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ASYMPTOTIC CONVERGENCE TO STATIONARY WAVES FOR
UNIPOLAR HYDRODYNAMIC MODEL OF SEMICONDUCTORS*

FEIMIN HUANGT, MING MEI}, YONG WANGS, AND HUIMIN YUY

Abstract. In this paper, we study the one-dimensional unipolar hydrodynamic model for semi-
conductors in the form of Euler—Poisson equations. In the case when the state constants on the
current density and the electric field are nonzero (switch-on case), the stability of stationary waves
of one-dimensional isentropic Euler—Poisson equations for the unipolar hydrodynamic model has been
open. In order to overcome this difficulty, we first analyze the behaviors of the solutions at z = Fo0,
and observe what are the exact gaps between the original solutions and the stationary solutions in
L?-space; then we technically construct some new correction functions to delete these gaps. Finally,
based on the energy methods, we prove that the solutions of one-dimensional isentropic Euler—Poisson
equations for the unipolar hydrodynamic model decay exponentially fast to the stationary solutions.
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1. Introduction. The dynamical phenomena of charged fluid particles, for ex-
ample, the fluid dynamical system of electrons and holes in semiconductor devices
or positively and negatively charged ions in a plasma, are usually described using
the hydrodynamic models of Euler—Poisson equations. These models, which can be
derived from kinetic models, take an important place in the fields of applied and
computational mathematics. A standard approach for this derivation is the moment
method. According to the different analysis for the phase space densities, introduced
to prescribe the dependence on the velocity, we recover different limit models and,
in particular, the drift-diffusion equations and the hydrodynamic (Euler—Poisson)
systems. The hydrodynamic models are usually considered to describe high field phe-
nomena of submicronic devices. For details on the applications in semiconductors and
in plasma physics, see [16, 24, 30].
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412 FEIMIN HUANG, MING MEI, YONG WANG, AND HUIMIN YU

In this paper, we study isentropic Euler—Poisson equations for the unipolar hy-
drodynamical model of a semiconductor device:

nt+JI :0,
(1.1) Ji + (£ 4 p(n)), = nE - £,
E, =n—b(x)

for x € R and t > 0. Here n, J, and F represent the electron density, the current
electron densities, and the electric field, respectively. The coefficient 7 denotes the re-
laxation time. Since our interest here is the long-time behavior of the solutions rather
than the limit of relaxation times, without loss of generality, we assume throughout
this paper that 7 = 1. The function b(x) stands for the density of fixed, positively
charged background ions, the so-called doping profile. p(n) is the pressure-density
relation satisfying

(1.2) p'(n) > 0 and n?p/(n) is a strictly increasing function for n > 0.

As explained in [17], condition (1.2) guarantees that system (1.1) is hyperbolic and
fully subsonic under consideration. In this paper, we consider the Cauchy problem to
system (1.1) with the initial conditions prescribed as

J(x,0) = Jo(),
where
(1.4) l?mz—ntoo no(z) = n4,
limy 400 Jo(z) = Jx.
Furthermore, the “boundary” condition at far field x = —oc is also needed,
(1.5) lim E(z,t)=FE_,

Tr—r—00

where n4, J+, and E_ are given state constants. As we analyze below in section 3 for
the behavior of the solutions (n,J, E)(z,t) at the far fields = oo, the boundary
condition (1.5), or replaced by

(1.6) zll)l}_looE(x,t) =F,,
is necessary and natural. Otherwise, the far-field state functions J(+o0, t) and E(%o0, t)
will be underdetermined, which will cause the system to be ill-posed. For details, we
refer to section 3.

Integrating (1.1)5 with respect to a over (—oo, 2] and applying (1.5), we have

x

Emw=&+/ (n(y. ) — b(y)ldy

— 0o

So, the initial data Ey(z) is given by

x

(L.7) %mzm+/[mw%@m.

— 0o
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UNIPOLAR HYDRODYNAMIC MODEL OF SEMICONDUCTORS 413

The theoretical study and scientific computations on hydrodynamical systems of
semiconductor devices has been one of the hot spots of research in mathematical
physics. For the unipolar isentropic and nonisentropic hydrodynamical equations of
semiconductors (one carrier type), Degond and Markowich [3, 4], Fang and Ito [5],
and Gamba [6] investigated the existence and uniqueness of (subsonic) stationary
solutions in the one-dimensional (1-D) case. Such stationary solutions are usually
called the stationary waves to the original equations (1.1). Then Luo, Natalini, and
Xin [21] proved that such stationary solutions for the Cauchy problem are time-
asymptotically stable when the state constants of the current density are zero, i.e.,
Jy = J_ = E_ = 0. They had required such a stiff condition due to a technical
difficulty in reformulating the perturbed system in the L2-sense. Later, Li, Markowich,
and Mei [17] showed the stability of stationary solutions for the initial-boundary value
problem within a bounded domain [0, 1]. Regarding relaxation limits, shock schemes,
and entropy solutions, as well as the study in the multidimensional case, we refer
the reader to the interesting works [1, 2, 6, 8, 11, 12, 13, 18, 19, 20, 22, 23, 29, 31]
and the references therein. For the study on the bipolar hydrodynamic system of
semiconductors, great progress has been made in [7, 9, 15, 14, 28] and the references
therein.

Notice that when J_ = J;=0, physically it stands for the switch-off case (no
electric current). So, it is interesting but challenging to study the case Jy # J_ (the
switch-on case) for the convergence to the stationary waves. As showed in [3, 17, 21],
the stationary waves satisfy the corresponding steady-state equations

J = const,
72

(F +p(R)s =0k —J,

with

forJ=n_E_ ,E_=EFE_, and E, = n=E-  However, when .J_ # Jy, as analyzed

n
in section 3, the original solutions at the far fields behave as

(n, J, E)|z=—oo = (n_,n_E_ + O(1)e ™" E_),

ot N—E—
Y

(7, J, B oy o0 = (n+,n_E_ +O0(1)e n 0(1)e*V0t)

ny

for some vy > 0, which yields the gaps between the original solutions and the sta-
tionary waves, and causes the perturbations J(z,t) — J(z) and E(z,t) — E(z) not in
L?(R). To delete these gaps, as Hsiao and Liu [10] showed, the correction functions
need to be introduced. However, the technique for constructing the correction func-
tions introduced first by Hsiao and Liu [10] cannot be applied to our case anymore
due to the complexity and the nonlinearity of system (1.1). This causes the stability
of the stationary waves to open for a long time. Inspired by our recent study on the
bipolar hydrodynamical system of semiconductors [15], after carefully investigating
the far-field states of the original solutions and understanding what the exact gaps
will be between the original solutions and the stationary solutions in L2-space, we
then ingeniously construct the explicit correction functions in different cases due to
the different eigenvalues. Then we can make a proper perturbation of the original
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414 FEIMIN HUANG, MING MEI, YONG WANG, AND HUIMIN YU

solutions around the stationary waves, and by using the basic energy method, we can
further prove the stability of the stationary waves with exponential decay rates. More
precisely, when the perturbations around the stationary waves with suitable setup
are small enough, we prove that the solutions of (1.1) converge exponentially to the
corresponding stationary waves in the form

[(n =) (@)L = O(1)e~"
(1.8) |(J = J)(#)|| e = O(1)e #*  for some p > 0.
1B~ E)(t)]| = = O(1)e

The interesting thing is that the current density J converges to a constant state which
is independent of the initial current densities, but which is determined by the initial
end state of electron density and the electric field at z = —oo. Obviously, the results
presented in [21] are a special case of ours.

To begin with, in this paper we assume that

{b(x) € C3(R), limyto0 b(x) = N,

1.9 A
" S oo (@) = n2de + [ [b() = n[Pdx < Co,

where Cj is a positive constant.

The rest of this paper is arranged as follows. In section 2, we give some well-
known results on the stationary solutions. In section 3, we reformulate the original
system (1.1). First of all, we construct the correction functions to delete the gaps
between the 1-D solutions of (1.1) and the corresponding stationary waves at the far
field, then we reformulate the original system of equations to a new one. In section 4,
the main effort is contributed to prove Theorem 3.2.

Notation. Through out this paper, Cy, C;, etc., always denote some specific
positive constants, and C' denotes the generic positive constant. L?(RR) is the space of

square integrable real-valued functions defined on R with the norm | - ||, and H*(R)
(H* without any ambiguity) denotes the usual Sobolev space with the norm || - ||,
especially || - [lo =1 - |-

2. Stationary waves. In this section, we are going to introduce the well-known
results on the stationary solutions to the corresponding steady-state equation of (1.1),
the so-called nonlinear stationary waves. For the unipolar hydrodynamical model of
semiconductors (1.1), its corresponding 1-D steady equation is

J= const,
(2.1) (F +p(A). =AE — J,
f, = 71— b(x),
with
(2.2) wgmoo(n, E)(z) = (n_,F_-) and wgl}rloon(x) =ny
Let
(2.3) by =infb(x) >0 and b* =supb(xz) >0

Then we state the existence and uniqueness of the stationary wave for the steady-state
equations (2.1) and (2.2) as follows.
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UNIPOLAR HYDRODYNAMIC MODEL OF SEMICONDUCTORS 415

LEMMA 2.1 (see [17, 21]). Assume that b'(z) € L*(R) N H*(R) and b.+/p’ (bs) >
[n_E_|. Then there exists a unique smooth solution (n,J, E)( ) of (2.1) and (2.2),
which satisfies

(2.4) J=n_E_,
(2.5) B(to0) = =22,
ny
(2.6) b, <7 < b*,
(2.7) 17— b(z)] = OD)e =17 a5 2 — +o0,
(2.8) 72— bll7s < Ci(ar + a2 + as),
(2.9) lra] + [7ina] + |ima| < Cacif,
(2.10) |B| < (1B | + af),
(2.11) |Ea| + | Ega| < Calas +b* = b,),

where C; (i = 1,2,3,4) are some positive constants dependent onn_, E_, b,, and b*,
and o; (i =1,2,3,4) are defined as follows:

(2.12) ar = ||V)|72 + ||z + |logny — logn_|,
(213) Qo = (1 + OZ? + ||b”||%2 + ||b/||%47
(2.14)  az=a3 +afaz +[[B"[|L2 + 07|74+ [V']| G,
ag = ||V |70 + 16"l 200 + 10" 1700 4 16”1700 + ([ 1 700 16”117
M2 adad LI od ol S0k okl
+ [0 7caf a3 + V|1l s +a1as + af ol +aj aj

3 1 1

3 3 1 1
(2.15) + aiaf +afosas.

3. Stability of stationary waves. First of all, as in [26, 27], let us look into
the behaviors of the solutions to (1.1)—(1.5) at the far fields # = to0o. Then we may

understand how big the gaps are between the solutions and the stationary solutions
at the far fields. Let

n*(t) == n(£o0,t),
(3.1) TE(t) = J(£00,1),
E*(t) := E(fo0,t).

From (1.1)1, since 05 J|z=+00 = 0, it can be easily seen that
(3.2) nE(t) = n(£oo,t) = ny.

Taking x — fo00 to (1.1)2, we get two ODEs:

(3.3) Eﬁ( ) =nsEE(t) — JE().

Then, differentiating (1.1)3 with respect to t and using (1.1)1, we have
Ewt = (n - b(ﬁ))t =Nt = —Jw.
Integrating it with respect to « over (—oo, +00), we then have

Dy Lo = —g+ () + I (0.

4
(34) dt dt
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It is noted that these three equations (3.3) and (3.4) will underdetermine four un-
knowns J*(t) and E*(t), causing system (1.1) to be ill-posed. Thus, naturally we
need an extra boundary condition for E(z,t) either at + = —oo or x = +o0. This
indicates that the boundary condition (1.5) (or replaced by (1.6)) is necessary and
proper.

From (1.5), we have

(3.5) E~(t)=E_.

Then, from (1.1)2 and (3.5), we can easily get

(3.6) J ()= —n_E e "+n_E_.
From (1.1)2, we further have
J+(O) = JJra
and from (1.1)3 and (1.5), we obtain
(3.8) ET(t)= lim E(z,t) = /(n(x,t) —b(x))dz + E_.
T—r+00 R
Differentiating (3.8) with respect to t and using (1.1); and (3.6), we obtain
d
(39)  SE()= —/ Jow t)de = —JH(t) + (J- —n_E_)e™* +n_E_.
R

From (3.8), we have
(3.10) B ()]0 = /R (no — b)(2)dx + E_ = E.

Combining (3.7), (3.9), and (3.10), we obtain

1) = ny B () — T (1),
LEHt)=-J )+ (J- —n_E_)e ' +n_E_,
JH(0) = Js,

EH(0) = By

(3.11)

Differentiating (3.11), with respect ¢, we obtain

2 o, d d
e — _E+ _ 27t
ST (8) = ne BT () = =T (1),

and substituting (3.11), into (3.12), then we can reach

(3.12)

LT + L) +nyJH () =nen E_ +ny(J- —n_E_)e™,
(3.13) { JH(0) = Jy,
L JH0) =ny By — Jy.

Notice that the eigenvalues of the second order ODE of (3.13) are

-1-1-4 -1+1-4
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Thus, according to the signs of 1 — 4n,, we can directly but tediously solve (3.11)
and (3.13) for J*(t) and ET(t) as follows.
Case 1. When 1 —4ny > 0, then

(3.15) JT(t) = AyeMt 4 Age™ + (J_ —n_E )e '+ n_E_,
1
(3.16) Ef(t) = — [A1(1 +A1)eMt 4 Ay (14 Ag)er2t + n_E_} ,
+
where
(3.17) Ay =Jp —J- — Ay,
1
(318) AQ = —1 4 l:(1+)\1)(J+ —J_)—TL+E++TL_E_:|.
— 4dny
Case 2. When 1 —4ny4 = 0, then
(3.19) Jt(t) = Age™2t + Agte 3t (J_—n_E e '+n_E_,
1 1 1
(3.20) ET(t) = — { <A4 + —A3> e 3 4 —Agte 3t + n_E_] ,
n4 2 2
where
(3.21) As=Jy —J_,
1
(322) A4 = 7'L+E+ —n_FE_ — §(J+ - J_)

Case 3. When 1 —4ny < 0, then
Ving —1 Vang —1 1
(3.23) J*(t) = <A5 cos <"+t> + Agsin (#t) )e2t
+(J-—n_E_ e '+n_E_,
_E_ 1 Ving —1
(3.24) E*(t) = i + 5 [(A5 + /4ny — 14g) cos <Lt>
+

ny 2
V4 -1 1
+ (Ag — /An, —145)sin <"+t> }62’5,
where
(3.25) As=Js —J_,
2 1

2 Ag = ——— E,—n_FE_— - —J_) ).

(3 6) 6 \/m(n-‘r + n 2(']"1‘ J ))

From (1.5), (3.2), (3.6), (3.15)—(3.26), and Lemma 2.1, we have

[n(£00,t) —n(+o0)| = 0,

|J(4+00,t) — J| = O(1)eH,
(3.27) |J(—o0,t) — J| = O(1)e*,

E(—o0,t) = E_,

|B(+00,1) — 252=| = O(1)e !

for some constant 0 < p < %
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From the above analysis, we find that there are some gaps between J(£o0,t) and

J=n_FE_, and E(+oo,t) and E(c0) = ”;f’, which lead to
(3.28) J(z,t)—J and E(z,t) — E(z) € L*(R).

To delete these gaps, we need to introduce the correction functions, which plays a key
role in the proof of convergence of the original solutions to the stationary waves. Now
we are going to construct the correction functions. Let (7, .J, E)(x,t) be the solutions
to the following linear equations:

iy + Jo =0,
Jy =ik —J,
E, =n,

(8:29) J(z,t) = JE@t) —n_E_  as x — +oo,
5 (x,t) — 0 as x — —00,
(@, t) = EY(t) — 555= as @ — 400,

In order to get (#,.J, E)(z,t) to (3.29), we consider the following linear system
with some tricky selection on 7 = n(z), J(z,t), and E(z,0):

Ju(w,t) = n(x) B, t) = J(x,1),
Ey(z,t) = —J(z,t) + (J- —n_E_)e

(3.30) tﬂxn>=<J—w>—n_E_>+<f+—J;xoy/z7ndym%
Bw,0) = (B0 - 22) [ molwdy,

where mg(x) and n(x) are also ingeniously selected as

mo(z) >0, mo € C§°(R), supp mo C [—Lo, Lo], /mo(y)dy =1,
z+2Lg R
i) =+ (o —n) [ maly)dy

— 00

(3.31)

with some constant Lg > 0. A
When =z < —Lg, we have E(z,0) = 0. So, it can be easily seen that (3.30)
possesses the particular solutions

(3.32) Ja,t)=(J_ —n_E_)e ', E(z,t)=0 for —oco <z < —Lg.

When « > — Ly, we have 7i(z) = n4. Similarly to the previous but complicated calcu-
lation, we can solve (3.30) as the following. However, we can verify that these solutions
imply also the solutions given in (3.32) for x < —Lg. Therefore, we summarize them
as follows.

Case 1. When 1 —4n, > 0, then, for z € R,

x

(3.33) J(x,t) = <A1€A1t + A2€A2t> / mo(y)dy + (J_- —n_E_)e ",

— 00
x

(3.34) E(z,t) = i (Al(l + A)eMt + Ay (1 + )\2)6)‘2t) /_OO mo(y)dy,
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UNIPOLAR HYDRODYNAMIC MODEL OF SEMICONDUCTORS 419

and thus we define

(3.35) iz, t) = ni <A1(1 + A1)t 4+ A1 + /\2)6A2t>m0(x).

+

Then we can verify that

(, J, E)(x,t) satisfy (3.29) for (z,t) € R x RT.
Case 2. When 1 —4n =

0, then, for x € R,

x

(3.36)  J(z,t) = (Age—%t +A4te—%t) / mo(y)dy + (J_ —n_E_)e™*

—00

. 1 1 1 1 1 *
(3.37)  E(x,t) = —< <A4 + —Ag) e 3 4 —A4te‘§t> / mo(y)dy,
n4 2 2

— 0o

and thus we define
. 1 1 _1, 1 1
(3.38) a(x,t) = — | | As + A3 | e 2" + —Ayte” 2" |mg(x).
n4 2 2

Then we can verify that (7, .J, E)(z, t) satisfy (3.29) for (z,t) € R x R,
Case 3. When 1 —4n < 0, then, for z € R,

) = <A5 cos <7v4”2+_1t) + Agsin (L”;_lt) )e—%t/z mo(y)dy
(3.39) + (J Cn_E_)em -

Ba,t) = (A5+\/WA6 cos<”4n;_1t)
(3.40) + (A6 — \/An; —145)sin < v ; — 1t> )e—%t /; mo(y)dy,

and thus we define

(3.41)  afx,t) = L ((A5 +\/4ny — 14g) cos (%t)
+ (A6 — \/An | —145)sin < v ; — 1t) >e—%tm0(x).

Then we can verify that (7, J, E)(z,t) satisfy (3.29) for (z,t) € R x RT.
LEMMA 3.1. There hold

(3.42) (A, J, B)(t)| o () < Coe™"
and
(3.43) supp 7 = supp mo C [~ Lo, Lo

Jor o= |Ji|+|J_| + |E_|+|E+| and 0 < 1 < 3.

Remark 1. From (3.10), we know that E, = ET(0) depends on the initial data
no(w), so the constructed correction functions are also dependent on the initial data
no(x). As constructed, these correction functions (7, J, E)(z,t) delete the gaps such
that

7 In(z,t) — Az, t) — iz, t)]de
= 7% o) — i, 0) — i, 0)ldr = 0,
(J —J — J)(doo,t) =0,

(E — E — E)(4o00,t) = 0.

(3.44)
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Thus, we can reasonably make the following perturbation around the stationary
waves.

Now we are going to make the perturbation of (1.1) to the steady equations (2.1).
Noticing (1.1), (2.1), and (3.29), we have

(E—E—E)y=n—n—n
Let
¢:n_ﬁ_ ~7
(3.46) b J—J—J.
e=E—FE—E.
Then we have
(3.47) Co =0,
—ep=J—J—J.
We deduce (3.45) into
eir + e — (plex +n+n) —p(n)), +ne
~ A - R J? j2
(3.48) Z—QHJD%—ﬁE—@—ﬁ+ME+(Z-5),

with initial data

e(z,0) = Ey(z) — E(z,0) — E(z)
(3.49) ex(x,0) = no(x) — ﬁ(Aa:, 0) a
et(x,0) = —Jo(z) + J(x,0) + J(z),

where Fy(z) is defined by

(3.50) Bow) = [ (noly) ~ b))y + B-.

(3.51) {f1=(E~+E)em+ﬁE+(ﬁ—h+ﬁ)E,

THEOREM 3.2. Let 8 := |Jy |+ |J_| + |E_| 4+ |Ex| + X0, ou, ¢ := [|e(0)]| s +
lle:(0)|| 2. Then there is a 6o > 0 such that when 6 + ®¢ < o, the solutions (n,J, E)
of initial value problem (1.1) and (1.3) are unique and globally exist, and they satisfy
(352) ” (8, €x, €ty €xx, €xty Exxms ezzt)(t)”Q < 0(5 + ‘Po)e_”t,

where v is a positive constant.
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COROLLARY 3.3. Under the conditions of Theorem 3.2, we have

[(n—7)(#)||Le < O(1)e™H,
(3.53) 1T = DO~ < O)e,
(B — E)(#)] 1~ < O(1)e ",

where p = min{v, vy} > 0.

Remark 2. In [21], Luo, Natalini, and Xin proved that (1.1) converges to the
stationary solutions decay exponentially under a stiff condition, i.e., E_ = Jy =
J_ = 0. In our paper, we remove such a condition and prove the stability of stationary
waves for a very general perturbation. So [21] is a special case of ours.

4. A priori estimates. It is known that Theorem 3.2 can be proved by the
classical energy method with the continuation argument based on the local existence
and the a priori estimates (cf. [25]). Since the local existence of the solutions of (3.48),
(3.49) can be proved using the standard iteration method together with the energy
estimates, the main effort in this subsection is to establish the a priori estimates for
the solutions, which is usually technical and crucial in the proof of stability.

Letting T € (0, +oc], we define the solution space for

(4.1) X(T) = {e(x,t)
with the norm

(4.2) Ny = sup {lle(t)lrs +llec) e .

t‘e € C(OaT7H37J(R))7J = 07 17 0 S ¢ S T}

Let N(T)? < &2, where ¢ is sufficiently small and will be determined later. It should be
noted that (4.2) with Sobolev inequality [|0% f| L&) < C||0% £||1/2||0k+1 £||1/? gives

1
(4.3) Znak M@ + Y [05er(t)l| L) < Ce.
k=0

It is easy to verify from (3.47) and the conditions of Theorem 3.2 that there exists a
positive constant ¢ such that

1
(4.4) O0<-<n=e+n+n<e
c

Now we are going to establish the a priori estimates.
LEMMA 4.1. It holds that

(45) H (67 €z, €t, €xx, €ty ett)(t)Hz < 0(5 + @Q)G_Vlt,

provided € +§ < 1.
Proof. Multiplying (3.48) by e and integrating it over (—oo, +00), one obtains

d
dt

= ||et|2—/R<(E+E’)em+ﬁE+(ﬁ—ﬁ+ﬁ)E>edx

2 72
(D)
R n n

(4.6) (le + ete) dx + /R ne’dx + /R(p(em +n+n) —p(n))esde
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By Taylor’s formula, there exists a number £ such that p(e, + 7 + ) — p(n) =
p'(€)(ex +n). Then

(4.7) / (ples + i+ 7) — p(7i) Jeads = / P(€)(en + )egds
> 2Co[lex (DI — Cales ()] — Coe ot

It can also be verified that

(4.8) —/R <(E + E)ey + nE> edz < Cb|(e, ex)(t)||* + Cde™ "
From (1.9) and Lemma 2.1, one can prove

(4.9) /R (7 —n)%dr < C.

Thus using (4.9), one then has

(4.10) —/R <(n —n+n)E )eda: < Che™™

2 72
(4.11) —/ <J— — i)emda:
R n n
2 T 7 77 72 B
:_/ <et 2e,(J + J) LIS 5 <l—l)>ewdx
R n n n n
2~A 72
< Cl+ el - | (%) edi 1 Cerot
R T

<O +¢)|(e, e ex)(t)||* + Ce 0t
Substituting (4.7), (4.8), (4.10), and (4.11) into (4.6), one finally obtains

d 1,4 9
(4.12) dt/R (eet + 5¢ >dx+200||(e,ew)||
< llee(®)1* + C(6 + e)ll(e, v, ea) (B)|* + Coe".

Multiplying (3.48) by e; and integrating it over (—oo, +00), one obtains

1d
(4.13) Sd (etz + n62>dx + |le: ()% + /(p(ez +n+n)—pn)exds
R

3.48
1 L . .
/ gnte2dx - / ((E + E)e, +nE+ (n—n+ ﬁ)E) erdx
R

J2 g2
+/ (— — T) erdx.
R n n -
Noticing that

(4.14) plex + 7+ 1) —p(i) = p'(A)es + O(1)(ex +7)* + O(1)n,
one can then estimate the third term on the left-hand side of (4.13) as

(4.15) /Rp(em +n+1n) —p(n)egdr

1d

= 2 at /p (ﬁ)eidft —C(0+ 5)”(ez7€ggt)(t)||2 — Coe ot
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and the right-hand side of (4.13) can be estimates as
1 _ . . .
(4.16) / 5ntezdgc — / <(E + Eey +nE + (i — 1 + ﬁ)E) erdz
R R
< CE+e)l(e, ea) (B + Coe™",

and by using the fact fR n2dxr < C, one has

2 72
(4.17) / (J— - JT) erdx
R n n .
2J 5 J? . _ 5 .
= 7(—%15 +Jz) — 7(% + 7)) + O(V)g(er + J + e + 1) erdr
i

< C((S + g)H(eta €z, Ext, 611)@)”2 + Cde ot

Substituting (4.15), (4.16), and (4.17) into (4.13), one gets

(4.18) —/ <et—|—ne + /() i)dx+||et(t)||2

1
2d
S 5+6)||(6 etvemaertyezz)( )||2+O56_V0t.

Differentiating (3.48) with respect x, one reaches
(4.19)  epn +ext — (plex + 1+ 1) — p(N))ge + nex = —nge — f1z + fore-
Multiplying (4.19) by e, and integrating it over (—oo, +00), one obtains

d 1 9 L -
(4.20) 7 ( ez + ewtew>dx + newdx + [ (plez + 7+ 1) — p(R))pezzde

R
= |lexe(t)||* — / nyeezdr — / frzezdx + / fozzezdx.
R R R

Since
(4.21) [ e+ ) = pl)sersdo
> 20 [lexs (t)]|* — C (6 + €)ll(ex, €xa) (B)]|* — Coe™"
and
(4.22) —/Rnweewdx < C(6 +9)|(e ex) (D)2,
- / fie€ads = / <(E + E)e, +aE + (A — i+ ﬁ)E) €2ad
(4.23) ) < OR(5 + &)l (ex, €2z) (1) ||* + Coe™ ",

and also noticing that

J TP J? )2 N S
(424) <__T> :_ﬁ(eii_kni)_;(ezt_t]z)_nz <_2_ ~_2>7

n n
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one obtains

(4.25) /ngmewdx

2 72
z—/ (%—%) €prdX
R x

J? . J2 . g2 g2
= —‘/]R (— ﬁ(emw +nm) - 7(6” — Jw) — nw(ﬁ — ﬁ))ewwdfﬂ
< C((S + 5)”(67 €z, €t, Cax, ewt)(t)”Q + C(Se_yot.

Thus, by substituting (4.21), (4.22), (4.23), and (4.21) into (4.20), one further has

d 1
@26) g [ (56 ewee ) 4 200 (e ear) DI

< lewt()? + O + )€, exs 4y €xwy €0e) (1)||* + Coe ™01
Multiplying (4.19) by e+ and integrating it over (—oo, +00), we obtain

1d
(4.27) 37 / (eit + nei)dm + |lewe (t)]1? + /(p(ez +n+1n) —p(R))sespedr
R R

1
= —/nteidx—/nweewtdx—/flwewtdx—i—/fgmewtdx.
2 Jr R R R

It is easy to obtain the following estimates for the third term on the left-hand side of
(4.27):

(4.28) (pleg + 1+ 1) — p(R))pezgrdr
R
1d
> 25 [ W) e = CO+ o)l (e, am ar) (0] — COe.
R

For the right-hand side of (4.27), it can be estimated as follows:

(4.29) / %nteidx < C6+)ea®)|I2,
R

(4.30) _ / npeends < C(6+ )€, exd) (1)
R
From Lemma 2.1, noticing that Em is bounded but has no smallness, one has

(4.31) — /R Sfiz€ztdx

:_/ ((E+E)€m+ﬁE+(ﬁ—ﬁ+ﬁ)E> eqptdx
R

x

< —|lexc(®)]]? + O)||ex(t)]|2 + C(5 + &) ||lexe(t)]|* + Coe™ L.

32
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Using (4.24), one gets

(4.32) fozzeardr

J? P N L
:_/ <_ﬁ(eww"_nw)_X(ewt_Jw)_nw(ﬁ_ﬁ)>ewwtdx
R

i [ J2
< / L2 G+ C(5 +2)||(en, €1, €ams e20) (B)]|> + CHe0
R

=dt Jg 2n2 "
Substituting (4.28)—(4.32) into (4.27), one obtains
1d J? 7
(4.33) 2dt Jp <eit +ne; + <P/(”) - ﬁ) eiw) dx +- §||€act||2

< C(8 +€)ll(e, et eaa, eat) )] + O)llex ()] + Coe".

Taking A\(4.12) 42X x (4.18)+(4.26)+2(4.33), where A is a large number, and noticing
the smallness of 4, €, one further obtains

d 1 1
(4.34) — / e, +A (= +n e+ e+ (W () + = +n)e2
i\ Ju 2 2
J2
+ egept + €2, + (p’(n) - ﬁ) eizdx>

+ Cil|(e, exs et e, €xt) (8|
< Obe 0!,

where C is a positive constant. Then Gronwall’s inequality implies that

(4.35) (e, €z, €1y €ans €2t)(1)]|? < C(8 + Pg)e 2t

for some 0 < v5 < vg. Using (3.48) and (4.35), we have

(4.36) lew(t)]|* < C(5 4 ®o)e 2"

for some 0 < v3 < vo. Let 14 = min{ve, v3}; we complete the proof of Lemma 4.1. O
LEMMA 4.2. It holds that, for some v4 > 0,

(4.37) [ (exas €xaas €xat) (t)]|* < C(6% + BG4,

provided € + 6 < 1.
Proof. Differentiating (3.48) with respect to x twice, we obtain

(438) Cratt + Craxt — (p(ew + n + ’fl) - p(ﬁ))www + Neyxy
= —Ngg€ — anez - flrr + szzz-

Multiplying (4.38) by e, and integrating it over (—oo, +00), we obtain

d 1
(4.39) —/ (—eiz +emtem>dx + / ne2 dx

+ /R(p(ew +n+1) — p(R))rzrrnde

— ||em,5(t)||2 — /(nme—i— 2ngey)eppdr — / frez€ezdT —|—/ forzwradr.
R R R
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Noticing that

(4.40) (p(es + 7+ 1) — p(R)) aa
= p'(n)eraa + faa (p'(n) — p'(R)) + 72 (p" (n) — p" (70))
+ p"(n) (€2, + N2 + 2fpers + 2Nplps + 20,0),

we have

(4.41) /(p(ez+fl+fl) — (7)) gxerzdr > 2C0]|exes () ||* = C||(€xz, €2) (1) ||* — Cde ™70,
R

For the right-hand side terms, we can estimate them as follows:

1
(4.42) —/(nme + 2ngep)egpdr < 3—200||61m(t)||2 + COl(ey ez, exa) ()1,
R

(443) _/flmrermdxz/flrezzzdm
R R

1
< g3 O0llea@)]* + Ol (ex, e20) (D) + Cde ",

Noticing also

J T J? 2. _ (TP (T TP

2

J . - R .

J . 2 .
- 4ﬁ(—ewt + Ji)(exs + Moy + Nig) + E(—ewt + J,)?
J? 2J .

- _anw - —Ngg,
n n

we then have

2 72
R R n N J e

1
< _COHeEII(t)HQ + O||(e$a €t,€xz, Cxts ezzt)(t)”Q + C(Se_yot.

- 32
Substituting (4.41), (4.42), (4.43), and (4.45) into (4.39), we obtain
d 1
(4.46) - /R (562 + canten )+ 2C0 | (ans eaea) (1)

< Oll(e, ez, et, exx, €xt)(D)]|* + Cllewst ()||* + Coe™ 0.
Multiplying (4.38) by e, and integrating it over (—oo,+00), we obtain
1d

4.4 -
(447) 2dt Jy

( T n) dz + least (D]
+ / (plex + 1+ 7) — p(N))zr€rzatdr
R

1
= —/nteizdx — /(nme—l—anew)emtdx
2 Jr R

_/flwwewwtdx""/féwwwewwtdw'
R R
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Utilizing (4.40), we have

R

1d 1
> - / 2 o 2
=9 ]Rp (n)ewwwdx 32||ewwt(t)||

— C(6 + o)llexea()]* = Cll(ex, €2a) (1)||> — Coe ™"

Here we used the fact that 7n,,, is bounded, and that

1
(4.49) 5 [ mietede < Clea®)P,
R
(4.50) —/(nme + 2nge,)epprde
R

1
< ﬁ”emt(t)HQ +C(0 + E)Hewww(t)HQ + C||(e, €, em)(t)nzv
and

1
(4.51) _/ Jrzz€zatdr < ﬁ”ezzt(t)”Q +C(0+ 5)||ezzz(t)||2 +C|| (e, e, ezz)(t)nz-
R

Here, in order to estimate (4.51), we used the fact that E is bounded.
Utilizing (4.44), we have

2 72
(452) / f2wwwewwtdx = _/ <J_ - JT) CpratdT
R R n n ) i

< o [ seate b llew DI+ C(6 + eass 0
= dt R on2 TIT 39 zxt TTT
+ C” (6, €x,€t, Cxa, ezt)(t)”Q + C(Se—llot.
Substituting (4.48)—(4.52) into (4.47), we obtain

1d J2 3
2dt Jq <€fm +neg, + (p’(n) - W) efm>dx + Z||em(t)||2

< C(8 + &) llexaa(®)I* + Cll(e, x, €1, €aa, €at) (t)||* + Coe™™".

(4.53)

Taking (4.46) + 2 x (4.53) and noticing the smallness of ¢, d, we have

d 2 1Y\ » / I\
(4.54) 7 €xatbur + €y + | M+ 3 er.+p'(n)— 3 €spr |dT
R

+ Cy ” (ewwa Crax, eacact)(t)||2
S C” (6, €x, €t €z, ezt)(t)||2 + O5€_V0t,

where C5 is a positive constant.
Using Gronwall’s inequality and Lemma 4.1, we obtain

(4.55) | (exas €xaas €xat)(t)||* < C(6 + Bg)e 4,

where v, is a positive constant. 0
Proof of Theorem 3.2. Let v = min{vy,v4}; then Lemmas 4.1 and 4.2 imply
Theorem 3.2.
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