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eral form of the Ohmic contact boundary condition. The initial layer phenomenon
will be analyzed because the initial data is not necessarily in the momentum equilib-
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Relaxation limit operator method for both HD and DD models in a unified procedure. Then we prove
Operator method the global existence of DD model and uniform global existence of HD model by the
Energy estimates elementary energy method but with some new developments. Based on the above

existence results, we further calculate the convergence rates in relaxation limits.
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1. Introduction

We counsider the following bipolar isothermal hydrodynamic (HD) model for semiconductors

Nit + Jiz = 0, (a)
it + (32 /mi + King) = (=1)"""niga — ji /7, (b) (1.1)
Gox =n1 —no— D(x), i=1,2, VY(t,z)€ (0,4+00) x Q, (c)

where Q := (0,1) is a bounded interval occupied by the semiconductor device. The unknown functions
n;(t,x) and j;(t, ) stand for the charge density, current distribution for electrons (i = 1) and holes (i = 2)
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respectively, and ¢ is the electrostatic potential. The positive constants 7, K7 and K5 are the relaxation time,
temperature constant of electrons and temperature constant of holes respectively. The given function D(x)
means the non-constant doping profile, the density of impurities in semiconductor devices. Mathematically,
the system (1.1) takes the form of the compressible fluids coupled with self-consistent Poisson equation,
which leads to a hyperbolic—elliptic system.

In the present paper, we are interested in the behavior of solutions of the bipolar HD model (1.1) as the
relaxation time 7 — 0T. Thus, we suppose 7 € (0, 1] and introduce a scaling of time s = 7¢ and define

nl(s,x) =n; (;x) , Ji(s,x) = %ji (;,x) , ¢ (s,x)=0¢ (;,x) . (1.2)

Substituting the scaling transform (1.2) into the original HD model (1.1) and setting again t = s, we
obtain the scaled HD model

i + i, = 0, (a)
T4+ (T2GT)? 0] + KanD) = (=1)"'n[é] — i, (b) (1.3)
;I:n{—nQ—D(x), i=1,2 V(t,x) € (07+OO) x 2. (C)

From now on, we only consider the scaled HD model (1.3) and also call it the HD model. The system
(1.3) is complemented by the initial and boundary data

(n:’j:)(oa I) = (ni07ji0)(x>7 (1-4)

and
ny (¢,0) = ny >0, nl (¢,1) = ng > 0, (1.5a)
¢"(t,0) =0, o7 (t,1) = ¢ > 0, (1.5b)

where n;, n;, and ¢, are positive constants. The physical boundary condition (1.5) is called the Ohmic
contact boundary condition. Since we intend to establish the existence of a classical solution to the initial—
boundary value problem (IBVP for abbreviation) (1.3)—(1.5), it is necessary to assume that the initial data
(1.4) are compatible with the boundary data (1.5). Namely,

nio(0) = nt,  nio(1) = Nir,  Ji02(0) = Jiox (1) = 0. (1.6)

Formally substituting 7 = 0 into the HD model (1.3) and expressing the solution of the limit system by
(n9,49,n9,49, #°), we have the bipolar drift-diffusion (DD) model

n?t +]zoz = 07 (a‘)
70 = (=1)1n0¢? — K;n? (b) (1.7)

1x?

2.’/6 zn?—ng—D(:c), i = 1327 V(t,ﬂ?) € (O7+OO) x €L (C)
The initial and boundary data for the DD model (1.7) are given by
n2(0,z) = ni(x), (1.8)

and
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nd(t,0) = ny >0, nd(t,1) = ng > 0, (1.9a)
#°(t,0) = 0, #°(t,1) = ¢, > 0. (1.9b)

To consider the existence of solutions of both HD and DD models, we need to assume the subsonic
condition of the electric flow and the positivity of the density. These conditions are written as

leelg n; >0, ;Ielsfz Si[ni, 371 >0, Vrel0,1], (1.10)
where
. (37)?
Silni,ji] = Ki — —=5, Vre[0,1].
(n7)?

Apparently, if we want to construct the solutions in the above physical region (1.10), then the initial data
(nio, jio) must satisfy the same conditions (1.10).

The stationary boundary value problem (BVP) of the HD-IBVP (1.3)—(1.5) and the stationary BVP of
the DD-IBVP (1.7)—(1.9) can be written as a unified form with small parameter 7 € [0, 1], namely,

ir. =0, ()
Silaf. j7lng, = (1) a7 o — i, (b) (1.11)
b, =71 —f5 —D(x), i=1,2, VeeQ, (c)

and

i (0) =ny >0, 77 (1) =ng >0, (1.12a)

¢T(0)=0,  ¢T(1)=¢, >0, (1.12Db)

where

~ - iT)2
ST =Sl 7] = K; — (737) vr € [0,1].

K3

We also assume that the stationary solution (77, ;7) satisfies the subsonic condition and the positivity of
the density, that is,

inf A7 >0, inf ST >0, Vre[0,1]. (1.13)
zeQ zEQ

The HD and DD models are two important mathematical models for semiconductor devices, which were
introduced to remedy the high cost in dealing with the basic kinetic transport equations in real applications.
These macroscopic fluid models give a good compromise between the physical accuracy and the reduction
of computational cost. For more information on the semiconductor device modeling involved, we refer to
Roosbroeck [29], Markowich et al. [20], Jiingel [15,16], Blgtekjeer [2], Ben Abdallah and Degond [1].

Actually, in the present paper, we only study the isothermal models without loss of generality. But one
can also consider the more general pressure law (e.g. p;(n;) = K;n] with v > 1) in the models, which
are called isentropic models. The main difference between isothermal and isentropic models is that the
former contains the linear pressure term but the latter possesses the nonlinear one. For unipolar HD model
with the general pressure law, as we all know, the relaxation term together with the electric field term
provides strong dissipation effect enough to prevent the formation of singularities for small and smooth
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initial data [25]. However, for large initial data, one has to consider the global weak solution. In the studies
on weak solution [14,11], the isothermal case is more difficult than the isentropic case because the term
42/n is not Lipschitz continuous near the vacuum due to the infiniteness of the velocity. In the setting of
the bipolar HD model for the problems starting with small smooth initial data, we do believe that the same
methods used in isothermal case could probably cover the isentropic case. In order to clarify the competition
between the bipolar coupling structure and the non-constant doping profile, we ignore the impact of the
nonlinear pressure law, instead to consider the isothermal case only for simplicity.

We introduce some known results about both DD and HD models as follows. To our knowledge,
Mock [22] first investigated the bipolar DD model without recombination—generation rate on the bounded
domain and proved existence theorems for stationary solutions. As for the time-dependent DD model with
recombination—generation rate, Mock [23] was the first to prove a global existence and uniqueness result.
Moreover, Mock [24] proved that the above global solution decays exponentially into the corresponding ther-
mal equilibrium of which current density is zero. All the results in [22-24] are shown under the isothermal
assumption and the insulating boundary conditions. For more general boundary conditions, Gajewski and
Groger [5] established the asymptotic stability of the thermal equilibrium. Lou [18] proved the global exis-
tence and the uniqueness of a solution to the DD model with heat conduction under the Dirichlet boundary
condition, and also showed the existence, uniqueness and local asymptotic stability of the stationary solution
if the domain is sufficiently narrow in one direction. For the HD model, Degond and Markowich [3] first
studied the existence and uniqueness of the stationary solution of the unipolar HD model on the bounded
interval. Luo, Natalini and Xin [19] first studied the large time behavior of the solutions to the Cauchy
problem of the unipolar HD model in the whole real line. In fact, there are many mathematical results on
existence, uniqueness, large time asymptotic behavior and stability of stationary solutions. For example, see
[17,7,25,26,13] and the references therein for unipolar HD model, and for bipolar one we refer to [6,12,4,21,
30,28,9,10] and the references therein.

There are few results on the hierarchy between these two models, but it has been increasingly attracting
the interests of researchers. For unipolar model, Nishibata and Suzuki [27] verified the relaxation limit of the
global smooth solution of the isothermal HD model with non-flat doping profile on the bounded interval. In
several space dimensions, Xu [31] proved the relaxation limit of global classical solution to Cauchy problem
of the isothermal HD model with positive constant doping profile in the critical Besov space. Xu and
Yong [32] further extended the result in [31] to the non-isentropic case but still use the positive constant
doping profile. For bipolar model, there is no relaxation limit result both in the smooth solution regime
and in the setting of non-constant doping profile as the existing literature mostly deals with the unipolar
model. Therefore, in the present paper, we will give a rigorous proof to this kind of singular limit. It is worth
mentioning that an initial layer will occur in the relaxation limit provided the initial data j;0(x) # j2(0, z),
namely, the initial data of HD model is not in momentum equilibrium.

Before stating our main results, we firstly list the notations and settings used in this paper,

o BY(Q): The space of I-times bounded differentiable functions on  with the norm | - |} :=
Zin:O Sup,cq |07 - | (integer I > 0). The stationary solutions will be found in this class of function
spaces.

o H!(Q): The usual L2-Sobolev space over € of integer order | with the norm || - ||; (I > 0). In particular,
- llo =11 1I-

« CY(]0,T]; H™(Q)): The space of I-times continuously differentiable functions on time interval [0, 7] with
values in H™((). Similarly, one can define the function spaces L?(0,T; H'(Q)) and L2 (0,T; H?(1)).

loc
The time-dependent solutions will be constructed in these classes of function spaces. More precisely, the

solution spaces used in HD-IBVP (1.3)—(1.5):
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l
%?([O,T]) = ﬂ Ck([O’T];Herlik(Q))a XZ([O,T]) = X?([O,T]), lvm =0,1,2,
k=0

and the solution space used in DD-IBVP (1.7)—(1.9):

D([0.70) := {(n, 32,75, 39, ") (t,2) | (nf, 30, 6) € C0,TIs (H? x H' x H?)(%)

n% € C([0,T]; H(Q)) N L2(0, T; HY()) N L2,.(0,T; HX(Q)), i = 1 2}.

)

e The strength parameter of the given data is defined as

2

6:= " |na —nir| + & + D —d]s, (1.14)
=1

where d := ny; — ny and the assumption § < 1 will play an important role in what follows.

o C denotes the generic positive constant and N, v, Ck, Cx; and Cy, (k = 1,2,---) stand for the specific
positive constants. It is worth mentioning that all these constants only depend on the state constants
n1, ngy, K7 and Ko throughout the paper. This fact allows us to establish the relaxation limits.

Now we can state the main results in the present paper as follows.

Theorem 1.1 (Eristence and uniqueness of stationary wave). Suppose that D € H (), for arbitrary con-
stants n;;, K; > 0, there exist constants dg, C > 0 such that if § < &g, then for arbitrary 0 < 7 < 1 there
exists a unique solution (7,7, 7%,73,07) € [(82)(5)]5 to the BVP (1.11)—(1.12), satisfying the condition
(1.13) and the estimates

1 _
0< Jnit <nl(x) <2ny, Yre, i=1,2, (1.15a)
2 ~
>~ (17 = nala +1371) + 16712 < €6, (1.15b)
=1

where C' > 0 is independent of § and T € [0, 1].

Remark 1.1. In Theorem 1.1, if 7 = 0, then (79, 59,73, j9, ¢°) is the subsonic stationary solution to the DD
model. If 0 < 7 < 1, then (ﬁ{,j{, ﬁg,jg, gz~57) is the subsonic stationary solution to the HD model.

Theorem 1.2 (Stability of stationary wave to DD model). Suppose that D € H*(SY), and the initial data
0 < njg € H2(Q) is compatible with the boundary data (1.9), for arbitrary constants ny, K; > 0, there
exist constants 61,C,v1 > 0 such that if 21‘2:1 lnio — 7|2 + & < 61, then there exists a unique global
solution (nf, 79,19, 59, ¢°) € ([0, +x)) to the DD-IBVP (1.7)(1.9), satisfying the additional regularity
$° — ¢° € C([0, +00); HX(Q)) and the estimates

1
0< 7S <nd(t,x) <4dny, i=1,2, (1.16a)

> (II ng —7)(t)ll2 + 1 (5 *5?)(t)||1) + (8% =)Dl < C Y llmio — aflla e, (1.16D)

i=1 i=1

i=1

t9
/SZH 4t Wit ||2d8<02|\nzo ag3(1+1), Vte0,+o0). (1.16c)
0
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Remark 1.2. In bipolar case since we have to treat a parabolic system for which the maximum principle is
failed to establish the positive lower bound of the density nf (¢, z), the smallness assumptions in Theorem 1.2
on the difference of the initial data and stationary solution are necessary. This is the essential difference
between our bipolar results in Theorem 1.2 and the unipolar results in [27] for the DD-IBVP.

Theorem 1.3 (Stability of stationary wave to HD model). Suppose that D € H(Q), the initial data nso, jio €
H?(Q) satisfy the conditions (1.6) and (1.10), for arbitrary constants ny, K; > 0, there exist constants
02, C, 2 > 0 such that for arbitrary T € (0,1] if Z?zl (||nl-0 — a7z + || jio 75Z||1 + ||7'ji0m||) + 6 < bo, then
the time-dependent HD-IBVP (1.3)—(1.5) has a unique global solution (n],j7,n%,j53,¢7) € [:{2([0,4-00))]5
satisfying the condition (1.10), the additional reqularity ¢™ — ¢7 € X3([0, +o0)) and the estimates

1
0< Znil <nl(t,x) <dny, i=1,2, (1.17a)

> (17 =A@l + 16T = T + 735 01) + 167 = (B

i=1

2
<C) (||nz‘0 — 0] |2+ |0 — 37 I + HijmH)@_”t, vt €[0,+00).  (1.17b)
i=1

Theorem 1.4 (Relaxation limit of stationary waves). Let the conditions in Theorem 1.1 hold and let
(AT, 47, ¢7)(x) be the stationary HD-solution, (79,72, ¢°)(x) be the stationary DD-solution. Then, for arbi-
trary constants n;, K; > 0 there exist constants d3,C' > 0 such that if 6 < 3, then the convergence estimate
holds:

2
>~ (a7 = allla + 37 = 391) + 1167 = 6°lls < C8*2, v € (0,1, (1.18)
=1

where the constant C' > 0 is independent of § and T.

Theorem 1.5 (Relazation limit of global solutions). Assume that the conditions in Theorem 1.2 and Theo-
rem 1.3 hold. Then, for arbitrary constants n;;, K; > 0, there exist constants 4,73, C > 0 such that if

2
THI+ Y (||”z‘0 — ] |l + [ljio — 37 [l + ”TjiOxx“) < da, (1.19)
1=1

then the global-in-time HD-solution (n7,jT,¢7)(t,z) converges to the global-in-time DD-solution (n?,j?,
#°)(t,z) as T tends to zero. Precisely, for t € (0,400), the following convergence estimates hold:

Z [|(n ONF +11(¢" = °) ()3 < C7, (1.20a)
1GT = 3OO < ldio — 320, )[Pe™ + e, i=1,2, (1.20b)

2
Z Jazs (G = 3)2) D7 + 0267 — ") (B)|> < C(L 4+t 1)77, (1.20¢)

Now, we illustrate the main ideas and the key technical points in the present paper. Comparing with the
unipolar models for semiconductor, the bipolar models are much more complex due to the bipolar coupling
structure between the two carriers. The first difficulty arising from the bipolar coupling structure is the
construction of the subsonic stationary solutions to the models with non-constant doping profile under the
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general form of Ohmic contact boundary condition. To solve the stationary problem, we will obtain the
Dirichlet boundary value problem of an quasilinear seconder order strongly coupled elliptic system for the
stationary densities, which comes no maximum principle applied to establish the positive lower bound of the
solutions. Thus, Schauder fixed point argument which is often used in unipolar models no longer applies.
Based on some observations, we adopt a new operator method [9,8] to overcome this typical difficulty by
using the tools like regular perturbation, linearization and Banach fixed point argument. Meanwhile, we
can perform a unified argument for both DD and HD models to construct the subsonic stationary solutions
(for details, see the proof of Theorem 1.1). In addition, we further prove the global existence of the solution
to the bipolar DD model only if the initial data is close to the stationary solution rather than the case of
the large initial data for the unipolar DD model. The difficulty is similar to the stationary problem (see
Remark 1.2). Next, we can prove the uniformly (in relaxation time) global existence of the solution to
the bipolar HD model by the elaborate energy method, in which we must ensure the generic constants in
the energy estimates are independent of the relaxation time. This uniform estimate plays a crucial role in
establishing the relaxation limit of the global solution. Furthermore, the relaxation limit of the stationary
solutions is also obtained by the standard energy method. Finally, we study the relaxation limit of the global
solution, in which the initial layer will occur.

The paper is organized as follows. In Section 2, we prove the existence and uniqueness of the stationary
solutions for both DD and HD models by the unified argument. In Section 3, we first show the asymptotic
stability of the stationary solution to the DD model in Subsection 3.1 and show the uniformly asymptotic
stability of the stationary solution to the HD model in Subsection 3.2. In Section 4, we establish the
relaxation limits for the stationary solutions and the global solutions, which are carried out in Subsection 4.1
and Subsection 4.2, respectively.

2. Existence and uniqueness of stationary solution

In this section, we consider the existence of the subsonic stationary solutions to both DD and HD models.
We observe that these two problems can be solved by a unified argument. To verify this observation, we
give the proof of Theorem 1.1 as follows.

Proof of Theorem 1.1.
Step 1. Regular perturbation and linearization.
We first denote the stationary solution to the BVP (1.11) and (1.12) by
U(x) = (], 773, 73.07)" (). 2.1)

Observing that if the strength parameter ¢ = 0, where ¢ is defined in (1.14), then there exists a unique
constant solution to the BVP (1.11) and (1.12), denoted by

U(z) = U = (ny,0,n2,0,0)", vre[0,1]. (2.2)

In the case of 0 < § < 1, considering the BVP (1.11)—(1.12) as a regular perturbation problem of the
BVP (1.11)-(1.12) of § = 0. To this end, let us introduce the stationary perturbation variables

Us(z) :=U(z) = U, Vrelo,1], (2.3)

where Us can be expressed by

5 T 5 T T T R
Us = (n17jl’n2a.72a¢ ) , Ny =Ny — Nyl
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From fo (1.11b) /A7 dz and the subsonic condition (1.10), if § < 1, then we can obtain the explicit formula
of ] in terms of 7] = n5 + ng:

-1

1 1
37 = Ji[nT] := 2By / ) + / “ldz | +272By (n;,? —ny°) , (2.4a)
0 0
where
By := (=1)"'¢, — K;(Inng —Inny), i=1,2. (2.4b)

In addition, solving the BVP (1.11c) and (1.12b) directly yields the explicit formula of ¢” in terms of
both 7] and 73:

x Y

¥ (a) = Bl #5)(e) = [ [ (T 5 - <>dzdy+<¢r / / . ()dzdy> (2.5)

Based on the explicit formulas (2.4) and (2.5), one can see that once we solve the stationary perturbation
densities n{ and n3, then we can construct the original solution U = (7], jT,73, j3,$") directly.

Now we are in the position to solve the stationary perturbation densities n¢ and n3. For simplicity, we
adopt the notation

Ws(z) = (n§,nd)" (2).

Then we derive the boundary value problem satisfied by Ws. In fact, by Bm((l.llb) /fLZ) together with
(1.11c), we obtain the equations of (7], n%). Next, linearizing the resultant equations around the constant
state (n17,n2;) and noting the B.C. (1.12a), we have

{Awéxx + BWs = F(Wé) + G(x>7 LS Q7 (a) (26)

Wsloa = H(z), (b)

where

T _ AT
(Ws) = (F1(W5), £ Ws) G(z) = (= (D(x) - d), D(a) - d) (2.8)
T
H(w) = (haha) (nir — nar) (2.9)
fi(Ws) = §ind, (@ ) = 2GR ™l
— 22 GDAAD T = STGD | ()2, =12, (2.10)
0= dilnd +nal, i=1,2. (2.11)

Let A := min{ K /ny;, Ka/ny} > 0, then for V€ € R, we have

€T A > NE”. (2.12)
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This means that the BVP (2.6) is the Dirichlet BVP of a semilinear strongly elliptic system of seconder
order. For classical solutions, the BVP (2.6) together with the explicit formulas (2.4) and (2.5) is equivalent
to the original BVP (1.11) and (1.12).

Step II. Banach fixed point argument.

In this step, we use the Banach fixed point theorem to uniquely solve the BVP (2.6). To this end, we
first consider the corresponding linear problem

(2.13)
W|39 = H(.’L‘) (b)

{AWM +BW =R(z), z€9, (a)
From the standard L2-theory of strongly elliptic system: Fredholm alternative (uniqueness implies existence),
we find that the linear BVP (2.13) is uniquely solvable and the corresponding strong solution W € H?(Q)
satisfies the elliptic estimate

IWlls < C(IRIl + [ Hll3), (2.14)

provided R € HY(Q), H € H3(Q). Since the small parameter 7 does not appear in the linear principal part
AW, + BW, the elliptic estimate constant C' > 0 in (2.14) is independent of 7 € [0, 1].

Based on the structure of the nonlinearity (2.10) and the elliptic estimate (2.14), we introduce a metric
space

WIN] = {W € H(Q) | [Wls < N6, Wlo = H} (2.15)

equipped with the metric associated with the norm || - ||3, which will be used in the following Banach fixed
point argument. Here the positive constant N will be determined later. In fact, it follows from the trace
theorem that W[N] is a closed subspace of H3() for any N > 0 and § > 0. Thus, W[N] is a complete
metric space.

Next, for all V = (m‘f,mg)T € W[N], let k7 := J;i[m¢ + ny), we have F(V) € H'(Q) by (2.8). Moreover,
let R := F(V) + G, one can easily see that R € H(Q) if G € H'(2). Then we can define a fixed point
mapping S : W[N] — H3(Q), V — W =: SV by solving the linearized BVP

AW, + BW =F(V)+ G, z€Q, (a) (2.16)
Wlao = H(z), VYV € W[N] (b) '

Now we tend to determine the positive constant N to ensure that the mapping S is a contraction mapping
on W[N] if 6 < 1. To this end, we separately show that S is onto and contractive below.
S maps W[N] into itself: From the definition of the mapping S and the elliptic estimate (2.14), we have

1SVIis < CUFV) + Gl + [ Hll3)
< (CL(N)d + Ca)o, (2.17)

where we have used the a priori assumption Nd < 1 and the estimate of the nonlocal factor I%Z in the
nonlinear term F (V)

k7| = |Ji[m + nall < €8,V = (m},m3) € WN].

Define
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N =20, > 0. (2.18)
If
6 < C2/(C1(2C7)),
then
[ISV]|s < 2026 = No. (2.19)
Thus, S maps W[2C5] into itself.

S is contractive in W[2C5]: For arbitrary Vi, Vo € W[2C5], we need to estimate W := SV; — SV,. To this
end, let R:= F (V1) — F(V2), by definition of the mapping S we know that W satisfies the following BVP

AWy + BW = R, €Q,
’ (@) (2.20)
Wlaa = 0. (b)
From the elliptic estimate (2.14), we obtain
15V1 = SValls < C[F (V1) = F(V2)[lx
< C36|Vi = Valls,
1
< 5lVi=Valls, WV, Vo € W2C%], (2.21)
where we used the estimate
|]~sz1 - ]%:2 = |J¢[mf1 + nal — Ji[me +na]| < C’5||mf1 - mf2||1a
for any Vi = (m$;,m3;)T, Vo = (mdy, mdy)T € W[2C,] and the smallness assumption on the strength

parameter § < 1/(2C3). Thus, S is a contraction mapping in the complete metric space W[2C5].

According to the Banach fixed point theorem, we obtain an unique fixed point W = (ng, ng)T € W[2C,)
of the mapping S. By the definition of S, the fixed point W just is the unique solution to BVP (2.6) in
W[2C5]. Therefore, it satisfies the estimate

2
D lIndlls < €6, vreo,1], (2.22)
=1

where the constant C' > 0 is independent of § and 7.
Apparently, il = n? + ny, j7 = J;[df] and ¢7 := ®[A], 73] is the desired solution to the original BVP

(1.11) and (1.12), satisfying the condition (1.13) and the estimate (1.15). O
3. Asymptotic stability of the stationary solution

In this section, we consider the asymptotic stability of the subsonic stationary solution (727, 317, ng, jg , (57)
constructed in Theorem 1.1. Note that 7 = 0 is corresponding to the DD-IBVP (1.7)—(1.9) which is of the
parabolic—elliptic type. However, 0 < 7 < 1 is corresponding to the HD-IBVP (1.3)—(1.5) which is of the
hyperbolic-elliptic type. Due to the essential difference between the system types, we have to establish the
stability results separately for 7 =0 and 0 < 7 < 1.
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3.1. The DD-IBVP (r =0)

In this subsection, we prove the Theorem 1.2. It is worth mentioning that we have to treat a parabolic
system rather than a parabolic scalar equation like unipolar case. In our case, there is no maximum principle
that can be used to establish the positive lower bound for the carrier density n?(t,z). Thus, we can only
obtain the global existence around the stationary solution for bipolar DD model with non-constant doping
profile.

Proof of Theorem 1.2.
Step 1. Local existence and reformulation.

By a standard iteration scheme and energy method, it is shown that there exists a positive constant T
such that the DD-IBVP (1.7)-(1.9) has a unique local solution (n{,3?,n9,59, #°) € ([0, Tp))-
Next, in order to construct the global solution, we introduce the time-dependent perturbation variables

) =0l —ad =40 —5?, o0 =0 — ¢°. (3.1)

Then the original DD-IBVP (1.7)—(1.9) is equivalently reformulated as

zt szwm ( 1)i_1(n?¢0 - ~Qq§0):r = 07 (a)

70 = (1)1 (nfe? — n?¢0) — K, (b) (3.2)
UE.L = ¢§) - ¢8a (C)
P (0,2) = pip(x) := nio(x) — i) (z), (3.3)
PP (t,0) =¢d(t,1) =0, ¢°(t,0) =0t 1) =0, i=1.2. (3.4)

Combining the regularity of the stationary solution and the local existence result above, we immediately
obtain the unique local solution (19, 79,49, 19, 5%) to the perturbation IBVP (3.2)—(3.4) in the same function

space ([0, To]).

The global solution can be constructed by the continuation argument based on the above local existence
result and the a priori estimate. To establish the a priori estimate is crucial, and this will be our aim in the
next step.

Step II. A priori estimate.

We first make an a priori assumption

No(T) := sup 2(t)]]2 < 1. (3.5)
te[OT];

Under the assumption (3.5), we can establish the a priori estimate for the local solution (9,79, 49,19,
a%)(t,z) on [0,T] as follows:

2
> (0@l + I @) + o ¢ ||4<cz||¢ I et Vie [0.T]. (3.6)

i=1
In fact, by (3.2b), (3.2¢), (3.4), (1.15) and (3.5), we have

2

2
D@l + o)l < CZ 197 )l (3.7)

i=1
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From Sobolev embedding theorem and (3.5), we obtain
2
> (WO R+ 0)) +10°(®)ls < CNo(T). (3.8)
i=1
By (1.15), (3.5) and equation (3.2a), we have
2
R O1? < CY I OI3, i=1.2. (3.9)
i=1

Performing the procedure (3.2a)/7Y yields the working equation

1 -1 i—1
Ww?t ~0 wzww ( )Z 1Ugw + ( fL)O ( 2ww? + ¢0 + nzxag) =0. (310)
Actually, by the following procedures
Lo
0 l:l

together with the smallness condition No(T) + § < 1, we can obtain the desired estimate (3.6). Due to the
complexity of the calculation, we will check (3.11) step by step in the sequel.

Firstly, by
Lo
/ > (3.10) x ¢da,
0 i=1
we obtain
15 2 Lo
/Z ¢°d:c—/zm mwoder/Z(— ) ol lde
0 i=1 =1

1=1

Lo
+ /Z VA9 T (90,02 4 240, + 720 0)p2dx = 0, (3.12)
0

after integration by parts together with (1.15), (3.8) and Poincaré inequality, we have the following estimate
if No(T) + 0 < 1,

Sl

i=1 i=1

L2 wO)Q
/Z 270 dx+012 [ (3.13)
0

where we have used the following estimate for the third term (bipolar effect) in the left side of the equa-
tion (3.12),

1

15
/Z Y tgl de_/(w?—wg)%mzo. (3.14)
) i=1

0
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Secondly, from

2
(3.10) x (=2 ,)dz,

1
/ rxT
o i=1
we have
1

L2 Lo 2
- @) e+ [ K @)t [ Yo (1ol do
o =1 o =1

0 =1
)
b [ DA 08+ s + o)l = 0
/

Similarly, we get

2
'lz/}a: 2
3 e )dx+022\\wm||2<cfvo 7)+0) znwnz,

i=1 =1

SRS
O\H

where the bipolar effect term in the left side of the equation (3.15) has been treated as follows

Lo 1
O/Z(_U izl O/wlz ¥y, ) dx > 0.

i=1

Thirdly, by

i=1

/2(310) X (_ ?szt)dxa
0

we have

[

i=1 =1

.

Lo L2 L2
7/2(77“?)711/}? mxt +/ZKZ ¢zxw zamt +/Z a:a: za:xtdx
0 0 0

)
+/Z i+ G2V + M 02)Viaedr = 0,
0 =1

and then, by a similar way, we obtain

2

1
d (=1
0

(¢1w '(/)gw)Z } dx

-

i=1

+Csz|\¢mll2 < C(No(T) +6) ZII?/JOIIQ,

1187

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)
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where we have used the following calculation for bipolar effect term,

i d i1
o =1 0
Finally, by
(3.13) + (3.16) 4+ (3.19)
we get
—EO t)+Cy ano ||2+CBZ||% ®)* <0, vtelo,T], (3.21)
where

{i%(w%m 7+ K(0,,)?)

—1)¢
+ om0t ot + Ao,

(wlw 1#330)2}6533- (3.22)

Noting that Cs Zl 24017 > 0in (3.21), we have

d 0 : 0 2
precl >+04;||wi(t>||2so, vt € [0, 7). (3.23)

From the definition (3.22) of E°(¢) we know that if No(T) + & < 1, then there exist constants Cy;, Cs,. > 0
such that

2
Csi Z [2(B)115 < E°(t) < Csr > 09()]3, VE€[0,T. (3.24)
i=1
Let
Cy
7 5C.. >0

Then, by (3.23) and (3.24), we have

%Eo(t) + 271 E%(t) <0, Vte[0,T]. (3.25)

Applying the Gronwall inequality to (3.25) and using (3.24) again, we obtain

ZW ||z<CeZ||w o e, Vte[0,T]. (3.26)

Combining (3.26) with (3.7), we arrive at the estimate (3.6).
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Furthermore, for global solution, by

t
/ (3.21)ds, V¥t e [0,+00),
0

we have

Hwo 01+ / anm I ds<cz||w B vie0,+o0). (327

Now, from
to1,
/ / D 0i(3.2a) x s(yhy — Py, )dds,
0o =t
after a straightforward computation and by using (3.26) and (3.27), we obtain

/ Zn Bt (6)Fds < CS B+ 0, Vee o). O (3.28)

=1
3.2. The HD-IBVP (0 <7 <1)

In this subsection, we prove the Theorem 1.3. The key ingredient of the proof is to introduce a T-weighted
norm and establish the uniform a priori estimate in both time variable ¢ and relaxation time 7 € (0, 1]. This
ensures us to further study the relaxation limit of the global solution.

Proof of Theorem 1.3.
Step 1. Reformulation and local existence.
We first introduce the time-dependent perturbation variables
Yl i=nl —al, 0l =4l -5, o i=¢" —¢", Vre(0,1]. (3.29)
(1.3a) — (1.11a), (1.3b)/n] — (L.11b)/a], (1.3c)— (1.11lc),

and initial-boundary conditions (1.4), (1.5) and (1.12), the original HD-IBVP (1.3)—(1.5) can be equivalently
reformulated into the following perturbation IBVP:

w0 =0, (a)
2 ni+if 22| f+i0)?  (G7)°
T <w3+ﬁz>t T2 | wrra)? () (3.30)
K| In (97 + A7) =T |+ (=)o, + 2L - 2 —0, ()
JTz:ﬂ}f—nga i:1727 (C)
(W7 00, 2) = (Yo, nfo) () := (nio — 2], jio — J7) (@), (3.31)

T (t,0) =47 (¢,,1) =0, o7(t,0)=0"(t,1)=0. (3.32)
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By the standard iteration scheme and energy method, we can establish the local existence result for IBVP
(3.30)~(3.32): If the initial data ¥}, nf, € H*(Q) and ], + A, nl, + j7 satisfy (1.6) and (1.10), then for
V7 € (0, 1] there exists a positive constant T, > 0 such that the IBVP (3.30)—(3.32) has a unique solution
(W7, n7,07) € (X2 x X3 x X3)([0,T7]) and ¢ + A], n] + j7 satisfy (1.10).

The uniformly global solution in 7 € (0, 1] can be constructed by the continuation argument based on
the above local existence result and the uniform a priori estimate under the appropriate T-weighted norm
(see (1.17b)). To establish the a priori estimate is crucial, and this will be our aim in the next steps.

Before establishing the desired estimate, for arbitrarily fixed 7 € (0, 1], we introduce an a priori assump-
tion

N (T):= sup n,(t) <1, (3.33)
t€[0,T]

where the T-weighted norm n.,(t) is defined as
2
= (7@l + 9 (1) + T (0. (3.34)
i=1

From (3.30c) and (3.32), we obtain the elliptic estimate

2
o™ (®)]la < C D17 ()2 (3.35)
=1
By (3.30a), we get
105N = 105 O, [0FnL 1 = llof v, k=0,1. (3.36)

From (3.30b), (3.35), (3.33) and Sobolev embedding theorem, we have

2
D@0 Tk, i TR (Do + |07 (8)]s < ONA(T), (3.37)
i=1
2
I < €S (el @+ Inf (O)]]) + CONT) + )26 ®ll, Ve 0,7),  (338)
=1

where the generic constant C' > 0 is independent of ¢t and 7. These estimates will be frequently used to
establish the basic, higher order and decay estimates in what follows.

Step II. Basic estimate.

Performing the procedure

Lo
/Z (3.30b) x ndz,
0

1=

—

we can obtain the desired basic estimate. Precisely, by Z?:l (3.30b) x 17, we have

& = Riz + Ro, (3.39)
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where
Elt,x) = +Z<2 T (n7)? —l—KnT\If( )), U(s):=s—1—Ins
i=1 o
2
Ry = o"0T, + 0" (] — ) — 3 Ki(lun] — nal)n,
i=1
2 . ~
n +257) . 2D GO\ o, .
. Z[ 22 = <<nz>2 e ) e AT )
Next, by

1
/‘33‘)
0

and by using the fact that fol Ri.dx =0, we get

2

1
d
%/ d:c—i—/z 77 dx_/Rde (3.40)
0

i=1

Furthermore, if N.(T) 4 6 < 1, then the following estimates hold.

1
/R < C(NA(T) +6) Zn ST @2, (3.41)
0
2 1 2
O ST, rl) ) < / E(t, )z < Co ST 700 (1)1 (3.42)
i=1 0 i=1

Step III. Higher order estimates.
From
_ ok [(9_»,3(1.3b)/n[ - é)m(l.],lb)/ﬁ{}, k=01,
we get the working equations used to establish the higher order estimates:

()~ 20, — | (Kan]) ™ = G0 (]) ) Oful, | + (-1)FOk ] — v)
+ ()T O], = =72 () PO, + Op Fi+ Lk, (3.43)

Fy o= 72 [2(03)2(n]) 72 + 457 (n]) " nfu 0, + 207)2(0]) 42T, + VIV,
+2(277 + n{)(nzr‘*ﬁ;nz + 20772 (A5 ()™ = (7))
- (GA])™)aw], = (27 +0)) ) ] = (7P 7a(0]) ™ = (1))
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3

+ <—1>i+1 [*;ﬁ;mznzrlwz AL (n]) ol — o) L) (34da)
Ligi=0, Ly :=7(n]) i, + |(Kin)) ™ = G0 *) wE]
) 2WR)? = (27 () 2) W i=12 (344D)

By the estimates (3.35)—(3.38), we have

2
IEl < C(NA(T) + ) Y (7, 77 720 (3.45a)
i=1
2
||FltH + ”Lﬂ” < C(NT(T) + 5) Z ||(T¢zttﬂ izt ;&v sz iTﬂ?iT)H» VT € (07 1]' (3'45b)
i=1

During establishing the higher order estimates, we need to use the homogeneous boundary conditions
(3.32) to vanish the boundary terms arising from the integration by parts. To this end, we need to control
the spatial derivatives by the time derivatives of the perturbation densities 7. Precisely, if N.(T) +¢ <« 1,

we have
CalA(t) < n2(t) < Cg, A(t), Vtel0,T], (3.46)
where
2
A(t) Z ||(T wztﬂ T,(/)z:vﬂ ;rt7 i) wz 7nz )(t)H2 (347)
i=1

From the equation (3.43) with k = 0, we obtain the estimates

||¢zzz“ < CZ || ZCE7 zt7T wzthT ¢th77'277;)||7 (348&)

||T2witt | < CZ ” m? zt7 z'TxxaTQd);rxt?TQn;r)”v (348b)

which imply the equivalent relation (3.46).
Actually, by the following procedures

1 9
/Z (3.43) x (OFy7 + 27 0fyT,)dx, k=0,1, (3.49)
0

i=1

together with the smallness condition N, (T) + § < 1, we can obtain the desired higher order estimates.
Due to the complexity of the calculation, we will check (3.49) step by step in the sequel.
Firstly, by

i=1

15
/Z (3.43) x OFYTde, k=0,1,
0
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after integration by parts, we have

1
d T\ — T T\ — T T T
210 + / {Z[me HOkwr,)? - () OF R + (OF Y] —afzz)z)?} = 7(), (3.50)
o Li=1
where
Lo
/ Z )L OFYLOfYT + (2n;)—1(afw;)2}dx (3.51a)
0 i=1
Lo
IO == [ S ) ok ot vrds
o =1
1
b [ 30w D) 20k — 477 () S of T + 257 7)ok s
o =1
Lo L2 1
2(:1m\2(,, T\—3(9k 2 _ - kT
O DR CAT I D SE T RAC R
0 i=1 0 i=1
L2
+ / > (OFF + Ly )ofyldz.  (3.51b)
0 =1
Furthermore, by the estimates (1.15), (3.35)—(3.38), (3.45) and Cauchy—Schwarz inequality, we get
2 2
1< Y WP + CulNA(T) + 6) D18 s ]I, (3.52a)
i=1 i=1
2
W< MZ [V + Cu(NA(T) + 8) Y (707t Vs ©r 07 0] I1%, (3.52b)
i=1
where 0 < u < 1 will be determined later.
Secondly, by
Lo
/Z (3.43) x 72RFyTde, k=0,1,
0 =1
after integration by parts, we have
d, [
2k k (k)
s +/Zr Y @FyT)2de = I3 (1), (3.53)
0 i=1
where
(k) [ L Lok, T2 o 1 2 2 3\ /ak 2
190 = [ 3| T e M@k + T () = 202D ) @)
o i=1
Tzk kT Kk, T\2
+ T(at Y1 — Op3)” |da, (3.54a)
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L (0F Y] e

2 242k

e

~.
—

Lo
T2k ™N—2,/T ki1 \2
S D3 SR AC AR
0 =1
[ T -3 72 —4 k 2
[ 30 T () = 8T ) OFu e
0 =1

1
b [ 3o (i nr) 2 - 237 (7)) 00T
/

15
+ / > (OFF; + Lip)* 0f yj,dx.  (3.54b)
0

i=1

Moreover, by the estimates (1.15), (3.35)—(3.38), (3.45) and Cauchy—Schwarz inequality, we obtain

2

|<MZHw 1P+ Cu(N=(T) + 8) Y (w5 o7 )|, (3.55a)
i=1
IJQ(”\SMZI\TM“II2+C;L(NT( )+ )le(xfwm, T VT T ]|, (3.55b)
i=1 i=1

where 0 < p < 1 will be determined later.
Finally, by

(3.50) +2 x (3.53), k=0,1,
we obtain the higher order estimates

L o2
4w | {Z SR - 720D (O]

i=1
2
+(OF YT — OFUg) + ) 27%(”3)1(551%)2}65% =J® (), (3.56)
i=1
where

IO @) = 1P @)+ 20 ), TW @) =P @) + 278 ). (3.57)

Step IV. Decay estimate.
From (3.42), one can see that we only obtain ||757 || in the energy of basic estimate, it is not enough to

close the uniform estimate. Therefore, we must add |[n7]|? in the energy of basic estimate. Specifically, by
(1.3b) — (1.11b), we have the equation

n+ g+ [P (U)X ) T = GO ™) + KT |+ (<) (nfof - 7767 = 0. (3.58)
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From
15
/ (3.58) x ny,dz,
o i=1
we get
15
d 72 2
EIS + Z 7 nzt dl’ < CQZH za:t7 zt? zzv ) »771 )H )
0 =1
where

1o
/Zl (7)? + Kipl,ni + (=1)'(nf o] + opub] )n] | da
o =

=1

Now, we can establish the decay estimate. To this end, by the procedure

1
[(3.40) + Z (3.56)} + p1(3.60), where 0 < p; < 1 will be determined later,
k=0

we have

%ET( D+ F(1) <0, Vie[0,T], e (1],

where

ET(t) = /5txdx+2] + purI5(t)

+ { / { Z [szrl(af )7 — 72<n2)‘1<65w;)2] + (OF ] — 0fy])?
0
+ 272’“<nz>1<8fwzt)2}da: —J® <t)}

_CQMIZ” zzt’ 7,t7 zw7 17777,>||2

1195

(3.59)

(3.60)

(3.61)

(3.62)

(3.63a)

(3.63b)

By the estimates (3.41), (3.42), (3.52), (3.55) and Poincaré inequality, there exist constants Cio;, Cior,
Cy1 > 0 such that for V¢ € [0,T] and V7 € (0, 1] we have the following equivalent relation if N, (T) 4+ J < u,

M1 < 17

Cro1A(t) < E7(t) < Cror A1),
CriA(t) < F7(t).

(3.64)
(3.65)
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By using the Gronwall inequality and the equivalent relation (3.46), we obtain the exponentially decay
estimate

n-(t) < Cn.(0)e~ ", Vte[0,T], 7€ (0,1], (3.66)
where the generic constant C' > 0 is independent of ¢t and 7. O
4. Relaxation limit

In this section, we discuss the relaxation limit from the HD model to the DD model. Firstly, we show
the relaxation limit of the stationary solutions in Subsection 4.1. And then, we study the relaxation limit
of the global solutions in Subsection 4.2.

4.1. Stationary solution case

In this subsection, we prove the Theorem 1.4. Since both the global DD-solution and the global HD-
solution are constructed near the corresponding stationary solutions, in order to investigate the relaxation
limit in the global solution case, we must first consider the relaxation limit in the stationary solution case.

Proof of Theorem 1.4. We first introduce the error variables
./\N/;T =N, —ﬁ?, jf = j: —5?7 7 = (;37 - gz~50.

Note that both j7 and j? are given by the explicit formula (2.4). Thus, by the mean value theorem and the
estimates (1.15), we get

57 = 371 < COINT || + 672). (4.1)

From

(1.11b)  (1.11b)]r=o
e — =g, (L11e) — (L11¢) o,

we obtain the working equation

K| (a]) ™Al — (ﬁ?)*lﬁ?x] = (D)) PR, + (F1)'e] = — |57 (a]) Tt = P (A)) T, (4.2)

T = N7 — N7 (4.3)

Furthermore, J\~/Z-T and ®7 satisfy the homogeneous boundary conditions

By the procedure

(1.2) N da,

2
=1

1
O/i

we have
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1 2 2
3wyt - @) A A + / S (1) NG da
0 3 i=1

@1 @2

:/122:72 ) RN /122:[ ) =3 (A)” }NTda: (4.5)
0 0

i=1 i=1

@3 @4

By using the estimate (1.15), (4.1), Poincaré inequality and the smallness condition ¢ < 1, after integra-
tion by parts, we can estimate ©;,1 = 1,2, 3,4 as follows.

Lo
o= [ Yo r{ (D)t - @) + (30 AT Ao
0

7

)
—

2
> O >IN - 083 172
i=1 i=1

2
> on Y IN7IE, (4.6)
=1
and
1 5
0= [ Yo (-1 AT
0 =1
1
— [T - Ao
0
1
— [T - R = (47)
0
and
1 5
0, = / S P27 P N da
0 =1
1 9
< /27253./\/;(11:
0 =1
2 ~
< u S INLIR + €t (48)
=1
and

Lo
= = [ [ BT AT N

0
1 9
< [ 3" (1] + SR AT )do
0
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2 2 2
<uY INGIP+Cu ) 1T +Co Yy INTIE
i=1

i=1 i=1

2 2
< (u+C8) Y INTIT+Cud® Y INTII? + Cpb'r

i=1 i=1

2
< (u+Co+Cud®) Y IINT T + Cudr. (4.9)

i=1

Substituting (4.6)—(4.9) into (4.5), we obtain

2
S INT I < Co2r (4.10)
i=1
Substituting (4.10) into (4.1), we get
2 ~
PINA R (4.11)
i=1

Next, solving N7 from the equation 9,(4.2), and taking the L?-norm of N7,

ixT i)

estimate (4.10) with (4.11), we have

and combining the

2
> NG < C8Pr, (4.12)
=1
From (4.10) and (4.12), we obtain
2 ~
S INT |2 < €872 (4.13)
i=1

Finally, from (4.3) and (4.4), we get the elliptic estimate

2
187(la < O AT 2. (4.14)

i=1

Then, by using the estimates (4.13), (4.11) and (4.14), we get the estimate (1.18). O
4.2. Global solution case

This subsection is devoted to the justification of the relaxation limit in the global solution case. This
discussion completes the proof of Theorem 1.5.

Proof of Theorem 1.5. Firstly, from the convergence estimate (1.18) in the stationary solution case, one can
see that the following condition

2

0+ 3 (lInio = 7 ll2 + ljio — 3711 + ITjios ) < 1 (4.15)
i=1

implies the condition
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2
Z ||’I’Llo — ’fL?”z + ) < 1.
i=1
Thus, the conditions in Theorem 1.2 and the conditions in Theorem 1.3 hold true at the same time. This
ensures that the global HD-solution (n7,j7,#7)(t,x) and the global DD-solution (n?,;?, ¢°)(¢, z) exist at
the same time under the condition (4.15).
In addition, in order to establish the convergence estimate in the global solution case, we introduce the
error variables

N7 =n] —nf, J7 =47 30 & :=¢" —¢".

By (1.3) — (1.7), we get

w T Jiw =0, (4.16a)

w25+ 72D T+ KNG+ (<1 (AT 67+ nler) + 77 =0, (4.16b)

=N — N5 (4.16¢)

From the initial-boundary conditions (1.8), (1.9), (1.4) and (1.5), we have the homogeneous initial-boundary
conditions

NT(0,2) =0, (4.17)

NT(t,0) =N(t,1) =0, ®7(¢t,0)=7(¢,1) =0. (4.18)

By the procedure (—1) x 0,(4.16b), we obtain the working equation
i, =G| = KNG+ (<) (V6L 4+ nle]) + A =0, (4.19)

Finally, from (1.16) and (1.17), there exist constants C2,C' > 0 which are independent of ¢, 6 and 7 such
that the following estimates hold.

inf nY > Cia, (4.20a)
€N
2
>~ (It @iz + 152 ) +16°0)l2 < C. (4.200)
i=1
L2
/ 53108 ) ()2 < C(1+8), Wt € [0,+00), (4.200)
i=1
and
2(,57\2
;ggm, Inf KiTOE‘jj)g > Cha, (4.21a)
2
>~ (InF@lle + 157 Ol + 7320 @ + 705 ) +167 Oz + 12350 < €, (4.21D)

i=1

t 9
/ S (7550 G TG () [Pds < €,V € [0, +00). (4.21¢)
0

i=1
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Based on the above estimates, we can estimate the error variables. Until now, we have overcome all the
difficulties arising from the bipolar effect. In the rest of the proof, there is no essential difference between
the bipolar case and the unipolar case [27]. However, the calculations remain complicated, we complete the
proof in the next steps:

Step I. By taking

to1,
//Z (4.19) dxds
0o o =1
we have
t

t 1 1,
— //ZKZ/\/;;m ﬁdazds—i—//z )2dxds
00 0

i=1 0 i=1

t 1

_//Z {TZniTtt —7? {(jZ)Z(an)ﬂLx + (1)t (Mr¢; + n?(b;)m} Tdxds.
00 °?

i=1

After integration by parts, and by using (4.17), (4.20) and (4.21), we get

SN0+ [ 3 IV < c(ﬁu +o+ [Y w;(s)%ds). (4.22)
i=1 o =1 o =1

From the homogeneous boundary condition (4.18) and Poincaré inequality, we have

|NT )12 + /ZH s)| ds<C’< (1+1) +/Z||NT |1d8> (4.23)
0

i=1

By Gronwall inequality, there exist constants C, a > 0 which are independent of ¢, § and 7 such that

=1

L9
/ZHNT Wids < Cr2et. (4.24)
0

Thus,

ZHNT N2 + /Zn $)|2ds < Cr2e®t. Vit € [0, +00). (4.25)

Step II. Since the initial data j;p is not in momentum equilibrium, namely, J7(0,z) # 0, an initial layer
will appear. In order to handle the initial layer, we adopt the time weighted energy method and prove that
the layer decays exponentially fast as the relaxation time 7 tends to zero and/or time ¢ tends to infinity.
Precisely, by

t 1
// (4.16b) x (87" J7)dzds, i=1,2,
0 0
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we have

1
2
T26t/T /
0

(T7)?(0)da

N —
DN | =

(J7)?dx +

!

| =

t 1 1
//es/Tz (J7) dxds = 72/
00 0

1
/ es/fz{#j?tw [Coxtions +Ki/\é-2+(—1)i(MT¢;+n?<I>;)}$dwds. (4.26)
0

II(t)
From
¢
/65/72(3.21)d8
0
we obtain
t
/ 7l (5)|2ds < Cet/™, Wt € [0,400), i=1,2. (4.27)

0

By 0¢(1.7b), (4.20), (4.25) and Cauchy—Schwarz inequality, together with (4.27), we can estimate II(¢) in
the right side of (4.26) as follows

t
_1
II(t) < 5 / / S/IT(JT)2dwds + Criet/ ™ e (4.28)

0
Substituting (4.28) into (4.26), and multiplying the resultant inequality by (%726”72)_1, we have
I1T7 (DI < 1T7 )P + Cr2e, Wt e [0,400), i=1,2 (4.29)

Step III. By

i=1

t 1 2
//Z (4.19) SN )dxds,
0 0

after integration by parts, together with (4.20c), (4.24), (4.19) and (4.21), the direct calculations lead to

2
Y NN i) )P < Creit™, Yt € (0, +00). (4.30)
i=1
From
to1 g
//Z (4.19) seS/T Ji)dzds,
o =1

by a similar way to establish the estimate (4.29), together with (4.20¢), (4.24) and (4.30), we obtain
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2
M ITLON < Cre*t™!, vt € (0, +00). (4.31)
=1

Step IV. For arbitrarily fixed 7 in condition (1.19), we know that 0 < 7 < 1. Let

InT
T7:=——>0. 4.32
2a ~ ( )

If0<t<TT, by (4.25), (4.29), (4.30) and (4.31), we get

2
SN @I < e, (4.33a)
=1
1T7 @I < 177 )2 + 032, i=1,2, (4.33b)
2
S NN TR < CrH/21 (4.33¢)
=1

Ift >T7, by (1.17b), (1.18) and (1.16b), we obtain

> (IO + 177 1) (4.34)
<Y (InF = ADOIE + 16T = T3 + g — a3+ 137 - 3213
i=1

+ ll(m? = A OIE + 162 = ) OIE)
< C(e—Q'ygt Lty 6—27125)
< C(T'y"‘/a +7t 4+ T'Yl/a)
<Cre, (4.35)

where the positive constant 73 is given by

1
Y3 := min {% %, 5} > 0. (4.36)

Finally, combining (4. 33) (4.35) and the elliptic estimate ||®7(t)||3 < C||(NT,N3)(t)||3, we arrive at the
convergence estimate (1.20) for global solution. O
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