)S, %

Lemma 3.5. If r = p* and 0 < X < )ptp, then Jx

satisfies the (PS)H;r -condition.
M

P* =Dl fllee \ (P*—a)llglloo

Proof. Let {u,} C NIM be a (PS)Q;r ,-sequence satisfiying

JA,M(Un) = HI,M + on(1), J/,\,M(Un) = on(1).
Similarly to the proof of Lemma 2.3, we know that {u,} is bounded in N ;r A and
there exists a subsequence, still denoted by {u,} and u € W, ?(Q) such that
u, — u weakly in W*(€),
U, — w strongly in L™ (Q) for 1 < r < p*,
Up, — u weakly in LP" (Q),

Uy, — u almost everywhere in Q.
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By concentration-compactness principle [21], there exists at most set J, a set of
different points {x;};es C €2, sets of nonnegative real numbers {y;}jes, {Vj}jes
such that

|Vu,[Pde — dp > |VulPde + Zujdmj,
jet

P dz = dv = [uP dz + Y v;6,,
JjeJ

(8)

where J, is the Dirac mass at =, and the constants y;, v; satisfying

> Spw?, where z; € Q. (9)
Followmg, we claim that J is finite for any j € J, either v; = 0 or v; >
<|\Sg\|:: )7 . In fact, choosing ¢ > 0 sufficiently small such that B, (z;)NBe(z;) =0

for i # j,4,7 € J. Let ¢Z(z) be a smooth cut off function centered at x; such that

N

1, |zx—=

<<€
i< % and |Ve!| < —.
07 |I’*IE|Z{—:’

0)

0<¢l(x)<1for|z—ux;|<e, ¢l(z)= {
Noting that
(J3ar (n), undl(z)) ZM(Huan)/Q\Vun|p¢i(fﬂ)dx

T M (fjun ) / V[P~V V! ()l
Q

i\ / F(2) |93 () — / o) un?” 6 (2)dz,

and by (8), we have

e—~0n—o0

lim Tim M ([Jun|P) /|Vun|p¢J( ) > by,

e—=0n—o0

lim lim M (|ju,||?) / |V, [P~2Vu, V! (z)u,dz = 0,

lim lim / F@)un] 96! (2)dz = 0,

e—0n—o0 Q

lim lim [ g(@)[un|” ¢(x)de = g(z;)v; < [|g]leov;-

e—>0n—o0 Q

Thus,
0=lim lim (J3(un), up ! (x )) = b — ||gllecv;- (10)

e—=0n—o0
It follows from (9) and (10) that

bSp-

v,i=0 or v;>
! ! (Ilgl\oo

P—P
)

which implies that J is finite. If v; # 0,

e—0n—oc0

lim lim / |Vun\pdx>hm lim / |V |P¢l (x)dz
e>0n—o0 Jq
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> lim( / VulPéd (x)da + ;)
Q

e—0
2 bSt
>Spe v 2(7”g|1|’ )7 s
o0

On the other hand, since u,, € N;M, we have

A@* = Ol f oo\ 752
O e = I
b(p* —p)S¢
This implies
A et =p)S§ (bsp? );— o " = p)S§ ( b(p — q)S, )‘-
(0" = D flloo \Mlglloo P* = Dl flloo \@* = @)lglloo ’

which is a contradiction. Hence, y; = v; = 0 and we can obtain that u, — u
strongly in LP" (Q) and u,, — u strongly in Wol’p(Q). Moreover, since u, € Ny ar,
we deduce

Ap* — a(p* —2 b(p* —
(» - q) / Flup|9dz = u“un‘|2p+ (pi*p)HUan — o (un),
qp Q 2pp pp
letting n — oo, we have
Ap* —
(177*11)/ flul9dx > _g;i\-M >0,
ap Q ’

which yields u is nonzero and u € Ny jr.
Next, we need show that u € N;M. Due to

a(p® = 2p)|Jun |I* + b(p* — p)||unll” — A(p* — q) /Q flun|?dz <0,

let n — oo, It is clear that
a(p* = 2p)||ull*® + b(p* —p)||ull” = A(p* — q) /Q flul?dz <0.

If a(p* — 2p)|lul|* + b(p* — p)|[ull” = X(p* — q) [ flu|?dz = 0, we have u € NY ,/,

a P —
* b(p—q)S f: o
which is a contradiction with NE’M =0for0< )< (b(p p)Sq ( (p=0)3, )p i

p* =)l fllc \ (P* =) ll9lloo
Hence, we have u € N;'M. O

Proof of Theorem 1.J. Applying Lemma 2.2 (i), Lemma 3.3, Lemma 3.4 and the
Ekeland variational principle [13], we obtain that there exist a minimizing sequence
{un} for Jx pr(u) on N;CM such that

Iam(un) = QI,M + on(1), J;\,M(“n) = 0,(1).
Then, it follows from Lemma 3.5 that there exist subsequence still denoted by
{un} C N;M and u v € WOII’(Q) such that
U, — ux s strongly in W, P (Q),
hence, ux n € Ny is a solution of the problem (1) and Jx ar(ux ) = 605 5, On
the other hand, since Jx ar(uxa) = Jam(Jua, ) and |uy | € N;:M, we get that

uxm €N ;\”‘ s 1s nontrivial nonnegative solution of the problem (1). This completes
the proof of Theorem 1.4. O
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4. Proof of Theorem 1.5. First, we consider the following truncated problem:
—Mk(/ |VulPdz)Apu = Mf(2)|u]?2u + g(x)u|""?u in §,

Q
u=20 on 082,

(11)

where k € (W’ %) and
M M(S)7 S S kj,

is a truncated function of M (s). Then the solutions of truncated problem (11) are
critical points of the energy functional

1. A 1
Tran ) = 2 ¥e(ull?) = 2 [ fhuftda = [ glulda,
p q.Jo ™ Ja
where My (t) = fg M (s)ds. Thus, we have the following lemma about the functional
JA,M;C (u)
Lemma 4.1. The energy functional Jy ar,, (w) is coercive and bounded in Ny .

Proof. If w € Ny a,, then by the definition of Ny s, and the Sobolev imbedding
theorem, we find that

r—q

A
T FlloeSq ? [lull
ra M llooSa ™ flull,

b O e

Do (w) 2 (0 =

since k < w, this gives % - @ > 0. Thus, Jx a, (u) is coercive and bounded
in Ny a, by the Young’s inequality. The proof of Lemma 4.1 is complete. O

Note that by (3) and (4), if u € Ny p, with [Ju||? < k, we see that
K (1) =[a2p = @)l|ull” + b(p — @)lf[ull” = (r — q) /Q glul"dz

=[a@p —r)|lull” = b(r = p)llull” + A(r — q) /Q flul®dz, — (12)

and if u € Ny pr, with ||ul|P > k, we have
a0 =M B = )lul? = (=) [ glulas

=—M(k)(r—p)HUIlp+>\(T—Q)/QfIUqux« (13)
Subsequently, we have the following lemmas.
Lemma 4.2. Ifr < 2p and 0 < X < M\y(a), then the submanifold Ng,Mk = (.
Proof. The proof is similar to Lemma 2.4, again we omit its details. O

Lemma 4.3. Ifr < 2p and 0 < A < min{4(a), As(a)}, then the manifold Nx p, =
Ny, UNSy, and NY # 0.
Proof. Fix u € W, *(2), we define

La(t) = atQp_rHuHQ”—i—bt”"”Hqu—/\tq_’”/ flutdz  fora, ¢ >0,
Q
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it is easy to see that lim [(¢) = —oo, and lim [(t) = +oo. Let
t—0t+ t—+o0

lo(t) = btP~"||ul|? — /\tqfr/ flulfdz  for t >0,

then Io(t) < lu(t), lim I(t) = —o0, 1121 I(t) = 0 and there is a unique t* =
t— o0
(%) pa such that lo(t) achieves its maximum at ¢ = ¢*, increasing for

t € (0,t*) and decreasing for ¢t € (t*, +00). Moreover,

ey <220 o fluldr oo —p)lul” 3=

’ a T—p A(r —q) fo|u|qu
p—qblr—p) = Sy -
== o) G

>[lglleoSr 7 ]

z/gMMa
Q

and
. A(r —q) Jg fluldz Alr = Dl fllo \ 525
G e G Rl
(r = p)bSq
for 0 < A < min{A4(a), As(a)}.
Therefore, we can obtain a 0 < t* < ¢* such that [,(t7) = [, glu|"dz, [[tTu|? < k
and tTu € N;Mk. Thus, we have N/\,Mk # 0. H

Lemma 4.4. Ifp < 2p 5 <7 <2pand0 <X <min{Ay(a),As(a)}, then we have
QS‘CM]@ = inJrf J)\,Mk( )< 0, In particular, 0 a1, = ngf I (u) < 9>\ M, -

ue
uGNA’M,C A, My,

Proof. If ||ul|P < E, it follows from (12) that

e L UL
Ll 22—

ar 5 )k—b(r—p)(p—Q)],

since k < % and % <1 < 2p, then we have Jy p, (u) < 0.
If ||u||? > k, from (13), we find that

ak®> M (k)(r —p)
J = — 2 PP — aq
a1 = = G+ =D D fyjagg
k2 M(k)(r—p)(q—
< 9 (k)(r —p)(q —p) lull” < 0.
2p pqr
Therefore, 03, = inf  Jy ar, (u) <0 and Oy ay, <65, O
’ u NA My, )

Lemma 4.5. Ifu € N;Mk is a solution of truncated problem (11), then there exists

a constant C such that ||u| < C and |[ul|P < 25 Z\/Io\qli_ll\“f)uoos ' d
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> 1 .
Proof. If ||ul|P < k, we choose C = k7. Applying

MWWWWW=AAfM%w+AMMH%

we find that
4 e s
- M ([|ul[)
If ||u||” > k, we choose cr = brf;ﬁ;(k) + )‘2W(T_q)“f”°°q ﬁ. by u € NIMk

rq(br—M(k)p)Sq;
and the Young’s inequality, we have

0>67 5/,
a r—p)M(k Alr —
= (w) = — o+ CZD B o 2029 ppyjeas
P br qr Q
br — pM(k A(r — 00
> gy 2o A= Ol e
D pr qrSy
a br — pM (k) br —pM (k) —-< Ar —q) -4 p
> 2 P S p__ ("7 p—q (17 P\ p=—
> - gt P gy - () e (A sy
which implies
ark? N A2pr(r = Ol flloo -2 _

ull” < 2
br—pME) g (br — M(K)p)Si

Furthermore, we can get

Ml fllseSq " C* + llgllosSr * C

ullP <
e A(ul?)

O

Proof of Theorem 1.5. (i) By Lemma 2.2 (ii) and the Ekeland variational principle
[13], we obtain that there exists a minimizing sequence {uy,} for Jx ar(u) on Wy ()
such that

JA,M(UH) =cC\M + on(1), Jé\,M(Un) =o0n(1),

where cy v = inf  Jxm(u,) < 0. Then, utilizing Lemma 2.3, there exists a
uEW, P (Q)

subsequence still denoted by {u,} € Wy () and ux s € Wy*(€2) such that

Uy, — ux s strongly in W, P (Q),

SO Ux M € Wol’p(ﬂ) is a nonzero solution of the problem (1) and Jx ar(uxar) = exnm-
On the other hand, since Jx apr(uanr) = Jxm(Juaar]) and Juy ar| € W(}’p(ﬂ), we
get that uy s € WyP(2) is a nontrivial nonnegative solution of the problem (1).
Similarly, we can prove that the problem (1) has at least one nontrivial nonnegative
solution ux v € N;M = Ny fora > A and A > 0.

(ii) Let ¢ > 0 and choose 0 < A < A, = min{d, A\s(a), As(a)}. By Lemma 4.1,
Lemma 4.3, Lemma 4.4 and the Ekeland variational principle [13], we obtain that
there exists a minimizing sequence {u,} for Jx ar, (u) on N /\+ a,, Such that

I (un) = 9>_‘\—,Mk + on(1), Jé\,Mk (un) = on(1).



904 YUANXIAO LI, MING MEI AND KAIJUN ZHANG

Applying the Lemma 2.3, there exists a subsequence still denoted by {u,} C N M,
and ug\lgw e W, P(Q) such that

Up — ug\l)M strongly in W, *(€),

thus, ug\lg\/l € N;Mk is a solution of the problem (11) and Jy as, (ug\liw) = GIM,C.

Moreover, since J)\,Mk(ug\l,gw) = J)\Mk(\ug\lg\/[) and |u&13\4| € N;M, we get that

u(;zw eEN ;f A, 18 a nontrivial nonnegative solution of the problem (11).

Next, we proof ||uE\15V[||p < k. If ||uf\lgw||p > k, using k € (W,b(%p)) and
Lemma 4.5, we have

b(r—p) _ b(r —p)
L) @]y # C7 + [lgllaSr 7C")
k 1
< < =,

A fllooSq " CY+ |lglloSy 7C" 0

then a > bjg(;’)’), which is a contradiction. Thus, ||uE\13w||p <k< W and u&%w

is also a nontrivial nonnegative solution of the problem (1). O
5. Proof of Theorem 1.6. First, we consider the following modified problem

ka(/ |VaulPdz)Apu = A f (@) |u]?2u + g(z)|u]""?u in §,
Q

(14)
u=0 on 0%,
where k = %, and
al%Qp;qs% + b, sgl;;,
M;(s) = .
M(s), s>k

is a modified function of M(s). Then, the corresponding energy functional of the
problem (14) is

1.~ by 1 .
I (1) = =N (ful?) - 2 / flufda — / oluldz,
p q Jo r Jo

where Mk (t) = fot M; (s)ds, and we have the following lemmas.

2p

—q a
7 IFISG s then

Lemma 5.1. if r < 2p and 0 < A< A = a(abgpf_pg))
(6) Ny, = {u € Nas | JulP > b
(i) Ny p, = {w € Naagg | [Jull” <k}
(i1i) Ny, = N;ME U NS, -

Proof. (i) If uw € Ny ar, with [ul[? > k, it can be deduced to

K5 ar (1) =a(2p—7")HUII2p—b(?“—p)IIUHP+/\(T—Q)/QfIU\quE

>fa(2p — 1) — b(r — p)]Jull® + A(r — ) /Q flujda

“A(r — ) /Q flultdz > 0,
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then, Ny, D {u € Naag, | [Jul? > k}.
Next, we prove N;M;; C{u e Ny | ull? > k}. Assuming that there exists a

u such that u € N;F_M,; with [Jul|? < k, we have

K (1) = —a(r — gk

k

5l — b(r — p) [l + A(r — q) /Qf|u\qu

2p

< —a(r— )k~ 7 ull? = b(r — p)||ull” + A — )| fllooSq * [[ul®
=(r — Q)N fllocSq * —ak ™7

Mul[* = b(r = p)[jull” <0

2p— 2p—gq
P

for 0 < A < ak™ 7 ||f||z1SF = a(ab(<2’:pipg)) 7 || £I=LS2 , which is a contradiction.
Thus, N;F,M,; ={u € Nar, | |Jul|? > k}.

(#4) Similar to the proof of (i), we have Ny, = {u € N | [ullP <k}

(4ii) Combining (i) and (i), we have Ny, = NIME U Ny, if0 < A<

q

2p— a
a(ab((;p_ipr))) S FI=LSP . The proof of Lemma 5.1 is complete. O

Define I(u) = FlullP — § foglul"dze, M = {u € W@\ {0} | [ul?
Jo glu|"da}. It is easy to know that there exists a ug € M such that S = in]& I(u) =
ue

1

I(ug). Let vy = szf\(lj’ then ||Jvo||? = k and
ri per gz T =D\ pbA(r —p)
"dx = k» p=r — kv P>~ -7
| sluolrdz = i o o) 7 > ey oy
. DT ()2 oy 2p=T
provided that a < A, = %(2”7) r=p

Lemma 5.2. For each a < A, and r < 2p, there exists 0 < X < A such that for
A < A4, there exists t\ > 1 such that t\vg € N;M,;.

Proof. Let
(A, t) =at®P " ||Jvg||*P + btP " ||vg||P — )\tq_T/ flvol?dx
Q
—at®P Tk 4 btP ke — )\tq_T/ flvol?dz  for t > 0.
Q

learly, lim m =— lim m = .
Clearly, Jim m(A,t) o0, lim m(A, t) = +oo

Since 7 (0,t) = b(r — p)kt?~"~(t* — 1), then (0, t) achieves its minimum at
t = 1, decreasing for t € (0, 1), increasing for ¢t € (1, +00) and

P — pb2 (T B p) T
= 1) = ———= .
rtn>1(r)1m(0,t) m(O’ ) a(2p_ T‘)2 < Qg|UO| dz

Hence, there exists a &y > 1 such that m(0,%9) = [, glvo|"dz and m'(0,%9) > 0.
Moreover, by the implicit function theorem, we know that there is a positive number

~ p—q 1 ~ ~
A < a(ab((;p__pg)f 7 || fllotSe such that for A < A, there exists a ty > 1 such that

m()‘a tA)\) = fQ g|’U0|rd$C.
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On the other hand, since

R R .9 . R
(J3 ar(Eavo, ), tavo) =aty™ [[vo||P + btx" vo|P — /\“q/ flvol?dw
Q

—ti\r/g|vo|rdx
Q

6T OB — / glvo"da]
Q

and ||tyvo||P = 5k > lAc, thus, t\vg € Ny ar and tyvg € N;M,; by Lemma 5.1. [

Theorem 5.3. For each a < A, and r < 2p, there exists 0 < ):* < A such
that for 0 < A < A, the problem (1) has at least one positive solution ug?%\/[ with

! -
[

Proof. By Lemma 5.1 and Lemma 5.2, we know that N;_M;; # (). On the other hand,
using a similar argument to Lemma 2.2 (i), we know that the energy functional

I, (u) is coercive and bounded in N;:M;;' Define

Qj\r’ME = inf J)‘vMic (u)

+
U’ENNM,;

Applying the Ekeland variational principle [13], there exists a minimizing sequence
{un} for Jx ar, (u) on N;ME such that

I (un) = G;ME + o, (1), J;\’Mk (un) = 0n(1).

Then by Lemma 2.3, we know that there exists a subsequence still denoted by
{un} C N;ME and uf\% € W, P(2) such that

Up — ug\z)M strongly in W, *(€),
S0 uf\zg\/[ € N)tM,; is a nonzero solution of the problem (14) and Jx i, (uf\Qg\/[) =

2 2 2 2 7
0% a1, Due to Juar, (uh) = Tuag (U D), [ulh| € Niyy and [[ul) [P > F,

then we can get that ug\% €N ;‘ M, is a nontrivial nonnegative solution of the

problem (1). O

Proof of Theorem 1.6. Applying Theorem 1.5 and Theorem 5.3, we see that for

each ¥ >0and 0 < a < min{%,fl*}, there exists a positive number \* <

min{®, A, A} such that for 0 < A\ < \*, the problem (1) has at least two nontrivial

nonnegative solutions u(;zw € N;M, u(@w € N;M and

W =) @
HU‘)\,M” pa HU‘)\MH .
This completes the proof of Theorem 1.6. O
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