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ASYMPTOTIC CONVERGENCE TO STATIONARY WAVES FOR
UNIPOLAR HYDRODYNAMIC MODEL OF SEMICONDUCTORS∗
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Abstract. In this paper, we study the one-dimensional unipolar hydrodynamic model for semi-
conductors in the form of Euler–Poisson equations. In the case when the state constants on the
current density and the electric field are nonzero (switch-on case), the stability of stationary waves
of one-dimensional isentropic Euler–Poisson equations for the unipolar hydrodynamic model has been
open. In order to overcome this difficulty, we first analyze the behaviors of the solutions at x = ±∞,
and observe what are the exact gaps between the original solutions and the stationary solutions in
L2-space; then we technically construct some new correction functions to delete these gaps. Finally,
based on the energy methods, we prove that the solutions of one-dimensional isentropic Euler–Poisson
equations for the unipolar hydrodynamic model decay exponentially fast to the stationary solutions.
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1. Introduction. The dynamical phenomena of charged fluid particles, for ex-
ample, the fluid dynamical system of electrons and holes in semiconductor devices
or positively and negatively charged ions in a plasma, are usually described using
the hydrodynamic models of Euler–Poisson equations. These models, which can be
derived from kinetic models, take an important place in the fields of applied and
computational mathematics. A standard approach for this derivation is the moment
method. According to the different analysis for the phase space densities, introduced
to prescribe the dependence on the velocity, we recover different limit models and,
in particular, the drift-diffusion equations and the hydrodynamic (Euler–Poisson)
systems. The hydrodynamic models are usually considered to describe high field phe-
nomena of submicronic devices. For details on the applications in semiconductors and
in plasma physics, see [16, 24, 30].

∗Received by the editors April 21, 2010; accepted for publication (in revised form) November 2,
2010; published electronically February 1, 2011.

http://www.siam.org/journals/sima/43-1/79302.html
†Institute of Applied Mathematics, Academy of Mathematics and Systems Science, Chinese

Academy of Sciences, Beijing, 100190, People’s Republic of China (fhuang@amt.ac.cn). The work of
this author was supported in part by NSFC grant 10825102 for distinguished youth scholar and by
the National Basic Research Program of China (973 Program) under grant 2011CB808002.

‡Department of Mathematics, Champlain College, Saint-Lambert, Quebec J4P 3P2, Canada, and
Department of Mathematics and Statistics, McGill University, Montreal, Quebec H3A 2K6, Canada
(ming.mei@mcgill.ca). The work of this author was supported in part by the Natural Sciences and
Engineering Research Council of Canada under NSERC grant RGPIN 354724-08.

§Corresponding author. Institute of Applied Mathematics, Academy of Mathematics and Systems
Science, Chinese Academy of Sciences, Beijing, 100190, People’s Republic of China (yongwang@amss.
ac.cn).

¶Department of Mathematics, Shandong Normal University, Jinan, 250014, People’s Republic of
China (hmyu@amss.ac.cn). The work of this author was supported in part by NSFC grant 10901095
and the Promotive Research Fund for Excellent Young and Middle-Aged Scientists of the Shandong
Province under grant BS2010SF025.

411



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

412 FEIMIN HUANG, MING MEI, YONG WANG, AND HUIMIN YU

In this paper, we study isentropic Euler–Poisson equations for the unipolar hy-
drodynamical model of a semiconductor device:⎧⎪⎨

⎪⎩
nt + Jx = 0,

Jt + (J
2

n + p(n))x = nE − J
τ ,

Ex = n− b(x)

(1.1)

for x ∈ R and t > 0. Here n, J , and E represent the electron density, the current
electron densities, and the electric field, respectively. The coefficient τ denotes the re-
laxation time. Since our interest here is the long-time behavior of the solutions rather
than the limit of relaxation times, without loss of generality, we assume throughout
this paper that τ = 1. The function b(x) stands for the density of fixed, positively
charged background ions, the so-called doping profile. p(n) is the pressure-density
relation satisfying

(1.2) p′(n) > 0 and n2p′(n) is a strictly increasing function for n > 0.

As explained in [17], condition (1.2) guarantees that system (1.1) is hyperbolic and
fully subsonic under consideration. In this paper, we consider the Cauchy problem to
system (1.1) with the initial conditions prescribed as{

n(x, 0) = n0(x) > 0,

J(x, 0) = J0(x),
(1.3)

where {
limx→±∞ n0(x) = n±,
limx→±∞ J0(x) = J±.

(1.4)

Furthermore, the “boundary” condition at far field x = −∞ is also needed,

lim
x→−∞E(x, t) = E−,(1.5)

where n±, J±, and E− are given state constants. As we analyze below in section 3 for
the behavior of the solutions (n, J, E)(x, t) at the far fields x = ±∞, the boundary
condition (1.5), or replaced by

(1.6) lim
x→+∞E(x, t) = E+,

is necessary and natural. Otherwise, the far-field state functions J(±∞, t) and E(±∞, t)
will be underdetermined, which will cause the system to be ill-posed. For details, we
refer to section 3.

Integrating (1.1)3 with respect to x over (−∞, x] and applying (1.5), we have

E(x, t) = E− +

∫ x

−∞
[n(y, t)− b(y)]dy.

So, the initial data E0(x) is given by

(1.7) E0(x) = E− +

∫ x

−∞
[n0(y)− b(y)]dy.
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The theoretical study and scientific computations on hydrodynamical systems of
semiconductor devices has been one of the hot spots of research in mathematical
physics. For the unipolar isentropic and nonisentropic hydrodynamical equations of
semiconductors (one carrier type), Degond and Markowich [3, 4], Fang and Ito [5],
and Gamba [6] investigated the existence and uniqueness of (subsonic) stationary
solutions in the one-dimensional (1-D) case. Such stationary solutions are usually
called the stationary waves to the original equations (1.1). Then Luo, Natalini, and
Xin [21] proved that such stationary solutions for the Cauchy problem are time-
asymptotically stable when the state constants of the current density are zero, i.e.,
J+ = J− = E− = 0. They had required such a stiff condition due to a technical
difficulty in reformulating the perturbed system in the L2-sense. Later, Li, Markowich,
and Mei [17] showed the stability of stationary solutions for the initial-boundary value
problem within a bounded domain [0, 1]. Regarding relaxation limits, shock schemes,
and entropy solutions, as well as the study in the multidimensional case, we refer
the reader to the interesting works [1, 2, 6, 8, 11, 12, 13, 18, 19, 20, 22, 23, 29, 31]
and the references therein. For the study on the bipolar hydrodynamic system of
semiconductors, great progress has been made in [7, 9, 15, 14, 28] and the references
therein.

Notice that when J− = J+=0, physically it stands for the switch-off case (no
electric current). So, it is interesting but challenging to study the case J+ �= J− (the
switch-on case) for the convergence to the stationary waves. As showed in [3, 17, 21],
the stationary waves satisfy the corresponding steady-state equations⎧⎪⎨

⎪⎩
J̃ = const,

( J̃
2

ñ + p(ñ))x = ñẼ − J̃ ,

Ẽx = ñ− b(x),

with

(ñ, J̃ , Ẽ)(x) → (n±, J̃ , Ẽ±)

for J̃ = n−E− , Ẽ− = E−, and Ẽ+ = n−E−
n+

. However, when J− �= J+, as analyzed

in section 3, the original solutions at the far fields behave as

(n, J, E)|x=−∞ = (n−, n−E− +O(1)e−ν0t, E−),

(n, J, E)|x=+∞ =
(
n+, n−E− +O(1)e−ν0t,

n−E−
n+

+O(1)e−ν0t
)

for some ν0 > 0, which yields the gaps between the original solutions and the sta-
tionary waves, and causes the perturbations J(x, t)− J̃(x) and E(x, t)− Ẽ(x) not in
L2(R). To delete these gaps, as Hsiao and Liu [10] showed, the correction functions
need to be introduced. However, the technique for constructing the correction func-
tions introduced first by Hsiao and Liu [10] cannot be applied to our case anymore
due to the complexity and the nonlinearity of system (1.1). This causes the stability
of the stationary waves to open for a long time. Inspired by our recent study on the
bipolar hydrodynamical system of semiconductors [15], after carefully investigating
the far-field states of the original solutions and understanding what the exact gaps
will be between the original solutions and the stationary solutions in L2-space, we
then ingeniously construct the explicit correction functions in different cases due to
the different eigenvalues. Then we can make a proper perturbation of the original
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solutions around the stationary waves, and by using the basic energy method, we can
further prove the stability of the stationary waves with exponential decay rates. More
precisely, when the perturbations around the stationary waves with suitable setup
are small enough, we prove that the solutions of (1.1) converge exponentially to the
corresponding stationary waves in the form⎧⎪⎨

⎪⎩
‖(n− ñ)(t)‖L∞ = O(1)e−μt

‖(J − J̃)(t)‖L∞ = O(1)e−μt

‖(E − Ẽ)(t)‖L∞ = O(1)e−μt

for some μ > 0.(1.8)

The interesting thing is that the current density J converges to a constant state which
is independent of the initial current densities, but which is determined by the initial
end state of electron density and the electric field at x = −∞. Obviously, the results
presented in [21] are a special case of ours.

To begin with, in this paper we assume that{
b(x) ∈ C3(R), limx→±∞ b(x) = n±,∫ 0

−∞ |b(x) − n−|2dx+
∫ +∞
0 |b(x) − n+|2dx ≤ C0,

(1.9)

where C0 is a positive constant.
The rest of this paper is arranged as follows. In section 2, we give some well-

known results on the stationary solutions. In section 3, we reformulate the original
system (1.1). First of all, we construct the correction functions to delete the gaps
between the 1-D solutions of (1.1) and the corresponding stationary waves at the far
field, then we reformulate the original system of equations to a new one. In section 4,
the main effort is contributed to prove Theorem 3.2.

Notation. Through out this paper, C0, Ci, etc., always denote some specific
positive constants, and C denotes the generic positive constant. L2(R) is the space of
square integrable real-valued functions defined on R with the norm ‖ · ‖, and Hk(R)
(Hk without any ambiguity) denotes the usual Sobolev space with the norm ‖ · ‖k,
especially ‖ · ‖0 = ‖ · ‖.

2. Stationary waves. In this section, we are going to introduce the well-known
results on the stationary solutions to the corresponding steady-state equation of (1.1),
the so-called nonlinear stationary waves. For the unipolar hydrodynamical model of
semiconductors (1.1), its corresponding 1-D steady equation is⎧⎪⎨

⎪⎩
J̃ = const,

( J̃
2

ñ + p(ñ))x = ñẼ − J̃ ,

Ẽx = ñ− b(x),

(2.1)

with

(2.2) lim
x→−∞(ñ, Ẽ)(x) = (n−, E−) and lim

x→+∞ ñ(x) = n+.

Let

b∗ = inf
x
b(x) > 0 and b∗ = sup

x
b(x) > 0.(2.3)

Then we state the existence and uniqueness of the stationary wave for the steady-state
equations (2.1) and (2.2) as follows.
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Lemma 2.1 (see [17, 21]). Assume that b′(x) ∈ L1(R) ∩H2(R) and b∗
√
p′(b∗) >

|n−E−|. Then there exists a unique smooth solution (ñ, J̃ , Ẽ)(x) of (2.1) and (2.2),
which satisfies

J̃ = n−E−,(2.4)

Ẽ(+∞) =
n−E−
n+

,(2.5)

b∗ ≤ ñ ≤ b∗,(2.6)

|ñ− b(x)| = O(1)e−n±|x|, as x→ ±∞,(2.7)

‖ñ− b‖2H3 ≤ C̄1(α1 + α2 + α3),(2.8)

|ñx|+ |ñxx|+ |ñxxx| ≤ C̄2α
1
2
4 ,(2.9)

|Ẽ| ≤ C̄3(|E−|+ α
1
2
4 ),(2.10)

|Ẽx|+ |Ẽxx| ≤ C̄4(α4 + b∗ − b∗),(2.11)

where C̄i (i = 1, 2, 3, 4) are some positive constants dependent on n−, E−, b∗, and b∗,
and αi (i = 1, 2, 3, 4) are defined as follows:

α1 = ‖b′‖2L2 + ‖b′‖L1 + | logn+ − logn−|,(2.12)

α2 = α1 + α3
1 + ‖b′′‖2L2 + ‖b′‖4L4 ,(2.13)

α3 = α3
2 + α2

1α2 + ‖b′′′‖L2 + ‖b′′‖4L4 + ‖b′‖6L6 ,(2.14)

α4 = ‖b′‖2L∞ + ‖b′‖6L∞ + ‖b′′‖2L∞ + ‖b′′′‖2L∞ + ‖b′‖2L∞‖b′′‖2L∞

+ ‖b′′‖2L∞α
1
2
1 α

1
2
2 + ‖b′‖2L∞α

1
2
3 α

1
2
2 + α1α2 + α

1
2
1 α

1
2
2 + α

1
2
3 α

1
2
2

+ α
3
2
1 α

3
2
2 + α

1
2
1 α2α

1
2
3 .(2.15)

3. Stability of stationary waves. First of all, as in [26, 27], let us look into
the behaviors of the solutions to (1.1)–(1.5) at the far fields x = ±∞. Then we may
understand how big the gaps are between the solutions and the stationary solutions
at the far fields. Let

(3.1)

⎧⎪⎨
⎪⎩
n±(t) := n(±∞, t),

J±(t) := J(±∞, t),

E±(t) := E(±∞, t).

From (1.1)1, since ∂xJ |x=±∞ = 0, it can be easily seen that

(3.2) n±(t) = n(±∞, t) ≡ n±.

Taking x→ ±∞ to (1.1)2, we get two ODEs:

(3.3)
d

dt
J±(t) = n±E±(t)− J±(t).

Then, differentiating (1.1)3 with respect to t and using (1.1)1, we have

Ext = (n− b(x))t = nt = −Jx.
Integrating it with respect to x over (−∞,+∞), we then have

(3.4)
d

dt
E+(t)− d

dt
E−(t) = −J+(t) + J−(t).
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It is noted that these three equations (3.3) and (3.4) will underdetermine four un-
knowns J±(t) and E±(t), causing system (1.1) to be ill-posed. Thus, naturally we
need an extra boundary condition for E(x, t) either at x = −∞ or x = +∞. This
indicates that the boundary condition (1.5) (or replaced by (1.6)) is necessary and
proper.

From (1.5), we have

(3.5) E−(t) = E−.

Then, from (1.1)2 and (3.5), we can easily get

J−(t) = (J− − n−E−)e−t + n−E−.(3.6)

From (1.1)2, we further have{
d
dtJ

+(t) = n+E
+(t)− J+(t),

J+(0) = J+,
(3.7)

and from (1.1)3 and (1.5), we obtain

E+(t) = lim
x→+∞E(x, t) =

∫
R

(n(x, t)− b(x))dx + E−.(3.8)

Differentiating (3.8) with respect to t and using (1.1)1 and (3.6), we obtain

(3.9)
d

dt
E+(t) = −

∫
R

Jx(x, t)dx = −J+(t) + (J− − n−E−)e−t + n−E−.

From (3.8), we have

E+(t)|t=0 =

∫
R

(n0 − b)(x)dx + E− := E+.(3.10)

Combining (3.7), (3.9), and (3.10), we obtain⎧⎪⎪⎪⎨
⎪⎪⎪⎩

d
dtJ

+(t) = n+E
+(t)− J+(t),

d
dtE

+(t) = −J+(t) + (J− − n−E−)e−t + n−E−,
J+(0) = J+,

E+(0) = E+.

(3.11)

Differentiating (3.11)1 with respect t, we obtain

d2

dt2
J+(t) = n+

d

dt
E+(t)− d

dt
J+(t),(3.12)

and substituting (3.11)2 into (3.12), then we can reach⎧⎪⎨
⎪⎩

d2

dt2J
+(t) + d

dtJ
+(t) + n+J

+(t) = n+n−E− + n+(J− − n−E−)e−t,

J+(0) = J+,
d
dtJ

+(0) = n+E+ − J+.

(3.13)

Notice that the eigenvalues of the second order ODE of (3.13) are

(3.14) λ1 =
−1−√

1− 4n+

2
and λ2 =

−1 +
√
1− 4n+

2
.
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Thus, according to the signs of 1 − 4n+, we can directly but tediously solve (3.11)
and (3.13) for J+(t) and E+(t) as follows.

Case 1. When 1− 4n+ > 0, then

J+(t) = A1e
λ1t +A2e

λ2t + (J− − n−E−)e−t + n−E−,(3.15)

E+(t) =
1

n+

[
A1(1 + λ1)e

λ1t +A2(1 + λ2)e
λ2t + n−E−

]
,(3.16)

where

A1 = J+ − J− −A2,(3.17)

A2 = − 1

1− 4n+

[
(1 + λ1)(J+ − J−)− n+E+ + n−E−

]
.(3.18)

Case 2. When 1− 4n+ = 0, then

J+(t) = A3e
− 1

2 t +A4te
− 1

2 t + (J− − n−E−)e−t + n−E−,(3.19)

E+(t) =
1

n+

[(
A4 +

1

2
A3

)
e−

1
2 t +

1

2
A4te

− 1
2 t + n−E−

]
,(3.20)

where

A3 = J+ − J−,(3.21)

A4 = n+E+ − n−E− − 1

2
(J+ − J−).(3.22)

Case 3. When 1− 4n+ < 0, then

J+(t) =

(
A5 cos

(√
4n+ − 1

2
t

)
+A6 sin

(√
4n+ − 1

2
t

))
e−

1
2 t(3.23)

+ (J− − n−E−)e−t + n−E−,

E+(t) =
n−E−
n+

+
1

2n+

[
(A5 +

√
4n+ − 1A6) cos

(√
4n+ − 1

2
t

)
(3.24)

+ (A6 −
√
4n+ − 1A5) sin

(√
4n+ − 1

2
t

)]
e−

1
2 t,

where

A5 = J+ − J−,(3.25)

A6 =
2√

4n+ − 1

(
n+E+ − n−E− − 1

2
(J+ − J−)

)
.(3.26)

From (1.5), (3.2), (3.6), (3.15)–(3.26), and Lemma 2.1, we have⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

|n(±∞, t)− ñ(±∞)| = 0,

|J(+∞, t)− J̃ | = O(1)e−μt,

|J(−∞, t)− J̃ | = O(1)e−t,

E(−∞, t) = E−,
|E(+∞, t)− n−E−

n+
| = O(1)e−μt

(3.27)

for some constant 0 < μ < 1
2 .
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From the above analysis, we find that there are some gaps between J(±∞, t) and

J̃ = n−E−, and E(+∞, t) and Ẽ(∞) = n−E−
n+

, which lead to

J(x, t)− J̃ and E(x, t)− Ẽ(x) �∈ L2(R).(3.28)

To delete these gaps, we need to introduce the correction functions, which plays a key
role in the proof of convergence of the original solutions to the stationary waves. Now
we are going to construct the correction functions. Let (n̂, Ĵ , Ê)(x, t) be the solutions
to the following linear equations:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

n̂t + Ĵx = 0,

Ĵt = n̆Ê − Ĵ ,

Êx = n̂,

Ĵ(x, t) → J±(t)− n−E− as x→ ±∞,

Ê(x, t) → 0 as x→ −∞,

Ê(x, t) → E+(t)− n−E−
n+

as x→ +∞.

(3.29)

In order to get (n̂, Ĵ , Ê)(x, t) to (3.29), we consider the following linear system
with some tricky selection on n̆ = n̆(x), Ĵ(x, t), and Ê(x, 0):

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

Ĵt(x, t) = n̆(x)Ê(x, t)− Ĵ(x, t),

Êt(x, t) = −Ĵ(x, t) + (J− − n−E−)e−t,

Ĵ(x, 0) = (J−(0)− n−E−) + (J+ − J−)(0)
∫ x

−∞
m0(y)dy,

Ê(x, 0) =
(
E+(0)− n−E−

n+

)∫ x

−∞
m0(y)dy,

(3.30)

where m0(x) and n̆(x) are also ingeniously selected as⎧⎪⎪⎨
⎪⎪⎩
m0(x) ≥ 0, m0 ∈ C∞

0 (R), supp m0 ⊆ [−L0, L0],

∫
R

m0(y)dy = 1,

n̆(x) = n− + (n+ − n−)
∫ x+2L0

−∞
m0(y)dy

(3.31)

with some constant L0 > 0.
When x < −L0, we have Ê(x, 0) ≡ 0. So, it can be easily seen that (3.30)

possesses the particular solutions

Ĵ(x, t) = (J− − n−E−)e−t, Ê(x, t) = 0 for −∞ < x < −L0.(3.32)

When x ≥ −L0, we have n̆(x) ≡ n+. Similarly to the previous but complicated calcu-
lation, we can solve (3.30) as the following. However, we can verify that these solutions
imply also the solutions given in (3.32) for x < −L0. Therefore, we summarize them
as follows.

Case 1. When 1− 4n+ > 0, then, for x ∈ R,

Ĵ(x, t) =

(
A1e

λ1t +A2e
λ2t

)∫ x

−∞
m0(y)dy + (J− − n−E−)e−t,(3.33)

Ê(x, t) =
1

n+

(
A1(1 + λ1)e

λ1t +A2(1 + λ2)e
λ2t

)∫ x

−∞
m0(y)dy,(3.34)
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and thus we define

n̂(x, t) =
1

n+

(
A1(1 + λ1)e

λ1t +A2(1 + λ2)e
λ2t

)
m0(x).(3.35)

Then we can verify that (n̂, Ĵ , Ê)(x, t) satisfy (3.29) for (x, t) ∈ R× R
+.

Case 2. When 1− 4n+ = 0, then, for x ∈ R,

Ĵ(x, t) =

(
A3e

− 1
2 t +A4te

− 1
2 t

)∫ x

−∞
m0(y)dy + (J− − n−E−)e−t,(3.36)

Ê(x, t) =
1

n+

((
A4 +

1

2
A3

)
e−

1
2 t +

1

2
A4te

− 1
2 t

)∫ x

−∞
m0(y)dy,(3.37)

and thus we define

n̂(x, t) =
1

n+

((
A4 +

1

2
A3

)
e−

1
2 t +

1

2
A4te

− 1
2 t

)
m0(x).(3.38)

Then we can verify that (n̂, Ĵ , Ê)(x, t) satisfy (3.29) for (x, t) ∈ R× R
+.

Case 3. When 1− 4n+ < 0, then, for x ∈ R,

Ĵ(x, t) =

(
A5 cos

(√
4n+ − 1

2
t

)
+A6 sin

(√
4n+ − 1

2
t

))
e−

1
2 t

∫ x

−∞
m0(y)dy

+ (J− − n−E−)e−t,(3.39)

Ê(x, t) =
1

2n+

(
(A5 +

√
4n+ − 1A6) cos

(√
4n+ − 1

2
t

)

+ (A6 −
√
4n+ − 1A5) sin

(√
4n+ − 1

2
t

))
e−

1
2 t

∫ x

−∞
m0(y)dy,(3.40)

and thus we define

n̂(x, t) =
1

2n+

(
(A5 +

√
4n+ − 1A6) cos

(√
4n+ − 1

2
t

)
(3.41)

+ (A6 −
√
4n+ − 1A5) sin

(√
4n+ − 1

2
t

))
e−

1
2 tm0(x).

Then we can verify that (n̂, Ĵ , Ê)(x, t) satisfy (3.29) for (x, t) ∈ R× R
+.

Lemma 3.1. There hold

(3.42) ‖(n̂, Ĵ , Ê)(t)‖L∞(R) ≤ Cσe−ν0t

and

(3.43) supp n̂ = supp m0 ⊆ [−L0, L0]

for σ := |J+|+ |J−|+ |E−|+ |E+| and 0 < ν0 <
1
2 .

Remark 1. From (3.10), we know that E+ = E+(0) depends on the initial data
n0(x), so the constructed correction functions are also dependent on the initial data
n0(x). As constructed, these correction functions (n̂, Ĵ , Ê)(x, t) delete the gaps such
that

(3.44)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∫∞
−∞[n(x, t)− n̂(x, t)− ñ(x, t)]dx

=
∫∞
−∞[n0(x)− n̂(x, 0)− ñ(x, 0)]dx = 0,

(J − Ĵ − J̃)(±∞, t) = 0,

(E − Ê − Ẽ)(±∞, t) = 0.
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Thus, we can reasonably make the following perturbation around the stationary
waves.

Now we are going to make the perturbation of (1.1) to the steady equations (2.1).
Noticing (1.1), (2.1), and (3.29), we have

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
(n− n̂− ñ)t + (J − Ĵ − J̃)x = 0,

(J − Ĵ − J̃)t + (p(n)− p(ñ))x

= nE − ñẼ − n̆Ê − (J − Ĵ − J̃)− (J
2

n − J̃2

ñ )x,

(E − Ê − Ẽ)x = n− n̂− ñ.

(3.45)

Let ⎧⎪⎨
⎪⎩
φ = n− n̂− ñ,

ψ = J − Ĵ − J̃ ,

e = E − Ê − Ẽ.

(3.46)

Then we have {
ex = n− n̂− ñ,

−et = J − Ĵ − J̃ .
(3.47)

We deduce (3.45) into

ett + et − (p(ex + ñ+ n̂)− p(ñ))x + ne

= −(Ẽ + Ê)ex − n̂Ẽ − (ñ− n̆+ n̂)Ê +

(
J2

n
− J̃2

ñ

)
x

,(3.48)

with initial data ⎧⎪⎨
⎪⎩
e(x, 0) = E0(x)− Ê(x, 0)− Ẽ(x),

ex(x, 0) = n0(x)− n̂(x, 0)− ñ(x),

et(x, 0) = −J0(x) + Ĵ(x, 0) + J̃(x),

(3.49)

where E0(x) is defined by

E0(x) =

∫ x

−∞
(n0(y)− b(y))dy + E−.(3.50)

For convenience, we define{
f1 = (Ẽ + Ê)ex + n̂Ẽ + (ñ− n̆+ n̂)Ê,

f2 = J2

n − J̃2

ñ .
(3.51)

Theorem 3.2. Let δ := |J+|+ |J−|+ |E−|+ |E+|+
∑4

i=1 αi, Φ0 := ‖e(0)‖H3 +
‖et(0)‖H2 . Then there is a δ0 > 0 such that when δ+Φ0 < δ0, the solutions (n, J, E)
of initial value problem (1.1) and (1.3) are unique and globally exist, and they satisfy

‖(e, ex, et, exx, ext, exxx, exxt)(t)‖2 ≤ C(δ +Φ0)e
−νt,(3.52)

where ν is a positive constant.
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Corollary 3.3. Under the conditions of Theorem 3.2, we have⎧⎪⎨
⎪⎩
‖(n− ñ)(t)‖L∞ ≤ O(1)e−μt,

‖(J − J̃)(t)‖L∞ ≤ O(1)e−μt,

‖(E − Ẽ)(t)‖L∞ ≤ O(1)e−μt,

(3.53)

where μ = min{ν, ν0} > 0.
Remark 2. In [21], Luo, Natalini, and Xin proved that (1.1) converges to the

stationary solutions decay exponentially under a stiff condition, i.e., E− = J+ =
J− = 0. In our paper, we remove such a condition and prove the stability of stationary
waves for a very general perturbation. So [21] is a special case of ours.

4. A priori estimates. It is known that Theorem 3.2 can be proved by the
classical energy method with the continuation argument based on the local existence
and the a priori estimates (cf. [25]). Since the local existence of the solutions of (3.48),
(3.49) can be proved using the standard iteration method together with the energy
estimates, the main effort in this subsection is to establish the a priori estimates for
the solutions, which is usually technical and crucial in the proof of stability.

Letting T ∈ (0,+∞], we define the solution space for

X(T ) =
{
e(x, t)

∣∣∣∂jt e ∈ C(0, T ;H3−j(R)), j = 0, 1, 0 ≤ t ≤ T
}

(4.1)

with the norm

N(T )2 =: sup
0≤t≤T

{
‖e(t)‖2H3 + ‖et(t)‖2H2

}
.(4.2)

LetN(T )2 ≤ ε2, where ε is sufficiently small and will be determined later. It should be
noted that (4.2) with Sobolev inequality ‖∂kxf‖L∞(R) ≤ C‖∂kxf‖1/2‖∂k+1

x f‖1/2 gives

2∑
k=0

‖∂kxe(t)‖L∞(R) +
1∑

k=0

‖∂kxet(t)‖L∞(R) ≤ Cε.(4.3)

It is easy to verify from (3.47) and the conditions of Theorem 3.2 that there exists a
positive constant c such that

0 <
1

c
≤ n = ex + n̂+ ñ ≤ c.(4.4)

Now we are going to establish the a priori estimates.
Lemma 4.1. It holds that

‖(e, ex, et, exx, ext, ett)(t)‖2 ≤ C(δ +Φ0)e
−ν1t,(4.5)

provided ε+ δ 
 1.
Proof. Multiplying (3.48) by e and integrating it over (−∞,+∞), one obtains

d

dt

∫
R

(1
2
e2 + ete

)
dx+

∫
R

ne2dx+

∫
R

(p(ex + ñ+ n̂)− p(ñ))exdx(4.6)

= ‖et‖2 −
∫
R

(
(Ẽ + Ê)ex + n̂Ẽ + (ñ− n̆+ n̂)Ê

)
edx

−
∫
R

(
J2

n
− J̃2

ñ

)
exdx.
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By Taylor’s formula, there exists a number ξ such that p(ex + ñ + n̂) − p(ñ) =
p′(ξ)(ex + ñ). Then∫

R

(p(ex + ñ+ n̂)− p(ñ))exdx =

∫
R

p′(ξ)(ex + n̂)exdx(4.7)

≥ 2C0‖ex(t)‖2 − Cδ‖ex(t)‖2 − Cδe−ν0t.

It can also be verified that

(4.8) −
∫
R

(
(Ẽ + Ê)ex + n̂Ẽ

)
edx ≤ Cδ‖(e, ex)(t)‖2 + Cδe−ν0t.

From (1.9) and Lemma 2.1, one can prove∫
R

(ñ− n̆)2dx ≤ C.(4.9)

Thus using (4.9), one then has

−
∫
R

(
(ñ− n̆+ n̂)Ê

)
edx ≤ Cδe−ν0t,(4.10)

−
∫
R

(
J2

n
− J̃2

ñ

)
exdx(4.11)

= −
∫
R

(
e2t − 2et(J̃ + Ĵ)

n
+

2J̃ Ĵ + Ĵ2

n
− J̃2

(
1

n
− 1

ñ

))
exdx

≤ C(δ + ε)‖(et, ex)(t)‖2 −
∫
R

(
2J̃ Ĵ + Ĵ2

n

)
x

edx+ Cδe−ν0t

≤ C(δ + ε)‖(e, et, ex)(t)‖2 + Cδe−ν0t.

Substituting (4.7), (4.8), (4.10), and (4.11) into (4.6), one finally obtains

d

dt

∫
R

(
eet +

1

2
e2
)
dx + 2C0‖(e, ex)‖2(4.12)

≤ ‖et(t)‖2 + C(δ + ε)‖(e, et, ex)(t)‖2 + Cδe−ν0t.

Multiplying (3.48) by et and integrating it over (−∞,+∞), one obtains

1

2

d

dt

∫
R

(
e2t + ne2

)
dx+ ‖et(t)‖2 +

∫
R

(p(ex + ñ+ n̂)− p(ñ))extdx(4.13)

=

∫
R

1

2
nte

2dx−
∫
R

(
(Ẽ + Ê)ex + n̂Ẽ + (ñ− n̆+ n̂)Ê

)
etdx

+

∫
R

(
J2

n
− J̃2

ñ

)
x

etdx.

Noticing that

p(ex + ñ+ n̂)− p(ñ) = p′(ñ)ex +O(1)(ex + n̂)2 +O(1)n̂,(4.14)

one can then estimate the third term on the left-hand side of (4.13) as∫
R

p(ex + ñ+ n̂)− p(ñ)extdx(4.15)

≥ 1

2

d

dt

∫
R

p′(ñ)e2xdx− C(δ + ε)‖(ex, ext)(t)‖2 − Cδe−ν0t,
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and the right-hand side of (4.13) can be estimates as

∫
R

1

2
nte

2dx−
∫
R

(
(Ẽ + Ê)ex + n̂Ẽ + (ñ− n̆+ n̂)Ê

)
etdx(4.16)

≤ C(δ + ε)‖(e, ex)(t)‖2 + Cδe−ν0t,

and by using the fact
∫
R
ñ2
xdx ≤ C, one has

∫
R

(
J2

n
− J̃2

ñ

)
x

etdx(4.17)

=

∫
R

(
2J

n
(−ext + Ĵx)− J2

n
(ex + n̂x) +O(1)ñx(et + Ĵ + ex + n̂)

)
etdx

≤ C(δ + ε)‖(et, ex, ext, exx)(t)‖2 + Cδe−ν0t.

Substituting (4.15), (4.16), and (4.17) into (4.13), one gets

1

2

d

dt

∫
R

(
e2t + ne2 + p′(ñ)e2x

)
dx+ ‖et(t)‖2(4.18)

≤ C(δ + ε)‖(e, et, ex, ext, exx)(t)‖2 + Cδe−ν0t.

Differentiating (3.48) with respect x, one reaches

extt + ext − (p(ex + ñ+ n̂)− p(ñ))xx + nex = −nxe− f1x + f2xx.(4.19)

Multiplying (4.19) by ex and integrating it over (−∞,+∞), one obtains

d

dt

∫
R

(1
2
e2x + extex

)
dx+

∫
R

ne2xdx+

∫
R

(p(ex + ñ+ n̂)− p(ñ))xexxdx(4.20)

= ‖ext(t)‖2 −
∫
R

nxeexdx −
∫
R

f1xexdx+

∫
R

f2xxexdx.

Since ∫
R

(p(ex + ñ+ n̂)− p(ñ))xexxdx(4.21)

≥ 2C0‖exx(t)‖2 − C(δ + ε)‖(ex, exx)(t)‖2 − Cδe−ν0t

and

−
∫
R

nxeexdx ≤ C(δ + ε)‖(e, ex)(t)‖2,(4.22)

−
∫
R

f1xexdx =

∫
R

(
(Ẽ + Ê)ex + n̂Ẽ + (ñ− n̆+ n̂)Ê

)
exxdx

≤ C(δ + ε)‖(ex, exx)(t)‖2 + Cδe−ν0t,(4.23)

and also noticing that

(
J2

n
− J̃2

ñ

)
x

= −J
2

n2
(exx + n̂x)− J2

n
(ext − Ĵx)− ñx

(
J2

n2
− J̃2

ñ2

)
,(4.24)
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one obtains

∫
R

f2xxexdx(4.25)

= −
∫
R

(
J2

n
− J̃2

ñ

)
x

exxdx

= −
∫
R

(
− J2

n2
(exx + n̂x)− J2

n
(ext − Ĵx)− ñx

(
J2

n2
− J̃2

ñ2

))
exxdx

≤ C(δ + ε)‖(e, ex, et, exx, ext)(t)‖2 + Cδe−ν0t.

Thus, by substituting (4.21), (4.22), (4.23), and (4.21) into (4.20), one further has

d

dt

∫
R

(1
2
e2x + extex

)
dx+ 2C0‖(ex, exx)(t)‖2(4.26)

≤ ‖ext(t)‖2 + C(δ + ε)‖(e, ex, et, exx, ext)(t)‖2 + Cδe−ν0t.

Multiplying (4.19) by ext and integrating it over (−∞,+∞), we obtain

1

2

d

dt

∫
R

(
e2xt + ne2x

)
dx+ ‖ext(t)‖2 +

∫
R

(p(ex + ñ+ n̂)− p(ñ))xexxtdx(4.27)

=
1

2

∫
R

nte
2
xdx−

∫
R

nxeextdx−
∫
R

f1xextdx+

∫
R

f2xxextdx.

It is easy to obtain the following estimates for the third term on the left-hand side of
(4.27):

∫
R

(p(ex + ñ+ n̂)− p(ñ))xexxtdx(4.28)

≥ 1

2

d

dt

∫
R

p′(n)e2xxdx− C(δ + ε)‖(ex, exx, ext)(t)‖2 − Cδe−ν0t.

For the right-hand side of (4.27), it can be estimated as follows:

∫
R

1

2
nte

2
xdx ≤ C(δ + ε)‖ex(t)‖2,(4.29)

−
∫
R

nxeextdx ≤ C(δ + ε)‖(e, ext)(t)‖2.(4.30)

From Lemma 2.1, noticing that Ẽx is bounded but has no smallness, one has

−
∫
R

f1xextdx(4.31)

= −
∫
R

(
(Ẽ + Ê)ex + n̂Ẽ + (ñ− n̆+ n̂)Ê

)
x

extdx

≤ 1

32
‖ext(t)‖2 +O(1)‖ex(t)‖2 + C(δ + ε)‖exx(t)‖2 + Cδe−ν0t.
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Using (4.24), one gets∫
R

f2xxextdx(4.32)

= −
∫
R

(
J2

n
− J̃2

ñ

)
x

exxtdx

= −
∫
R

(
− J2

n2
(exx + n̂x)− J2

n
(ext − Ĵx)− ñx

(
J2

n2
− J̃2

ñ2

))
exxtdx

≤ d

dt

∫
R

J2

2n2
e2xxdx+ C(δ + ε)‖(ex, et, exx, ext)(t)‖2 + Cδe−ν0t.

Substituting (4.28)–(4.32) into (4.27), one obtains

1

2

d

dt

∫
R

(
e2xt + ne2x +

(
p′(n)− J2

n2

)
e2xx

)
dx+

7

8
‖ext‖2(4.33)

≤ C(δ + ε)‖(e, et, exx, ext)(t)‖2 +O(1)‖ex(t)‖2 + Cδe−ν0t.

Taking λ(4.12)+2λ×(4.18)+(4.26)+2(4.33), where λ is a large number, and noticing
the smallness of δ, ε, one further obtains

d

dt

(∫
R

λeet + λ

(
1

2
+ n

)
e2 + λe2t +

(
λp′(ñ) +

1

2
+ n

)
e2x(4.34)

+ exext + e2xt +

(
p′(n)− J2

n2

)
e2xxdx

)
+ C1‖(e, ex, et, exx, ext)(t)‖2

≤ Cδe−ν0t,

where C1 is a positive constant. Then Gronwall’s inequality implies that

‖(e, ex, et, exx, ext)(t)‖2 ≤ C(δ +Φ0)e
−ν2t(4.35)

for some 0 < ν2 < ν0. Using (3.48) and (4.35), we have

‖ett(t)‖2 ≤ C(δ +Φ0)e
−ν3t(4.36)

for some 0 < ν3 < ν2. Let ν1 = min{ν2, ν3}; we complete the proof of Lemma 4.1.
Lemma 4.2. It holds that, for some ν4 > 0,

‖(exx, exxx, exxt)(t)‖2 ≤ C(δ2 +Φ2
0)e

−ν4t,(4.37)

provided ε+ δ 
 1.
Proof. Differentiating (3.48) with respect to x twice, we obtain

exxtt + exxt − (p(ex + ñ+ n̂)− p(ñ))xxx + nexx(4.38)

= −nxxe− 2nxex − f1xx + f2xxx.

Multiplying (4.38) by exx and integrating it over (−∞,+∞), we obtain

d

dt

∫
R

(1
2
e2xx + exxtexx

)
dx+

∫
R

ne2xxdx(4.39)

+

∫
R

(p(ex + ñ+ n̂)− p(ñ))xxexxxdx

= ‖exxt(t)‖2 −
∫
R

(nxxe+ 2nxex)exxdx−
∫
R

f1xxexxdx+

∫
R

f2xxxexxdx.
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Noticing that

(p(ex + ñ+ n̂)− p(ñ))xx(4.40)

= p′(n)exxx + ñxx(p
′(n)− p′(ñ)) + ñ2

x(p
′′(n)− p′′(ñ))

+ p′′(n)(e2xx + n̂2
x + 2ñxexx + 2n̂xexx + 2ñxn̂),

we have

(4.41)

∫
R

(p(ex+ñ+n̂)−p(ñ))xxexxdx ≥ 2C0‖exxx(t)‖2−C‖(exx, ex)(t)‖2−Cδe−ν0t.

For the right-hand side terms, we can estimate them as follows:

−
∫
R

(nxxe+ 2nxex)exxdx ≤ 1

32
C0‖exxx(t)‖2 + C‖(e, ex, exx)(t)‖2,(4.42)

−
∫
R

f1xxexxdx =

∫
R

f1xexxxdx(4.43)

≤ 1

32
C0‖exxx(t)‖2 + C‖(ex, exx)(t)‖2 + Cδe−ν0t.

Noticing also(
J2

n
− J̃2

ñ

)
xx

= −J
2

n2
exxx − 2J

n
exxt − ñxx

(
J2

n2
− J̃2

ñ2

)
+ 2ñ2

x

(
J2

n3
− J̃2

ñ3

)
(4.44)

+ 2
J2

n3
(e2xx + n̂2

x + 2ñxexx + 2n̂xexx + 2ñxn̂)

− 4
J

n2
(−ext + Ĵx)(exx + ñx + n̂x) +

2

n
(−ext + Ĵx)

2

− J2

n2
n̂xx − 2J

n
n̂xx,

we then have∫
R

f2xxxexxdx = −
∫
R

(
J2

n
− J̃2

ñ

)
xx

exxxdx(4.45)

≤ 1

32
C0‖exxx(t)‖2 + C‖(ex, et, exx, ext, exxt)(t)‖2 + Cδe−ν0t.

Substituting (4.41), (4.42), (4.43), and (4.45) into (4.39), we obtain

d

dt

∫
R

(1
2
e2xx + exxtexx

)
dx+ 2C0‖(exx, exxx)(t)‖2(4.46)

≤ C‖(e, ex, et, exx, ext)(t)‖2 + C‖exxt(t)‖2 + Cδe−ν0t.

Multiplying (4.38) by exxt and integrating it over (−∞,+∞), we obtain

1

2

d

dt

∫
R

(
e2xxt + ne2xx

)
dx+ ‖exxt(t)‖2(4.47)

+

∫
R

(p(ex + ñ+ n̂)− p(ñ))xxexxxtdx

=
1

2

∫
R

nte
2
xxdx−

∫
R

(nxxe+ 2nxex)exxtdx

−
∫
R

f1xxexxtdx +

∫
R

f2xxxexxtdx.
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Utilizing (4.40), we have∫
R

(p(ex + ñ+ n̂)− p(ñ))xxexxxtdx(4.48)

≥ 1

2

d

dt

∫
R

p′(n)e2xxxdx − 1

32
‖exxt(t)‖2

− C(δ + ε)‖exxx(t)‖2 − C‖(ex, exx)(t)‖2 − Cδe−ν0t.

Here we used the fact that ñxxx is bounded, and that

(4.49)
1

2

∫
R

nte
2
xxdx ≤ C‖exx(t)‖2,

−
∫
R

(nxxe + 2nxex)exxtdx(4.50)

≤ 1

32
‖exxt(t)‖2 + C(δ + ε)‖exxx(t)‖2 + C‖(e, ex, exx)(t)‖2,

and

(4.51) −
∫
R

f1xxexxtdx ≤ 1

32
‖exxt(t)‖2 + C(δ + ε)‖exxx(t)‖2 + C‖(e, ex, exx)(t)‖2.

Here, in order to estimate (4.51), we used the fact that Ẽ is bounded.
Utilizing (4.44), we have∫

R

f2xxxexxtdx = −
∫
R

(
J2

n
− J̃2

ñ

)
xx

exxxtdx(4.52)

≤ d

dt

∫
R

J2

2n2
e2xxxdx+

1

32
‖exxt(t)‖2 + C(δ + ε)‖exxx(t)‖2

+ C‖(e, ex, et, exx, ext)(t)‖2 + Cδe−ν0t.

Substituting (4.48)–(4.52) into (4.47), we obtain

1

2

d

dt

∫
R

(
e2xxt + ne2xx +

(
p′(n)− J2

n2

)
e2xxx

)
dx+

3

4
‖exxt(t)‖2(4.53)

≤ C(δ + ε)‖exxx(t)‖2 + C‖(e, ex, et, exx, ext)(t)‖2 + Cδe−ν0t.

Taking (4.46) + 2× (4.53) and noticing the smallness of ε, δ, we have

d

dt

∫
R

(
exxtexx + e2xxt +

(
n+

1

2

)
e2xx +

(
p′(n)− J2

n2

)
e2xxx

)
dx(4.54)

+ C2‖(exx, exxx, exxt)(t)‖2
≤ C‖(e, ex, et, exx, ext)(t)‖2 + Cδe−ν0t,

where C2 is a positive constant.
Using Gronwall’s inequality and Lemma 4.1, we obtain

‖(exx, exxx, exxt)(t)‖2 ≤ C(δ +Φ0)e
−ν4t,(4.55)

where ν4 is a positive constant.
Proof of Theorem 3.2. Let ν = min{ν1, ν4}; then Lemmas 4.1 and 4.2 imply

Theorem 3.2.
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