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Abstract This paper deals with the existence and stability of traveling wave solutions
for a degenerate reaction—diffusion equation with time delay. The degeneracy of spatial
diffusion together with the effect of time delay causes us the essential difficulty for
the existence of the traveling waves and their stabilities. In order to treat this case, we
first show the existence of smooth- and sharp-type traveling wave solutions in the case
of ¢ > ¢* for the degenerate reaction—diffusion equation without delay, where ¢* > 0
is the critical wave speed of smooth traveling waves. Then, as a small perturbation,
we obtain the existence of the smooth non-critical traveling waves for the degenerate
diffusion equation with small time delay t > 0. Furthermore, we prove the global
existence and uniqueness of C%#-solution to the time-delayed degenerate reaction—
diffusion equation via compactness analysis. Finally, by the weighted energy method,
we prove that the smooth non-critical traveling wave is globally stable in the weighted
L'-space. The exponential convergence rate is also derived.
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1 Introduction and Main Results
In this paper, we consider the degenerate reaction—diffusion equation with time delay

3
a—L:—DAum—i-d(u)zf(uf), t>0, xeR (1.1)

with initial datum ugo(s, x), s € [—t,0]. This equation models the population of
the Australian sheep-blowfly Lucilia cuprina, where u = u(t, x) > 0 represents the
population density of the blowflies at time ¢ and location x, u; = u(t — 7,x) is
the time-delayed population, and T > 0 is the generation time (the matured age);
mathematically, we call it time delay. DAu™ with m > 1 is the nonlinear diffusion
with more ecological sense, that is, the diffusive velocity of population depends on
the current population density, and the smaller population, the slower diffusion, in
particular, when # = 0 (the zero population), the diffusion speed is zero. The function
f(u;) is the birth rate function, and d(u) represents the death rate. Without loss of
generality, throughout this paper we take f(u;) and d(u) as the followings, captured
as Nicholson’s birth rate function and death rate function

fuz) = puce™, d(u) =du, (1.2)

where p > 0 is the maximum per capita daily egg production rate, % > 0 is the size
at which the blowfly population reproduces at its maximum rate, d with d € (0, p) is
the per capita daily adult death rate. Besides the degenerate diffusion case (m > 1),
we also give a brief discussion for the singular diffusion case, thatis 0 < m < 1.
The degenerate equation with time delay (1.1) possesses two constant equilibria

u_ =0 and uy =

Q| =

In E and u4 > u_ when 14 > 1.
d d

The initial data ug(s, x) > 0 satisfies
up(s, x) - uy as x — £oo, uniformallyins € [—7, 0]. (1.3)

In this paper, we are interested in the existence and uniqueness (up to shift) of the
traveling wave solutions to Eq. (1.1), as well as their asymptotic stability. By a traveling
wave solution, we mean a solution of the form u(¢, x) = ¢(x + ct) connecting the
constant states u4 with the wave speed ¢ > 0:
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c¢/(€) — D(@"™)'(€) +dp = ppere e,

1.4
¢ (£00) = ux, a9

where ¢.; = (& — c71).

In the past years, the existence of traveling wave solutions and their stabilities for the
time-delayed diffusion equations have been studied intensively. Speaking of which,
Schaaf (1987) firstly investigated the existence of traveling wavefronts for the linear
diffusion equation with time delay, more precisely, for the time-delayed Fisher-KPP
equation

du  d%u

o =3 +u(t — 7, x)(1 —u(t, x)),

there is a minimal wave velocity ¢*(t) > 0, such that

() if ¢ < c¢*, there are only trivial waves;
(ii) if ¢ > ¢*, there are nontrivial wave solutions determined uniquely.

Thereafter, Wu and Zou (2001) studied the traveling waves for the following equation

du %
i) +u(t, x)(I —u( —rt,x)),

where the delay occurs in the removal term instead of the first factor, and they showed
that for any given ¢ > 2, there exists 7*(c¢) > 0 such that if t < 7*(c), the above
equation has a traveling wave front with wave speed c. But two questions arise: for
the existent traveling wave, how small the time delay T should be, and once t is big,
what should we expect? These are unclear in Wu and Zou (2001). Later, Kwong and
Ou (2010) gave the explicit estimate on the size of t. Namely, for any given ¢ > 2,
there exists a critical value 7*(¢) > 0, which is determined by

¥(c) = sup{t > 0; A 4+ch—e?™ =0 hasa positive root A},

such that the equation has a monotone traveling wave with wave speed ¢ if T < 7%,
but no monotone traveling wave if T > 7*. Besides the Fisher-KPP model, there are
also some interesting studies related to Nicholson’s blowflies model, Eq. (1.1) with
m = 1. For example, So and Zou (2001) showed that when 1 < 5 < e, for any time
delay 7, the monotone traveling waves exist when ¢ > ¢*, where ¢* > 0 is the critical
wave speed; while when % > e, the problem becomes more challenging because the
birth function loses monotonicity, and the solutions may be oscillating as numerically
reported. As shown in Faria and Trofimchuk (2006, 2007), Ma (2007), Trofimchuk
et al. (2008) and Trofimchuk and Trofimchuk (2008), when ¢ < g < €2, for any
time delay, the traveling waves exist when ¢ > ¢*, but the traveling waves may be
non-monotone for some cases; when % > ¢2, the existence is proved only for small
time delay T < 7*. Beside these, there are some significant research concerning with
the traveling waves for the linear diffusion equations with nonlocal time delay, see,
for example Li et al. (2007) and Xu and Xiao (2016).
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On the other hand, the topic on the stability of traveling waves for time-delayed
reaction—diffusion equations is also one of the hot research spots from both mathe-
matical and physical points of view (Chern et al. 2015; Huang et al. 2012, 2016; Lin
et al. 2014; Mei et al. 2009a,b, 2004, 2010; Mei and Wang 2011; Wu et al. 2011).
For the non-degenerate case, namely m = 1 in Eq. (1.1), Schaaf (1987) proved the
linear stability of traveling wavefronts by the spectral method. Since then, the topic
was not touched until Mei et al. (2004) showed the nonlinear stability of traveling
waves by the weighted energy method when the initial perturbation around the wave
is small enough. Furthermore, Mei and his collaborators (Huang et al. 2012; Mei et al.
2009a,b, 2010; Mei and Wang 2011) obtained the global stability for the traveling
waves, while the non-critical traveling waves are exponentially stable and the critical
traveling waves are algebraically stable. The adopted approach is the combination of
the comparison principle, Fourier transform and the weighted energy method. When
the birth rate function f(u) is non-monotone for u, € [0, u] under consideration,
the equation losses its monotonicity, and when the time delay t is bigger, then both
the traveling waves and the original solution are oscillating around u . In this case,
Lin et al. (2014) first proved the exponential stability for the non-critical oscillatory
traveling wave, and Chern et al. (2015) showed the stability for the critical oscilla-
tory waves, but no convergence rates are addressed. The approach for proof is the
anti-weighted energy method with help of Hanalay’s inequality. A similar result for
the nonlocal diffusion case was obtained by Huang et al. (2016). Very recently, by
using Fourier transform to derive the fundamental solution for the linearized equation
with delay, Mei et al. (submitted) further obtained the optimal exponential/algebraic
convergence rates for the non-critical/critical oscillatory waves.

However, when the time-delayed equation is degenerate in its diffusion, namely,
m > 1 1in Eq. (1.1), the study on the existence of traveling waves and their stability
was not related yet as we know. In fact, even for the degenerate diffusion equations
without time delay, there are only limited research works dealing with this subject.
Aronson (1980) studied the porous medium equation with Fisher-KPP source

uy = W)y +u(l —u), with m > 1,

and confirmed the existence of the sharp-type traveling wave with the critical wave
speed c*. In particular, when m = 2, Gilding and Kersner (2005) obtained the exact
traveling wave solution corresponding to ¢*. De Pablo and Vazquez (1991) studied
the equation

uy = WMy +u"(1 —u), with m > 1.

From these studies, we see that the most obvious difference between the linear diffusion
equations and the degenerate diffusion equations is that there may exist traveling waves
of sharp type for the degenerate diffusion equation, that is, the solution is piecewise
smooth and decreases to O at a finite spatial position, at which the solution is non-
differentiable.

The degeneracy for m > 1 with the effect of time delay T > 0 causes us some
essential difficulties. To attack such a problem will be the main target in the present
paper. Here, we focus on the degenerate equation (1.1) with Nicholson blowflies’ birth
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rate function and death rate function (1.2), and investigate the existence, the unique-
ness and the stability of traveling waves for Eq. (1.1). Note that, u_ = 0 is an unstable
node and u is the stable node, which makes Eq. (1.1) as the so-called mono-stable
equation just like the classical Fisher-KPP equation. For the existence of traveling
waves to the regular time-delayed equations without degenerate diffusion, the usual
approaches adopted are the monotonic method based on the comparison principle (Wu
and Zou 2001; So and Zou 2001), the Leray Schauder fixed point theorem (Ma 2007)
and the spectral method (Faria and Trofimchuk 2006, 2007; Trofimchuk et al. 2008;
Trofimchuk and Trofimchuk 2008) based on the good regularity of differential oper-
ators. Due to the degeneracy of the time-delayed equation, the existing methods for
treating regular diffusion equations seem not directly applicable to our case. So, we
have to try some new techniques. The idea is that, to show the existence of traveling
waves for the time-delayed equation, we first solve the problem without time delay
by using phase plane analysis and some comparison methods, and then, we use the
perturbation method to establish the existence of traveling waves for the equation
with a small time delay. Unfortunately, this technique does not work for the case
with large time delay. Furthermore, by using the technical compactness analysis, we
prove the global existence and uniqueness of the original solution to the time-delayed

reaction—diffusion equation with degeneracy, and the C ﬁ’ﬁ-regularity. Finally, by
using the weighted energy method, we prove that the smooth traveling waves with
¢ > ¢* are L'-exponentially stable. Note that the L !-stability was obtained by Mei
et al. (2010) for the non-degenerate time-delayed Nicholson’s equation, where the
comparison principle guarantees that [ [v|dx = [ vdx once the initial perturbations
are positive. In the present paper, the initial perturbations are allowed to change sign,
by introducing a smooth approximation of sign functions, and taking compactness
analysis, we get the L' -stability for the case with time delay and degenerate diffusion.
Our main results are as follows.

Theorem 1.1 (Smooth and sharp traveling waves without time delay) For the degen-
erate reaction—diffusion equation (1.1) without time delay (i.e., T = 0),

1. whenm > 1, there exists a critical wave speed c* > 0, such that for any ¢ > c*,
the non-delayed equation (1.1) admits a unique (up to shift) monotone traveling
wavefront ¢ (x + ct) connecting u4.; and no monotone traveling wavefront exists
for O < ¢ < c*. Here,

c* = sup {2x/5/'l+ \/—mg(s)sm(pe_‘” - d)g/(s)ds} , (1.5)
0

geDy

where "
Dy = [g e clo, uy); guy) =0, /0 g(s)ds =1,

—8'(9) >0 forany ¢ € (0, u+)}.
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smooth traveling wave sharp type traveling wave

Fig. 1 Smooth traveling waves and sharp-type traveling waves

In particular,

e when ¢ > c*, the traveling wave is smooth: ¢ (&) € C2(R);

e when ¢ = ¢*, the traveling wave is a semi-finite traveling wave, that is, there
exists &y such that p(§) = 0 for &€ < & and 0 < @(§) < uy for & > &,
and ¢ € C2(§0, 400). In this case, when 1 < m < 2, the traveling wave is
smooth; and when m > 2, the traveling wave is sharp type.

Furthermore, the traveling waves satisfy

n—d
&) ~ EITE, as & — —oo, foranyc > c*,

and

£

up — @)~ ME, as & — +oo, foranyc > c*,

where

1-m 2. 2-2m 2—m
L Uy —\/cu+ + 4mDadu’] -

L 2mD ’
2. when 0 < m < 1, then no nonnegative traveling wave solution connecting u
exits for Eq. (1.1) witht = 0.

Remark 1.1 The types of traveling waves for the degenerate diffusion equation
described in Theorem 1.1 can be sketched as follows: when 1 < m < 2, all trav-
eling waves ¢ (x + ct) with ¢ > ¢* are smooth (see the first part of Fig. 1), and when
m > 2 and ¢ = c*, the traveling wave ¢ (x + ¢*t) is non-differentiable (see the second
part of Fig. 1 for the sharp-type traveling wave). This is essentially different from the
non-degenerate diffusion equations, where the traveling waves all are smooth.

Theorem 1.2 (Smooth traveling waves with small time delay) Assume © > 0 and
m > 1 in the degenerate reaction—diffusion equation with time delay (1.1). Then, for
any co > c* (c* is defined in (1.5)), there exists a sufficiently small constant Ty > 0,
and a continuously differentiable function ¢ = c(t) > 0, t € [0, 79) with c(0) = ¢y,
such that the problem (1.4) admits a traveling wave front (x +ct) = ¢ (&) € C2(R)
corresponding to T and c(t). Furthermore, it holds
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pE) ~ M asE - —oo,

and

up —pE) ~e% asE - foo,

where A, (1) is the eigenvalue of the characteristic equation
ch+d = pe T,
and A_(t) is the negative root of
—Dmuﬁ'f_l)»2 +eh+d—d( —augp)e T =0.

Remark 1.2 Different from the case without time delay in Theorem 1.1, the time delay,
no matter how small it is, causes us a particular difficulty for the proof of uniqueness
of the smooth traveling wave obtained in Theorem 1.2. The existing approach used
in Aguerrea et al. (2012) and Yu and Mei (2016) for time-delayed equations seems not
able to be applied to the degenerate case m > 1, because the maximum principle does
not hold for the time-delayed equation with degenerate diffusion. So the uniqueness
of smooth traveling waves in the case with time delay still remains open. In this sense,
we can also see that the dual effects made by the time delay and the degeneracy are
essential.

Theorem 1.3 (Global existence and C%#-regularity of original solutions) For the
degenerate diffusion equation (1.1) with time delay (i.e., m > 1 and T > 0), let the
initial data be 0 < ug € L°°([—1, 0] x R), and

lim wup(s,x) =0, lim wuo(s,x) =uy, wuniformallyins € [—1,0].
X—>—00 xX—>400

Then the cauchy problem of Eq. (1.1) admits a uniquely global solution u € Dj, where

={ue LRy x R)NCP R, x R); (™), € L°R; L}, (R)),
(u'">, e L2,.(R: x R))

. 1 1
witha = 7 and B = 5, and
0 <lullge = max{ lugll Lo, —}

Theorem 1.4 (L'-global stability of smooth traveling waves) Let m > 1, and t €
[0, t0), and ¢ (x + ct) be a smooth traveling wave with ¢ > ¢*(t), and w(x + ct) =
w(&) = e with & = x + ct be the weight function, where ) € (71, A3), and .1 > 0
and Ay > 0 are the roots of

Je(e, M) =d +ch— Dmk™ 'A% — pe T =0
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with k = max{||ug|| Lo, %}, c*(t) satisfies that J;(c*, A) = 0 admits a unique
positive solution )*, see Fig. 5. When the initial perturbation around the smooth
traveling wave satisfies

vo(s, &) := uo(s, x) — p(x + ¢s) € C(—1,0; Ly, (R),
where L}U(R) is the weighted L -space with the weight w (&), then
V(1. &) = u(t,x) — ¢(x +c) € C(—7,0; L}, (R))

and
I =&)Ly @y < Ce " (lvollLr(—r,0.21 @) + 10Ol L1 =)

for some positive constant i > 0. Particularly, when t = 0, the above stability also
holds.

The paper is organized as follows. In Sect. 2, we prove Theorem 1.1, namely the
existence and asymptotic behavior of uniquely monotonic traveling waves for Eq. (1.1)
without time delay, and in Sect. 3, we prove the existence and asymptotic behavior
of smooth traveling waves with small time delay (Theorem 1.2). Then, we prove
Theorem 1.3 in Sect. 4, that is, the existence, uniqueness and regularity of solutions
for the cauchy problem of (1.1). Finally, we prove the global L'-stability of smooth
traveling waves (Theorem 1.4) in Sect. 5.

2 Existence of Traveling Waves for the Equation Without Time Delay

In this section, we first consider the existence of traveling wave front connecting two
equilibrium points u_ = 0 and u4 = % In 5 > (0 for the equation without time delay,
that is

c¢'(§) — D(p™)"(€) + dp = ppe™?,

2.1
@(£o0) = uy. 2.

In what follows, we will discuss the existence of smooth traveling waves. Here, the
smooth traveling waves means that the solution ¢ € C 2(R), which satisfies (2.1) in
the classical sense.

Let ¥ (§) = (¢™)(§). Then, Eq. (2.1) is transformed into

¢'E) = —p"MEWE)
o 1 . d P e 2.2)
A ¥+ — ¥ " pre

The equilibrium point (#4, 0) is a saddle point. Its two real eigenvalues are

Cu+ +\/ 242~ 2m-|—4mDadu3__m

At
2mD
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and

1— 2-2 2—
cul ™" —\/czu+ " +4mDadui™"

2mD

A =

Note that if ¢’(§) > 0 for 0 < ¢ < u_, then (2.2) is equivalent to

dyr c  me"(pe % —d)
dp D Dy ' (2.3)

Let ¥.(¢) be the solution of the above equation, and we have

Ye(@) ~mul ™A (¢ —uy), asg > uy. (2.4)

Then, the existence of traveling wavefront of (2.1) connecting 0 and u is equivalent
to that ¥ (0) = 0.

Now, we are going to prove Theorem 1.1. The proof is divided in 4 steps, and the
adopted approach is the phase plane analysis method.

Step 1. The existence of traveling waves for ¢ > c, Inspired by Yin and Jin (2010),
by a direct calculation, it is not difficult to see that ¥.(¢) is decreasing on the wave
speed c. That is, for any positive constants ¢, ca with ¢; > ¢, we have

Ve (@) < Yoy (@) (2.5

for ¢, (¢) > 0. In fact, by (2.4), one sees that (2.5) holds when ¢ is sufficiently close
to 0. Suppose that there exists ¢1 € (0, u4) such that ¥, (¢1) = ¥, (1) = ¥, and

Ve (@) < VYe,y (@) for any ¢ € (@1, uy). Then we have ¥ (¢1) < ¥, (¢1). While
by (2.3), we see that

ci me'(pe™ —d) ¢ me"(pe” " —d)
a_ _ e
D Dy D Dy

Ve, (p1) = = ., (1),

it is a contradiction.

Denote the curve v/ () = w by I, see Fig. 2, which divides the upper
half plane into two parts E1, E>. From Eq. (2.2), we see that 1//é(¢) < 01in Eq, and
¥l (¢) > 0in E;. By (2.4), it is not difficult to see that y < ¥ when ¢ < u4 and @ is
close to u sufficiently. Therefore, for trajectory I" (¢, ¥) of (2.2) starting from point
(u4, 0) must be increasing before intersecting with I.. Also, it is clear that I" (¢, V)
does not intersect with p-axis when ¢ € (0, u4 ), thatis ¥(0) > 0 for any wave speed
c.

Next, we show that when c is appropriately large, I" (¢, ¥) will arrive at the point
(0, 0). Let ¢p(¢) = By" with 1 < r < m. Then,

¢ mg"(pe”®¥ —d)
D¢

O

do _
dp —
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Fig. 2 The graph of v/ () 4

E

is equivalent to

me" " (pe” Y —d) _c
DB D’

When c is appropriately large, the above inequality holds. Note that ¢ (u1) > 0 =
Y. (u4), then by comparison, we arrive at

Br(prfl +

0<ve(p) <9(p), forgel0,uql], (2.6)

which implies that 0 < ¥.(0) < ¢(0) = 0 for the large wave speed c.
On the other hand, if ¥.(0) = 0, then we have

’ C
‘/fc(ﬁl’) S 5,

which implies ¥.(¢) < 5 ¢. Integrating the equation in (2.3) from 0 to u ., we have

cu 4 Y+ ms"™(pe~* —d) Ut ms™ N (pe™® — d)
P S — “ds > ds
D 0 D (s) 0 ¢

b

which implies that

D [U+
c> —/ ms™(pe= — d)ds. 2.7
ut Jo

Let
¢* = sup{c > 0; ¥.(p) does not arrive at the point (0, 0)}.

Then, ¢* > \/ % fé‘ * ms™(pe=% — d)ds is well defined. By the monotonicity of v,
on c, it holds that 1.(0) = 0 for any ¢ > ¢*, and ¥.(0) > O for any 0 < ¢ < c*.

Step 2. Uniqueness (up to shift) of traveling waves. If there are more than one
traveling wave ¢ (x + ct) with the same wave speed ¢ > c,, we may assume that
Y1(p), ¥2 (@) are the two solutions of (2.3), then there exists ¢g € (0, u4) such that
Vi(po) # ¥2(¢o). Then, we have
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dWi—v3) _2c¥i -3
dg D Y+’

by a direct calculation, we see that

ds

W= 9@ = Wi — ¥ (po)e D fo 7

then we have (‘/”12 — 1//22)(u+) # 0. This is a contradiction, and the uniqueness of
solutions for the problem (2.3) is proved. It means that the corresponding equation (2.1)
admits a unique solution (up to shift). In fact, if ¢1 ¢, are the two solutions of (2.1),
then there exists &1, & such that ¢ (&) = ¢2(&) = u7+ Using the property of inverse

1 m(pm—l

function, and recalling (2.2), we see that §’(p) = TE = o

Therefore, we have

01E) g1
E_k = / ds,
TS

P2(E=61+82) 4y om—1

s—sl=(s—sl+sz)—sz=fuz+ e

b

which means that ¢1(§) = @2(§ — & + &).

Step 3. Variational characterization of ¢*, and the asymptotic decay rate of the
traveling wavefronts at far fields

Let ¥.(¢) be the solution of (2.3) connecting the equilibrium points (0, 0) and
(14, 0), and then we have that

—d
Velp) ~ %wm 2.8)

as ¢ — 0T for any ¢ > c*.

In fact, from (2.3), we see that (@) ~ Mcpm or Y.(p) ~ %q). However,
from (2.6), we see that for large ¢, ¥.(¢) < ¢ (¢) = Be™ for any ¢ € (0, uy) with
some positive constant B. Thus, (2.8) holds for large wave speed, while for the other
wave speeds, this result can be obtained by the monotonicity of (@) on the wave
speed c, that is Y. (p) is decreasing on the wave speed c. Suppose to the contrary,
there exists a wave speed co > c¢*, such that ¥, (¢) ~ %Ogo, then ¥ () ~ %(p for
¢* < ¢ < co, which means that ¥, > ¥.(¢). This is a contradiction.

Next, we consider the case for the critical wave speed. We show that

*

Yer () ~ %q) 2.9)
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as ¢ — 07. Let ¥.(¢) be the solution of (2.3), and then for any ¢ < c¢*, we have
¥.(0) > 0. Consider the following problem

dy ¢ mg"(pe ¥ —d)
dp D Dyr ' (2.10)
¥ (0) = 0.

Denote lﬁc (¢) be the maximal solution of (2.10), that i§ take ¥ (0) = ¢ > 0in (2.10),
and the maximal solution is obtained as ¢ — 0. Then, ¥/(0) = 5. By the comparison
principle for solutions of the problem (2.10), we obtain

Ve(p) < Ye(p), foranyc < c*,

which means that v/ goes to zero at some point ¢, with ¢. < uy for ¢ < c¢*, and
&C(go)((p) > 0 for any ¢ € (0, ¢.). By a direct calculation, it is also easy to obtain if
c1 < ca, ~ y

Ve (@) < Ve, (¢), forany g € (0, min{epe,, uy}).

Note that when ¢ > ¢*,

V(@) > Ye(p), forany ¢ € (0,uy).

Then, we have Yex(uy) = 0. Note that Yo (@) > e (@), by the first equation
of (2.3) or (2.10), we have 1/75* (¢) = ¥l.(p) for any ¢ € (0, uy), which implies
that Yo« (@) = e (@) for any ¢ € [0, uy] since Yo+ (0) = ¥ex(0) and Yex(ug4) =
Yex(uy). Then (2.9) is obtained.

Inspired by Benguria and Depassier (1996), we give the variational characteriza-
tion of ¢*. Let g € ¢'(0,uy) be a nonnegative function such that —¢’ > 0 and
fou *g(s)ds < +oo. Multiplying the first equation of (2.3) by g and integrating it
from O to u., we obtain

oF U+ 3 “t mg(s)s™(pe= — d) .
S ewas = [T (M g ) s

N / " V—mg(s)sm(pe= — d)g'(s)ds
=75 ) g P g

as

since W+, —g', pe™® — d > 0. The above equality holds if g = g, where g satisfies

mg)s"(pe ¥ —d)
i = Ve

Combining with (2.3), we also have

g ! c* I/fé*

g DY Yo
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which implies that

by = Db 05

c
where 0 < a < u4.By (2.4) and (2.9), we can obtain g(#4+) = 0,and 0 < g(0) < oo.
Then we can normalize ¢ such that [; g(s)ds = 1. Thus we prove (1.5).

In what follows, we show the asymptotic behavior at infinity. Note that ¢ (&) is
monotone, then for any fixed ¢ > 0, using inverse function derivation rule, and

1 m(pm71

recalling (2.2), we see that &' (¢) = TE = u then we get
(Z) , d (Z) msm_l

(@) -5 = [ §6 = s
) ) Vels)

Combining with (2.8) and (2.9), we see that £ — —oo as ¢ — 07 for ¢ > ¢*; and
£ goes to a finite number, say &g, as ¢ — 07 for ¢ = c¢*. Without loss of generality,
let us take & = 0, namely, ¢(0) = ¢(£§p) = 0. Then (¢™)'(0) = 0, and by (2.9), we
further have ¢;(0) = 0 and

0, if m <2,
00 =15, ifm=2,
+oo, if m > 2,

where ¢; and ¢, denote the left-sided and right-sided derivatives, respectively. It
implies that ¢ is still a smooth traveling wave for any m < 2, and ¢ is a sharp-
type traveling wave for any m > 2. Furthermore, for ¢ > ¢*, using L’Hospital’s rule,

we further have m

. Ee) . mg ¢
lim —— lim =

p—0t ln(p _zp—>0Jr Iﬂc p—d’

that is,
p—d
p(&) ~ eTg, as & - —oo.

Similarly, for any fixed ¢ € (0, u), we have

m

Sm—l
ds.
Ye(s)

(]
E@) — £@) =[
(2

Recalling (2.4), for any ¢ > ¢*, we see that € — +o00 as ¢ — uy, and

5 £(p) 1
im ————— = —

g—uz In(uy —¢) - AF

which implies uy — ¢ ~ M€ as & — 4o0.
Step 4. No traveling waves exist for 0 < m < 1 We first show that Eq. (1.1)
with m < 1 and 7 = 0 admits no monotone traveling wave solution. Suppose to the
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contrary, say, ¥ (¢) is the solution of (2.3) connecting (0, 0) and (z4, 0), then we will
have a contradiction. In fact, by integrating Eq. (2.3) from O to ¢, we have

¥(p) < %w-

For any ¢ with 0 < ¢ < p — d, we further have

dyr _c me" (pe=? — d) _c m(p—¢e—d)
dp D Dy -

O

Cng_m

when ¢ is sufficiently small such that pe™#¥ > p — e. By integrating the above
inequality from O to g, it yields

c p—¢e—d
V(p) < Bw—fw’”,

which means that ¥ (¢) < 0 for small ¢. This is a contradiction.

Next, we show that Eq. (1.1) does not admit any nonnegative and smooth traveling
wave solution. If the argument is false, then there exists at least a solution ¢ (§) for (2.1).
From the above proof, ¢ is not monotonous. Note that ¢ (£00) = u, then there exists
alocal minimum point &) € R such that ¢’(£y) = 0, —(¢™)” < 0, by the first equation
of (2.1), we see that

0> c¢/(€0) — D(@™) (&) = p(pe™ ¥ — d),

which means that ¢(&y) = Oorg(&y) > u,.If (&) = O, thenthereexisté; < &y < &

such that ¢(§1) = ¢(&) > 0, ¢'(§1) < 0, ¢'(6) > 0and 0 < ¢(§) < uy for
& € (&1, &). Then, integrating the first equation in (2.1) from & to &; yields

&
0> D(™) (&) — D(¢™) (£&2) = / @(s)(pe ) — dyds > 0.

&1

It is a contradiction. While if ¢ (&) > u, then there exists £* < &g, such that £* is
a local maximum with ¢(£*) > u,, then there exist &3, &4 with &3 < £* < &4 such

that uy < @(&3) = @4) < @(E™), ¢'(63) = 0, ¢'(64) < 0, and p(§) > uy for
& € (&1, &). Then integrating the first equation in (2.1) from &3 to &4 yields

&4
0 < D(¢™) (&3) — D(¢™) (£4) = / @(s)(pe~ ™) —d)ds < 0.

&3

It is a contradiction. It implies that ¢ is not a solution.
Finally, combining Steps 1-4, we immediately prove Theorem 1.1.
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3 Existence of Traveling Waves for Equation with Small Time Delay

In this section, we are going to prove Theorem 1.2. Based on Theorem 1.1, by the
perturbation method and the implicit function theory, we can obtain the existence of
smooth traveling waves ¢ (x + ct) for the time-delayed degenerate diffusion equa-
tion (1.1), where the wave speed c is selected as ¢ = ¢(1) > ¢¢ > ¢* with t € (0, 19],
and 19 > 0 is a specified number. At the end of this section, we will give one remark
on the uniqueness of traveling waves and one proposition on the case of sharp-type
traveling waves.

Proof of Theorem 1.2 Firstly, we reduce Eq. (2.1) into the following system

¢'E) = —o"MEWE),

e 4 » 3.1)
V) = g+ S — Tpe™ + L (pe Y — pere ™).

The existence of smooth monotone traveling waves connecting the two equilibrium
points 0 and u is equivalent to the existence of positive solutions for the following
problem

dy ¢ me" ! (pgere” % —dg)
dp D Dyr ’
Y(0) =0, ¢¥us+)=0, (3.2)

where @.; is defined as

m—1

m
v (s)

4
@cr = inf {r; ¢ >r>0,and / ds < cr} . (3.3)
r

When t = 0, by using Theorem 1.1, we see that (3.2) admits a solution v = F(¢, ¢)
connecting the points (0, 0) and (x4, 0) for ¢ > ¢*. We consider Eq. (3.2) with the
initial data ¥ (u4) = 0, by (3.3), we see that 9., — u4 as ¢ — uy, we consider the
linearized equation near (¢, ¥) = (u4, 0), that is

—Dmu'y " + cg' +d(p —uy) = p(I — aup)e”™ " (pr —uy) = Gi,  (3.4)
where

G = Dm(p" " —u" " + Dm(m — " ~2|¢/
+ p(@er — 1"—&—)(6_“%r —e )
e_a‘/)(‘r —_ e_aqu)

+ puy(@er — u) (ae_au+ +
Per — U+
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A—(72)

d(1 — auy) v(Am)
(<)

y2(A, 72)

A
Fig. 3 The graphs of yi, y»
Note that pe™ %"+ = d, then the characteristic equation of (3.4) is
Ae, V) = —Dmut '3 4 en +d — d(1 — auy)e ™7 =0. (3.5)

Denote y; (1) = —Dmuﬁ_lk2 +ceh+d, (0, 1) =d(1 — auy)e T,
Clearly, from Fig. 3, the above equation admits two real roots A_ and A with
A_(t) <0 < Ay(r), where A_(7) and A4 (7) are increasing on t. Then, we have

Yo~ muﬁ_l)»_(‘c) (¢ —uq),as ¢ = uy, (3.6)

which means that ¥ (¢) > 0 when ¢ is in a small left neighborhood of #_. We denote
the trajectory of (3.2) starting from the point (4, 0) by

wzfl((pscs I)s fl(u—‘rscs T)ZO'
Notice that A_(7) > A_(0), then we have
filp,c,7) < fi(p,c,0), (3.7)

when ¢ is in a small left neighborhood of u . We denote the trajectory of (3.2) starting
from the point (0, 0) by

¥ = folg,c, 1), fo(0,c,7) =0.
Consider the linearized equation near (¢, ¥) = (0, 0), that is

c¢’ +dy — peer
= Dm(m — g™ 2|¢'|> + Dme" ' ¢" + pgcr(e7% — 1)
= Gj. (3.8)
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Then, the characteristic equation of (3.8) is
A(c, X)) = ch+d — pe 7. (3.9)
Clearly, the above equation admits a real root *(t) > 0. Then
folp,c, ) ~me™r*(r), as¢ — 0. (3.10)

Note that
fo(g, c,0) = fi(p,c,0) = F(p,c), foranyc > c*, (3.11)

by continuous dependence of solution trajectories on parameters, the trajectories must
cross the line p = %u+ when t appropriately small. For any fixed wave speed ¢y > ¢*,
the unperturbed problem corresponds to the solution ¢ = F (¢, co). In what follows,
we show that there exists a unique ¢ = c¢(7) near co such that fo(%u+, c,T) =

fiGusg, e, 7). Let

1 1
H(c,t)= fo (§u+, c, ‘L’) - fi (§u+, c, ‘L’) .

Obviously, H(cp, 0) = 0. In what follows, we show that
oH
oo (co, 0) #0. (3.12)
c

Let of
go(p) = a'—o(go, €0, 0).
Cc

Then, go(0) = 0, and

dgo 9 (dfo
— = | 7-(0c0)
de dc \ d¢

1 me"(pe ¥ —d)
= B + DF2 80,
c=cq

where F is defined in (3.11), and we further have

| |
22U+ ms"™ (pe” S —d) 1 244+ ms" (pe” S —d)
i goef“’ DF2(s,c) ds — _ef“’ DF2(s,c) ds
do D

Integrating it from O to %u+ yields
1 1 P
1 1 U4 f¢7“+ ms™ (pe” % —d) ds
Z - DF2(s.c) do. 3.13
80 <2u+> D /O e @ (3.13)
Let of
1
gl(‘P) = _(goa €0, O)
ac
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Then, g1 (u4+) = 0, and

dg a (0
1 _ 2 (g 0
do dc \ dp

L me"(pe ¥ —d)

==+ g1,
ey D DF?

and we further have

e ms™ (pe= 5 —d) e ms™ (pe=%S —d) )
d <g1e f%mr DF2(s,c) ds) 1 Ji DF2(s,0) ds

_— = —e FU4

de B
Similarly, integrating the above equation from %u+ to uy, we have

ms™ (pe=4 —d)

1 I R 7=
81 (§“+>=_Eﬁ e An PRETdp. (3.14)
U+

Combining (3.13) and (3.14), we obtain

1
9H 1 1 1 Uy f§”+ ms™ (pe” 95 —d) ds

0) = - _ - I 4 DF2(s,c) d 0.
e (c0,0) = go (2u+) 81 <2u+> D /o e ¢ >

By using the implicit function theorem, for sufficiently small t, we have H (c(7), 7) =
0. Thus, we have proved Theorem 1.2. O

Now, we give one remark on the uniqueness of traveling waves and one proposition
on the possible sharp-type traveling waves.

Remark 3.1 Different from the case without time delay, the degenerate diffusion equa-
tion with time delay loses its comparison principle, and the uniqueness of traveling
waves for the case with time delay (even it is small enough) is still open. It seems that
the existing techniques for treating uniqueness cannot be directly applied.

Proposition 3.1 If ¢(§) € L®(R) is a piecewise smooth monotone traveling wave
solution, then ¢ € C*(R) if p(§) > 0 for any € € R. However, when ¢(£) = 0 at
some point &, then a sharp-front type traveling wave is possible to exist.

Proof Letu(t, x) € L°° (R x R) be a piecewise smooth solution of (1.1). Assume that
u(t, x) is not smooth or not continuous on the curve I : x = x(¢) € Q, and x = x(¢)
divides the domain Q into two parts Q1 and Q», where Q C R? is a bounded domain
(Fig. 4). Then, for any @ (z, x) € C3°(Q), we have

—// ud;dxdr — D// u™ @, dxdt +d// uddxdt = // f(u)ddxdr.
o o o o

(3.15)

Let u;, u, be the left/right-sided limits, and (u™),;, (u™),, denote the left-sided and
right-sided derivatives, respectively. By a direct calculation, we see that
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Fig. 4 Piecewise smooth A
solution T

— // ud;dxdr = — // ud;dxdr — // ud,dxdr
o [ 02
=/ urd>x’(t)dt—/ MICDx’(t)dt—i—// u,@dxdt—i—// u; ddxde, (3.16)
r r 01 02

and

— D// u™ @, dxdt
9]
= —D// u™ @, dxdr — D// u" @, dxdt
01 o))

= —D/ u;”(Dxdt—i—D/ u}"@xdt+D/ ™)y @ dxdr
r r 01
+ D/ ™) Dydxdt
05]
— —D/ " — u" b, dt+D/ (W™)x — (™)) @t
r
- D/ (um)xxtbdxdt—D/ (™), Pdudr. (3.17)
01 (%))

Substituting (3.16) and (3.17) into (3.15), and we obtain

[ (= w0+ DA = ) o - / W — W), dr
r
+ // (u,—D(u’")xx+du—f(u,))¢dxdt
01

+ // (u, — D)y +du — f(uf))cbdxdt
(%))

=0.
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By the arbitrariness of @, we have
(ur —upx' () + D(™)rx — U™)x) =0, andu) —u}’ =0,

which implies that

wr =up, (U™ = @)y
Note that ¢(§) = ¢(x + Ct) = u(t, x), then ¢ (§) = ¢;(§), and <p’"/($) = ¢"(&).
If (&) = @i(§) # 0, ¢, = . Recalling (1.4), we further have (pr = ¢,. That is,
¢ € C2(R). While if ¢, (&) = ¢;(£) = 0, then it is possible for @, (&) # ¢;(§). For

this cases, so ¢(£) is a sharp traveling wave, which is not smooth only at the point
¢ = 0. The proof is complete. O

4 Global Existence and Regularity of Time-Delayed Degenerate Solution

Recalling (1.1), we see that u(t, &) = u(t,& — ct) = u(t, x) with & = x + ¢t and
¢ > ¢* > 0 satisfies the following equation

o pAu - du = fu),
— +c— — u u= f(u
ot AE ’
lim u(t,&) =0, lim u(t,&) =uy4, 4.1)
£——00 £—+o00

u(s, &) =uo(s,§) =uo(s, & —cs), se[-r1,0]

where f(s) = pse~%*. For simplicity, we still denote the solution by u(¢, £). We are
going to prove Theorem 1.3 in the equivalent form to Eq. (4.1).

Let ul (s, &) with 0 < ul(s, &) < iio(s, £) be a sufficiently smooth function with
uf)(s, &) = uo(s, &) asl — oo, uniformly in & and s. Consider the following problem

dou  du
§+c¥ — DAU" +du = f(u;), £§e€(=1,1), t>0

1 1
u(—1,1) = T ul,t) = 7e—ﬂ" +ug, t>0 (4.2)

1
u(s, &) = ub(s, &) + 7 sel-T, 0].

It is easy to show that f(u;) = pure 4 < a— By a direct calculation, le’d‘ i

a lower solution of (4.2), and max{u + % llitg|l Lo + 1, aed} is an upper solution
of (4.2). Then, by the comparison principle, we obtain

—dt 1 p
—e " <u(t,§) < max yuq + il poe +1, — ¢, (4.3)
" aed

and the problem (4.2) admits a smooth solution u;(z, §). Next, we show the C @p_
estimate of u;. For any a € (—[ 42, [ —2), multiplying Eq. (4.2) by u” n* (r > 0) with
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nE) e C*a—2,a+2),and0 < n(€) < L,|[n'¢)| < I,n = 1for§ € (a—1,a+1),
we see that

1 d
r+1dt/ r+l zd;;_-+Dmr/um+r72|us|2n2dg+d/ur+1n2d$

= —Dm/ My nneds 4+ ——

Dmr
<
- 2

2c +1 / r. 2
[ wmeds + [ paou s

/um+r72|us|2n2dg+c

Then, for any given o > 0, and for any ¢ > 0, we have

t+o
f / W™ 2 |ug |*n*deds < C, (4.4)
t

where C only depends on r and o. By using the mean value theorem of integrals, we
further prove that there exists 7o € (¢, t + o) such that

/ w2 (t0) lug (to, £)|*n* (§)dé < C. (4.5)
Multiplying Eq. (4.2) by (u™);n*, we have

m/u 4d§+——/|(u )el*ntde + —— +1 u"Hntde

= —mZ/uzm_zu,gum nedé —cm/um_lu,ugn d$+/f(ur)um_lu,n4d§
S %/um_lutzn“df+C/u3(m_l)|ug|2n2d§'

+ C/um_l|u§|2n4d$ +C/ f2(u,)um_ln4d§‘.

Combining with (4.4) and (4.5), we further have

t+o
/ / u™'uln*de + sup / lu™)e*n*de < C, (4.6)
t t

where C is independent of /. Let us denote the solution of (4.2) by u; and its weak
limit by u as [ — oo. Letting [ — 0o, we obtain the existence of the generalized
solutions for the problem (4.1) satisfying (4.4), (4.6) and

0 = u < max { ol . = .
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By the boundedness of u, we also have

t+o
/"/w%M#@+gg/w%ﬁ¢@sc. (4.7)
t

Then, by Sobole embedding inequality, we have u™ € L*°((0, o0), C 1/2(R)), because
of u™ € L¥((0, 00), ], (R)). We further obtain u™ (z, &) € C32 (R x R) due to
W™y, € LE((t, 1 +0) x (a—1,a+ 1)). In fact, for any 11, o € RT, x € R, (without
loss of generality, we assume that t, < #1.) take a ball B, of radius r centered at x,

withr = |t; — t2|%. Recalling (4.7) and using Poincare inequality, we have

" 9wt y)
/°|um<n,y>—-um<n,yndy:=(/ /‘ AT
B, B, |/t

at
| 5 1/2
<C / / dydt I A
t B,

1/2,1/2

dy

ou(t,y)
ot

< Clti — 1]
By the mean value theorem, there exists x* € B, such that
™ (11, x*) = u™ (12, )| < Clty = o]'/*r ™2 = Clty — 1a]'/%,
Then, we have

|u™ (11, x) — u™ (12, )|
< ™t x) —u™ (x| ™, xF) — u" (2, x|+ U (2, x7) — u™ (2, X))

1 1
< C(lx =x*2 4+ |t1 — ] %)

1
= Clti — 2],

which implies that u™ (1, £) € C12 (R x R). It means that u(7, £) € C a3 (R x
R).

Next, we show the uniqueness. Letu 1, uy € D, be the solutions of (4.1), and assume
u = u1 — up. For simplicity, we replace u(z, £) by u(t, x) with & = x + ct, and note
that when r € (0,7),7 — 1t € (—71,0),then f(u1 ) = f(uz2) = fip(t — 7, x)).
Thus, we have

9
a—”t‘ — DAW™ —u) +du =0, (t,x)€Rx(0,1),

lim wu(t,x)=0, lim u(t,x)=0, te(0,r1), (4.8)
X—>—00 x—>—+00

u(s,x)=0, sel[-10].
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Take the test function ¥, (¢, x) = oy, (x) f (u}" — uy)ds, where o, (x) € C (R),
which is a concave function with 0 < ¢, (x) < 1, |}, (x)| <1, and

L, |x| <mn
= 4.9
o (x) {07 N 4.9)

Then, ¥, (¢, x) € PGII(R x (0, 7)). Note that u(0, x) = ¥, (z, x) = 0, we obtain

f /Q ueY o, (x) (' — ul)dxdr

=D f/ Yo, () W' — ulh)y (/t(u’f' — u’zn)xds> dxdt

+ D// Yol ()@ — ud)y </t(u'1" - u';)ds> dxdt

2

:-//Te o (x) (/ W — )xds> dxdr

+ D// eYal ('t — ulih), (/ W — u’g)ds> dxdr
=__/f ap (x) </ " — u2)xds) dxdr

// e, (x) (/ W —uz)xds) dxds

+ D//Q Yol ()@l — ud)y (/ (! —u';)ds> dxdt

<D // Yol Ol — ulh), (/t(uq" - uE”)ds) dxdr,

where O, = (0, t) X (—00, +00). Note that &), (x) = 0 for |x| < n and |x| > n + 1,
by using (4.6), we further have

// uedtozn(x)(u'l" — uy)dxdt
' 1/2
< DyTe ( / f ety )| (ue! — ug’>x|2dxdr>
0«
12
x <// o), ()| (utt — ug’)zdxdz)
0:
1/2
<C <// oy, () (' — uly ) (uy — uz)dxdt> . (4.10)
0.
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Note that «, (x) = O for |x| < n and |x| > n + 1, from the above inequality, we have

// uedtotn(x)(u'l" — uy)dxdt

T

is bounded uniformly. It means that
// o, ()| (" — uly)(uy — uz)dxdr — 0, asn — oco.

Let n — oo, we have
// Yu — ufdxdr =0,

which implies that u; = wu; in Q. Repeating the above procedure on (t,27),
(27, 37), ..., we then prove

ui(t,x) =us(t,x), for(t,x)e Ry xR.

The uniqueness is proved.

5 Global Stability of Smooth Traveling Waves

In this section, we study the global stability of smooth traveling waves.

Let u(t, x) be the solution of Eq. (1.1) with initial datum uo(s, x), s € [—t, 0],
@(x +ct) = (&) be a given smooth traveling wave connecting 0 and u with ¢ > ¢*,
and let v(¢,&) = u(t,x) — @(&), vo(s, &) = up(s, & — cs) — @(&). Then, v(z, &)
satisfies

ov v m m — _
E—i-c%—DA(u —¢") +dv= fur) — flger), 5.1)

U(Své) = UO(S’S)v NS [_T’ 0]7

as

where f(s) = pse™
Let w(&) > 0 be a weight function, and then we define the weighted L}H(R) by

veLL®) & vl @ = /R WE)lwE)dé < C, (5.2)

and for any T > 0, L([0, T]; L. (R)) by

vl oo o, ;2L Ry = sup vl (w)-
1€[0.T]

We are going to prove Theorem 1.4. The proof is divided into 3 steps.
Step 1. Weighted Lllﬂ—regularityfor the perturbed solution: v € L*°(Ry; L}U(R))
Let Je(s) € C'(R) be the approximation of the sign function satisfying J/(s) > 0,
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and Jg(s) — sgn(s), J/(s) — &(s), as ¢ — 0, where 8(s) is the Delta function.
Multiplying the first equation of (5.1) by J.(D)w(&)a, (§), where w(&) = e ¢ is
the weight function, o, (§) is defined in (4.9), and 0 = u™ — ¢™, and integrating the
resultant equation on R, we have

/at(anvw)Jg(ﬁ)dé+D/ a,,J;(ﬁ)w|8§ﬁ|2dS+D/ o Jo (D) wdg 0dE
R R R
+ D/ w/(f)anfg(f))agf)df +df a,vwls (0)dE
R R

= [ an (Fe) = Fee) w1
Let (D) := fo13 Je(s)ds, and then we further have

/at(anvw)lg(ﬁ)dé—i—Df an JL(D)w|d 0| de
R R
— D/(Azw(é)an —20w(&)a), + walhe (0)dé
R
+ d/ a,vwJ (0)dé
R

_ A@ wn (f () — f (@er)) wle(D)dE.

Letting ¢ — 0, and noting that /. (0) — |0, we obtain

if an|v|wds+Df and (D)w]de 2dé —D/ wa;{|ﬁ|dg+df anlv|wde
dr Jp R R R
= D)LZ/ROCnlmlUdS —2AD/Rw(S)a,2|ﬁlds +/Ran (f(ur) = f(@cr)) w sgn(D)dg

sM/ w(s)an|v|ds—2w/ w(s)a,;|6|ds+pf anlity — per wde.
R R R

Note thata, <0, () > 0for—n—1<§ < —n,and e, (§) < Oforn <& <n+1,
and then we obtain

d n+1
—f ap|vjwdé < (M—d)/ an|v|wd§+2kD/ e_ks|13|d§
dt Jr R n
+P/ oyl — @erlwd§,
R
which implies
d

o <e_(M_d)’/ an|v|wd$) < Ce M=t for 0 <t <.
R
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Letting n — o0, we obtain

sup /|v|wdE§C.
re(0,7) JR

Repeating the same procedure on (7, 27), (27, 37), - - -, then we prove

sup /Rlv(t,é)lw(f)dé =C.

[ER+

The proof is complete.

Similarly to Step 1, we also have the following L' —regularity of the solution v(z, &)
without weight function.

Step 2. L'-regularity of perturbed solution: v € L*®(R.; L'(R)) For simplicity,
we do not take the approximation of the sign function. Multiplying the equation by
ay, (x)sgn(v), and integrating it over R, we obtain

i/ an|v|d§+D/ an8(ﬁ)|8§ﬁ|2d§ —D/ aglﬁldé—i-d/ a,|v|dé
dt Jr R R R
- /R tn (Fur) — f(ger)) sgn(D)dE + A;{ o) Julde
< C/ |MT _Wcrldé +C»
R

where o, is defined in (4.9). Then, for any given ¢ > 0, we obtain

/an|v|ds e
R

where C is independent of n. Letting n — 00, we prove

/ lv(t, §)|de < C fort € Ry.
R

The proof is complete.

Step 3. Global stability of traveling waves: ||U(t)||L,1,,(]R) < Ce ™
(Ivoll 1 (—z,0:21, (r)y + llvo(@)[I1) Next, we are going to show the global stability
of smooth traveling waves in the weighted L!-space. By Theorem 1.3, we see that the
solution of (5.1) satisfies

p
e < max oz, == = k.
aed

which means % < mi™ ! wherev = u — ¢ is the solution of (5.1),and v = u™ — ¢™
as defined before. Define

Je(c,N) :=d 4 ch — Dmk™ 122 — pe T, (5.3)
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A

Y

A\ 4

Fig. 5 The graphs of y3 and y4

Denote y3(A, ¢) = d + cA — Dmk™ 122, y4(A, ¢) = pe 7. From Fig. 5, we see
that, there exists ¢*(r) > 0 such that J;(c*, 1) = 0 admits only one real root A*,
especially, ¢*(0) = 2o/ Dmk™~1(p — d), and for any ¢ > ¢*, J;(c, A) = 0 has two
positive real roots A1, Ay with 0 < A1 < A* < As.

Firstly, similarly to the proof of above Step 1, we multiply the first equation of (5.1)
by a,Je(D)w, where w = ™5, a,(£) is defined in (4.9), and D = u”™ — ¢™, then
integrate the resultant equation on R to have

| e oy
—c /R (@ (&) o (0) + an ()w (€ () + a (E)w(E) I/ (D) D) di
+ D/Ranjg/(ﬁ)wlagmzdé+D/Ra;J8(ﬁ)w8§ﬁd.§
+ D/Ranjg(a)w’agﬁds +d[l;anvw16(ﬁ)d§

- /R o () = F(@ee)) e (D)dE.
Letting h¢ (D) = foﬁ J:(s)ds, we further have

| o) g
R
—c fR 0@ OWEN () + e ('€ (D) + a Ow(E) /(D)0 )t

+ D/ an JL(D)w|dg 0| dg — D/ he (D) (@) w + 20w’ 4 ayw”)dE
R R
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+ d/ apvwJe (0)dE
R

— [ () = Flgee wiGinde,
By (4.6), we see that v, 90 € leoc(R)’ then let ¢ — 0, we have

/R v () w(E) ()9 0dE — fR Vet () w(E)8 () D = 0.

Thus, we have

d
& [ antvtude — [ (wiog @) + olen@w'©)ds + D [ ad@uiscoras
t Jr R R
— D/ [0] (ot w + 20w + apw”)dE +d/ avwlg (0)déE
R R

= /I;an (f(uz) = f(@er)) wJe (0)dE.

By the weighted L} -regularity for the perturbed solution showed in the above Step
1, we see that for any t > 0, |[v|w € Ll(R). By taking n — oo, we then have

i[ |lv|wd& —c/ |v|w/(€)d§+D/ 6(6)w|8§ﬁ|2d<§
dr Jr R R
— D/ w”($)|ﬁ|d$+d/ |v|lwd&
R R

= / F (@er +0v(@ — 1, —ct)v(t — T, € — cT)w sgn(D)dE.
R

Multiplying the above equation by e*’, and integrating it from 0 to ¢, we then have

"N

; ! w’ w” D s
e"v(t, &)|lwdg + d—c— — D—— — ) e |vlwdéds
R 0 JR w w v

t
+ D/ /e’”S(f})wmgmzdgds
0 JR
t
:/ / e f(ger + 00(s — T, — (s — T, & — cOw(E) sgn(d)dEds
0 JR
+ wa(o,st@)ds

— L+ /R 10(0, &) [w(£)de. (5.4)
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Next, we estimate /7. Clearly, we have u(¢, x) > 0 since uo(s, x) > 0, and note that
f'(s) = p(l —as)e™, then | f/'(s)| < p for any s > 0, therefore, we have

t
In| sp/ fe*”|v(s—r,s>|w<s+cr)déds
0 JR
-7
= pe’”/ /e’”|v(s,é§)|w(§ + ct)déds
—T R
0
Speltr/ /eltslvo(S,§)|w(§+CT)d§dS
-7 JR

t
+ Pe‘”f /e’”|v(s,$)|w($ + ct)déds.
0 JR
Substituting it into (5.4), we arrive at
! 0
e’”/ [v(t, &) wdé +/ / et <d +ch—D-A2—p— pe‘“%’”) |v|wd&ds
R 0 JR v

t
+ D/ /e“sé(ﬁ)w|8§ﬁ|2d§ds
0 JR

0
< pe’”/ /Re"slvo(s,é)lw(é+Cf)d<§ds+fRIv(0,E)|w(€)df;'~

For any fixed A € (A1, X2), then there exists a constant m| > 0, such that J;(c, ) >
2m1, where J; (c, A) is defined in (5.3), and take ;. > O appropriately small such that

0] X
d+ch—D=22— ju— pe el > my.
v
Then, we obtain

t
/|v<t,s>|wds+m1/ /e“(s_’)lvlwdéds
R 0 R

0
Spe_’”em/ /emlvo(s,é)lw(é+0f)d<§ds+€_‘”/ [v(0, §)|w(§)dE,
-7 JR R

which implies the weighted L}u-stability:

I = Ol L1 @y < Ce ™ voll Lt (—r,0:1 ry) + 00Ol 1 m))-
When 7 = 0, similar to (5.4), we have
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/e‘”lv(t g)|wdg+/ /( —c——DE%—u> ™ |v|ideds

+ D/ /eﬁxa(ﬁ)masmzdgds
0 JR

t ~
=/0 fRe"‘Yf’(w+6v(s,a§>)|v(s,s>|a)<s>dsds+/R|v(0,§)|ﬁ,(§)dS

l ~
sp/ /e“|v(s,5)|w<s>déds+f 10(0, £)]1B (¢)de.
0 R R

Taking (&) = e, then

t D ~
/ lu(z, &)|wdé +f / (d t-piR2 - p) =D | wdeds
R 0 JR v

<e M /R [0(0, &) (&)dé.

For any fixed = (5»1 , )22), then there exists a constant 72; > 0, such that Jy(c, i) >
2m1, and take fi > 0 appropriately small such that

- D~
d+ck—D—)\2—u—p>m1.
v
Then, we obtain

t
/|v<r,s>|wdé+ﬂu/ /e*"“—“wmdsds se—ﬂ’/ 10(0, £)]15 (€)de.
R 0 JR R

The proof is complete. O
Based on the above Steps 1-3, we immediately prove Theorem 1.4.

Remark 5.1 When t = 0, namely, the degenerate reaction—diffusion equation (1.1)
without time delay, from Theorem 1.4, we see that v(¢, §) € L'(R) for any ¢t > 0 if
v(0, &) € L' (R). By Theorem 1.3, we also see thatv € L*° (R xR)ﬂC“’ﬂ(R+ xR).
Then, we always have

Jim Ju(e, ) — ()] = 0.
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