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Abstract. In this paper, we study the n-dimensional (n > 1) bipolar hydrodynamic model
for semiconductors in the form of Euler—Poisson equations. In the 1-D case, when the difference
between the initial electron mass and the initial hole mass is nonzero (switch-on case), the stability
of nonlinear diffusion waves has been open for a long time. In order to overcome this difficulty, we
ingeniously construct some new correction functions to delete the gaps between the original solutions
and the diffusion waves in L2-space, so that we can deal with the 1-D case for general perturbations,
and prove the L°°-stability of diffusion waves in the 1-D case. The optimal convergence rates are
also obtained. Furthermore, based on the 1-D results, we establish some crucial energy estimates
and apply a new but key inequality to prove the stability of planar diffusion waves in n-D case. This
is the first result for the multidimensional bipolar hydrodynamic model of semiconductors.
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1. Introduction. In this paper, we study the n-D isentropic Euler—Poisson
equations for the bipolar hydrodynamic model of the semiconductor device

ny + div(nquq) = 0,
(n1ur)e + div(nius @ uq) + Vp(ni) = n1 V¥ — nqug,

(11) No + diV(?’LgUg) =0,

(nouz): + div(ngus @ ug) + Vq(ne) = —na VU — nous,

AU = ny — Ng
for x = (v1,22,...,2,) € R, n > 1, t > 0. Here n1 = ni(x,t), no = na(z,t),
up = (U1, - .., U1n) (2, 1), ua = (uo1,...,u2,)(x,t), and ¥(z,t) represent the electron

density, the hole density, the electron velocity, the hole velocity, and the electrostatic
potential, respectively. E := VU(z,t) is called the electric field. The nonlinear
functions p(s) and ¢(s) denote the pressures of the electrons and the holes, respectively,
which are smooth, strictly increasing, and nonnegative. Since both p(s) and ¢(s)
possess the same characters, for simplicity, here and afterward we assume them to be

*Received by the editors September 30, 2010; accepted for publication (in revised form) March 17,

2011; published electronically July 7, 2011.
http://www.siam.org/journals/sima/43-4/81022.html

fInstitute of Applied Mathematics, Academy of Mathematics and Systems Science, Chinese
Academy of Sciences, Beijing, 100190, China (fhuang@amt.ac.cn). This author’s research was sup-
ported in part by NSFC grant 10825102 for distinguished youth scholar, NSFC-NSAF grant 10676037,
and 973 project of China under grant 2006CB805902.

fDepartment of Mathematics, Champlain College, Saint-Lambert, Quebec J4P 3P2, Canada,
and Department of Mathematics and Statistics, McGill University, Montreal, Quebec H3A 2K6,
Canada (ming.mei@mcgill.ca). This author’s research was supported in part by Natural Sciences
and Engineering Research Council of Canada under NSERC grant RGPIN 354724-08.

8Corresponding author. Institute of Applied Mathematics, Academy of Mathematics and Systems
Science, Chinese Academy of Sciences, Beijing, 100190, China (yongwang@amss.ac.cn).

1595

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



1596 FEIMIN HUANG, MING MEI, AND YONG WANG

identical, namely,

(1.2) p(s) =q(s) >0, p'(s)=¢(s) >0 fors>0.

If the pressures p(s) and ¢(s) are different, this will be a new story, and we will leave
it for future study (see Remark 1 for details).

Hydrodynamic models of this type are generally used in the description of the
charged fluid particles. Examples are electrons and holes in semiconductor devices,
or positively and negatively charged ions in a plasma. These models, which can be
derived from kinetic models, take an important place in the fields of applied and
computational mathematics. A standard approach for this derivation is the moment
method. According to the different analysis for the phase space densities, introduced
to prescribe the dependence on the velocity, we recover different limit models and,
in particular, the drift-diffusion equations and the hydrodynamic (Euler—Poisson)
systems. The hydrodynamic models are usually considered to describe high field
phenomena of submicronic devices. For details on the semiconductor applications,
see [16, 26]. For the applications in plasma physics, see [16, 37].

For unipolar isentropic and nonisentropic hydrodynamic equations of semicon-
ductors on the whole space or the spatial bounded domain, the main effort was
made on the mathematical modellings [16, 26] and on the rigorous mathematical
analysis, such as well-posedness of steady-state solutions [2, 4, 5], and their stability
[8, 10, 15, 18, 22, 32], the global existence of classical and/or the entropy weak solu-
tions [1, 19, 25, 36, 39], the large time behavior of solutions [10, 18, 20], and the zero
relaxation limit problems [7, 11], etc.

For bipolar hydrodynamic semiconductor equations, however, the study is quite
limited and far from being well, especially for the high-dimensional case. In the 1-D
case, Natalini [31] and Hsiao and Zhang [11, 12] established the global entropic weak
solutions in the framework of compensated compactness on the whole real line and
spatial bounded domain, respectively. Hattori and Zhu [41] proved the stability of
steady-state solutions for a recombined bipolar hydrodynamic model. Gasser, Hsiao,
and Li [6] and Huang and Li [14] investigated the large time behavior of both small
smooth and weak solutions, respectively. Furthermore, Li [21] studied the relaxation
limit of a bipolar isentropic hydrodynamic model for semiconductors with small mo-
mentum relaxation time. But the study in the n-D case for the bipolar hydrodynamic
system of semiconductors is never dealt with, to the best of our knowledge.

Physically, the frictional damping usually causes the dynamical system to possess
the nonlinear diffusive phenomena. Such interesting phenomena for 1-D compressible
Euler equations with damping was investigated first by Hsiao and Liu [9]. Since then,
this problem has attracted considerable attention, for example, see [24, 30, 33, 34,
35, 38, 40] and the references therein; see also the new progress made by Mei [29]
for the selection of the best asymptotic profiles with much faster convergence rates,
recently. Here, our main interest is to investigate such diffusive phenomena for the
Euler—Poisson equations (1.1).

For 1-D (1.1), we denote J; = nju; and Jo = nausg as the current densities for the
electrons and the holes, respectively, and £ = ¥, as the electric field for the sake of
simplification. Thus, the 1-D isentropic Euler—Poisson equations of (1.1) are written

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



BIPOLAR HYDRODYNAMIC MODEL FOR SEMICONDUCTORS 1597

as follows:

nit + Jlacl =0,

Jit + ( L+ p(n1))e, =mE — J,
(1.3) no + ng =0,

Jat + ( +p(n2)) = —noE — Ja,

Eml - nl — N2,
with the initial data
(1.4) (n1,n2, J1, J2)|t=0 = (10, n20, J10, J20) (),

where (n10, 720, J10, J20) () = (ng,ng, J14, Jax) asx — +oo, and (ny,ny, Ji4, Jox)
are the state constants, and J;+ = nj+u;+.

The nonlinear diffusive phenomena both in smooth and weak senses were also
observed for the bipolar hydrodynamic model (1.3) by Gasser, Hsiao, and Li [6] and
Huang and Li [14], respectively. Namely, according to Darcy’s law, it is expected that
the solutions of (1.3) (n1, J1,ne, Jo, E)(z1,t) converge in L*-sense to the so-called
nonlinear diffusion waves (f, J,n, J,0)(x1,t), where (0, J) = (0, J)((z1 +x0)/v/1 + 1)
(zo is a shift constant) are the self-similar solutions to the following equations:

it = ()22, porous medium equation,
(1.5) J =it = —p(h)s, Darcy’s Law,
(n, J) = (nx,0), as 1 — Foo.

Such 1-D self-similar solutions (7, %)(x1/v1+t) = (7, @)(x - e/v/1+1t) with e =
(1,0,...,0) € R™ are also called the planar diffusion waves to the n-D equations
(1.1). In [6, 14], they need the difference of the initial mass of the electrons and the
initial mass of the holes to be zero,

/[nlo(ﬁl) - 7’Lgo($1)]d$1 =0 and JiJr = Ji,,i = 1,2.
R

This implies, from the last equation of (1.3), that the difference of the electric fields
is zero,

E(+00,t) — E(—o0,t) = 0.

However, such a condition is too stiff, because it looks like a switch-off situation for
the device (no voltage). The most interesting but challenging case is

E(+00,t) — E(—00,t) # 0, or, equivalently,/[nlo(xl) — ngo(z1)]dxy # 0.
R

The large time behavior of the solutions for this case has been open for a long time. In
this case, the correction functions used in [6] for deleting the gaps between the original
solutions and the diffusion waves at far fields (such an idea was first introduced by
Hsiao and Liu in [9]) cannot be applied anymore because of the effect of the electric
field, and still leave the perturbation equations with big gaps which are not in L?(R).
In order to overcome such a difficulty, by a deep observation, we first make a heuristic
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1598 FEIMIN HUANG, MING MEI, AND YONG WANG

analysis on the electric field and the current densities, i.e., E and J; for i = 1,2 at far
fields, and then ingeniously construct some new correction functions to delete the gaps
yielded by the original solutions and the corresponding diffusion waves. Then, we can
prove the stability of nonlinear diffusion waves for the 5 x 5 bipolar hydrodynamic
model of semiconductors (1.1) in the 1-D case. Precisely, for the diffusion waves
(7, @)((z1 + xo)/+/1 + t) with some shift constant xg, when the initial perturbations
around the waves are small enough, we can prove the stability of the shifted waves
with the optimal rates in the form

(1.6) 950k (ns = W) (D] ey = O A +)7 75, k120, 0 =1,2,
(17) 050k (i — @) (1) ey = O +1)"F"5" | k1>0, i=1,2.

And, particularly, we show the exponential decay for the electronic density ny toward
the hole density na, and the electronic velocity u; toward the hole velocity us, as well
as the electric field E to 0 in the form of

(1.8) |0k (n1 — na,ur — ua, E)(¢)|| po(m) = O(L)e™ 2%, k,1 > 0 for some v > 0.

This is our first contribution of the present paper. Obviously, the results presented
in [6] is a special case of ours. From the structure of the correction functions, we find
also that it possesses much more interesting phenomena for the nonzero mass case
and is consistent with physical phenomena.

For multidimensional (1.1), there is no relevant literature dealing with the stabil-
ity of planar diffusion waves due to some particular difficulties. First, the difficulty
comes from the complicated structure of the equations themselves. Second, the main
difficulty in the study is that the strategy of antiderivative used in the 1-D case is
no longer effective for the n-D case. For the 1-D problem, the antiderivative strategy
was successfully used to remove the a priori assumption (cf. [9, 29]). However, for the
multidimensional case, a direct generalization of the 1-D idea leads to the implicity
and complexity of the defined shift function which depends on the solutions, so that it
does not give a clear picture of the large time behavior of the solutions. To overcome
this difficulty, instead of taking the antiderivative of the perturbation to the density
function, we apply a new and technical inequality, which was contributed by Huang,
Li, and Matsumura [13], to remove the a priori assumption, then we can establish some
key energy estimates to prove the stability of planar diffusion waves for the system of
the multidimensional bipolar hydrodynamic model for semiconductors. Namely, for
the 1-D solutions of (1.5) (72, @)(x1,t), the so-called planar diffusion waves to the n-D
solutions (n1, u1, ne, ue, ¥)(x,t) with x = (21, 22, ..., z,) € R™(for simplicity, we just
consider n = 3) of (1.1) converge to the planar diffusion waves in the form

(1.9) (1 — 7, na — A) ()| o ey = O(1)(1 + )71,
(1.10) [(n1 = n2) ()| L= ey = O(1)(1 + )71,
(L11)  [[((wir, i, wgs) — (3, 0,0))(8)|| ooy = O)(1+ )%, i=1,2,
(1.12) IV (8[| e ey = O(1)(1 + ).

This is our second contribution in the present paper. Note also that such a stability
result of planar diffusion waves for the multidimensional isentropic Euler—Poisson
equations is the first work as we know, so far.

The rest of this paper is arranged as follows. In section 2, we give some well-
known results on the diffusion waves and one key inequality which will be used later
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for the stability proof in the n-D case. In section 3, we prove the stability of diffusion
waves in the 1-D case. First, we artfully construct the correction functions to delete
the gaps between the 1-D solutions and the 1-D diffusion waves at the far field, then
we reformulate the original system of equations to a new one, and further prove the
stability of diffusion waves by the energy method. In section 4, the main purpose is to
study the n-D case. Since the technique used in the 1-D case is no longer working for
the n-D case, we employ a key inequality to establish some crucial energy estimates,
then prove the stability of planar diffusion waves.

Notation. Throughout this paper, the diffusion waves are always denoted by
(n, J)(x1/v/1+1), and the gap functions (or say, correction functions) are denoted
by (71, jl,ﬁg, jg, E) Co, C’i, ¢, always denote some specific positive constants, and
C denotes the generic positive constant. L?(R") is the space of square integrable
real valued function defined on R™ with the norm || - ||, and H*(R") (H* without any
ambiguity) denotes the usual Sobolev space with the norm ||-||x, especially ||-]lo = [|-||-
The nonnegative multi-index is & = (o, . .., ay,) with order |o| = a3+ - -+ ay,. Given
a multi-index «, we define 9 f(z) := 95%,...,0g" f(x). If k is a nonnegative integer,

1
we define V¥ f(z) =: {0 f(2)| la| = k}, and [VF f| = (3, [0%F1)) /2.

2. Diffusion waves and some preliminaries. In this section, we are going
to introduce some well-known results, i.e., the properties of the nonlinear diffusion
waves and an important inequality which plays a fundamental role later in the higher-
dimensional case to prove the stability of planar diffusion waves.

For the bipolar hydrodynamic model of semiconductors (1.1), its corresponding
1-D porous media equation is

ng = n)xizys . n Jz = 0,
(2.1) nit {3 (jl) v or, equivalently, et o -
J:=nu=—p(),, J = —p()z,,
with
(2.2) Ill_i}nioo(ﬁ, a)(z1,t) = (ng,0).

Let (m,u)( \/gith) be the self-similar solution of (2.1) satisfying the “boundary” con-
dition (2.2). It has been proved in [3] (see also, for example, [9]) that the so-called
nonlinear diffusion wave (71, @)( \/gith) exists and behaves as follows. Such a 1-D self-
\/‘%) is also called the nonlinear planar diffusion wave for the

similar solution (7, @)(
n-D system of (1.1).

It is noted that the solution n( \/‘%) is increasing if n_ < n4 and decreasing if
n_ > ny and satisfies the following lemma.

LEMMA 2.1 (see [3]). For the self-similar solution of (2.1)—(2.2), let ( = —=

VIt

which holds

2
(2.3) 7(¢) = n-lc=0 + [7(C) = nileco < Clny —nle™,

w2
(2.4) 08 0ln| < Clny —n_|(14+1)" 2 e T, k+1>1, k>0,
P

(2.5) 08 0la| < Clny —n_|(1+)" "2 e T, k1>0,

where p > 0 is a constant.
LEMMA 2.2 (see [3]). For the self-similar solution of (2.1)—(2.2), it holds that

0 x 2 +oo 2
/ ‘n<—1>—n_‘ dx1—|—/ ‘n( 1 )—n+‘ dxry
ol \WVI A+t 0 VI+t
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1600 FEIMIN HUANG, MING MEI, AND YONG WANG
(2.6) < Clny —n_P(1+1)3,

(2.7) / |0k )2y < Clny —n_PA+6)27 2% kri>1.
R

Next we introduce a useful lemma given in [13], which will plays a key role for us
to build up the energy estimates in n-D case. Let p > 0 and

;Lm2

(2.8) G(z1,t) =€ 2070 and  g(z1,t) = ﬁ /700 G(&, t)dg.
Then

1 21
7t = — Gm 7t d -7t o = o
(o8 = TG ) snd g0y =

LEMMA 2.3 (see [13]). For 0 < T < oo, 21 € R, suppose that h(x1,t) satisfies
h € L®(0,T; L*(R)), hy, € L2(0,T;L*(R)), he € L*(0,T: H'(R));

then the following estimate holds for any t € (0,T):

t 2
/ (1 —|—T)_1/exp (— 1ﬂi17_)h2(a:1,r)da:1dr
0 R

29 <o@{ICON+ [ [, nnindr [ hng ).

t
0
3. 1-D case: Stability of diffusion waves. In this section, we study the 1-D

bipolar hydrodynamic model of semiconductors (1.3) with the initial value conditions
(1.4) and the “boundary” condition at far field

(3.1) E(—o00,t) = B_.

Here, for the sake of simplification, throughout this section, we still denote the 1-D
spatial variable z1 as = € R without confusion.

Note that the boundary (3.1) at far field x = —oco (or replace it by E(400,t) = Ey
on x = +00) is proper and necessary. Because, as we show below on the state functions
ni(£oo,t), J;(£oo,t), and E(+oo,t), without such a boundary condition, these state
functions will be underdetermined, which then will cause the system (1.3) and (1.4)
to be ill-posed.

On the other hand, from (1.3)5, we immediately have

Blio = [ (n10(s) — nao(u))dy + B = ()
and

“+o0
By i= Bo(+50) = [ (moly) ~ nan(u))dy + B

— 0o
The main target in this section is to prove that the solution (n1, J1, ne, Ja, E)(x, t)
of (1.3) and (1.4) with the condition (3.1) converges to the nonlinear diffusion waves

(n,J,n,J, 0)(?;{%) for some shift constant zq, even if

/[nlo(x) —ngo(x)]de #0 (or Jiy # Ji— for i =1,2).
R
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We will also derive the optimal convergence rates for the 1-D solutions to the cor-
responding diffusion waves, which are much better than what is shown in [6]. More
interesting, we find that ny — ns, and J; — Js and E converge to zero time exponen-
tially. To construct the correction functions to delete the gaps between the original
solutions and the diffusion waves is very tricky and plays a crucial role in the proof.

3.1. Reformulation of 1-D system. First of all, as in [30], let us look into the
behaviors of the solutions to (1.3) and (1.4) at the far fields x = +o00. Then we may
understand how big the gaps are between the solutions and the diffusion waves at the
far fields. Let

nE(t) := ni(+oo,t),
(3.2) JE(@) == Ji(£oo,t), i=1,2.
E*(t) := E(+o0,t),

From (1.3); and (1.3)3, since 0, J;|z=400 = 0 for i = 1,2, it can be easily seen that

(3.3) nE(t) = ni(+oo,t) = ny.

K2

Differentiating (1.3)s with respect to ¢ and applying (1.3); and (1.3)3, we have
By = (n1 —na)e = —(J1 — J2)a,
and integrating it with respect to & over (—o0, 00), we obtain

B9 LB~ B0 =0 - 0]+ () - T (0]

Taking x = o0 to (1.3)2 and (1.3)4, we also formally have

(35) DHE0) = neBH (1) — JE (1),
(36) D) = naBH (1)~ (1),

It can be easily seen that (3.4)—(3.6) cannot uniquely determine the six unknown state
functions JE(t) (i = 1,2) and E*(t). So, we need to add one boundary condition at
far field like (3.1). Otherwise, J() (i = 1,2) and E*(t) will be underdetermined,
and this will cause the system (1.3) to be ill-posed.

Therefore, without loss of generality, we may assume as before

(3.7) E(—o0,t) = E_ =0.
Then, from (1.3)2 and (1.3)4, we can easily get
(3.8) J ()= Ji—e™t, i=1,2.

From (1.3)2, (1.3)4, and (3.3), we get

LIF(t) =ny BT (t) — JF (1),
(3.9) & (1) = —ny EF(t) — IS (1),
JH(0) = iy, i=1,2,
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1602 FEIMIN HUANG, MING MEI, AND YONG WANG

and from (3.4), (3.7), and (3.8), we have

(3.10) SB (1) = ()~ I (W) + (N~ T e

Combining (3.9) and (3.10), we establish the following system of ODEs for J;" (t),
JF(t), and E*(t):

& J*(t) =n BT (1) - J*( );

Iy () = —ny BT (1) — J5 (1),
(3.11) 4 E*(b‘) =) =Ty ( N+ (e = Jam)e™,
Jf()—Jl 4, =12,
E+(0) = Ey.

Adding (3.11); and (3.11), we get

{ﬁﬁ@+ﬁw=4ﬁm+ﬁm,

(3.12) [ (t) + IS ()]li=0 = J14 + Joy,

which can be solved as
(3.13) JE@E) + Iy () = (Jig + Jag)e”

On the other hand, subtracting (3.11) from (3.11)1, we have

() = TS ()] = 20 BF () — [T (1) = J5 (1),
FET(O) =[5 () = IS @) + (1= = Ja-)e ™,

(314 [Cf;fr(t) = J5 )]]e=0 = J14 — Joy,
E*(t)|t=0 = Ey,

which, by substituting the second equation of (3.14), i.e

(3.15) T = I (@) =SB0 + (e — o )e

into the first equation of (3.14), can be reduced to
L ET(t) + LEY(t) + 2n, EY(t) =0,

(3.16) EH(0) = B,
FE im0 = (Joy — Jo-) = (Jig = J1-).

Notice that the eigenvalues of the second order ODE (3.16) are

—1—\/1—8’]’L+ and )\2:—1+\/1—87’L+

(3.17) A = 5

Thus, according to the signs of 1 — 8n, we can directly but tediously solve (3.13),
(3.15), and (3.16) to have the solutions J;"(t), J5 (), and E*(t) as follows.
Case 1. When 1 — 8ny =0, then

1
Jl-"_(t) = §(J1+ + Jog +J1- — JQ_)eit
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3¢ (s = J) — (s — o)
(3.18) +5[0ae = ) = (e — 1) + 5 B4,
TF () = %(JH oy — i 4 T )e
5 (s = )~ (g = )
(3.19) +5[02e = ) = (e — 1)+ 5 B4,
(320) BN =e B+ [y — Do)~ (N — )+ %E+]t}.

Case 2. When 1 — 8ny < 0, then

JE(t) = %(JH b T+ T — Ja)e
i ~3 { [(Ji4 = J1-) = (J24 — J2-)] cos <$t>
e
(3.21) X sin <7”8"2+_1t) } :
I (t) = %(JH oy = Ji 4 Ja)e
—i 2 { [(J1+ = J1-) = (J24 — J2-)] cos <$f>
(2 (Jogy — Jo) gn(jrhjl— Jio)]+ Ex N \/8”+7—1E+)
(3.22) x sin (L"J_lt) } ,
Et(t)=¢% {E+ cos 7'8712+_1t
(3.23) G AHzs = Jo) _W(jlj 1_ S+ By g <L"2+7_1t> } .

Case 3. When 1 — 8ny > 0, then
+ 1 —t 1 A1t Aot
(3:24) I () = 5(Jus + oy + S — Joo)e ! - 5{AlAe + \oBe }

1 1
(8.25)  JF () = 5(Jis+ oy = S+ Too)e ! + §{A1Aem + /\QBe)‘2t},
(3.26)  ET(t) = AeMt + Bet,

where A; and A are the eigenvalues given in (3.17), and A and B are

A= Wee—do)=(N1+—J1-) = Ao By
1-8n
(3.27) Vizens
B = Wex—do )=y =i )= By
\/1—87L+ '

1603
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From (3.3), (3.7), (3.8), and (3.18)—(3.26), we have

n;(£oo,t) = ny, 1=1,2,
| Ji(+00, )| = O(1)e~"0t, i=1,2,
Ji(—OO,t) = Ji_e_t, 1=1,2,

|E(+00,t)] = O(1)e™ ™",
E(—o0,t)=E_ =0

for some constant 0 < v < %, which combine with the diffusion waves (71, J)(£o0,t) =
(n+,0) to yield

[n;(£00,t) — (oo, t)| =0, i=1,2,
|Ji(+00,t) — J(+00,t)| = O(1)e ™ £0, i=1,2,
|[Ji(=00,t) = J(—o0,t)] = [Ji—|e™" #0, i=1,2,
|E(—|—oo, t) — 0] = O(1)e=0t £ 0,

Obviously, there are some gaps between J;(400,t) and J(+00,t), and E(400,t) and
FE =0, which lead to

Ji(x,t) — J(z,t) and E(z,t) & L*(R).

To delete these gaps, we need to introduce some gap functions (also called the cor-
rection functions). However, the usual manner for constructing the correction func-
tions in [9] for 1-D Euler equations with linear damping and in [30] with nonlinear
damping/accumulating cannot be applied. So, we need to look for something else.
Observing the structure of the solutions at far fields (see (3.11)), we ingeniously con-
struct the correction functions (71, fa, Ji, Jo, E)(x, t) satisfying the following linear
equations:

iy + Jiz = 0,

Ju =nE — Ji, Ji(z,t) = JE(t)  as & — Foo,
(3.28) ot 4 Jog = 0, with E( x,t) = 0 as T — —00,

Jor = —1E — Jy, E(z,t) = ET(t) as z — 4oo.

E:b _nl —TLQ,

Here # = it(x), J;(z,0), and E(z,0) will be artfully constructed in (3.29) and (3.30)
below such that

(3.29)  #(x) = ny, Ji(z,0) = Jix, and E(z,0) —» EX, as x — +oo.
In order to get (1, g, Ji1, Ja, E)(x,t) to (3.28), we consider the following linear system
with some tricky selection on 1 = n(x), J;(x,0), and E(zx,0):
Ji = nE — Ji,
Jop = —AE — Ja,
—(Jl — Jg) + (Jlf — Jgf)e_t,
Ji(,0) = Jio + (Jiy — Ji—)/ mo(y)dy, i=1,2,
B(w,0) =By [ moy)dy,

— 0o

(3.30)
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where mo(x) and n(x) are also artfully selected as

mo(x) > 0, mo € C§°(R), supp mo C [~ Lo, Lo, /mo
x+2Lg

(@) = n_ + (ny —n_) / mo(y)dy.

— 00

(3.31)

with some constant Ly > 0. R
When © < —Lg, we have E(x,0) = 0. So, it can be easily seen that (3.30)
possesses the particular solutions

(3.32) Ji(z,t)=Ji_e7t, i=1,2, E(z,t)=0 for —oco <z < —Ly.

When = > —Lg, we have 7(z) = ny4. Similarly to (3.11), by a straightforward
but complicated calculation, we can solve (3.30) as (3.33)—(3.35), or (3.38)—(3.40), or
(3.43)—(3.45) for —Ly < & < oo. However, we can verify that these solutions imply
also the solutions given in (3.32) for # < —Ly. Therefore, we summarize them as
follows.

Case 1. When 1 — 8ny = 0, then, for z € R,

j1($,t) = Jl_e_t + %{[(JQJ,. — JQ_) + (J1+ — Jl_)]e_t
+e [(JH — i) = (Joy = J2)

(3.33) + % {(J2+ —Jo) = (J1p — J1-) + %E+}t} } /_; mo(y)dy,

JQ($,f) = Jg_eit + %{[(JQJ,. — JQ_) + (J1+ — Jl_)]eit

—et {(JH —Ji-) = (Jagr — J2)
(3.34) T (A S RS R N ”/Oo Sy,
(3.35)  B(x,t) = ez {E+ + [J2+ —Joo — (1 — J12) TJr /

Thus, let us artfully construct

in 1) = gmo(e){ (o — Jo) + (ay — 11 ))e™

(3.36) te s (E + ((J2+ Ty )= (s — Ji) + %E+)t)}
o, 1) = gmo(e){ (s — Jo) + (s = i)

(3.37) et (E+ + ((J2+ Ty )= (s — Ji) + %E+)t) };

then we can verify that (R, 7, J1, Ja, E)(x,t) satisfy (3.28) for (z,t) € R x R.
Case 2. When 1 — 8ny < 0, then the solutions of (3.30) are, for z € R,

Ji(at) = et 4 S2r = S2) : Ui = 1) / mo(y)dy

+i€ é{ (J14 = J1-) = (a+ _J2)>COSZ@7§>
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n (2((J2+ —Jo) = (Sig —S1)) + Ex
SR =1

(3.38) VB 1E. ) sin <L”2+_1t> } / R———

— 00

jz(l’,t) —Jy et (Jog — Jo) —; (J1g+ — Jl_)e_t/

— 0o

- %e_% {2((J1+ D) = (Jas — o)) cos (
n (2((J2+ — o) = (Jix — o)) + By
Veng =1
(3.39) + WE+) sin <%t> } /w mo(y)dy,

R . —T 5 o L -
Bt (z,t) = e % { E cos Wt 4 (Jogy — Jo + 1 Ji)+Ey
2 V8 —1

a cn(FIN [ i

— 00

So, let

(Jor — Jo) + (Jig — Jl_)mo(x)e

2
¢ V8ny —1
mo(z)e” 2 {8n+E+ cos (#t)

+ [VBry = 1By +2(Jas — Jao) — (Jis — J1))
2((Joy —2-) = (Jig = 1))+ By . (Bng — 1
(3.41) + s \/8n+7—+1 ﬂ sin <+t>} :
(Jor — S ) + (J1g — J1-)
5 mo(z)e
- 1611+ mo(w)e*% {8n+E+ cos (7%_175)
+ [VBr: = 1By +2((Jas — Jao) = (Jos — J1))
2(Jos — Jo_) — (Jig — J)) + B . [Bag =T
(3.42) NG et \/8n+71—+1 L *} sin <+t>} :

then the solutions (1, A, J1, Jo, E)(x, t) satisfy (3.28) for (z,t) € R x R
Case 3. When 1 — 8ny > 0, then

’fll(fli, t) =

+ 16n+

—t

’flg(i, t) =

Ity = et 2t 2RV Z D) ot [ gy
1 At Aot ‘
(3.43) —§(A1Ae + A2 Be ) mo(y)dy,
sty = et 2t 2RV E L Z D) ot [ g gy
1 At Aot ‘
(3.44) +5 (AlAe + A2 Be ) mo(y)dy,
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(3.45)  E(x,t) = (AlAe*lt + AgBe*zt) / mo(y)dy.

— 00

Similarly, we construct

1) = 5 (o — o)+ (g — i) mo(a)e™
(3.46) +%mo(x) (AlAe’\lt + )\gBe)‘2t),

ol 1) = 3 ((Far — Jo )+ (Jry = S mo(a)e™
(3.47) —% o) (MAeh + 2B );

then we can check that (71, g, J1, Jo, E) (2, t) are the solutions of (3.28) for (z,t) €
R x Ry.

Clearly, the correction functions (ﬁl,ﬁg,jl,jg,E)(a:,t) expressed in each case
have an exponential decay with respect to ¢, and n; and 7o have the same compact
support with mg(z). Namely, we proved the following lemma.

LEMMA 3.1. There hold

(3.48) (| (71, 2, J1, T2, B)(E)|| oo () < Coe™0!
and
supp 71 = supp fig = supp mog C [—Lo, Lo]

for 8 :=Iny —n_|+ [Jig]| + [Ji—| + | Jor | + | Jo=| + |E4] and 0 < vo < .
Now we are going to make a perturbation of (1.3) to the diffusion waves (2.1).
From (1.3), (3.28), and (2.1), we have

(nl—nl—n) +(J1 Jl J) 0
(Jr = Ji = D)+ (3 +p(na) = p(n )) )

—mE — #E — (1 —J) + p(R)at,
(349) (TLQ - flz - ’Fl)t + (JQ - jQ - j)z = 0,
(Jo = J2 = J)i + (32 +p(n2) = p(n)).

= —TLQE + TLE (JQ — jz — j) —I—p(ﬁ)mt,
(E—EA)z = (nl—’fll—'ﬁ)—(ng—flz—ﬁ),

where (7, J) = (i, J)(z + x0,t) are the shifted diffusion waves with some shift zo,
which will be specified later.

Let us integrate the first and third equations of (3.49) over (—oo, +00) with respect
to x, and note that J;(+oo,t) = Ji(+oo,t) for i = 1,2 and J(+o0,t) = 0 as shown
before. We then have

d R

- R[nl(x,t) —ni(z,t) — (x4 xo,t)]dx

= — [Jl(—l—oo,t) - jz("'oovt) - j("'oov t)]
00,t) — J(—00,1)]

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



1608 FEIMIN HUANG, MING MEI, AND YONG WANG
then integrate the above equation with respect to ¢ to obtain
/[ni(x, £) — (e, t) — Az + o, 1)) da
R

_ /R[ni(a:, 0) — fu(,0) — Az + z0,0)|dz
(350) = Ii(xo), 1= 1, 2.

Now we are going to determine xg such that I;(x¢) = 0. Since

I!(z0) = i(/[m(x,()) — 14(2,0) = Al + 70, 0)]dx) = ~(ny —n_), i=1,2,
3CC0 R
which gives, with I;(x¢) = 0, that
1
351) w = 7/@(3;,0) (@, 0) — A, 0]z, i=1,2.
nye —n— Jr

This implies that we need
/ 1 (,0) — (2, 0) — Az, 0)]dz = / sz, 0) — s, 0) — A(, 0)]da,
R R
namely,
(3.52) /R[nlo(x) — ngo(x)]dx = /R[ﬁl(x, 0) — na(z,0)]dx.

However, such a condition is always true, and automatically guarantees by the system
(1.3). In fact, from (3.36), (3.37), (3.41), (3.42), (3.46), and (3.47), for each case we
always have

n(2,0) = gmo(@)(ar — J2-) + (i — ) + By,

fa(2,0) = gmo(@)[(Jor — Jo) + (i — ) — By,

which, with the fact [, mo(x)dz = 1, gives

/R[le(x, 0) — fia(z, 0)]de = B,
Substituting this to (3.52), we need
(3.53) /R[nlo(x) — ngg(z)]dx = E4.

However, by integrating (1.3)5 with respect to x over (—oo,00) and taking ¢t = 0, as
well as noting E; = 0, we immediately obtain (3.53). Hence, (3.52) automatically
holds.

Thus, (3.50) with I;(x0) = 0 for such selected z¢ in (3.51) implies that the in-
tegration of the perturbed equations (3.49) over (—oo,z] could be set in L? space.
Therefore, by defining

(3.54) . Tl : 7
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namely, ¢i = n; — iy — i and —¢y = ; = J; — J; — J, we deduce (3.49) into

b1t +91 =0,
Y1t + (ﬁfji;jj;? +p(b1z + 11 + 1) —p(ﬁ))m

= (¢ + 1 + A)H + (¢10 + 71 + 1 — B)E — Py + p()ar,
(3.55) ¢ ot + 12 =0, o
Vot + (% + p(p22 + N2 + 1) —p(ﬁ)>w

= —(Pow + fo + A)H — (dog + Az + 70 — 1) E — by + p()ar,
H = ¢1 — ¢o,

with the initial data

bi0(x) = b4(x,0) = / " nio(€) — 1(€,0) — (e + 20, 0)]de,
(356) 1/110(30) = ¢l(x’ 0) = JiO(x) — ji(ﬁ, 0) — j(f + xo,t), 1=1,2,
Ho(z) := ¢10(x) — d20().

From (3.55), we obtain

dree + b1t — (p(m + 0 +n) — p(ﬁ))r + (1o + 71 +0)H
= —f1+ g1z — () t,

(3.57)
Gare + P2y — (P(¢2w + g +n) — P(ﬁ))w — (¢2z + 2+ )H
= fa2 + 920 — P(N)at,
where
LG T2
(358)  fi= (dinthi+i—i)B, g O FIEDT gy

Qiz + 15 + 70
with the initial data
(359) ¢i(x7 O) = ¢i0($), ¢it(x7 0) = _%‘0(95)7 1= ]-7 2.

Furthermore, subtracting (3.57)2 from (3.57)1, we get the IVP for the following
damped “Klein—Gordon” type equation:

(360) Hip +He +2nH = h := h1p — ha — hg + h4z,
where

hi = p(¢12 + 11 + 1) — p(Pp22 + N2 + 1),

(3 61) hy = ((blw + Pz + 11 + TAL2)H,
' h3:[¢1z+¢21+ﬁ1+'fl2+2(ﬁ—ﬁ)]E,
his = (7¢1t+j1+j)2 _ (7¢2t+j2+j)2
47 T tnitn Powthath

3.2. Convergence theorem in the 1-D case. In this subsection, we are going
to state the convergence result of the bipolar hydrodynamic model for semiconductors
in the 1-D case.
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THEOREM 3.2. Let (¢10,¢)20,1/)10,¢20)(33) S HB(R) X Hg(]R) X HQ(]R) X Hz(R),
§ = ne —n| 4+ iel + D]+ [or | + o] + |Byl, and @0 = |[(610,620) s +
1(¥10,%20)||2.  Then, there is a &g > 0 such that if & + ®¢ < &g, the solutions
(n1,n2,J1, J2, E) of the IVP (1.3), (1.4), and (3.1) are unique and globally exist,
and satisfy

2
> @+ 1) Y05 (ny — ng — 7) (1)
k=0

2
(3.62) +Z 1+1¢ ’“+2||6’“(J1 jl—j,Jg—jg—j)(t)Hz < C(6 + Pp),
k=0

(3.63) || (n1 —n2)()IIF +[[(J1 = Ty = Ja 4+ S) (D1 + I(E — E)(t)]15 < O (6% + @F)e "

for some constant v > 0. Furthermore, if (¢10,d20) € L'(R), then the optimal
LP(R) (2 < p < +00) decay rates hold as follows:

(3.64) [0 (n1 — 7, ng — 1) (1) Loqay < C(5 + Do) P (1 +4)~ 20—~
(3.65) 05 (Js — Jo — J, Jo — Jo — J)()| 1o () < C(6 + ®g)? (14 )" 30755

for0<Ek<2ifp=2,and0<k <1 ifpe (2 +0].
COROLLARY 3.3. Let (¢10, $20) € L'(R). Then, fori=1,2,

(3.66)  [050k(n; — 1)(1)| L) < C(0+ @0)F(L+ )75 K1>0,
(3.67) 050 (us — @)(#)|| pem) < O+ Bo)2(L+ 1) 575, k1> 0,
(3.68) |95k (ny — n2) (1)l pe(ry < C(8 + Bo) e 8, k1> 0,
(3.69) |05} (ur — ua)(t)|| poe(r) < C(8 + Po)Ze 5, k,1>0
(3.70) |OELE(t)|| oo ) < C(8 + Po)Ze” 3, k,1>0

where w; = J; /n;.
Remark 1.

1. Although the diffusion waves (7, @) (x+xo, t) are the asymptotic profiles of the
original solutions (n;, u;)(x,t), ¢ = 1,2, with algebraic decay, the much better
asymptotic profiles of the original solutions (n1,u1)(z,t) (or (ng, us)(x,t)), in
fact, are just their partner solutions (ng,us)(z,t) (or (n1,u1)(z,t)), because
the corresponding decay as shown in (3.68) and (3.69) are exponential.

2. If the pressures p(s) and ¢(s) in (1.1) are different, the question will become
more complicated and challenging, because the clarification of the asymptotic
profiles (diffusion waves) in this case and the construction of the correspond-
ing correction functions will be much harder, and totally different from the
simple issue we study here. So, this will be something left for us in future
research.

3. The new technique for constructing the correction functions can also be ap-
plied to solving the stability of diffusion waves for other hydrodynamic models
of semiconductors, for example, the unipolar hydrodynamic model of semicon-
ductors, the nonisentropic full Euler—Poisson system with fractional damping
external-force, and so on.
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3.3. A priori estimates in 1-D case. It is known that Theorem 3.2 can be
proved by the classical energy method with the continuation argument based on the
local existence and the a priori estimates; cf. [27, 28]. Since the local existence of the
solutions of (3.57), (3.59), and (3.60) can be proved in the standard iteration method
together with the energy estimates, so the main effort in this subsection is to establish
the a priori estimates for the solutions, which is usually technical and crucial in the
proof of stability.

Let T € (0,40o0], we define the solution space for (3.57), (3.59), and (3.60) as
follows:

X(T) = {(¢17¢1t7¢27¢2t7H)(x7t) 81?(257, S C(O,T7H3_J(R))7Z = 1,27 ] = O’ ]_7
OjH € C(0,T; H*I(R)), j=0,1,0< ¢ < T}

with the norm

3 2
N(T)* = sup {Z(l + )05 (61, 62) (017 + Y (14 )" 205 (b1, do0) ()]

0<t<T k=0 k=0
2
+ Yy €Vt||3t13i7'l(t)|2}-
i+j=0

Let N(T)? < &2, where ¢ is sufficiently small and will be determined later. Notice
that, by Sobolev inequality [|0X f| 1 (=) < C||0% f||*/2(|05+1 f||'/2, we have, i = 1,2,

1
(1+ )T 5|05 ()| oy + D (1+8) T 505y (1) | e ) < Ce
k=0

Clearly, there exists a positive constant ¢; such that

1
(3.71) 0<—<n=¢iz+n; +n<c, i=12.
C1

Now we first establish the following basic energy estimate.
LEMMA 3.4. It holds that

(372) ||(Ha H:C) Htv Hrra Hrta Htt)(t)”Q S 0(52 + (I)g)e_yt

provided € + 6 < 1.
Proof. Step 1. Multiplying (3.60) by H + 2H, and integrating it over (—oo, +00),
we obtain

%/R(H?Jr [%Hn}}z%m%)dﬂ/R(H§+(2ﬁ—2ntm2)dx

(373) = /(H + 2Ht)(h11 - h2 - h3 + h4m)d(E
R

Applying Taylor’s formula to (3.61), namely,
hlw = pl(nl)me + pl(nl)(ﬁlw - ’fl2w) + O(l)(¢211 + ’fl2w + ﬁw)(Hm + ’fll - ﬁ2)7
then the first term of the right-hand side term of (3.73) can be estimated as follows:

/ hlm(IH + 27—[t)dx =10+ 1+ I3
R
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with
Il = /p/(nl)Hrr(H + 2Ht)d$
R

d
<5 [ Popds— [ n)Hede + Cle + 8)|(H. Has MO,
R R

I = /Rpl(nl)(ﬁu — N2z )(H + 2H¢)da

< K||(H, 1) (1)]|? + C(k)d%e™ " for some small constant x > 0,
I = /R O(1) (G20 + 2 + 710) (Mo + 1 — f2)(H + 2Hy)

< Cle+0)|(H, Ha, He)@)||> + C5%e 1,

so we have

d
/hlw(’H—i—QHt)dx < ——/p'(nl)’Hidx - /p’(nl)Hﬁdx
R dt Jg R
(3.74) +C(e4 6 4+ 1) (H, Ha, He) (1)]|2 + CO%e™ 00,

where we used (3.48) and & is small and will be determined later.
Similarly, noticing (3.48) and (3.61), which imply |¢iz| < CN(t) < Ce and |7;| <
Céevot we can prove

(3.75) —/Rhg(’H +2M)dr < Cle + 0)|| (M, H) ()2,

(3.76) —/ ha(H + 2H)dz < C(e + 8)|| (M, Ha) (0|12 + Co2eot,
R

where for (3.76), we also used the facts [, (7 —#)2dx < C6*(1+1)%, which, as showed
in (2.6) (Lemma 2.2), can be proved from the construction of 7i(x) — ny as x — +oo
T+xo

and the property of the diffusion wave 7( \/1_+t) Noticing

J? 2J1 R R A .
h4z - _ﬁsz - n_Hzt + 0(1)(nlz + nog + le + JZz)
1 1

(3.77) X (Hy + He 4+ 01+ fg + J1 + J),

then, by integrating it by parts and using the Cauchy inequality, we have

d J2 o,
< — —

(3.78) +C(e 40+ &) (H, Hay He) (2)]|? + C52e 0"

Substituting (3.74)—(3.78) into (3.73), and noticing the smallness of ¢, §, k, we obtain
d 2 1 —\ 7,2 / PN 2
— +(=+2 + + - = d
7 (/R’H,t (2 n)?—t HeH (p (n1) n%)Hz x)

1
+—/ (H%+2(ﬁ—m)H2+p’(n1)H§)dx
2 R
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< C§%e Vot

Applying Gronwall’s lemma to the above differential inequality, we obtain

(3.79) I(H, Ha, He) ()7 < C(6% + @F)e ™,

where v is some positive constant.
Step 2. Differentiating (3.60) with respect to x, we obtain

(380) Hrtt + Hzt + 2ﬁHz + 2ﬁrH = hz = hlzz - h‘QI - th + h4zz-

Multiplying (3.80) by H, + 2H,: and integrating it over (—oo, +00), we obtain

%(/R {’Hit + (% + 27’1)7’[5 + Hmt%z} da:) + /R [Hit +2(n — 7y )H2 | dx

(3.81) = / 2nuH (Hy + 2Hot)dr + / (o + 2Hot) (M1 — how — hgs + hass )da.
R R

By using (3.48) and (3.79), the terms in the right-hand side of (3.81) can be similarly
estimated as follows:

(3.82) 2/ RaH (e + 2Har)dz < C8|Hae (D)2 + C(5% + 2)e 1,
R
and

d
/(Hz + 2H 1) higadr < ——(/p/(nl)Hiwdx) —/p’(nl)Hiwdx
R dt\ Jr R
(3.83) +C(e+ 6 + &) (Haz, Hmt)(t)Hz T O§2e min(rov)t,

and

(3.84) —/(Hz + 2 ) hawdr < Cle + 6)||Har (1) + C (52 + ®2)e~ mintor)t
R

and
(3.85) _/(Hm + 2H o) hapdr < k||Hee (2)]|? + C62e min(vo,v1)t
R
and
d( [ TR, .
(Mo + 2Hai)hasade < G ([ S5HEade) + O+ ) (Haa, Hae) 0]
R dt R nl
(386) + 0(62 + (I)g)e— min(l/g,lll)t.

Substituting (3.82)—(3.86) into (3.81), and noticing the smallness of ¢, §, k, we obtain
d 2 Lo \qp2 / JEN 2
I 5 T2 vtlle -2 rrd
dt(/R%ﬂ+(2+ 0 )H2 + HatHa + (0 (m1) n%)% v)
1

+5 / (Hit +2(n — )Mo +p’(n1)7-£im)dx
2 Jr

(387) < 0(52 + Q)g)e* miﬂ(l’mw)t.
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Again, applying Gronwall’s inequality to the above differential inequality, we obtain
(3.88) | (Ha, Ham, Hat)()]|* < C(6% + D7) 2t

for some constant vy > 0.
Furthermore, by applying (3.79) and (3.87) to (3.60), we can prove

(3.89) [Hee (1)]]? < C(6% + B2)e 72

for some constant v3 > 0.

Finally, let v = min(vg, v1,v2,v3). Thus, (3.79), (3.88), and (3.89) imply (3.72).
The proof of this lemma is complete. O

Beginning now, we will state more higher order energy estimates for the solutions
¢; (i =1,2) to the wave equations (3.57) in different lemmas with sketchy proofs.

LEMMA 3.5. It holds that, fori=1,2,

(3.90) (i Pics die) ()2 +/O [(¢ic, ir)(7)[Pdr < C(8 + Bo)

provided € +§ < 1.

Proof. By taking [[(3.57); - (¢; + Adit)|dx for some large number A > 0, and
applying Lemmas 2.1, 2.2, and 3.4, with a tedious calculation we complete the proof
of Lemma 3.5. ad

LEMMA 3.6. It holds that, fori=1,2,

(391) (L4 8)(dw b) D + / (L4 )| ir (1) |2 < C(5 + By)

provided € +§ < 1.
Proof. By taking fot Jo(147)(3.57);-¢pirdxdr, i = 1,2, and integrating the resultant
equation with respect to ¢ over [0,¢], and applying Lemma 3.5, we obtain

(3.92) L+ ) (Dis die) D] + /0 (1 + )l dir (T)|PdT < C(8 + o).

Hence, we complete the proof of Lemma 3.6. O
LEMMA 3.7. It holds that, fori=1,2,

t
(1 + )2 [[(Pizas Pict) (B)]” + /0 (14 72 Gizr (TI* + (1 + 7)l| fiza (7)]1*]dT
(3.93) < C(6 + @o)
provided € + 6 < 1.
Proof. By taking fg Jp (147)2[02(3.57)i X ¢ix 402 (3.57)i X pigr|dxdr, and applying

Lemma 3.6, as shown before, we can similarly prove (3.93). O
LEMMA 3.8. It holds that, fori=1,2,

(1 + t)3||(¢immwa (bzwwt)(t)'P + /O [(1 + T)3|‘¢iww7'(7—)||2 + (1 + T)2||¢iwww(7—)”2]d7-
(3.94) < C(6 + o)

provided € +§ < 1.
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PT’OOf By taking f(f f]R(l + T)3[8117(357)1 X ¢1zz7’ + 8117(357)2 X ¢2rr‘r]dmd7-a
and applying Lemma 3.7, we can prove (3.94). O
LEMMA 3.9. It holds that, fori=1,2,

(3.95) (1 +8)°[[(¢it, biat, Pire) (t)]|? +/0 (L +7)*(iar, Girr) (7)|[PdT < C(8 + o)

provided € +§ < 1.

PT’OOf By taklng fg I]R(l + T)2[87(357)1 X ((bl‘r + 2¢1‘r‘r) + 87'(357)2 X (¢2T +
2¢277)|dxdr, and applying Lemma 3.8, we can prove (3.95). d

LEMMA 3.10. It holds that

(3.96) (14 )% [[(Pict, diee) (D)1 + /O (1 +7)%[ldirr (7)|?dr < C(8 + ®o)

fori=1,2, provided e + 6 < 1.

Proof. By taking [ [, (1 + 7)3[0,(3.57)1 X b1rr + 0-(3.57)a X ¢2r,)dadr, and
applying Lemma 3.9, we can prove (3.96). d

LEMMA 3.11. It holds that, fori=1,2,

t
(14 )3 (it ity Piatt) (E)]|* + /O (1+ 72 |(Pizars Gizrr) (T)||2dT
(3.97) < C(64 D))

provided € +§ < 1.

PT’OOf. By taklng f(f f]R(l =+ T)3[87(357)1 X ((blr‘r + 2¢1r7’7’) + 87' (357)2 X (¢217’ +
2¢2577)]dzdT, and applying Lemma 3.10, we can prove (3.97). O

LEMMA 3.12. It holds that, fori=1,2,

(3.98) 1+ O (Diat Piaee) ()II* + /O (1 +7)|iwrr (7)[|Pd7 < O(6 + @)

provided € +§ < 1.

Proof. By taking [ [, (1 + )48, (3.57)1 X ¢1urr + 0-(3.57)2 X bagrr|dwdr, and
applying Lemma 3.11, we can prove (3.98). 0

Now we are going to prove the optimal decays (3.64) and (3.65), if the initial
perturbation is further in L!(R). Let us rewrite (3.57) as follows:

(3.99) dit — (ai(x,t) i)z = Fi — dite, 1=1,2,
where
ai(ﬂj,t) = p/(ﬁl(xvt)) >C>0, i=1,2,
Fi:=—fi+g1c —p(P1)at — (P12 + 11 +11)H
(p(¢1w + 71 + ﬁl) - p(ﬁl) _p/(ﬁl)(blw)wa
Fy = fo4 gox — p(2)at + (25 + N2 + i2)H
(p(¢2g + N2 + N2) — p(2) — p'(N2)P2s) -

As shown in [35], we can similarly construct the minimizing Green’s functions as
follows:

1/2 T — )2 )
Gi(x,t;y,s):(m) / exp(—m), 1=1,2,
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and rewrite (3.99) in the integral form
bi(at) = / Gl 1, 0)duo (y)dy
R
t
+ / / G, 19, 8)[Fi(y, 5) — ins y, 8)]dyds
0 R

¢
(3.100) [ [ Reto i soty sldyds, i=12,
o Jr
where
Rg,(z,t;y, s) == 0,Gi(x, t;y, 8) + Oy{ai(y, s)0,Gi(z, t;y, s)}, i=1,2.

Differentiating (3.100) with respect to x and ¢, we have, for { <1 and k41 <3,
00 i(x, 1) = DL / Gl t:4.0)d0 (4)dy
R
t
1 ol / / Gile, 11y, 8)[F(y, 5) — sy, 5)|dyds
0 R

t
+ol0k [ [ R (oitiv.s)outy,o)dyds
0 R
3.101 = IR =12,
71 12 3

Based on the decay rates we obtained in Lemmas 3.4-3.12, and on the estimates of
decay rates for the approximating Green’s functions as shown in [35], by a similar but
tedious calculation to [35], we can similarly prove

(3.102) 55+ 155 + 1 I5F = 0(1) (1 + )" 5755 for 1 <1, I+k<3,i=1,2

Here, the details are omitted. Hence, applying (3.102) to (3.101), we obtain the
optimal decay rates as follows.
LEMMA 3.13. Furthermore, if (¢10, $20) € L'(R), then

(3.103) [0Fg:(t)| = O(1)(1+4)"3%, k=0,1,2,3, i=1,2,
(3.104) ok ()] = O (1 +1)"375, k=0,1, i=1,2

Proof of Theorem 3.2. Based on the local existence and the a priori estimates given
in Lemmas 3.4-3.12, by using the continuity argument (cf. [27]), we can prove the
global existence of the unique solutions of the IVP (1.3)—(1.4) with the desired decay
rates (3.62) and (3.63). Furthermore, when the initial perturbation is in L!(R), from
Lemma 3.13, we immediately obtain the optimal decay rates (3.64) and (3.65). 0

4. n-D case: Stability of planar diffusion waves. In this section, we are
going to study the multidimensional isentropic Euler—Poisson equations for the bipolar
hydrodynamic model of semiconductors (1.1) with the initial data

(4.1)

n;(z,0) = njp(z) = ny as z1 — Loo,
ui(z,0) = uio(x) = (uix,0,0) as zy — Foo,

where n;+ and wu;+ for ¢ = 1,2 are constants.
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We will prove that the solutions of the n-D equations (1.1) and (4.1) converge to
the 1-D nonlinear diffusion waves of (2.1), the so-called planar diffusion waves to the
n-D equations (1.1). It must be pointed out that the strategy of the antiderivatives
for the problem setting up used in the 1-D case (see (3.54)) is no longer effective in the
multidimensional case, because the shift xo defined in (3.51) in the 1-D case will be an
implicit function in n-D case, and it depends on the solution (ni,ur,ng, us, ¥)(z,t)
of the system (1.1), rather than the initial data. Instead of this, we are going to apply
the key lemma, Lemma 2.3, to establish some crucial energy estimates and then prove
the stability of planar diffusion waves. For simplicity, we just consider the 3-D case,
and denote z = (11, 72, 23) € R3.

Let (71, fia, J1, J2, E)(1,t) be the solutions of 1-D isentropic Euler-Poisson equa-
tions (1.3) with small perturbations, i.e., ®¢ given in Theorem 3.2, and define

qi(ﬁ, ):( z(xla ) O 0)
(4.2) Uw,t) = (a(21,1),0,0), ~ fori=1,2.

E(w,t) = (E(x1,1),0,0)

Based on the above preparation, we are going to make a perturbation of (1.1) to the
1-D solutions (7, 7tg, J1, Jo, E)(21,t) of (1.3) that we just stated above. We define
21 =nq — 1, 22 = Ng — g, wy = uq — Uy, wa = ug — Us. Combining (1.1) with (1.3),
we obtain

z1t + div(zrwy + qwy + U121) =

wit +wy + 019Vz — ( g) —Ll Ny,
(4.3) 2ot + div(zawsg + Nigwsg + Ug22) =

Wat + wa + 020Vzo + (VU — &) = —L2 — Na,

div(V¥ — &) = 21 — 2,

where

Oi0 = M 0; = pl(nitz) _ P,(fh‘) 1=1,2.

ng i +24 ng

” {Li = w;Vii; + @ Vwi, Ni =w;Vw; + 0;Vz + 0, Vi,
Noticing that curl(V¥ — &) = 0, there exists £ such that VE = V¥ — €. We can

reduce (4.3) into

21t + diV(lel + niwy + ’11121) =0,
wyp +wy + 019Vzy — VE = —Ly — Ny,

(45) Zot + diV(ZQ’UJQ + Nowsy + ﬂQZQ) =0,
Wat + Wwo + 059V 2o + VE = —Lo — No,
A€ = Z1 — 29,

provided with the initial data

(4 6) Zi0 1= zl(x,O) = nio(ﬁ) - T~Li~0($1) = nio(x) - ﬁ(ﬁl) S H4(R3),
' wio = w;i(x,0) = uio(z) — Ui(x,0) = uio(z) — U(x,0) € HHR?),

and the boundary condition

(4.7 IVE| =0 as|z| — +oo.
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For later use, we define

(4.8) {Ago(ﬂj) = z10(2) — 220(2), and {Ago(x) = z1¢(x,0) — 29¢(, 0),

Eo(z) = 0 as |z] = +o0, Eo(z) = 0 as |z] = +o0,

and
2
1= Z (s = s, ws = U) (0) |4 + [[(VE = E)(0)[la + (VT — E)(0)]3,

where VU(z,0) = V& (z) + E(x,0) and VU, (z,0) = VE(z) + & (,0).

4.1. Convergence theorem in the 3-D case. We now state the stability
results for the planar diffusion waves in the multidimensional case as follows.

THEOREM 4.1. Let § = |ny — n_| + |uig| + |ui—| + |uat| + |ua—| + ®o. Then,
if n+ 90 < 1, there exists a unique global smooth solution (n1,ne,u1,us, V¥) for the
3-D bipolar hydrodynamic model for semiconductors system (1.1), (4.1), and (4.7)
and satisfies

ni — ni,uy — U, VI — € € C([0,00), HY(R?)) N CL([0, 00), H3(R®))  for i=1,2,

and
4
L+ M VEVE - E)0))?
k=0
4 ~
49+ > A+ ORIV (i — i), VE(ui — 0)(0)]1 32y < C(02 + 7).
1=1 k=0

THEOREM 4.2. Under the conditions in Theorem 4.1, we have

[(n1 — 71, m2 — 7ig) (t) ]| Lo () < C(6% + ) (1 + )7,

(4.10) [ = n2) @l @) < COF+mA+H7E
”(ul_UlvUZ_UQ)(t)HL”(R3) <C@T+n)(l+t)1,
(VT — E)()|| poersy < C(8T +n)(1+1)7 1.

Based on Corollary 3.3 and Theorem 4.2, we immediately obtain the convergence
of the solution (n1,ng,u1,usz, E)(z,t) for the 3-D equations (1.1) and (4.1) to the 1-D
diffusion wave (7, @)(z1/4/1 + t) for (2.1), namely, the stability of the planar diffusion
waves.

COROLLARY 4.3. Under the conditions in Theorem 4.1, we have

(1 =7, m = ) (D)l ey < O +m)(A+)7F,
(411) (s = Oz = D)t) =) < €% +m(1+ 1),
IVEO)lmes) < CO* +m)(1+1)7

Remark 2. Notice that, for the 1-D case, the electron field decays exponentially
fast, but here the decay rate of the electron field for the 3-D case is algebraic only.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



BIPOLAR HYDRODYNAMIC MODEL FOR SEMICONDUCTORS 1619

4.2. A priori estimates in the 3-D case. Let T' € (0, +oc]; we then define
the solution space of (4.5) as, for 0 <¢ < T,

X(T) = {(zl,Z2,w1,w2,V5)(x,t) zi, wi, VE € C(0,T; HY(R)),i = 1,2}.

The local existence of (4.5) can be established by a standard contraction mapping
argument; for example, see [17, 23]. The main duty of the rest of the present paper
is to establish some crucial energy estimates.

We are going to establish the a priori estimates of (21, z2, w1, w2, VE), which will
be the main effort of this section. We define

2 4
NP = sup SO [+ 08(TFz, Trw) @) + (1+ 0 Va2

0<t<T =1 k—0

Let NV(T)? < €2, where ¢ is sufficiently small and will be determined later. Then the
Gagliardo—Nirenberg inequality guarantees, for i = 1,2, k = 0,1, 2,

(412) A+ BIE|(VEz, VEw) ()| e + (1+6) T3 [ VHHIER) | Lo < Ce.

Remark 3. Before we establish the a priori estimates for the solutions, we need
to estimate &(z,t). Since AE = 21 — 23 and AE, VE € L?(R3), we can formally solve
it by using Green’s functions and estimate it as

1
_ [ —Aa
E(x,t)| = ‘/R?’ |x—y| zz)(y,t)dy+0‘ ‘/RS PR E(y, t)ydy +C

(4.13) = ‘ / VE(y,t)dy + C‘ <C  forallz € R%
R3 |33— |

Now we first establish the following useful estimate, which plays a fundamental
role in the n-D case.
LEMMA 4.4. It holds that

t t
(4.14) / B(r)dr < C(5> +n2)+c/ | (w1, wa, V21, Vo) (7)||*dr
0 0

provided 6 + & < 1, where

»—-m

B(t) := /RS 1_1’_75 — T T 27 (@, t) + 23 (z, )] dx.

Proof. From Lemma 2.3, it holds that

//R Gl ———(2{ + 25)dzdr < C(p ){||(Z17Z2) O)]I> + / 1(V21, V22)(7)||*dr

s 1+7
(4.15) +Z/ <Zitazig2>H—1><H1dT}’
i=170

where z; is the solution of (4.5). Notice also that

2 t

2
E / (Zits 2i97) -1y g AT
i=170
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2 t
= — Z/ / zigzdiv(ziwi + nw; + ’INLlZl)dCL'dT
i=1 0 JR3

2 t
— Z/ / [(zZ + Ny )w; —l—zll-zl} V(zig2)da:dr
i=17/0 JR?
(4.16) =1+ D

By using the Cauchy inequality and noticing (2.8), Corollary 3.3, and Lemma 2.1, we
have

2 t
I = Z/O /Rs(zi + 7w V(zig?)dxdr
i=1

t
/ / (z: + ﬁi)wi(Vzif + 22,9gVg)dxdr
]Rfi

2 t
<cy / I wr, Vz2)(r)|2dr
=1

1 ! € T2, 2
(417) +m ) RsH—T(Zl+22)($,T)dCL'dT,

2 t
I~2 = / / ﬂiZiV(Zig2)d$dT
; o Jrs
2 t
< Z (|@t; — a| + |a])z(Vzig? + 22,gVg)drdr

pa?

My
e 201+0)

< 52 (1+1¢) 4O ——— | Vzig? + 22;gVg)dzdr
Z/ /. — | a )

t
< cst +cz/ V2 () |[2dr

(4.18) + 05/ / i (z12 + 23)(x, 7)dzdr.
R3

Thus, we have

2 + t
> [ i) gosmdr < €33 .0 / I wi, V20) () 2dr
i=170

(4.19) [05+ ] / /R 3 i S (2 + 2B)dadr.

Substituting (4.19) into (4.15) and using the smallness of ¢, we complete the proof
of Lemma 4.4. a
LEMMA 4.5. It holds that

(24 wi) (8)]1* + /0 [[wi ()| 2dr
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(4.20) gc<5%+n2)+c/o IVE(T)||2dr + C(52 +£)/0 1(Vws, V) ()| 2dr

fori=1,2, provided § + ¢ < 1.
Proof. By taking

45 4.5)2 x 7—, (4.5 d (4.5), x -2
(450 iy’  (45)2 910 (4:5)3 ng’ and (4.5)s x 920
we have
(z_lz) — O()fy23 + zdivwy = _ﬁ{div(zlwl +@i121) + wi Viig }
277Ll t ﬁl s
2 2
(|w1| ) = O(Wiinslun? + [0l L Gy — e ™ M
2010 t 010 010 91
(4.21) 2 .
(Tz) — O(D)finr23 + 29divwg = —~—2{div(22w2 + finzo) + waViia),
2n9/t o
[wa? o w2 |? Wa
—0(1 2 [ \V4 VE-LZ = L N.
(2920 )t (D)aefwa]” + 020 T Vzws + 020 6‘2 { 2+ No}.

Combining them and applying the Cauchy inequality and the smallness of § and e,
we obtain

(Z_% R N |wa]?
277Ll 2711 2910 2920

)t + 2C0| (w1, w2) | 4 div(z1w; + 29ws)

(4.22) —:L—l{div(zlwl +diyz) + wi Vi) — :L—2{div(22w2 + figzo) + Wy Vitg}.

1 2
Integrating (4.22) with respect to o over R and using the smallness of ¢ and 6§, we
have

d U T o 2

— — 4+ = dx 4 C| , t

dt /Rs (2711 o T 20, T 2920) + Coll(wr, wa) (1)

< C(6% +&)|[(Vwr, Vs, V21, Vo) (1)
(4.23) +C|VED)||? + 5% (1 + )2 + CS2 B(t),

where we have used

—/ (n {div(z1w1 + @121) + w1 VA } + _{dIV(ZQ'UJQ + Gg29) + wQVnz})
R3 1

< C(6% + )| (w1, wa, Vuwy, Vawg, Va1, Vo ) (1) |2
(4.24) +C53(1+1)"2+C62B(t)

and
/ —1L1+N1}+E{L2+Nz})daz
0 02
(6% + )| (w1, wa, Vwr, Vg, V1, Vo) (1)|2
(4.25) c T(1+1)"2+ C62B(t).
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Integrating (4.23) over [0, ], and using Lemma 4.4 and the smallness of § and e, we
prove Lemma 4.5. 0
LEMMA 4.6. It holds that

t
||(Vzi,Vwi)(t)H2+/ IVw; (7)|[dr
(4.26) < C(0% + ) + C(6 /H (Vi w5) (7)) d¢+c/ IV2E(7)||2dr

fori=1,2, provided § + ¢ < 1.
Proof. Let a be a multi-index, and let || = 1. Integrating 93 (4.5), x 0Sw; +
02(4.5),, x 0%wo with respect to z over R?, we have
1d

2dt|\(Vw1,Vw2)( )||2+H(Vw1,Vw2) H2+ Z / (05 wq — 5w )0y VEdx

lee|=1

+ ) / [0%(010V 21)0% w1 + 0% (B20V 22) 0% wo] da:
R3

lo]=1

(4.27 = Z / 8“ L1 + Nl)aawl + 8“(L2 + Ng)aawg]

o =1

Using the Cauchy inequality, we have

(4.28) / (07 wy — w10y VEdr > ——II(le,sz)( tl* = CIIVE@)II®.

la=1
Let
(4.29) Hs(t) ':/ <07|V21|2 L|VZ2|2) dz
' s r3 \ 2(z1 + 71) 2(z2 + N2) ’
01 P
4.30 F5(t) = ——_|Vz P+ ————|V2|? ) dx.
(1.30) 0= [ (g 174 + gy IVl do

We are going to estimate the other integral terms in (4.27) as follows:

3 / 100 (010V 21 )% w1 + O (620 V 22)0% wo]da
R?)

Ia\—l

_Z Z / Z 058591030‘ AV 2,0%w;dx

i=1 |a|=1 18]=0,8<a
> - C5H(Vw17Vw2)H2 — Co(L+ )7 H[(Vz1, Vo)

(4.31) —Z Z/ 0;00% z;0 divw;dzx.

i=1 |a|=1

In order to control the last integral of (4.31), we first note that, by noting (4.5); and
(4.5),,

|
1
0% divw; = — — {8042” + Z Cgﬁﬁ(ﬁi + Zi)aa_ﬁ divw;

%t |Bl=1.A<a
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(432) + 0% [Zl diva; + 4;Vz; +w; Vi + ’LUZVZZ]}, i =1,2.

So, utilizing (4.32), we have

2
—Z Z ‘/]Rs 9i08azi8a divwidx

i=1 |a|=1

la|
01’0 « o B~ aa—B 1:
= Z /}R3 Zi-f—ﬁia 2 {3 Zit + Z CpdPi;0 divw;de

la=1 [8]=1,<a

||

+ Z Cg@ﬁziao‘_ﬁ divw; + 0% [zz diva; +u; Vz; + w; Vg, + wl-Vzl} } dx

[B]=1,8<
> —C(62 4 &)||(Vwr, Vws) ()| = C(67 +)(1 4+ ) [|(Vz1, Vo, wy, wa) (2)]|?
(4.33) —C82(1L+1)"* —C62(1+1)'B(t) + %Hﬁ).

Here, we used the following estimates to complete (4.33):

2
oi 1 _
@) 33 [ PO00n0ms > Ha = G+ )1+ (T, Va0

‘ 3 2 + 1y
i=1 |a|=1 ¢ ¢

and

2 1
9,
E / Z'fﬁ'aazi E C@@Bﬁiaaiﬁ divw;dx
i RESTT gl=1,8<a

(4.35) > —C(62 +e)(1+1)7![[(Var, Vaa) ()2 = C(62 + &) (Vawn, V)12,

2 1
0; .
E / 0 0%z E C@@ﬁziao‘_ﬁ divw;dx
‘ R3 Zi + N
|8]=1,8<a

(4.36) > —C(67 +)(1+1)'[[(Var, Vaa)()]|> = C(67 + &) (Vawr, V) ||%,

2
Z Z / Oio 0%z;0% [z diva + uVz + wVp+ wVz|dx
R

; 3 2 + 1y
i=1 |a|=1 ¢ *

> — (62 4 &)||(Vwr, V) (8)||2 = C(67 + ) (1 + ) | (Vz1, Vo, wy, we) ()|
(4.37) —C82 (1+1)~* — 067 (1 + 1) B(1).

Applying (4.33) to (4.31), we obtain

> / [02(010V 21)0%w1 + O (B20V 22) 0 ws] da
R3

laf=1
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> — 062 4 &)||(Vwr, V) (8)||2 — C(67 + ) (1 + ) | (Vz1, Vo, wy, we) (2)]|?

(4.38) —C62 (1 +1)"* —C67 (1 +1) ' B(t) + %Hg(t).

Similarly, we can estimate the last term of (4.27) as

- Z / [8?(141 + N1)8§w1 + 8§(L2 + Nz)ang]dili
R3

le|=1

< C(8% +&)||(Vwy, V) )||2 + C(67 + &) (1 + 1)1 |[(Vz1, Vg, wi, wa) (1)

(4.39) +C82(1+1)"*+Co3(1+1t)"'B(t) — %F3(t).

Let Ms(t) = Hs(t) + F3(t) + $||(Vwi, Vws2)(¢)||?. Substituting (4.28)—(4.39) into
(4.27) and noticing the smallness of ¢ and J, we obtain

d 4 2
M) + =l(Vewr, Va) (1)

< CVEWIP + C(5% +e)(1+1) "M [(Var, Vaz, wi,wo) (1)
(4.40) +C02(14+8) 71+ Co2(1+1) ' B(1),
Integrating (4.40) with respect to 7 over [0,¢] and using Lemma 4.4 and the
smallness of § and e, we then prove Lemma 4.6. d
By a tedious computation to [;5[(4.5),- V214 (4.5),- Vz]de and applying Lemma

4.4, we can prove the following lemma.
LEMMA 4.7. It holds that

(4.41) / IVa()|2dr < C(6% +12) + Cll(wr, Vz) ()2 + C / Jes(r) 2

fori=1,2, provided § + ¢ < 1.
LEMMA 4.8. It holds that

[(VE,VE, V2E)H)|* + / (Ve Ve, vEe) () |Pdr
0
(442) < OO +7?) + (6% +¢) / [l (w1, w2) (7|3 + (Y21, Vaa) ()] dr

provided 6 + ¢ < 1.
Proof. By a tedious computation to

/ (i + 22) X (45)1 — (i + 21) x (4.5)]VEda

R3

4 / (s + 22) X (4.5)1 — (1 + 21) % (4.5)s] VEsda,
R3

we can then obtain

d
dt Jgs

=+ 2(920 =+ 92)(752 =+ 22)|V2(€|2 + 2|V(€t|2)d$

(VSNS + 2(711 + 71+ 21+ 22+ %) |vVE|?
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(4.43) + Coll(VE, VE, V2E)B)||> < Qs
for some constant Cy > 0, where

Q1= C(S2 +&)(1+6)7 | (Veor, Van)(8)]
+C(6% +e)(1+1)2||(Vzr, Vag, wy, w) (t)]|?
(4.44) +C83(141)"°+C8%(1+1)2B(t).
Integrating (4.43) with respect to t over [0,¢], and applying the Cauchy inequal-
ity and Lemma 4.4 as well as noticing the smallness of § and &, we finally obtain
(4.42). O

Combining Lemmas 4.4-4.8, we obtain the following result.
LEMMA 4.9. It holds that

(21, 22, wy, w2, VE) BT + | VE(t) |

(4.45) +/O [ll(ws, w2, VEYT)} + (V1 Voo, VE) (7)|PldT < C(8% +1?)

provided € +§ < 1.
Remark 4. From Lemma 4.7, it is realized that

(4.46) /Ot B(r)dr < C(67 +1n?).

LEMMA 4.10. There holds
(14 0)[[(Vzi, Vi, i) (£)]* + /Ot[(l +1)[(Vws, zir) (D> + | Vzi(7) [P dr
(4.47) < CO2 +1),
(1+1)2|(VE, VE, VZE))|* + /Ot(1 +7)2(VE, VE, V2E)(T)|?dr
(4.48) < C(5% +n?)
fori=1,2, provided § + ¢ < 1.

Proof. Integrating (1 4+ 7) x (4.43) with respect to 7 over [0,¢] and applying
Lemma 4.9 and the Cauchy inequality, we obtain

(4.49) (1+8)[[(VE, V&, v25)(t)||2+/t(1+7)||(v5, VE,, V2E)(7)||2dr < C(52 +7?).
0

Again, integrating (1 + 7) x (4.40) with respect to 7 over [0, ¢] and using Lemma 4.9
and (4.49), we obtain

(14 )[[(Vz1, Vza, Vwy, V) (8)||* + /0 (14 7)|[(Vwy, Vws) (7)||*dr
(4.50) < C(6% +n?).

Thus, we can obtain

(4.51) (L + )l (216, 21) ()12 +/O (14 D)[(z17, 217) (7)Pdr < C(5% + 1),
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Thus, (4.45), (4.50), and (4.51) imply (4.47).

Finally, integrating (1 + 7)? x (4.43) with respect to 7 over [0,¢] and applying
(4.47), (4.49), and the Cauchy inequality, we then prove (4.48). O

As shown in Lemmas 4.6-4.10, by taking [5,[02(4.5), X 03w +02(4.5) . X 0% ws]dx
for multi-index o with |or| = 2, and [5,[05(4.5), x VOEz1 + 07 (4.5), x VL z1]dx, as
well as [ps 05 ((fiz + 22) X (4.5), — (i1 4 21) X (4.5),)(05VE + 400V E;)dx for multi-
index § with |8] = 1, and applying the above lemmas, we can similarly prove the

following lemma.
LEMMA 4.11. There hold

(1+ )2 [[(V2 25, V2wi, Vi) (1)
t
+/ [(1+ )2 [(VPwi, Vair ) (D] + (1 + 1) [ V22i(7) | *)dr
0
(452) < C(6% +n?),
t
(L +1)°|(V2E,V2E, V2E)D)I* + / L+ 1) [[(V2E,V2E,, V2E)(1) || *dr
0
(4.53) < C(62 +1?)
fori=1,2, provided § + ¢ < 1.
Similarly, by taking [ps[09(4.5), x Ogw1 + 05 (4.5), x Ogws]dx for multi-index o
with |a| = 3, and [55[07(4.5), x V2 21 + 05 (4.5), x VL z1]dx, as well as [gs 05 ((R2+
z9) X (4.5), — (i1 + z1) x (4.5),)(9PVE + 405V E;)dx for multi-index S with |3] = 2,

and applying the above lemmas, we can prove the following lemma.
LEMMA 4.12. There hold

2
(146> S 1V 20, Vwi, V22i0) (1)
=1

+§;/Ot[(1 + 1) (VPwi, V2in ) ()| + (1 + 1) VP2(7) P dr
(4.54) gZC(cS% +1?),
(L+ O (V3E, V&, V2EE) ()| + /Ot(l +1)H(V3E,V3E,, VAE) (7)1 2dr
(4.55) < C(67 +7?)

provided 6 + ¢ < 1.

Similarly, by taking [ps[09(4.5), X 0fwy + 05 (4.5), x Ofws]dx for multi-index a
with |a| =4, and [5,[05(4.5), x VOP 21 4+ 85(4.5), x V05 z1]dz for multi-index 3 with
18] =3, and [gs 07 (P2 + 22) X (4.5), — (R + 21) X (4.5),)(95VE + 408V E,;)dx, and
applying the above lemmas, we can further prove the following lemma.

LEMMA 4.13. There hold

2
L+ (V2 Vi, Vi) (1)
=1
2 t
+ Z/ (14 1) (VHwi, V32 ) (DI + (1 + 1)V zi(r) |2 dr
0

i=1
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(4.56) < C(0% +7?),
(1 +1)°||(VIE, VA, VPE)|? + /Ot(1 + 7)?|(VAE, VAE,, V&) (7)|%dr
(4.57) <C(67 +1?)

provided 6 + e < 1.
Proof of Theorem 4.1. In view of Lemma 4.9-4.13, we have immediately proved
Theorem 4.1. a

4.3. More energy estimates. In this subsection, we are going to prove Theo-
rem 4.2 and Corollary 4.3. From the Gagliardo—Nirenberg inequality and the a priori
estimates, we have

(21, 22, w1, wa) (1) || oo (m3y < C(67 +n)(1+1)~7,
(4.58) [(Vz1, Vza, Vwy, Vws ) ()| oo (rsy < C(67 +n)(1 +t)71,
IVE) 1 gs) < CF +m)(1+ 1)

But we may expect to have the high order decay rates for w; and wy because of the
effect of damping.
COROLLARY 4.14. Under the conditions of Theorem 4.1, it holds that

(4.59) (1 + 1)?[|(wre, war) (1) +/O (1+ ) (wir, war) (7)) < C(S% +17).

Proof. Differentiating (4.5)2 and (4.5)4 with respect to ¢, we obtain

(4.60)
Way + Wat + 020t V2o 4+ 020V 2oy + VE = —Lgy — Noy.

{wltt +wit + 010t V21 + 010V — VE = —Liy — Ny,
Integrating (4.60); x wyy + (4.60)5 x wa; with respect to z over R? and using the
Cauchy inequality, we obtain

1d 3

5w wa) O + 2 wse, wa) (1)

S C||(Vzlt, VZQt, V&)(t)||2 + C(]. + t)71|‘(21t, Z2t, le, VU}Q)(t)Hz
+ O+ ) (wi, w2, Va1, Vo) ()2 + C(1+6) 7| (214, 220) (1)

(4.61)  +C63(1+1)"°+C53(1+1)2B(¢t).

Applying a standard argument as in Lemma 4.10 to (4.61), we complete the proof of
Corollary 4.14. d

Similarly, by taking fot(l + ) [3s[07(4.60)1 x OJwyy + 07 (4.60)2 x OJwa]dzdT
with k = 0,1, 2, 3, respectively, where v is a multi-index with |y| = 1, and applying
Corollary 4.14, we have the following corollary.

COROLLARY 4.15. Under the conditions of Theorem 4.1, it holds, for i = 1,2,
that

(4.62) (L + [ Vwa ()] +/0 (L+ 7 IVwir (7]* < C(32 +17°).
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Furthermore, by taking fot(l +7)k Jg3[07(4.60)1 x 07 w1, 4 07 (4.60)2 x O woy|dxdT
with k£ =0, 1,2, 3,4, respectively, where ~ is a multi-index with |y| = 2, and applying
Corollary 4.15, we have the following corollary.

COROLLARY 4.16. Under the conditions of Theorem 4.1, it holds, for i = 1,2,
that

(4.63) (1 4+ )| V2w (t)))* + /Ot(l + 1) V2wir (7)||2dT < C(52 + 7?).

Finally, we prove the decay rates for the solution in L space.
COROLLARY 4.17. Under the conditions of Theorem 4.1, it holds that

1ot 22) (Ol qas) < C(6% +m)(1+ 8-
(21 — 22) () || oo 3y < C(6T +n)(1+1)~1,
(464 s, ) ) e < OO )

IVE@®) L= < C (65 +n)(

—
=

Proof. From the Gagliardo—Nirenberg inequality, we have

(21, 22, w1, wa) (£) | oo ey < C(65 + ) (1 + )74,

||(V21,Vz2,Vw1,Vw2)( )HLoo (R3) S 0(54 +77)(1 ) %
1 9

[(z1 = 22)(t) [ Lo (r2) = [|[VE| L < C(67 + ) (1 +18)77,

IVE@)|| poe sy < C(3F +n)(1+1)%

(4.65)

We notice that, for wy and ws, the decay rates shown in the above are not enough.
In fact, we can estimate, for i = 1,2,

wie (8) || e 3y < Cllwie (8)]|F [ V2wie (8)[| 7 < C(6% + ) (1 + )77
Using (4.5)2 and (4.5)4, we then obtain

1w, w2) () oo ) < COT +m)(1 +14) 5.

Thus, the proof for Corollary 4.17 is complete. d
Next, from Lemma 2.1 and Corollary 4.17, we directly obtain the following result.
COROLLARY 4.18. Under the conditions of Theorem 4.1, it holds that

[[(n1 — 71, no — na)(¢ )||L°°(]R3 <C( )71,

(4.66) [(n1 = n2) ()| 1= sy < C(67 +m)(1

[(ur = U, ug = U) ()] e sy < C(8%

(=9
Al
= +
S
S~—
=
+
~~

Proof of Theorem 4.2. From Corollaries 4.17 and 4.18, we have immediately
proved Theorem 4.2 as well as Corollary 4.3. O
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