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LONG-TIME BEHAVIOR OF SOLUTIONS TO THE BIPOLAR
HYDRODYNAMIC MODEL OF SEMICONDUCTORS WITH
BOUNDARY EFFECT*
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Abstract. For a bipolar hydrodynamic model of semiconductors in the form of Euler—Poisson
equations with Dirichlet or Neumann boundary conditions, in this paper we first heuristically analyze
the most probable asymptotic profile (the so-called diffusion waves) and then prove this long-time
behavior rigorously. For this, we construct correction functions to show the convergence of the original
solution to the diffusion wave with optimal convergence rates by the energy method. Moreover, in
the case with Dirichlet boundary condition, when the initial perturbation is in some weighted L'
space, a faster and optimal convergence rate is also given.
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1. Introduction. This is a continuation of our study on the stability of diffusion
waves for the bipolar hydrodynamic system of semiconductors. Based on the work
[15] on the initial value problem (IVP), in this paper we consider the initial-boundary
value problem (IBVP) of the 5 x 5 Euler—Poisson system in the half-space

nit + Jiz =0,
2
Jie + (i—ll —|—p(n1)) =nmkE—J,
(11) not + Joz :0, (l’,t) €R+ XR+,

Jor + (1—22 + q(nz))z = —no ks — Ja,

E; =n1 —ng,

with the initial data

(1.2) (n1,n2, J1, J2)lt=0 = (n10, 720, J10, J20) (),
and either the Dirichlet boundary condition
(1.3) Jilz=0 = J2|z=0 = Elz=0 =0
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BIPOLAR HYDRODYNAMIC MODEL OF SEMICONDUCTORS 1135

or the Neumann boundary condition
(14) J1$|w:0 = J2$|w:0 =0 and E(+oo,t) = a(t).

Here, for the later case, two situations will be considered, that is, either

(1.5) la(t)] = O(1)e™" for n > 0
or
(1.6) la(t)] = O(L)(1 + £)~ for > g

In the above system, nq(z,t), no(x,t), Ji(x,t), Jo(x,t), and E(x,t) represent the
electron density, the hole density, the current density of electrons, the current density
of holes, and the electric field, respectively. For detail of physical background, see the
textbooks [20, 29, 38, 46]. The nonlinear functions p(s) and ¢(s) denote the pressures
of the electrons and the holes which are assumed to be identical and smooth and
satisfy

(1.7) p(s) =q(s) >0, p'(s) =¢(s) >0 fors>0.
Moreover, we assume the initial data satisfying

(1.8) lim (nio(x), Jio(z), na2o(x), Joo(x), E(z,0)) = (ny, Jy,ng, J1, Ey),

r——+o0

together with the compatibility condition with the Dirichlet boundary condition,

(1.9) J10(0) = Jao(0) = 0, and B, — /R o1 () — nos(2)]dz,

or the compatibility condition with the Neumann boundary condition,
(1.10) 15(0) =0, nj|lz—0 =nio(0) fori=1,2, and a(0) = E;.

Here (n4, JJ4,n4, Jy, E1) are some constant states. See (3.3) for deriving the expres-
sion of E4 in (1.9).

According to Darcy’s law, in long-time the solutions to the Euler—Poisson system
behave similarly to those solutions to the porous media equations because of the
frictional damping, like the Euler equation with damping that has been extensively
studied; cf. [10]. In fact, this can be verified by variables scaling [14, 26, 33, 35]

T — x/e, t—>t/£2, n, = n;, J;—ed;,, E—E,

for i = 1,2 with an arbitrarily small number € > 0; then the system (1.1) becomes

1y + Jiz =0,
— 72 _ —
63J1t + g8 (2_11)90 + E(p(ﬁl))m =mFE — 6J1,
(1.11) ot + Jog = 0,

_ 2 n 7
o+ () +e(plia))s = B — <o,

eE, =ny — no.
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1136 F.-M. HUANG, M. MEL, Y. WANG, AND T. YANG

Neglecting the small terms with e, (1.11) gives

ﬁit"'jirzoa 7:21527
Oz’fllE,
0:’7L2E,

0=n1 — no,

which implies

(112) nyp = ng =: N, j1:7 :Zj, E=0.

3
Ny

Thus, substituting (1.12) into (1.11) yields

e2J; + €2 (JZ)I +p(n) = —J.

iy + Jp = 0,
n
Again, by omitting the small terms with &, we obtain the following equations which
can be used to describe the asymptotic profiles of (1.1):

it — p(N)ze = 0, porous media equation,

p(n)y = —J, Darcy’s law.

ne+ Jp =0,
p(ﬁ)w = _J7

_ or equivalently, {

Therefore, we expect that the solution (n1, J1, ng, Jo, E)(z,t) converges to (i, J, @i, J, 0)
(x,t), where (7, .J)(z,t) satisfies the above porous media equations.

In most of the previous works, the asymptotic profiles for the damped Euler—
Poisson equations (1.1) are chosen to be the self-similar solutions (7, J)(x/v/1+ 1)
of the above porous media equations, called diffusion waves. On the other hand, as
indicated in [26, 28] for the IBVP to the damped p-system (see [33] for the IVP),
a better asymptotic profile is the solution of the corresponding IBVP to the porous
media equations itself, rather than the self-similar solution. Based on this thinking,
for the problems considered in this paper, we expect the asymptotic profile of the
Dirichlet IBVP (1.1)—(1.3) satistying

e+ Jp =0, Nt — p()zz =0,
w1 Tt {70 =
7’L|t:0 = Tl()($), n|t:0 = Tl()($),

j|z:0 = 0, ﬁm|z:0 = 0,

while the asymptotic profile of the Neumann IBVP (1.1), (1.2), and (1.4) satisfies

ne + jz =0, ng _p(ﬁ)zz =0,
n T — _j, . n x — _ja
(1.14) p(n) or equivalently, p(n)

nli—o0 = no(x), nli—0 = no(x),
lew:O =0, ﬁ|m:0 = ﬁO(O)

Here, the initial data 7ig(z) — n4 as ¢ — oo will be specified later in (3.41) for the
Dirichlet boundary and (4.32) for the Neumann boundary, respectively. We also call
such a particular solution (7, J)(x,t) for the IBVPs (1.13) or (1.14) as a diffusion

wave without any confusion.
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BIPOLAR HYDRODYNAMIC MODEL OF SEMICONDUCTORS 1137

Let us now review previous work on the Euler—Poisson equations. For the unipolar
hydrodynamic model, the existence of steady-state solutions was studied in [4, 5, 6],
and their stability was given in [7, 11, 16, 17, 21, 27, 39] in different settings. Moreover,
the global existence of classical and/or the entropy weak solutions as well as the zero
relaxation limits were investigated in [1, 2, 9, 12, 11, 21, 22, 23, 31, 43, 48]. On the
other hand, for the bipolar hydrodynamic model, there is much less related research.
For this, Natalini [37] and Hsiao and Zhang [12, 13] established the global entropy
weak solutions in the framework of compensated compactness on the whole real line
and spatial bounded domain, respectively. Zhu and Hattori [50] proved the stability
of steady-state solutions for a recombined bipolar hydrodynamic model. Y.-P. Li [24]
studied the relaxation limit of a bipolar isentropic hydrodynamic model with small
momentum relaxation time. For the stability of diffusion waves, Gasser, Hsiao, and
H.-L. Li [8] and Huang and Y.-P. Li [14] studied it in the strong and the weak sense,
respectively, under a restrictive condition

(1.15) /R[nlo(x) — nso(x)]dz = 0.

Note that this together with (1.1)5 implies
E(+00,0) — E(—00,0) = 0.

This is called the switch-off case for the device because there is no voltage. For the
switch-on case

E(+00,0) — E(—00,0) # 0, or equivalently /[nlo(x) — ngo(x)]dx # 0,
R
there is some difference between the original solutions and the diffusion waves at the
far fields so that the perturbation of a diffusion wave cannot be in L? space. Note
that the L°°-stability of diffusion waves remained open. To overcome this difficulty,
by constructing some correction functions to take care of the difference, we proved in
[15] the stability of diffusion waves for the IVP of (1.1).

Note that for the IVP studied in [15] the far field layer due to the fact that
Jilz=co — Jilz=—oco # 0 and E|y—co — E|s=—0o # 0 was analyzed. With the boundary
effect (Dirichlet or Neumann) in the half-space considered in this paper, we also need
to take care of the boundary layer. For the one-side layer at the far field x = oo,
the correction function for the IBVPs in some sense can be constructed in a more
straightforward way than the IVP in the full space. In fact, we can linearize n;(z,t)
around the constant state n, and derive the explicit integral equations with Green
functions to the corresponding IBVPs (see (3.66) and (3.71), and (4.39) and (4.40),
respectively). With this advantage, by using the energy estimates for the elementary
solutions to the linear damped wave equations introduced by Matsumura [32] and
Tkehata [18] (see also the improvements in [26, 28, 30, 44] for nonlinear damped p-
system), together with the new techniques in [15, 16, 17, 36] on the construction of
correction functions, we succeed in proving the following optimal convergence results:

1. In the Dirichlet boundary case (1.3), the solution (nq,Ji,ns, Jo, E)(z,t) of
the Dirichlet IBVP (1.1)—(1.3) converges to its corresponding diffusion wave
(n, J, i, J,0)(x,t) of IBVP (1.13) with the optimal convergence rates

[(ny — 7, J1 — J,ng — 1, Jo — J, E)(t)|| Lo (ry)
(1.16) =O()(t 5t 75 1 e )
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1138 F.-M. HUANG, M. MEL, Y. WANG, AND T. YANG

for the initial perturbations in H3(R,.) x H*(R,.), where 0 < v < 1, and

[(ny — 7, J1 — J,ng — 2, Jo — J, E)(t)|| Lo (ry)
(1.17) =o)Lt ¢ s eV

for the initial perturbation in (H?(Ry) x H*(R;)) N L*(R,). Furthermore,

||(n1 —n,J1 — j,ng —n,Jo — j, E)(t)||Loo(R+)
(1.18) =0t 1, I e e

for the initial perturbation in the weighted space (H2(Ry) x H'(R4)) N
LY (Ry) with 0 <y < 1.

2. In the Neumann boundary case (1.4), the solution (nq, J1,ng, Jo, E)(z,t) of
the Neumann IBVP (1.1), (1.2), and (1.4) converges to its corresponding
diffusion wave (n, J,n, J,0)(x,t) of IBVP (1.14) with the optimal convergence
rates

%,t*%,e*”t) as |a(t)| = O(e™"),n > 0,
Tt % |=0(t%),0 > 3,

for the initial perturbations in H3(R;) x H?(R;), where 0 < v < min{y, 1},
and

[(ny —n,J1 — J,ng — 0, J2 — J, E)(t) || Lo (r,)

(1.20) = {0(1)(t_1,t_%,t_1,t_%,e_”t) as |a( ;

Ot Lt 2,71, t73 7%  as|a(
for the initial perturbation in (H?(R4)x H!(R4))NLY (R4 ). Note that unlike
the Dirichlet IVBP, there is no weighted L'*7-decay obtained for this case.
Finally, for the study on diffusion phenomena to damped p-system or relaxation
models, we refer to [3, 10, 25, 26, 33, 34, 40, 41, 42, 47, 49] and the references therein.
The rest of the paper is organized as follows. First, at the end of this section,
we introduce some notation for readers’ convenience. In section 2, we will introduce
some known results about the diffusion waves and the properties of solutions to the
Dirichlet and Neumann IBVPs of linear damped wave equations. In section 3, inspired
by [15], we first heuristically study the behavior of the solution for the Dirichlet IBVP
(1.1)—(1.3) at the far field z = oo and the difference between the original solution and
the possible asymptotic profiles. We then construct the correction function to take
care of the difference. Here, the correction function depends on the original initial
data (1.2). Later on, after we show how to find the most suitable asymptotic profiles
by carefully choosing the initial data for the IBVP of porous media equations (1.13),
we prove the convergence of the original IBVP solution (1.1)—(1.3) to the selected
asymptotic profile (1.13). In section 4, instead of the Dirichlet boundary condition
(1.3), we consider the Neumann boundary case J;;|z—o with E|,—o, = 0 for the system
(1.1). After constructing some correction function and determining the asymptotic
profile of (1.14) with some specified initial data 7ig(x), we prove the convergence of
the solutions for the Neumann IBVP (1.1), (1.2), and (1.4) to the chosen diffusion
wave satisfying (1.14).

(e7"),n >0,

t) =0
) =0(t""%),6 > 3,
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BIPOLAR HYDRODYNAMIC MODEL OF SEMICONDUCTORS 1139

Notation. Throughout the paper, (7, .J, E)(z,t) denotes the diffusion wave, that
is, the solution of the IBVP (1.13) or (1.14), and (71, Ji, 7z, Jo, E)(x,t) denotes the
correction function. C' > 0 denotes a generic constant, while C; >0 (i =0,1,2,...)
represents some specific constant. The derivatives of f are denoted by f., fzz, Or
okf k=0,1,2,.... LP(R}) (1 < p < 00) is the usual Lebesque space with the norm

1/p
1l = ( / If(:v)l”d:v> for 1<p<oo and |fllz~ = sup [F(x)].

zERL

Sometimes, the integral region R} will be omitted for brevity. LP7V(Ry) with v > 0
and 1 < p < oo is a weighted LP(R ) space with the weight (1 + 2)7. Its norm is

1/p
|f|m<R+>=( / (1+x)”|f(x)l”d:v> L 1<pes

H¥(R,) (k > 0) is the usual Sobolev space with the norm

i 1/2
= o f|d .
1P <§/| i | )

For simplicity, we also denote (£, g. )12 = |12+ g 3a-+1hl12. and (£, g, b2 —
I £ + llgll3e + [[2)13.- Let T > 0 and B be a Banach space. CY([0,T7];B) is the
space of B-valued continuous functions on [0,7], and L?([0,T]; B) is the space of B-
valued L?-functions on [0,7T]. The other spaces of B-valued functions on [0,00) can
be defined similarly.

2. Preliminaries. In this section, we state some known results which will be
used for the proof of the convergence in sections 3 and 4.

LEMMA 2.1 (see [19, 30]). Let g —ny € LY(R.) N H™(R,) for some positive
integer m. Then the solution (n,J)(z,t) of the IBVP (1.13) globally and uniquely
exists and satisfies

(2.1) 1050 (7 — ) (8) || L2,y = O(W)da(1+8)" &, 0<2k+j<m,
(22)  [050) (7 — ny) (@)L, = O()oa(1+ )2, 0<2k+j<m,
(2.3) (7 = 1g )ae () 21y = O(1)0a(1 + 1) 7%,

where 0z 1= maxger, [No(r) — ny|.
Furthermore, for the linear damped wave equation on the first quadrant with null
Dirichlet boundary condition

(btt"'a(bt_,ud)rr :g(ﬂf,t), (ZIJ,t) ER-F XR-F;
(24) (¢7 (bt)'t:O = (¢0,¢1)($), WS R+7
¢|w:0 = 07 te R+,

where & > 0 and g > 0, as shown in [30] (originally, we refer to [32] for the IVP case),
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its solution can be expressed as

o) = [ " Kola — y.1) — Kol +y.0)]b0(y)dy
4 [ = ) = Ko w011 0)dy
0

(2.5) —I—/O /OOO[Kl(a:—y,t—s)—Kl(a:—l—y,t—s)]g(y,s)dyds,

where K;(z,t) (j =0, 1) are the fundamental solutions of the homogenous equation
8ttKj + a@tKj — ,uaij = 0, S R, te R+,
with

Ko(z,0) = 6(x), and Ki(z,0) =0,
%K@(x, 0) =0, %Kl (z,0) = o(x),

where 0(x) is the Dirac-delta function. The Fourier transforms of K;(z,t) (i = 0,1),
denoted by K;(£,t) (i =0,1), are given explicitly by

2e—t/2 . Vo —4pg? «
7042—4;1{2 sinh <72 t), |€| < m,
Kl (gvt) = te—at/2’ |€| = ﬁv
2e~t/2 . \/4ﬂ§27—0¢2 «
\/4;11527012 S11 < 2 t)a |€| > mv
and
~ a -
KO(&? t) = §Kl(€7t) + RQ(&, t)v
where
e—t/2 cosh (7\/0‘2;4“520, HES 2

Ry(&,t) = e/, €l = 55
e~ /2 cos (7‘ 4”22_a2 t), €l > 55

For the linear damped wave equation with the null Neumann boundary condition

(btt"‘a(bt _N¢ww :g(xat)a (xat) ERJF XRJH
(2.6) (®, ¢t )lt=0 = (b0, P1)(z), z € Ry,
¢z|r:0 = 07 t e R+,
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BIPOLAR HYDRODYNAMIC MODEL OF SEMICONDUCTORS 1141

its solution can be expressed as

ofant) = | T Kol — 1) + Kole + . Olbo(y)dy
[T =0+ Kl 01y
0

(2.7) —|—/0 /OOO[Kl(x—y,t—s)+K1(x+y,t—s)]g(y,s)dyds.

The decay rates for the solutions are also obtained in [32] for the Cauchy problem
and extended in [30] for the Dirichlet IBVP (2.4). Without any difficulty, the same
decay rates for the solution to the Neumann IBVP (2.6) can be derived similarly. Now
we summarize these decay estimates as follows.

LEMMA 2.2 (see [32, 30]). If f € LY(Ry) N HITF(R,), then

0% [ (e - .00 £ Ko+ ) 0]

L2(Ry)
2kl
(2.8) <CU+07 52 |l + Il my) |
oot [~ kit = .00 £ Kato+ g )
0 Lo (Ry)
(2.9) < CU+DT™F Il + 1 lmvrce )
If f € LY(Ry) N HIPFHL(R,), then
|0tk [ ot —.0) £ Kot + w015y
0 L2(Ry)

k+1

(2.10) <O +t)

(17120 + 1 zsv e )

Hagag /OOO[KO(x —y,t) + Ko(z + y,t)]f(y)dyHLm(R”

k1
(2.11) < CU+ ) Il + I s ey |

Furthermore, as shown in [18] (see also [28, 44]), for the Dirichlet IBVP (2.4), we
have the following faster decay estimates if the initial data belongs to the weighted
space LY (Ry).

LEMMA 2.3 (see [18, 28, 44]). Let v € [0,1]. If f € LY (Ry) N HIR(Ry), then

00k [ e 1.0)~ Koo+ 1)y

L2(Ry)
_j_2kt1 1y
(2.12) < CU+0 5 ) + I o)
oot [~ kit = u.0) — Kato + o))
0 L>(Ry)
—j_ktl_
(2.13) <O+ Ifl @ + Il mresce, |-
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1142 F.-M. HUANG, M. MEL, Y. WANG, AND T. YANG

If f € LYY (Ry) N HITHL(RY), then

{0k [ Kol .6)~ Kalo + 1,01 (5)dy

L2(Ry)
_j_2kt1 1y
(2.14) < COU+0 5 |y + I lmnmy) |,
|00k [ ot~ u.0) — Kotw + ) ()
0 Loo(Ry)
_j_ktl oy
(2.15) <O+ Ifl @ + 1w e,

Remark 1. As shown in [18], for the Neumann IBVP (2.6), the solution does not
possess such faster decay rates (2.12)—(2.15), no matter the initial data is (¢o, ¢1) €
LY (R4) or not.

Finally, we state a known and useful auxiliary lemma as follows.

LEMMA 2.4 (see [45]). Let a >0, b > 0. Then

. C(1 + t)~ min(a:b) max(a,b) > 1,
(2.16) / (1+t—8) "1 +s)"bds < C(1+t)" ™) In(2 +¢), max(a,b) =1,
0 C(1+t)-ob, max(a,b) < 1.

3. Dirichlet initial-boundary value problem. In this section, we will first
investigate the exact difference between the original solution of (1.1)—(1.3) and the
diffusion wave of (1.13) at the far field. Then, as shown in [15], we will construct the
correction functions to take care of this difference so that the estimation can be done
in an L2-framework. Finally, for a given initial data (1.2) to the IBVP (1.1)—(1.3),
we will specify the solution to the IBVP for the porous media equations (1.13) as the
asymptotic profile of the original IBVP (1.1)—(1.3) and then prove the convergence of
the solution to the IBVP (1.1)—(1.3) to the selected diffusion wave to (1.13).

3.1. Correction functions. In order to show the convergence of the solution
(n1, J1,n2, Ja, E)(z,t) of the IBVP (1.1)~(1.3) to the solution (7, J,n, J,0)(z,t) of
the IBVP for the corresponding porous media equations, we now heuristically study
the difference between these two solutions at the far field.

Let us first investigate the solution (nq, J1,na, Jo, E)(x,t) of the IBVP (1.1)—(1.3)
at the far field * = +o00. Define

(3.1) (nf, Jiond, I, ET)(t) i= (n1, J1,n2, J2, E)(+00,t).
Integrating (1.1)5 over [0, c0) with respect to x, we have
(3.2) E*(t) — E(0,4) :/ 1 (2, 1) — na(, £)]da,

Ry

which implies, with the boundary condition F|,—g = 0, that
(3.3) By = B(400,0) = B*|_o = / 10(2) — nao(z)]dz.
Ry
Noting the boundary conditions (1.3), and differentiating (1.1)5 with respect to ¢ and
using (1.1); and (1.1)3, we get
d

(3.4) £E+(t) = Or[m (@, t) — na(z, t)]do = —[J," (1) — J5" (1)].
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So, taking limit in the equations (1.1);-(1.1)4 as  — 400, and combining (3.4), we
have

nii_(t) =Ny,
G ) =n BT () = I (1),
n;(t) =N+,

& (1) = —ny EF(t) = IS (1),
FET() = =T () + I (1),
(']1+a J2+a E+>|t:0 = (Jl—i-a J2+7 E+>

Differentiating (3.5)5 with respect to ¢ and using (3.5)2 and (3.5)4, we obtain
L ET(t) + LEY(t) + 20, EY(t) = 0,
(3'6) E+|t:0 - E_;’_’
+
im0 = —(Jry — Joy),

which possesses the eigenvalues

—-1++/1—-8n
(3.7) Mg = ——o—=+.

s

By a similar computation but simpler than in [15] for the IVP case, we can solve the
above ODEs in the following three cases.
Case 1. When 1 — 8ny =0, then

Jis + Jor _ 1 _: 1 1

(3.8) Ji'(t) = %6 L+ 5€ ° {(JH = Jot) + (ot = Jie) + §E+]t} ;
Jis + Jor _ 1 . 1 1

(3.9) J5(t) = %6 f- 5¢ ° {(JH = Jot) + (ot = Jie) + §E+]t} ;

Case 2. When 1 — 8ny < 0, then

1 1 . r—
J{F(t) - §(J1+ + J2+)eit + 1675 {2(J1+ — J1+) CcoS @t
2(J2+ B J1+) + E+
N
1 1, —
T3 () = §(J1+ +T2e)e = Zeiﬁ {2(J1+ — J2y ) cos @t
2(J2+ - ']l-‘,-) + E+
N
—1
(3.12) + \/8n+7—1E+) sin @t}
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, =T, 2(Joy — E =T
019 570 = H B on Ty Bl LB g ST,

Case 3. When 1 —8ny > 0, then

1 1

(3.14) TE) = 5 (g + T )e " = §{A1Ae*1t + )\gBe)‘Qt},
1 1

(3.15) T (t) = 3+ Jop)e t+ §{A1Ae*1t + AgBeM},

(3.16) E*t(t) = AeM! + Bet?t,

where A and B are defined as
Jor —ig) —heBy 5 (e — Jie) — MBy
\/1—8n+ ’ \/1—8n+ '
However, according to the properties of the solutions to the IBVP of porous media

equations (1.13), the expected asymptotic profiles (n, J,n, J, E)(z,t) = (a, J,n, J,0)
(z,t) at far field x = 400 are

A:(

(3.17) (0, J,n, J, E)(+00,t) = (ny,0,n4,0,0).
From (3.8)—(3.16) and (3.17), it holds that

|7’L1(OO,t)—'Fl(OO,t)| =0, i=1,2,

|Ji(4+00,t) — J(+o00,t)] = O(1)e "t £0, i=1,2,
|E(+00,t) — 0] = O(1)e"0t £ 0

for some constant 0 < vy < % So, there are some differences between the original
solutions and their asymptotic profiles such that

Ji(x,t) — J(z,t) and E(z,t) € L*(R,).

Hence, we need to introduce some correction functions to take care of this (zliffer—
ence. As shown in [15], we may similarly construct the correction functions (71, J1, fia,
Ja, E)(z,t) such that

e + jlr =0,
Jip = n+E — jl, fi(xz,t) = 0,

(3.18) fioy + Jog = 0, with { Ji(z,t) — JF(t), asx— oo,
Jor = —ny B — Jo, E(z,t) — ET(t),

E; =n1 — na,
for i = 1,2. Let us select the initial data for the system (3.18) as follows:

ji(xv 0) = Ji+ f()z mo(y)dya 1=1, 2;
E(z,0) = By [ mo(y)dy,

where mg(x) is a smooth function satisfying

(3.19)

mo(x) >0, mo € C°(Ry), mo(y)dy = 1.
Ry

Then the correction functions can be constructed as follows.
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Case 1. When 1 — 8ny =0, then

A 1
J1($,t) = Jl_eit + 5{(J2+ + J1+)€7

(3.20) +e 7 |(Jiy — Joy) + (J2+ — Jip + E+ } }/ mo(y)dy,
~ 1 )
J2($,t) = Jg_e_t + 5{(J2+ + J1+)€_t
(3.21) — e % J1+ —Jop + = [(J2+ —Jip)+ EJr :|}/ mo(y)dy,
(3.22)
- ¢ 1 *
E(z,t)=e"2 {E+ + [J2+ —Jiy + §E+} t} / mo(y)dy,
0
(3.23)

fn(z,t) = m02(“3) {(J2+ i )e et (E <J2+ — Jiy + %)t) }
(3.24)

o, 1) = o)

¢ E
5 {(J2++J1+)€t—€§ (E++ <J2+—J1++7+>t)}.

Case 2. When 1 —8ny < 0, then

- Joy +Jiy 4 [T
e t) = P [ ma()ay
0

¢ vV —1
e 2 {2(J1+ — Ja4) cos 8n;t

e

* 2

Joy — 1)+ E
+<(2+\/8ni By —1 E+>

(3.25) xsin%t}/ mo(y)dy,
0

- Joy +Jiy 4 [T
aat) = P [ ma)ay
0

\/8n+ —1
2

Jog —J E
+< ( %%_‘L /By —1 E+)
(3.26) xsin%t}/ mo(y)dy,
0

65{2(J1+ — Ja4) cos t

e~ =

2(J2+ - J1+) + EJr . 8n+ — /
(3.27) + N sin mo(y)dy,
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1) = 22D (et
1 _t \/87’1; — 1
Ton, mo(z)e” 2 {8n+E+ cos %t
+ {\/ 8ny — 1(E4 +2(Jay — J14))
2 — E Vi —1
(3.28) LA A E B VB T T ,
Sy — 1 2
fig(z,t) = JHLZJlerQ(ac)e*’5
1 ¢ vV -1
= Ton, mo(x)e” 2 {8n+E+ cos &L%t
+ {\/ 8ny — 1(E4 +2(Jay — J14))
2(J2+ — J1+) + EJr . 8n+ —1
(3.29) N X sin 5 te.

Case 3. When 1 —8ny > 0, then

- Joy +Jiy [T
ety = e [ )y

1 xT
(3.30) ——(AlAe*lt+A2Be*2t) / mo(y)dy,
2 0
. Jog + e, [T
aat) = L [ o)y
0

(3.31)

+

1 xT
§(A1Aeht +/\2B€A2t)/ mo(y)dy,
0

(3.32)  E(z,t) = /\1A6A1t+)\236)\2t)/ mo(y)dy,
0

1
(3.33)  fu(a,t) = = (Jop + Jig)mo(x)e™t + ~mo(a) ()\1A6>‘1t n /\gBe)‘zt),

2
1
(Jog + J11)mo(x)e ™" — gmo(x) ()\1Ae>‘1t + /\gBe)‘zt).

| =N =

(3:34) fo(et) = 5

Summarizing the properties of these correction functions, we have the next lemma.
LEMMA 3.1. It holds that

(3.35) (1, iz, Ty, Jo, B)(8)]| oo (ry) < Core™",

(3.36) (A1, Jy, g, Jo, E)|s—0 = (0,0,0,0,0),

(3.37) (A1, J1, R, Joy B |aeoo = (0,77 (1),0, J5 (1), E*(t)),

(3.38) / [f1(x,0) — oz, 0)]de = / [P10(x) — nog(x)]dz = E4,
R Ry

where 61 = |Ji4| + |Jog | + |E4|.

3.2. Asymptotic profiles. Now we turn to showing how to find the particular
asymptotic profiles for the original solutions. Let us make a perturbation of the orig-
inal system (1.1) around the specified diffusion waves (1.13) by adding the correction
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functions (3.18). Then we obtain

(nl—’fll—ﬁ)t‘F(Jl_jl_j)r:Oa
(= =)o+ (3 +pm) —p@))
= nlE—AnJrEA— (J1 —J - J) + p(R)ut,
(3.39) (ng—fe —n)+ (Jo—Jo — J)z =0,
@b—L—J%+(£+pMﬁ—MmL
A = —noE +n B — (Jo— Jo— J) + p(R)ar,
(FE—FE);=(n1—n1—n)— (ng —ng —n).

Integrating (3.39); and (3.39); over Ry with respect to x, and noting J;(co,t) =

Ji(0o,t) = J(o0,t) =0, J;(0,t) = J;(0,t) = J(0,t) = 0 for ¢ = 1,2, we have

— [ni(x,t) — ni(x,t) — iz, t)]de =0, i=1,2.
dt Js,

Integrating the above equation with respect to ¢, we further have

(3.40) /R [ni(z,t) — Az, t) — Az, t)|de = / [nio(z) — 7 (2, 0) — fig(x)]de =0

Ry

by selecting the initial data 7ig(z) for the IBVP porous media equations (1.15) such
that

(3.41) /R [nio(z) — 7y (x,0) — Ag(z)]de =0, i=1,2,
namely,
(3.42) /ﬂh [nio(z) — fig(x)]dx = /ﬂh fi(x,0)dx, i=1,2.

Here, the determined initial data 7ig(x) in (3.42) is consistent for the pairs of (n1g(x),
71(x,0)) and (ngo(z),n2(x,0)) because from (3.38), with the same selected initial
data ng(x),

/R Imofe) — o) = /R e 0)de

is equivalent to

/]R+ [n20(x) — no(x)]de = / A1 (z, 0)dz.

Ry

With this preparation, we can study the perturbation around the diffusion wave in
the L2-framework:

ni—n—ni, Ji—J—Ji, E—EeL*Ry), i=1,2.
CrLAM 1. The asymptotic profile for the original solution (ny,Ji,ne, J2, E)(x,t)

of the Dirichlet IBVP (1.1)~(1.3) is (n, J, 7, J,0)(z,t), where (0, J)(z,t) is the solu-
tion of the IBVP (1.13) with a specified initial data ng(z) satisfying (3.41).
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3.3. Convergence theorem. Let us define

d)i(xvt) = for[ni(fvt) - ﬁl(fvt) - ﬁ(f,t)]df,

(3.43) Yi(z,t) = J;(x,t) — :fi(x,t) — J(z,t), i=1,2,

H(z,t) .= E(z,t) — E(z,t);

then we get the equations for perturbation

¢1t +1/)1 = 0)
_ 7 7\2
Uit + (( ijiii;:) + p(b1z + 71 +7) _P(")>

= (¢12 + 1 + )H 4 (d10 + 711 + 7 —ny) - U1+ (7)ot
(3.44)1 ot + 102 = 0,
— Jo + J)?
= —(pox + 12+ A)H — (d2z + 2 + 7 — 1y ) E — tho + p(7) e,
H=¢1— ¢o,
with the initial data
pio(x) = ¢i(2,0) = [ [nio(€) — (€, 0) — 7o (€)]dE,
(3.45) Yio(x) = ¥i(x,0) = Jio(x) — Ji(2,0) — J(z,t), i=1,2,
Ho(z) := ¢10(x) — ¢20()
and the boundary conditions
(i, Yi, H)la=0 = 0,
(¢i, 1/’1& H)|I:OO = 07
Substituting (3.44); into (3.44), and (3.44)3 into (3.44)4, respectively, we have

(3.46) i=1,2.

et + 1t — (p(m + 0 +n) — p(ﬁ))r + (1o + 71 +)H

(3.47) = —fi1 + g1z — P(R) e,
Pott + P2t — (P(¢2w + g +n) — P(ﬁ))w — (2 + 2+ 1)H
(3.48) = fo + 920 — P(N)zt,
where
(349) fi: [¢zw+(ﬁl_n+)+ﬁ]Ea gi = Ma 1= 1727

Giz + 1 + 10
with the IBVs
(3.50)  @ili=0 = dio(x), ditli=0 = —io(x), Pile=0 =0, Gile=cc =0, i =1,2.
Furthermore, subtracting (3.48) from (3.47), we get
Hit +He +20H = h = hiy — ho — hg + hag,

H|t:0 = Ho(x)v
(3.51) Heli—o = —[t10(2) — ¥20(0)] =: H1(z),
H|w:0 = 07
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where
= p(¢1z + 1 + 1) — p(P2s + N2 + 1),
ho = ($10 + P2x + 11 + N2)H,
(3.52) ha = [f10 + d20 + (1 —n4) + (2 — ny) + 20,
By — (—pue + S+ D)2 (—¢ou + Jo + J)?
4= ~ — — )
¢lw+n1+n ¢2w+n2+n

We now state the convergence results as follows.

THEOREM 3.2. Let (¢io,vi0) € H3(Ry) x HX(Ry) fori = 1,2, § == |Ji4| +
|Ji—| + ot | + [Jo—| + [E4] + maxaer, [[n1o(x) — ny| + [n20(x) — nill, and o =
(D10, #20) || 113 (&) + || (010, ¥20) || 2 (R y - Then there exists 69 > 0 such that if 64®g <
0o, the solution (ny,ne,J1,J2, E) of the Dirichlet IBVP (1.1)-(1.3) is unique and
globally exists. And the following optimal decay rates (in L?-sense of initial data), for
i =1,2, hold:

1086 (8| L2(m,) = O(L)(1+t)7F/2, k=0,1,2,3,
105 ()| L2,y = O (1 + 1)~ FF2/2 g =0,1,
1050 H (1) || p2(r) = O(1)e ™", 0<k+1<2,

(1
3.53
559 105 6i (8]l L= () = O(1)(1 + 1)~ GFED/A k= 0,12,
)

i) || Lo,y = O(A)(1 + )75/,
10501 (1) || oo (=) = O(1)e ™", 0<k+l<1.

Moreover, if (¢i0,0i0) € LY (Ry) fori = 1,2, then the optimal decay rates (in the
L'-sense of initial data) hold:

1056 ()|l L2ryy) = O(1)(1 + )~ F+D/A | =0,1,2,
i) 22®y) = O (1 +1)~5/4,

1056: (1) || Lo sy = OL) (1 +1)=HD/2 1 | =0, 1,
[9i(8) | oo,y = O(A)(1 + 1) 3/2.

Furthermore, if (¢i0,%i0) € NLY(Ry) for i = 1,2, where 0 <~ < 1, then faster
decay rates hold:

(3.54)

105 (®)l| 2,y = O+ )~ 7573, k=0,1,2,
i (8)]| L2es) = O(1) (1 + )~ 4

105 (8) | Ly = O(M)(A+6) "5 73, k=01,

i)l L ryy = O(L)(L +1¢) 75,

Notice that ¢;; =n; —n—n; and ¢; = J; — J—J; fori= 1,2, and the correction
functions (7, Ji, E)(z,t) decay exponentially (see Lemma 3.1). We then immediately
obtain the following optimal convergence to the diffusion waves in L°°-norm.

COROLLARY 3.3 (convergence to diffusion waves).

1. When (¢i0;¢i0) S Hg(R+) X HQ(R+) fO’I‘ i=1,2, then
(3.56)  [|(ns — 71, Jy — J, E)(t)|| Loy = O(1) (1,471, e77%),
(3.57) ||(n1 —no, J1 — Ja, E)(t)||Loc(R+) = O(l)(e_yt, e_yt, e_ut).

;5- N\e

(3.55)

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



1150

F.-M. HUANG, M. MEL, Y. WANG, AND T. YANG

2. When (¢i0,%i0) € L*(Ry) N (H2(Ry) x HY(R,)) fori=1,2, then

(3:58)  [l(ni =1, J; = T, E)(1) | 1oy = O()(E 172 e7),
(3.59)  [l(n1 = na, 1 = J2, E)(t)l| 2o sy = O(1) (e, e e7™).

3. When (¢io0, i) € LY (Ry) N (H?(Ry) x HY(Ry)) for i = 1,2, where 0 <

v < %, then

(3.60) (| — 71, Jy — J, E)(t)|| Loy = O(1) (173,473 e,
(3.61) H(m —ng, J1 — Jo, E)(t)||Loo(R+) = O(l)(e_yt, e_yt, e_yt).

Remark 2.

1. By comparison with linear heat equations, the convergence rates shown of

(3.53) and (3.54) are optimal, in the cases of the initial perturbations in
L? and L', respectively. Moreover, the convergence rates of (3.55) are also
optimal in the case of the initial perturbation in the weighted space L.
In particular, [|v;(t)|re®,) = |¢it(t)]|=@,) = O(1)t=3/% is optimal, due
to the slower decay of the nonlinear source term caused by the diffusion
wave [|p(R)ae(t)|| 1 ®,) = O(1)t~%/2. In fact, it can be easily seen from the
following example. Consider the linear heat equation

b — bue = (1 +1)732my(x),
(3.62) Bli=0 =0,
¢|z:0 =0

with sufficiently smooth initial data ¢(x,0) = 0, where mq(x) is in C5°(R4).
Its solution can be expressed by

oz, t) = /0 /]R Gz —y,t—s)— Gz —y,t+s)](1+ s)_g/zmo(y)dyds,

_a?
t

where G(z,t) is the heat kernel. A simple computation gives

— 1
= W@
|pe(a, )] ~ O(L)E/2, 050 (x,1)| ~ O(1)E /2.

This confirms that even for the linear heat equation (3.62), the optimal decay
rates of the solution in the higher order derivatives ¢¢, Grre, and gz, ete.,
are of the order t—3/2 only.

. Although the diffusion wave (7, J, E)(z,t) is the asymptotic profile to the

original solution (nq,Ji, ne, J2, E)(x,t) to the IBVP (1.1)—(1.3), comparing
(3.56), (3.58), and (3.60) to (3.57), (3.59), and (3.61), we can see that the
solutions (n1,J1) and (ng, J2) are closer to each other. This is due to the
dispersion effect of the Klein-Gordon equation (3.51) with the null Dirichlet
boundary.

3.4. Proof of Theorem 3.2. This subsection is devoted to the proof of Theorem
3.2. The global existence and uniqueness of solution for evolution equations as well as
the corresponding energy decay estimates usually can be obtained by the elementary
energy method and a continuity extension argument, which is based on the local
existence and the a priori estimates. Establishing the a priori estimates plays a key

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



BIPOLAR HYDRODYNAMIC MODEL OF SEMICONDUCTORS 1151

role in the whole proof. Here we focus on establishing the a priori energy estimates
in different solution spaces.

Step 1: Proof of (3.53). Let the initial perturbation be (¢i0,%i0) € H3(R4) x
H?(Ry) for i = 1,2. Let T € (0, +00]; we define the solution space for (3.47), (3.48),
(3.50), and (3.51) as follows:

X1(05T) = {(d)lad)lt;d)Qad)ZhH)(xat) agd)’b S 0(07T7H3_j(]R+))5Z = 1527 j = 07 1)
oM € C0, T H*I(Ry)), j=0,1,0<t<T}

with the norm

Ny(T)
3
= sup {Z 1+1)% |0k (¢1,92) ()| L2(r)
0<t<T ‘
2 2 _
+Z(1+t) ||ak(¢1ta¢2t)(t)”L2(R+) + Z eyt”atjafﬂ(t)”m(&)}-
k=0 k+j=0

As shown in [15], by the basic energy method but a tedious computation, we can
prove the following lemma. The details of the proof are omitted for brevity. Interested
readers can refer to [15].

LEMMA 3.4. When (gf)lo, ®20, V10, 1/)20) S Hg(R+) X Hg(]R+) X Hz(R+) X HQ(]R+),
there exists a unique and global solution (1,11, da, e, H)(x,t) € X1(0,T) for the
IBVP (3.47)—(3.51) satisfying

(363) ||(H7Hma Ht; szvHrta Htt)(t)||L2 (R4) < 0(5 + P ) _Vt
(3.64) 105 (61, 62) (1) L2k, ) < C(6 + Bo) (1 + t>—%

(3.65) 105 W1, 92) Dl 2wy < CO+ D)1 +1) 75,0
provided § + N1(T') < 1.

Step 2: Proof of (3.54). Let the initial perturbation be (¢0, %) € L*(R4) N
(H3(Ry) x H*(Ry)) for i = 1,2. First, we already have all the decay estimates
(3.63)—(3.65). Now what we need is to improve the decay rates for (¢;,;)(z,t) as in
(3.54) when the initial perturbation is in L'. Let T" € (0, +o00]; we define the norm
Ny(T') for the solution space X2(0,T") as follows:

0<

IN

3
<2,

IN =
e

X2(0,T) = {(¢1,¢2) (. t)|¢s € C(0,T; H*(R+)), ¢ie € C(0,T; L*(Ry) N L>(R+))}

and

2
No(T) = sup { (1+1) (1, 2) (8| L2 Ry
o<t<7 | &5

1
+ )+ 05 (61, 62) (1) oo 2
k=0

+ (1401 (D1e, b20) ()| 2y + (1 +t>%||<¢1t,¢2t><t>||Loo<R+>}.
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Let us rewrite (3.47) and (3.48) as follows: for i = 1,2,

Gitt + Git — D' (N4)Piwa = Fi,
(3.66) (04, Pit)t=0 = (Pio, —i0) (),
Gilz=0 =0,

where

3.67
3.68

(3.67) Fy == Fu + Fio + Fis,

(3.68) Fo = (p(6sz + s 4 7) = p(A) = P/ (n1)61)) |
(3.69) Fiz = (=1) (s + ity + 1),

(3.70) Fiz = (=1)"fi + giz — ()t

From (2.5), then (3.66) can be expressed in the integral form for i = 1,2:
6iwt) = [ (oo~ u.6) ~ Koo+ y.0)60()dy
0
- [ i@ = .0) = Ko Dol

(3.71) —|—/O /OOO[Kl(x —y,t—s) — Ki(x+y,t — s)|Fi(y, s)dyds.

By applying Lemma 2.2, we immediately have the following estimates.

LEMMA 3.5. Let ¢i0 S Ll(R+) X H2(R+) and ¢i0 S Ll(R+) X Hl(R+)

fori=1,2,
0105 [ [Ko(o —9.6) - Kolo -+ 9.6)] dolu)dy
0 L2(R4)
. k .
(3.72) <O+t {||¢¢0||L1(R+> + ||¢i0||H1(1R+)}a 0<j+k<2,
0i0 [ [Kulw — yut) = Kl + .0)|0)dy
0 L2(Ry)
. k .
(373) <O+ ollpen + ulmE,) | 0<i+k<,
0i0k [ [Kolw —3.0) ~ Kol +.0)] ol
0 Lo (Ry)
—j_ktl .
B74)  <CO+) T F sl + IolmeE) | 0<i+h<2,
0j0k [ [Kite =000~ Ko+ .0)] o)y
0 Loo(Ry)
—j_ktl .
375) <O+ F ol + Wollme,)), 0<i+k<L

Next we establish the decay energy estimates for the nonlinear term.

Then
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LEMMA 3.6. Let (¢i, i, H)(2z,t) € X2(0,T). Then

t . [e%s)
[ oot [~ [t —ve—9) - a4 vt 9] Rvshay| — as
0 0 L2(®y)
(3.76) < Cl5+No(D)(1+8) =75, 0<2j+k<2,
t ) [e%s)
[ oo [ [ =vt=s) - Kie vyt -9 By as
0 0 L>=(R4)

(3.77) <O+ No(T)(1+)7~ %, 0<j+k<l
Proof. By Taylor’s expansion, we have
(Bl = O() (i + Gl i + Giaal + itia] + 20701
+ 11 = ny||biza| + (M2 @ia| + [Gia + Mi + Al H| 4 |7

+ 161 + A+ (1= n)I B+ [ul + 19+ 17]).

A straightforward but tedious computation with the help of the decay estimates (2.1)—
(2.3) and the a priori assumption of the solution within X5(0,7") with the norm No(T)
gives

[N

(3.78) IEi (Ol myy < C6+ Nao(T))(1+1)72,
(3.79) IE ) a1y < C6+ Nao(T)) (1 + 1) 72

(M

Thus, by using Lemma 2.2 and Lemma 2.4 and noting % > 54 2’“4—4'1 for0 < k+2j5 <2,
we have

/)
2k+1

t
<C [@rt= ) (RO e + IFE)n e, Jds

ds
L2(R4)

00k [ [Kie— ot = 5) — Ko+t = 9)] Fiye )y
0

k+1

< C[6 + No(T)] /Otu +t—s) T () (14 9)7E]ds

k+1

(3.80) < C[5+ No(T))(141)~9~ "4

0<2j+k<2.

Similarly, (3.77) can be proved and the details are omitted. Thus, the proof is
complete. a

Combining Lemmas 3.5 and 3.6, we prove the next lemma.

LEMMA 3.7. It holds that for i =1,2,

(3.81) 187056 () | L2y < C(L+6)775, 0<2j+k <2,
(3.82) 10705 ¢i (1) | Lo (my < C(A+1)97%, 0<j+k<1,

provided § + No(T) < 1.

Remark 3. The diffusion wave decays as ||70+(t)|| 1 (r,) = O(1)(1+1)" % (see (2.3)
in Lemma 2.1), which implies that the decay of F; is || F;(t)|z1(r,) = O(1)(1 + t)=3
only. As shown in (3.80), we can obtain the optimal decay rates [|0X¢;(t)||r2r,) =

~—
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_ 2k+41

O(1)(1+t)~77 for k= 0,1,2 only. For k > 3, notice that 251 > 2 and by Lemma
2.4 we can obtain the higher order (k > 3) energy estimates as [|0¥¢;(t)|| 2k, ) =

O(1)(14t)"2. So, in order to get the optimal decay rates, we consider only k = 0,1, 2.
And also, different from Lemma 3.5, where we may allow 0 < j + k < 2, we need
0<2j+k<2in Lemma 3.6.

Step 3: Proof of (3.55). Let the initial perturbation be (g0, %) € L¥7(R4) N
(H3(Ry) x H*(R)) with 0 <y < 1. (We will show later that the selection of v =
is the optimal.) We define the norm N3(T) for the solution space X2(0,T") as

N3(T')

Bl

2 1
iy 2k+1 i k+1 v
= sup { Y ()T G 0E e (1) e + Y (A +) T TE [0 (t)]
0<t<T | 5, 0 k=0

As shown in [28] for the linear damping case (see Theorem 2.2, (2.20) in [28]), we can
similarly prove that for v € [0, %],

(3.83) 10705 6i(t)| 20 < C(L+)"UI2 0 < j4+k<2.

Furthermore, we can also prove

2k+1+

(3.84) 10705pi (1) 2 ryy S C(L+8) "7 T3, 0<j+k<2,
2k+1

if |0/ 0% i (1) || L2,y < C(L+1)=7 74
Now let ¢(z,t) € X2(0,7) with the norm Ns(¢). From (3.71), and by using
integration by parts and Holder inequality, as in [26, 30], we can similarly derive for

v e01),

(3.85) IF ()] i@y < CI6+ Na(T))(1+1)" 273, i=1,2.

Thus, from (3.71) and noticing Lemma 2.3 and (3.85), we have
1056 (8) | 2 R

< ||ax / " Kole - y.) — Kolw + . O] ()dy

L3(Ry)

|

o | Pl -y t) - Ko 4y, Ol (y)dy

+u/
0
2k+1

<O+t (||l prry + ldioll m2.,))
2k+1
= ([ioll Lrvryy + [0l meyy)

+ (141
t
_2k41 oy
+C/O(1+t—$) T IE ) e @ + () B Ry lds

2k+1

<O+t 2 (|l Ly + bl r2.))
_ 2k+1
+CA+t) 7T EEI (|| Lo ryy + [[Pi0ll gy))

L2(Ry)

o [ Kale —ut—s) = Kalo byt - ) Fiy o)y ds
0

L2(R4)

+ Ol 4 N3(T)] /Ot(1 Ft—s) TR (14 s) " 4 (14 5)7]ds,

(3.86) k=0,1,2.
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Let us balance the order of rates in the last term of (3.86):

2k +1 3
- 2— — % =3 + % for the largest case k = 2,
which gives
1
3.87 ——
(3.87) 7=
So, we have
2k+1 v 3 ~« 1
L <2 2L = <~v < -
1 +2_2 5 for k=0,1,2 and0_7_4
Applying Lemma 2.4 to (3.86), we obtain
. ) 1
(3.88) |250i()llzz,) < CHU+H™F 2, k=012, 0<y< 7,

where

8 := lpioll iy + 100l L1y + Idioll g2y + 1ol ey + (6 + Na(T)).

Similarly, we have

pit ()] L2(r,)

< lor [ 1ol — u.6) ~ Koo+ v 060 )dy
0 L2(Ry)
+ ‘ 5t/ [Ki(z —y,t) — Ki(z +y,1)]vio(y)dy
0 L2(Ry)
t ]
+ / at/ [Ki(z —y,t—s) — Ki(z +y,t — s)|Fi(y, s)dy ds
oIl Jo L2(Ry)

<CA+1)7172 (||l Ly + bl m2m,))

+ O+ )71 2 (|[ioll 1oy + 1ol ry))

t

+ C/O (I+t—s) 1 2[[|F(s)lrr@y) + 1 F(5) | (ryy)ds
<O+ 2 (||l L k) + bl r2, )

+C(L+ 8712 ([0l Loy + [0l wy))

t
+C§[1+N3(T)]/ (14t =) 131 +5) 57 + (14 5)3]ds
0
_5_2

<CA+t) 772 ([ diollLrv(ry) + I dioll a2 (ry))

+CA+t) 772 ([l Ly + [Pl @y))

+ CS[14+ Ns(T)(1+t) 573 + C[6 + Ns(T)](1 + )2

(3.89) < C[6+ N3(T)](1+1t)~1 3.
We may also prove L*°-estimates similarly:
(3.90) 105 s()]| oo sy < CI6 + Na(T)(1+6)" "% %, k=0,1, i =1,2.
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However, since the decay of the source term likes ||F;(¢)||r1@,) = O(t~3/%) due
to the decay of the diffusion wave ||7iz¢(t)|| 11, ) = O(t=3/2), the decay rate for 0;¢;
is [|git(t)]| 21 (m,) = O(t~3/?) rather than t~2~3. So we have only

(3.91) it ()l L2y < CI6 + Ns(T)](1+¢) /2.

Combining (3.88), (3.89), (3.90), and (3.91), we prove the following lemma.
LEMMA 3.8. It holds that for i =1,2 and 0 <y < %,

(3.92) 0% ds(t)]| L2,y < C(A+18)~ "% ~%, k=0,1,2,
(3.93) 1051 ()| () < CL+1)F 3, k=0,1,
(3.94) lpre(t)ll2gryy < C(1+18)7573,

(3.95) i)l Lo,y < CL+1)7%,

provided § + N3(T') < 1.

4. Neumann IBVP. In this section, we consider the Euler—Poisson system (1.1)
with the initial data (1.2) and the Neumann boundary (1.4). We will first study the
solutions to (1.1), (1.2), and (1.4) at the far field so that we know the exact difference
between the original Neumann IBVP solution and the corresponding asymptotic pro-
file (1.14) at the far field. Then we construct some suitable correction functions and
show how to select the initial data ng(z) in (1.14) such that we can find the suitable
asymptotic profile. Finally, we will prove the convergence of the solution of the IBVP
(1.1), (1.2), and (1.4) to the chosen diffusion wave (1.14).

4.1. Correction functions. Let us study the solution of (1.1) at far field
r = +oo. Taking limits in (1.1) as # — oo, and denoting (n],J;",nd, ET)(t) =
limy o0 (01, J1, N2, J2, E)(2,t), where E*(t) = a(t) as the boundary condition given
n (1.4), then we have

&ni () =0,
+ —

LI =nf OB = JF (1), witn 40T
Ji"le=0 = Ji+,

I3 () = —ng (VE*(t) — TS (b),

which gives

n;r(t) =Ny,
(4.1) GO =ne BYE) = JF(),  with JF | = Jip,i= 1,2,

4T = —ny B (1) — I (8),

namely,
¢
(4.2) J(t) = Jipe '+ n+/ e~ (=9)q(s)ds,
0
t
(4.3) JH(t) = Jipet - n+/ e~ =q(s)ds.
0
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Since (see (1.5) and (1.6))

|E(o0,t)| = |ET(t)| = |a(t)| =

O(e™™), n >0, or,
o), 6> 3,

we immediately obtain

—vst ] 1
O P S L AR
Cl+1t)=% 0>3,

Notice that the expected asymptotic profile of the IBVP (1.14) behaves like
(4.5) n(+oo,t) =ny, Ji(oo,t) =0, E(+o0,t) =0,

so there are some difference between J; (t) and J (00, t):

(4.6) |ET(t) — 0] = |a(t)] #0 and [J"(t) —J =0t #0, i=1,2.

To overcome this, we need to construct some correction functions. As shown in
section 3, we can similarly construct the correction functions (71, Ji, 72, Jo, F)(z,t)
such that

e+ Jiz = 0,

jlt = n+E - jl;

fiot + Jog = 0,
(4.7) Jor = —ny E — Jy,

E, =iy — fa,

ji|z:oo = J;_(t),

Ely—oo = aft).

These correction functions can be technically constructed as follows.
Case 1. When 1 — 8ny =0, then

(4.8) ni(x,t) = —%mo(x){ — (Jiy + J2+)€7t + teié(JlJr - J2+)},

(49) ﬁg(x,t) = —%mo(x){ - (J1+ + J2+)€7t — teié(JlJr - J2+)},

jl(ﬂi,t) = J1+(t) + %{ - (J1+ + J2+)6_t
“+o0
(4.10) te 2 [— (J1+ — J2q) + %(Jl+ - J2+)} } / mo(y)dy,
jg(x,t) = J;r(t) + %{ - (J1+ + J2+)€

(411) - = e = ) + 50— )]} [ ™ o)y,

~ t +Oo
E(x,t) = ET(t) +te 2 (Jiy — J2+)/ mo(y)dy,
(4.12)
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where the nonnegative and smooth function mg(z) is selected as

“+o0
(4.13) mo(z) >0, mo € CF(RT), / mo(y)dy = 1.
0
Case 2. When 1 —8ny < 0, then
~ 1 _ J —J. _t . \/871, —1
(4.14) nq(x,t) = <§(J1+ + Jay)e t — %e 2 sin +t> mo(z),
~ 1 _ J —J. _t . \/871, —1
(4.15) na(x,t) = <§(J1+ + Jay)e Tt + %e 2 sin +t> mo(x),
A 1 1 Vi -1
Jl(x,t) = Jf_(t) + { — §(J]_+ + J2+)€7t — §€7§(J1+ — J2+)COS &L%t
1 7%J1+—J2+ . \/8n+—1 Foe
(4.16) + 5€ =T sin 5 t /w mo(y)dy,
A 1 1 . Vi -1
Jg(x,t) = J;(t) + { — §(J]_+ + J2+)€7t + §€7§(J1+ — J2+)COS &L%t
1oy —Joy . By —1 /+°°
(4.17) 5€ =T sin 5 t : mo(y)dy,
~ J1+—J2+ _t . 87’L+—1 /+OO
_nt 5 Y
(4.18) E(x,t)=E"(t)+ (2\/87”7_16 sin 5 t ’ mo(y)dy.

Case 3. When 1 — 8ny > 0, then

1
(419) ’fll ({E,t) = {§(J1+ + J2+)67t - (/\1A26>\1t + /\nge)‘Qt) } mo(x),

N = N =

1
(420) ’le (33, t) = {§(J1+ + J2+)€7t + (/\1A2€>\1t + /\QBzeAzt) } mo(a:),

Ji(z,t) = Ji (t)
1 oo
(421) —_— 5{(J1+ —|— J2+)e_t —|— )\1A26A1t —|— AQBQe)Qt} / mo(y)d%

T
+oo

R 1
(4.22) Jo(z,t) = J5f (t) — 5{(J1+ + Jop)e tA Agett — /\nge’\Qt}/ mo(y)dy,

x

—+o0
(4.23) B(z,t) = ET(t) + (A A2eM’ + Ao Bae™??) / mo(y)dy

with
Jip — Joy Jip — Joy
A = —— d B ey ——
2T T 8, TP T T s,

These correction functions have the following properties.
LEMMA 4.1. It holds that

(.24 [,z () e < O™,
(1, anE)(t)||LW(R+)
(4.25) - Coze~vst as la(t)| = O(e™"), n >0,
' TG+ asla(t) =0@tY), 6> 3,
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(4.26) (M1, M2)]z=0 = (0,0),  (71,72)]z=00 = (0,0),
(4.27) (J1: J2, B)amoo = (J (£), J5 (1), EF (1)),
(4.28) Op(fi1, J1, fia, Jo, B)|s—0 = (0,0,0,0,0),
(4.29) Op (i1, J1, M2, Jo, B)|s—oe = (0,0,0,0,0),

where 63 := |14 |+ |2 | and 0 < 1 < 3.

4.2. Asymptotic profiles. We are going to show how to specify the initial data
to(x) for the IBVP (1.14) for choosing a desired asymptotic profiles for the Neumann
IBVP (1.1), (1.2), and (1.4). Let us heuristically consider a perturbation of the IBVP
(1.1), (1.2), and (1.4) around a potential asymptotic equations (1.14) by adding the
correction functions (4.7),

(ny—fy—n)e+ (J—Jp— J)e =0,
(J1 — J1 J)t + (i—lj +p(n1) _p(ﬁ))z

=mFE - niE — (Ji—J1 — J) + p(A) e,
(4.30) (ng —fg —n)¢+ (Jo — Jo — J)x =0,
(o = Jo = J)e+ (3 +p(n2) = p(A) )

= B +n E— (Jo— Jo — J) + p(it)at,
(E—E)m =(ny — M1 —n) — (ng — Ny — n).

Notice the boundary conditions (1.4), (1.14), and (4.29), i.e., Jiz|z=0 = 0, Jo|e=0 = 0
and Jiz|z—o = 0 for i = 1,2; then (4.30); and (4.30)s give that

(i — i — A)elomo =0, i=1,2,
which implies
(4.31) (n; —y —1)(0,t) = nio(0) — 740(0) — 79 (0) = n40(0) — 72g(0) = 0,
by selecting the initial data 7g(x) to the IBVP (1.14) such that
(4.32) fio(+00) = 0 and 719(0) = n40(0), i=1,2.
Here, we need
(4.33) n10(0) = na(0), or equivalently E,|,—o = 0.

If n10(0) # n20(0), then the diffusion wave (7, J,n, J,0)(x,t) to the IBVP (1.1), (1.2),
and (1.4) is unstable. For details, see Remark 4 below.

CrAIM 2. The asymptotic profile for the omgmal solution (ny,J1,ne, J2, E)(x,t)
of the Neumann IBVP (1.1), (1.2), and (1.4) is (a, J, 7, J,0)(z,t), where (i1, J)(z,t)
is the solution of the IBVP (1.14) with a specified initial data ﬁo( ) satzsfymg (4.32).

4.3. Convergence theorem. Define

¢i(x7t) = _foo ) ( )—ﬁ(é,t)]df,
(4.34) pi(w,t) == Ji(z, t) Ji(w,t) = J(x,1), =12,
H(x,t) = E(x,t) — E(x,1).
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Then we get the following equations for perturbation:

o1t + 11 =0, o
Vio+ (SRR 4 p(or, + 0 +71) = p(7))

= (f1z + 71+ AVH + (b1z + 71 + 7 — 1) E — 1 + p(7)
(435) Qomtin=0,
Voo + (S 4 pl6n, + 2+ 1) = p(0))

= —(ow + No + )H — (P20 + 7o + 11— 1y ) E — thy 4 p(1) s,
H = ¢1 — ¢2,
with the initial data

pio(x) = ¢i(x,0) = [ [nio(€) — (€, 0) — 7o (€)]dE,
(4.36) Vio(x) = i(x,0) = Jio(x) — Ji(z,0) — J(x,t), i=1,2,
Ho(z) = ¢10(x) — ¢a20(®)

and the boundary conditions

(pizs Ha)|z=0 = 0 (Neumann boundary),
(437) '@[le:O = 07 1= 17 2)
(¢i7 ¢i7 H)|w:oo =0.

From the above equations, we have the following IBVP for H:

Hey + He + 20°H = h,

H|t:0 = HO(Q:),
(4.38) Hyli—o = —[t10(x) — ¥20(0)] =: Hy (),
Hw'w:O = 07

where h := hy, — ha — h3 + hy, is defined similarly to (3.52) and satisfies

h| ~ Cevst as |a(t)
Tlea+t)7?  as|a(t)

(e7m), n >0,

|=0
| =07, 6> 3.

The IBVP of damped wave equations for ¢; (i = 1,2) is

Gitt + it — D' (Ny) binz = Fi,
(4.39) (¢, Pit)lt=0 = (Pio, —tio)(x),
¢iz|z:0 = 07

which can be expressed in the integral form
6iwt) = [ (ol — u.6) + Koo+ y.0)60()dy
0
- [ i@ = 0) + Ko vl

(4.40) —l—/o /OOO[Kl(x —y,t—s)+ Ki(z+y,t — s)|Fi(y, s)dyds.
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As shown in Theorem 3.2, we can obtain the following convergence.

THEOREM 4.2. Let Tllo(O) = 7’L20(0) and ((blo, $20, Y10, ¢20) S HS(]R+)XH3(R+)X
H2(R+) X H2(R+), 0= |J1+| + |J17| + |J2+| + |J27| + |E+| + maneR+[|TL10($) —
ni| + |n2o(x) — nyl], and ®¢ = ||(d10, ¢20) || 2w, ) + |(V10, ¥20) | 2R, ). Then there
exists 09 > 0 such that if § + &g < do, the solution (n1,ne, J1,J2, E) of the Neumann
IBVP (1.1), (1.2), and (1.3) is unique and globally exists, and it satisfies fori = 1,2,

10K i (1) 2R,y = OA) (L +)~F/2, k=0,1,2,3,
1059 (1) || 2,y = O(1)(1 + t)~*+2)/2) k=01,
||(‘9k8l7-£ t ||L2
eVt as la(t)| = O(e™"),n > 0,
) 5 0<k+1<2,
)1+ )~ ) =0@t?),0 > 2,
(4.41) as |a( )2|k 1 i ),0> 3
0% ¢ t)||L°°(R+) =0(1 )(1+t)*( /4 k=0,1,2,

[s(8) ]| Lo,y = O (1 + ) 7574,

|OEOIH ()| L ()
O(1)e vt as la(t)| = O(e™"),n > 0,
o)1+t~ aslat)=0(t"%),0> 3,

forO<v <uws.
Moreover, if (¢io,%i0) € L*(Ry) for i = 1,2, then the optimal LP(R;) (2 < p <
+00) decay rates hold,

108i ()| 2y = O(1)(1 4 £) =D/ | =0,1,2,
i 2 — 1)(1 5/47
(4.42) Ui ()l L2,y = O)(L +1t)~
1056 ()| Lo sy = O (A + )= FFD/2 k= 0,1,
[l (t )||L°°(]R+) =0(1)(1+1t)73/2,

From the above convergence theorem, and noting the exponential/algebraic decay
of the correction functions (7, J;, E)(z,t) (see Lemma 4.1), we immediately get the
following L°°-stability of diffusion waves.

COROLLARY 4.3 (convergence to diffusion waves).

1. When (¢i0;¢i0) S Hg(R+) X Hz(R+) fori=1,2, then

l(ns — 70, Ji = T, E)(#) ]| oo ()

OM)(t~4,t7 %, e ) asl|a(t) = O(e ™), >0,

(4.43) = . .
Oo)(t~1,t7%,t7%  asla(t) =0@7),0 > 3,
[(n1 —n2, J1 — J2) ()| Lo ry)
O)(e ", e7™) as |a(t)] = O(e™),n >0,
(4.44) =

o) (e, t=%)  asla(t) =O@t?),0 > 3.

2
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[1]

[3]
[4]
[5]
[6]
7]

(8]

2. When (¢i0,%i0) € L*(Ry) N (H2(Ry) x HY(R,)) fori=1,2, then

l(ni =70, Ji = J, E)(#) ]| o< (i)

oM@t i e asfa(t) = O(e M), > 0
(4.45) B {0(1)@—1,75—3,75—9) as la(t)] = O(t=9),0 > 2,
[(n1 —n2, J1 = J2) ()| Lo ry)
_Jo@)(e™ e asa(t)] = O(e™),n > 0,
(4.46) - {0(1)(6—”,1&—9) as la(t)| = O(t=%),0 > 3.
Remark 4.

1. Different from the case with Dirichlet boundary condition studied in section 3,
whether the initial perturbations (o, i0)(x) for i = 1,2 are in the weighted
LY (R4) or not, like linear damped wave equations [18], we cannot have the
improved decay rates like (3.55) for the solutions ¢;(x,t) and ¥;(x,t) for the
Neumann IBVP (4.35)-(4.37).

2. As mentioned, the condition n19(0) = nge(0) or equivalently E.|.—o = 0
is necessary for the convergence of the solution (ni,J1,ne,Ja, E)(x,t) of
the Neumann IBVP (1.1), (1.2), and (1.4) to the corresponding diffusion
wave (7, J,n,J,0)(x,t) of the IBVP (1.14). Otherwise, the diffusion wave
(n,J,n,J,0)(x,t) is unstable, because

Ez (O,t) = N0 — 7’L20(0) 75 0
implies
Oz (E)(2,t)|z=0 » 0 ast — +oo.

3. For the Neumann boundary (1.4), if we replace the boundary condition E|;= o
= a(t) by El|z=0 = a(t), since (J1, J2, E)(+00,t) is implicitly determined by
the IBVP system of (1.1), (1.2), and (1.4), we cannot find the exact difference
between J; and J and F and E = 0 at the far field 2 = co. Hence, we cannot
construct the corresponding correction functions and the stability of diffusion
wave is still not known.
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