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ABSTRACT. In this paper, we study a class of nonlocal dispersion equation with
monostable nonlinearity in n-dimensional space

w = s ututdut.o) = [ o -z =)
u(s,x) = uo(s,z), s€[-7,0], z€R",

where the nonlinear functions d(u) and b(u) possess the monostable characters
like Fisher-KPP type, fg(z) is the heat kernel, and the kernel J(x) satisfies
JE€) =1 —K|g|* + o(J¢]*) for 0 < a < 2 and K > 0. After establishing the
existence for both the planar traveling waves ¢(z - e + ct) for ¢ > ¢« (¢« is the
critical wave speed) and the solution u(¢, z) for the Cauchy problem, as well as
the comparison principles, we prove that, all noncritical planar wavefronts ¢(z-
e + ct) are globally stable with the exponential convergence rate t—n/agprt
for ur > 0, and the critical wavefronts ¢(x - e + c«t) are globally stable in
the algebraic form ¢~™/¢, and these rates are optimal. As application,we also
automatically obtain the stability of traveling wavefronts to the classical Fisher-
KPP dispersion equations. The adopted approach is Fourier transform and the
weighted energy method with a suitably selected weight function.

1. Introduction. In this paper, we consider the Cauchy problem for the time-
delayed nonlocal dispersion equation

g—? —Jxu+u+dultz) = /Rn fa(y)b(u(t — 7,2 —y))dy,
u(s,z) = ugp(s,x), se€[-1,0], zeR",

(1)
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where © = (z1, 22, -+ ,x,) € R", J(x) is a non-negative and radial kernel with unit
integral, and

(Tuitn) = [ I = yult.y )

and f3(y), with 8 > 0, is the heat kernel in the form of

1 —ly|?
We # with - fa(y)dy = 1. (3)

fs(y) =

Equation (1) represents the dynamical population model of single species in ecology

[11], where u(t, x) is the density of population at location x and time ¢, and J(z —1y)

is thought of as the probability distribution of jumping from location y to location

z,and J xu = [, J(x — y)u(t,y)dy is the rate at which individuals are arriving

to position z from all other places, while —u(x,t) = — [, J(x — y)u(t, z)dy stands

the rate at which they are leaving the location z to travel to all other places.
When 7 = 0 (no time-delay), then the above equation is reduced to

% —Jxu+u+d(u) = /]R" fa()bu(t,z —y))dy,

u(0,z) = uo(z), xe€R™

Furthermore, noting the property of heat kernel

lim [ fa(y)b(u(t,z —y))dy = b(u(t, x)),
ﬁ%O* R
and by taking the death rate d(u) = u? and the birth rate b(u) = u, we can then
derive from the equation (4) to the classical Fisher-KPP equation with nonlocal
dispersion
u=J*xu—u+u(l—u). (5)
Throughout this paper, we assume that the death rate d(u) and birth rate b(u)
capture the following monostable characters:
(Hy) There exist u— = 0 and uy > 0 such that d(0) = b(0) = 0, d(us) = b(uy),
and d(u), b(u) € C?[0,u];
(Hg) V/(0) > d'(0) >0 and 0 < V' (uy) < d'(ut);
(H3) For 0 <wu < wuy, d(u) >0, (u) >0,d (u) >0, (u) <O0.
These characters are summarized from the classical Fisher-KPP equation, see also

the monostable reaction-diffusion equations in ecology, for example, the Nicholson’s
blowflies equation [27, 28, 31, 37, 39] with

d(u) = 0u and b(u) =pue”*, p>0,6 >0,a >0

and u_ = 0 and uy = éln%3 > 0 under the consideration of 1 < & < e; and the
age-structured population model [15, 16, 25, 31, 33, 35] with

d(u) = 6u® and b(u) =pe "u, §>0, p>0, v>0,

and u— =0 and uy = §e™77.
Clearly, under the hypothesis (H;)-(Hs), both u_ = 0 and uy > 0 are constant
equilibria of the equation (1), where u_ = 0 is unstable and u, is stable for the

spatially homogeneous equation associated with (1).
On the other hand, we also assume the kernel J(z) satisfying:
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(J1) J(x) = HL’(%‘), where J;(x;) is smooth, and J;(z;) = J;(|a;]) > 0 and
i=1
/ Ji(z;)dx; = 1fori=1,2--- n,and fR ly1|J1(y1)e M Yidy;, < oo for A, >0

R
defined in (16) and (17);
(J2) Fourier transform of J(z) satisfies J(£) = 1 — K|€]* + o(|€|*) as € — 0 with
a € (0,2] and £ > 0.

A planar traveling wavefront to the equation (1) for 7 > 0 is a special solution in
the form of u(t,xz) = ¢(z - e+ ct) with ¢(+00) = us, where ¢ is the wave speed, e is
a unit vector of the basis of R". Without loss of generality, we can always assume
e = e = (1,0,---,0) by rotating the coordinates. Thus, the planar traveling
wavefront ¢(z - e; + ct) = ¢(x1 + ct) satisfies, for 7 > 0,

cp —J*xp+¢+d(g) = Te)b((§1 — y1 — c7))dy,

Rn (6)
d(£00) = uy,
where ' = d%l and & = 7 + ct. Let
1 v?
i8Yi) i= —=me 1P 7
Finl) = g7 @
Then
i=1

and (6) is reduced to, for 7 > 0,

cd —Jixp+d+d(p) = /Rflb’(yl)b(¢(51 —y1 — c7))dyi,
d(£00) = ux.

The main purpose of this paper is to study the global asymptotic stability of pla-
nar traveling wavefronts of the equations (1) and (4) with or without time-delay,
respectively, in particular, in the case of the critical wave ¢(x1 + c.t). Here the
number ¢, is called the critical speed (or the minimum speed) in the sense that a
traveling wave ¢(x1 + ct) exists if ¢ > c,, while no traveling wave ¢(x1 + ct) exists
if ¢ < c,.

The nonlocal dispersion equation (1) has been extensively studied recently. For
the local dispersion equation

(9)

up = Jxu—u+ F(u), (10)

Chasseigne et al [3] and Cortazar et al [6] showed that the linear dispersion equation
(10) (with F(u) = 0) is almost equivalent to the linear diffusion equation, and the
asymptotic behavior of the solutions to the linear equation of nonlocal dispersion
is exactly the same to the corresponding linear diffusion equation. Ignat and Rossi
[19, 20] further obtained the asymptotic behavior of the solutions to the nonlinear
equation (10). Garcia-Melidn and Quirés [14] investigated the blow up phenomenon
of the solution to the equation (10) with F(u) = uP, and gave the Fujita critical
exponent. Regarding the structure of special solutions to (10) like traveling wave
solutions, for (10) with monostable nonlinearity, recently Coville and his collabo-
rators [7, 8, 9, 10] studied the existence and uniqueness (up to a shift) of traveling
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waves. See also the existence/nonexistence of traveling waves by Yagisita [40] and
the existence of almost periodic traveling waves by Chen [4].

The stability of traveling waves for Fisher-KPP equations has been one of hot
research spots and extensively investigated. The first framework on the stability
of traveling waves for the regular Fisher-KPP equation was given by Sattinger [36]
in 1976, where he proved that the non-critical traveling waves are exponentially
stable by the spectral analysis method. Then, the local stability for the traveling
waves, particularly for the critical waves, was obtained by Uchiyama [38] by the
maximum principle method, where, no convergence rate was derived to the critical
waves. Almost at the same time, by the Green function method, Moet [34] proved
that the non-critical traveling waves are exponential stable and the critical waves are
algebraic stable with the convergence rate O(t’l/ 2). A similar algebraic convergence
rate O(t~/*) to the critical traveling waves was also later derived by Kirchgassner
in [22] by the spectral analysis method, which was further improved to be O(t’3/ 2)
by Gallay [13] by means of the renormalization group method under some stiff
condition on the initial perturbation. In [2], by the probabilistic argument, Bramson
gave some necessary and sufficient conditions on the initial data for the stability
of both non-critical and critical traveling waves, respectively, which was then re-
derived by Lau [24] in the analytic argument based on the maximum principle. For
the multi-dimensional case, the stability of planar faster traveling waves with ¢ > ¢,
was obtained by Mallordy and Roquejofire in [26], see also [18] for the stability on
the manifolds but without convergence rates. Recently, Hamel and Roques [17]
obtained the stability of pulsating fronts for the periodic spatial-temporal Fisher-
KPP equations. On the other hand, when the diffusion equations involve the time-
delays, which represent the dynamic models of population in ecology, the first result
on the exponential stability for the fast traveling waves was obtained by Mei et al
[29] by the technical weighted energy method, and the stability for the slower waves
was then proved in [27, 28, 30]. Recently, by using the L!-weighted energy method
together with the Green function method, Mei, Ou and Zhao [31] further proved
that, all non-critical waves are globally stable with an exponential convergence rate,
and the critical waves are globally stable with the algebraic rate O(t_l/ 2), which was
then extended to the high-dimensional case in [32]. Instead of the regular spatial
diffusion, math-biologically, the nonlocal dispersion equations (1) is regarded as an
ideal model to describe the population distribution [11]. When the nonlinearity
is bistable, the stability of traveling waves for (10) was obtained by Bates et al
[1] and Chen [5], respectively. However, when the nonlinearity is monostable, the
stability of traveling waves for the Fisher-KPP equations with nonlocal dispersion
(1) is almost not related, except a special case for the fast waves with large wave
speed to the 1-D age-structured population model by Pan et al [35]. As we know,
such a problem is also very significant but challenging, because the equations of
Fisher-KPP type possess an unstable node, different from the bistable case studied
in [1, 5], this unstable node usually causes a serious difficulty in the stability proof,
particularly, for the critical traveling waves. The main interest in this paper is to
investigate the stability of traveling waves to (1) with 7 > 0 and (4) with 7 = 0.

In this paper, we will first investigate the linearized equation of (1), and derive
the optimal decay rates of the solution to the linearized equation by means of
Fourier transform. This is a crucial step for getting the optimal convergence for the
nonlocal stability of traveling waves. Then, we will technically establish the global
existence and comparison principles of the solution to the n-D nonlinear equation
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with nonlocal dispersion (1). Inspired by [34] for the classical Fisher-KPP equations
and the further developments by [31], by ingeniously selecting a weight function
which is dependent on the critical wave speed c., and using the weighted energy
method and the Green function method with the comparison principles together,
we will further prove that, all noncritical planar traveling waves ¢(x - e + ct) are
exponentially stable in the form of t~e~#r for some constant u, = u(7) such that
0 < pr < po for 7 > 0; and all critical planar traveling waves ¢(z - e + c.t) are
algebraically stable in the form of t~«. These convergence rates are optimal and the
stability results significantly develop the existing studies on the nonlocal dispersion
equations. We will also show that the time-delay 7 will slow down the convergence
of the the solution u(t, z) to the noncritical planar traveling waves ¢(x - e 4 ct) with
¢ > ¢4, and cause the higher requirement for the initial perturbation around the
wavefronts.

The paper is organized as follows. In section 2, we will state the existence
of the traveling waves, and their stability. In section 3, we will give the solution
formulas to the linearized dispersion equations of (1) and (4), and derive the optimal
decay rates by Fourier transform with energy method together. In section 4, we
will prove the global existence of the solution to (1) and establish the comparison
principle. In section 5, based on the results obtained in sections 3 and 4, by using
the weighted energy method, we will further prove the stability of planar traveling
waves including the critical and noncritical waves. Finally, in section 6, we will
give some particular applications of our stability theory to the classical Fisher-KPP
equation with nonlocal dispersion and the Nicholson’s blowflies model, and make a
concluding remark to a more general case.

Notation. Before ending this section, we make some notations. Throughout this
paper, C' > 0 denotes a generic constant, while C; > 0 and ¢; > 0 (i = 0,1,2,---)
represent specific constants. j = (j1,Jo, - ,Jn) denotes a multi-index with non-
negative integers j; > 0 (i =1,--- ,n), and |j| = j1 + j2 + - - + jn. The derivatives
for multi-dimensional function are denoted as

X f(x) = 8;11 o Qn f(2).

Tn

For a n-D function f(x), its Fourier transform is defined as

FIfm) = f(n) = / N ()de,  ii= VL

n
and the inverse Fourier transform is given by

—17p L 1 iw‘n R

FUR@) = e [ e Fn
Let I be an interval, typically I = R™. LP(I) (p > 1) is the Lebesque space of the
integrable functions defined on I, W*®(I) (k > 0,p > 1) is the Sobolev space of the
LP-functions f(z) defined on the interval I whose derivatives &2 f with |j| = k also
belong to LP(I), and in particular, we denote W*2(I) as H*(I). Further, LP (I)
denotes the weighted LP-space for a weight function w(z) > 0 with the norm defined
as

Il = ([ w5 as) ™
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WkP(I) is the weighted Sobolev space with the norm given by

= (3 Jw@loisp ar) ™.

|71=0

and HE(I) is defined with the norm

HE = ( zk: /Iw(x) laif(;c)‘zdac)lp.

l7]=0
Let T > 0 be a number and B be a Banach space. We denote by C°([0,77], B)
the space of the B-valued continuous functions on [0, 7], L?([0,7], B) as the space

of the B-valued L?-functions on [0,7]. The corresponding spaces of the B-valued
functions on [0, 00) are defined similarly.

/1

2. Traveling waves and their stabilities. As we mentioned before, when 7 = 0
and 8 — 07, the existence and uniqueness (up to a shift) of traveling waves for the
equation (10) in the case of bistable or mono-stable F'(u) were proved in [7, 8, 9, 10],
particular, in a recent work by Yagisita [40] for the existence and nonexistence of
traveling waves, when the nonlinearity F(u) is mono-stable. When 8 — 0% but
T > 0, the existence of traveling waves with a specially mono-stable F(u) was
presented in [35] by the upper-lower solutions method. Here we are going to state
the existence of traveling waves to the time-delayed equation (1) with nonlocality
for the birth rate function in a general case of mono-stability.
For the regular 1-D Fisher-KPP equation

U — Ugyzy = F(u) (11)
with the mono-stable F'(u) satisfying
F(0)=F(uy) =0, F'(0)>0, F'(uy)<0 and F'(0)u > F(u) for u € [0,u],

it is well-known that the traveling wavefronts ¢(x + ct) connecting with ¢(—oc) =0
and ¢(+00) = uy exist for all ¢ > c,, where ¢, = 2,/F’(0) is the critical wave
speed. To find the critical wave speed c,, a heuristic but easy method is that, we
first linearize (11) around u =0

Up — Ugy oy = F'(0)u,

then substitute u = e*@17¢) to the above equation to yield

e — X2 = F'(0),
namely,
5= ct+/c? —4F'(0)
= 5 ,
which implies the minimum speed such that ¢2 = 4F”(0), that is,
co = 2\/F(0).

Similarly, for our nonlocal Fisher-KPP equation (9), we can formally derive its
critical wave speed as follows. Let us linearize (9) around ¢ = 0, we have

et — Jr v+ b+ d(0)b=H(0) / fa)E —m —crdyr. (12)
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FIGURE 1. (a): the case of ¢ > ¢,; (b): the case of ¢ = ¢,; and (c):
the case of ¢ < ¢,.

oM

Setting ¢(&;) = e &t for some positive constant A, we then have

A / Ti(yn)e rdys + 1+ d'(0) = b(0)ePX e (13)
Denote ‘
Ge(N) == e\ — /RJl(yl)e’Ayldyl + 1+ d'(0), (14)
Ho(A) =¥/ (0)e A, (15)
Since

G\ = — / Ti(yr)eig2dy; <0,

HY'(\) = V'(0)e"™ T2 — e7)? + 28] > 0,
then G.(\) is concave downward and H.()\) is concave upward. Notice also
G.(0) =d'(0) > v'(0) = H.(0),

the graphs of G.(\) and H.(\) can be observed as in Figure 1. Clearly, when ¢ = ¢,
there exists a unique tangent point (c., As) for these two curves G.(\) and H.(\),
namely,

Ge.(M) = He () and Gl (\) = HL (M),

which determines the minimum speed c, as follows

YOI e = [ Bl + 1+ d0), (16)
B (0)(28A — cpr)ePAiAeeT C*+/y1J1(y1)€_)\*yldyl- (17)
R

It is also noted that, when ¢ > ¢,, the equation G.(A\) = H.(\) has two roots
0< A\ = )\1(6) < Ag = )\Q(C), (18)
and
Ge(A) > He(A) for Ay < A < Ag;
while, when ¢ < ¢, there is no solution for G.(\) = H.(A).
By such an observation, we set the upper and lower solutions to the nonlinear
equation (9) as

o(&1) == min{K, KeM¥},  ¢(&) := max{0, K (1 — Me“)eMé},

for some suitably chosen constants K > 0, M > 1 and € > 0, where A; is defined in
(18), and A; = A, when ¢ = ¢,. Using the upper-lower solutions method as shown
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in [37, 35], then we can similarly prove the existence of traveling waves for (9). The
proof is long but the procedure is straightforward to [37, 35], so we omit its detail.

Theorem 2.1 (Existence of traveling waves). Under the conditions (Hy )-(Hs) and
(J1)-(J2), and le Ji(y1)e Midy; < 4oo for all X > 0, then, for the time-delay
T > 0, there exist a unique pair of numbers (c., A«) determined by

Hei(M) = Ge. (), HL (M) =Gl (M), (19)

where

Ho(A) =V (0)e 2, Go(A) = A~ E(N)+d'(0), Eo(A) = / Ji(yr)e Mrdy —1,

‘ (20)
namely, (c.«, Ax) is the tangent point of H.(\) and G.(\), such that, when ¢ > c.,
there exits a monotone traveling wavefront ¢p(x1 + ct) of (6) connecting uy exists.
Furthermore, it can be verified:
e In the case of ¢ > ¢, there exist two numbers depending on c: Ay = A\i(¢) > 0
and A2 = Aa(c) > 0 as the solutions to the equation H.(\;) = G.(N\;), i.e.,

b (0)ePr—Aiem — ey, — / Ji(y)e NVidy; +1+d'(0), i=1,2, (21)
R

such that
H.(A) < Ge(N)  for A1 <A< g, (22)
and particularly,
H.(\) < Ge(Ay) with A\ < A < A, (23)
e In the case of c = ¢y, it holds
H.,(A\) = Ge, (M) with A\ = A = Ao, (24)
o When & = x1 + ¢t — —o0, for all ¢ > ¢y, the traveling wavefronts ¢(x1 + ct)
converge to u_ = 0 exponentially as follows
|6(&)] = O(1)e MO, (25)
Remark 1.

1. The results shown in Theorem 2.1 can be regarded as an extension of Lemma
2.1 in [31] for the existence of traveling waves of the regular diffusion equation with
time-delay and mono-stable nonlinearity.

2. The existence of traveling waves in the mono-stable case studied in [8, 40] is
a special example of ours, but seems not to be specific as ours. In fact, by taking
7 =0and 8 — 0", as we mentioned in (5), the equation (1) reduces to the following
regular equation [8, 40]

u — Jxu+u=>blu)—du) = F(u).

Notice that, our conditions (Hs) and (J;) imply F(u) < F'(0)u and J(—z) = J(z).
However, these restrictions F(u) < F'(0)u and J(—z) = J(x) are not assumed in
[8, 40]. They proved that, there exists a critical wave speed ¢, such that a traveling
wave ¢(z+ct) exists for ¢ > ¢, and no traveling wave ¢(z+ct) exists for ¢ < ¢,. Such
a result for existence/non-existence of traveling waves is better than ours presented
in Theorem 2.1.
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Next, we are going to state our stability results. First of all, let us technically
choose a weight function:

ef)\*(m1f:1:*)’ for 1 < .,
w(zy) = N (26)
1, for z1 > x,,

where A\, = A.(c.) > 01is given in (16) and (17), and x, > 0 is a sufficiently large
number such that,

0 <d'(¢(xs)) - - FsWV (¢ — 1 — er))dy < d'(ug) = V' (uy).  (27)

The selection of x, in (27) is valid, because of d’'(us) — V' (us) > 0 (see(Hz)). In
fact, we have

lim d'(¢(&1)) = d'(uy)

§1—00

> b (uy)

- /R o) Jim V(66— er)]dy

= lim FsV (p(&1 — y1 — e7))dy,

§1—00 Jpn

which implies that, by (Hs), there exists a unique x, >> 1 such that, for §; € [z, 00)
d'(us) — V' (uy)
>d(¢(&1) = [ o' (o1 —y1 —e7))dy

Rn
> d(0(e.)) ~ [ F50) (6.~ - er))dy

> 0. (28)

Theorem 2.2 (Stability of planar traveling waves with time-delay). Under assump-
tions (Hy)-(Hs3) and (J1)-(J2), for a given traveling wave ¢(x1 + ct) of the equation
(1) with ¢ > ¢, and $p(+00) = ux, if the initial data ug(s,x) is bounded in [u_,uy]
and uo — & € C((—7,0; HI(R") (1 LL(R™)) and 9y (uo — 6) € L ([—r, 0]; H (R™) 1
LL,(R™)) with m > %, then the solution of (1) uniquely exists and satisfies:

o When ¢ > c., the solution u(t,x) converges to the noncritical planar traveling
wave ¢(x1 + ct) exponentially

sup |u(t,z) — ¢p(x1 +ct)| < C(L+t)"ae #t >0, (29)
reR”™

where
0 < pr < min{d'(ug) = V'(uy), 1[Ge(As) = He(A)]} (30)

and €1 = €1(7) such that 0 <&y < 1 for 7 >0, and €1 = e1(7) = 0" as 7 — +o0;
e When ¢ = c., the solution u(t, ) converges to the critical planar traveling wave
d(x1 + cit) algebraically

sup |u(t,2) — ¢p(x1 +cut)| < C(L+t)"a, > 0. (31)
TER™

However, when the time-delay 7 = 0, then we have the following stronger stability
for the traveling waves but with a weaker condition on initial perturbation.



3630 RUI HUANG, MING MEI AND YONG WANG

Theorem 2.3 (Stability of planar traveling waves without time-delay). Under as-
sumptions (Hy)-(Hs) and (J1)-(J2), for a given traveling wave ¢(x1 + ct) of the
equation (4) with ¢ > ¢, and ¢p(£o0) = uy, if the initial data uo(x) is bounded in
[u—,uy] and ug — ¢ € HJ(R™) N LL,(R"™) with m > %, then the solution of (4)
uniquely exists and satisfies:

o When ¢ > c., the solution u(t,x) converges to the noncritical planar traveling
wave ¢(x1 + ct) exponentially

sup |u(t,z) — ¢p(x1 +ct)| < C(1+t)"ae M0l >0, (32)
z€R™
where
0 < po < min{d'(uy) — b'(uy), Ge(As) — He(A) } (33)

e When ¢ = c., the solution u(t,z) converges to the critical planar traveling wave
d(x1 + cut) algebraically

sup |u(t,2) — ¢p(x1 +cut)| < C(L+t) ", > 0. (34)
EASING

Remark 2.

1. Comparing Theorem 2.2 with time-delay and Theorem 2.3 without time-
delay, we realize that, the sufficient condition on the initial perturbation around
the wave in the case with time-delay is stronger than the case without time-delay,
but the convergence rate to the noncritical waves ¢(z1 + ct) for ¢ > ¢, in the
case with time-delay is weaker than the case without time-delay, see (30) for p, <
e1[Ge(Ae) — He(Ai)] < Ge(As) — He(As), and (33) for pg < Geo(As) — He(Ai), and
g1 =¢€1(7) = 07 as 7 — +oo. This means, the time-delay 7 > 0 affects the stability
of traveling waves a lot, not only the higher requirement for the initial perturbation,
but also the slower convergence rate for the solution to the noncritical traveling
waves.

2. The convergence rates showed both in Theorem 2.2 and Theorem 2.3 are ex-
plicit and optimal in the sense of L'-initial perturbations, particularly, the algebraic
decay rates for the solution converging to the critical waves. Actually, all of them
are derived from the linearized equations.

3. Notice that,
lim [Gc(\s) — Hc(A)] =0, d.e., limpu,=0 forallT>0,

c— ey Cc—Cy
From (29) and (30), or correspondingly, (32) and (33), we easily see that,

lim t~ae Mt =¢7a, 7>0.

C—>Cy
This implies that the exponential decay in the noncritical case will continuously
degenerate to the algebraic decay in the critical case.

3. Linearized nonlocal dispersion equations. In this section, we will derive the
solution formulas for the linearized nonlocal dispersion equations with or without
time-delay, as well as their optimal decay rates, which will play a key role in the
stability proof in section 5.

Now let us introduce the solution formula for linear delayed ODEs [21] and the
asymptotic behaviors of the solutions [32].
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Lemma 3.1 ([21]). Let z(t) be the solution to the following linear time-delayed
ODE with time-delay T > 0

d
%z(t) + k12(t) = koz(t — 7)

z(s) = z9(s), se€][-7,0].

(35)

Then

_ 0 -
() = ) [ OB ) 4 k(s G0

—T

where
ko = kpef17, (37)
and 652"‘ is the so-called delayed exponential function in the form
0, —o0o <t < —T,
1, —-T7<t<0,
1+ 22t 0<t<r,
7 201 \2
e&zt: 1+%+%7 T <t<2T, (38)
' 7 .2 2 .m m ’
1+ % + 7]%(;7) WEPUURNI. Gl b il [tf(::z!flm , (m—1)71<t<mr,
and eEzt is the fundamental solution to

—2(t) = koz(t — 1)
z(s)=1, se[-7,0].

(39)

Lemma 3.2 ([32]). Let ky > 0 and k2 > 0. Then the solution z(t) to (35) (or
equivalently (36)) satisfies

|2()] < CoeFrtekat, (40)

where
0

Co 1= e~ |z (—1)] +/ 51551 () + Enzo(s)|ds, (41)

—T

and the fundamental solution e*2* with ky > 0 to (39) satisfies
et < C(14t)7et 1> 0, (42)

for arbitrary number v > 0.
Furthermore, when k1 > ko > 0, there exists a constant e1 = e1(7) with 0 < g1 <
1 fort>0,ande; =1 fort=0, and g1 = 1(1) = 07 as 7 — +oo, such that

e*klteézt < Ceerlk=ka)t g5 (43)
and the solution z(t) to (35) satisfies

|2(t)] < Cemsrki=ka)t 4~ ), (44)
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Now, we consider the following linearized nonlocal time-delayed dispersion equa-
tion (which will be derived in section 5 for the proof of stability of traveling wave-
fronts)

% a / J(y)e ¥ u(t,x — y)dy + c1v
= | foly)e Ot — 1, x — y)dy, (45)
]Rn

v(s,x) =v(s,x), s€[-7,0], ze€R"

for some given constant coefficients ¢, ¢; and ¢y, where ¢ > ¢, is the wave speed.
We are going to derive its solution formula as well as the asymptotic behavior of
the solution. By taking Fourier transform to (45), and noting that,

J(y)e Motz — y)dy} (t,n)

—/ 6_1””7’( o J(y)e _/\*ylv(t,x—y)dy>dx
-,

J(y)e M1 / e_i”%(t,x—y)dx)dy
]Rn n

:/ J(y)e M1 / e_i(w+y)"’v(t7;v)dx)dy
Rn n

_ (/}Rn —ly- "J(y)e _’\*yldy) (t,n), (46)

and
Flea [ gm0 nte - = g)a] ¢ - 7.)
Rn
— —im-n «(y1+er)
= C2/ e ( fa(y)e™ v(t T,x—y)dy)dx
Rn R®
= 02/ f,B(Z/)e_A*(WrCT)(/ e_iz'"v(t -7, T — y)dx)dy
R n
= [ fpte ot ([ o) dy
R n
= [ gptpper s ( [ i )y
R~ n
— ez [ fatpe ey ot - ) (47)
R’n
we have
di
d*: + A(n)o = B(n)o(t —7,n), with 9(s,n) = to(s,n), s € [~7,0], (48)
where
A(n) = —/ J(y)e*)‘*yle*iy'”dy (49)
and
B(n)=ca | foly)e nteneivngy, (50)

Rn
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By using the formula of the delayed ODE (36) in Lemma 3.1, we then solve (48) as
follows

o(t,n) = e AMEFTIBMIG, (1 p)

0
b [ A 350 (5,) + Aln)in(s, )] ds. - (51)

—T

where
B(n) := B(n)e ", (52)
Then, by taking the inverse Fourier transform to (51), we get
1 .
Wta) = o / e AW B
b1 i~ A()(t=5) B(n) (t=75)
_|_/ / 611’-7767 n)(t—s el n)(t—7—s
-7 (27r)n R
x[s0(s,m) + Am)io (s, m) | dnds, (53)
and its derivatives
1 i Nk = , )
huita) = g [ )t A
1 i k_,—A(n)(t B(n)(t
+/_T T /nex'n(mj) ¢~ A (t=5) B(n)(t—r~s)
x| stio(s,m) + A(m)io(s, )| dnds (54)

for k:o71’ andj:17... , 1.
Now we are going to derive the asymptotic behavior of v(¢,x).

Proposition 1 (Optimal decay rates for 7 > 0). Suppose that vy € C([—7,0]; H™+!
(R™) N LY(R™)) and d5v9 € L([—7,0); H™(R™) N LY(R™)) for m >0, and let

=0 —/ J(y)e Mv1dy,
' (55)
c3 = fa(y)e MWiter) gy > 0.
R

If &1 > c3, then there exists a constant €1 = €1(7) as showed in (43) satisfying
0 <e1 <1 for >0, such that the solution of the linearized equation (45) satisfies

105, v(E)|| 2y < Cffof%efgl(érc?’)t, t>0, (56)
fork=0,1,--- ,[m] and j =1,--- ,n, where
Eh = lvo(=m)llr@ny + llvo (=)l )
0
+/ [l (w05, v0) ()22 @y + | (Vs v0) () e () ds. (57)

Furthermore, if m > %, then
[0(t)|| oo (rry < CEMEae 1 E1mea)t g 5 q, (58)
Particularly, when ¢; = c3, then
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Proof. Let
Ltyn): = (i)t e” AMEFD LG, (—r, ), (60)
It —sm): = (iny)Fe A B0 (3,5 (o) + Al)io(s. )] (61)

Then, (54) is reduced to

0
8fjv(t,x) = F LNt x) + FHI)(t — s,x)ds. (62)

—T

So, by using Parseval’s equality, we have

0
||3fj0(t)||L2(R") < NF A2 @ +/ IF L) (t = )|l L2rnyds

-7

0
111 (8] 2 () +/ [12(t — 8)|| 2 (&) ds. (63)

—T

|67A(n)t| — —cit

exp (t/ J(y)ef’\*ylefiy‘"dyﬂ
Rn

Coxp (¢ Iwe cosly - n)dy)
Rn

— e (<t [ e 1 - cosly - m)dy)

€
e

= e Mt with k=& +/ J(y)e M1 (1 — cos(y - n))dy,(64)

n

Note that, using (49), (50), and the facts < “"3 “>1forallz € ]R and [, J(y) sin(y-
n)dy = 0 because J(y) is even and sin(y - 77) is odd, and [, J(y)dy = 1, we have

exp( tf g *A*w(lfcos(ym)dy)

(<) == R (1 cosly- )iy
p(-t ]

—exp t/

%

J(y)(1 — cos(y - n))dy)

n

%

J(y)[1 — [cos(y - m) + isin(y - n)]]dy)

R’n

— e(J(U)_l)t (65)

and
B)| <2 | fa(y)e T dy = 5 =: ky, (66)

RTL

and

|B(n)| = |B(17)eA(")T| < 31T = koef T =: ks, (67)
and further

|ePDt] < et (68)

If & > ¢, from (Jp), namely, 1 — .J(n) = K[n|* — o(|n|*) > 0 as n — 0, then
ki =¢é +1—J(n) > c3 = ka. Using (64), (65), (68) and (43) in Lemma 3.2, we
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obtain
IO @y = / e~ AT B, (—7, 1) 2 |n; | diy
<c/ (e D ekt 2|50 (7 ) 2], 2Ry
<c | (e =1 Br=R)t)2 g (7 ) |y [Py

_ 067251(617c3)t/ 67261(1*j(77))t|@0(_7_7 77)|2|77j|2kd77' (69)

Again from (Jg), there exist some numbers 0 < K7 < K, 0 < 6 < 1 and @ > 0, such
that

Kalnl® < 1= J(n) < Klnl*, as n| < a, (70)
§:=Kia® <1-J(n) <K[n|*, as[nl>a
Therefore, we have
[ ety iy
RTL
= [ eI Py
In|<a
- o2 AT 3 () 2| 2R el
[n|>a
< e‘zlel‘"‘atlﬁo(—T,n)IQInj\Q'“dn+/ e ™20 o (=7, m)|[n; [*dn
[nl<a In|>a

_ n+2k

i «@
< ||7A]0(_T)||%00(Rn)t o /l - e—261l€1\’7tf’ | thé|2kd(nté)
n|<a

ezt /| ol
T] ~a
n+2k

< Clllvo (=) 2s @y + oo (=)l Fpe )t - (71)
Substitute (71) into (69), we obtain

n+42k

I (D)l 2@y < Cllvo(=)llLr @) + lloo(=7) [k amy )t~ 20 e 1) (72)

Thus, in a similar way, we can also prove

[12(t = s)|[z2®n)

- (/ =AM (1=5) Bln) (=7 =5) |2

< Ce—e1(@—es)t e~ 251 (1= ()t 2K\ 9400 (s + [n|?* |90 (s, m)|? ) d ’
< n sVo\S, 7] n o\, 7 n

n

1
2

Outals) + Alw)in(s, )| oy

-

k ~
< O e C e (D00, 00) () 1 ey + (D50, 00) () sy ) (73)

Substituting (72) and (73) to (63), we immediately obtain (56).
Similarly, we can prove (58). We omit the details. Thus, we complete the proof
of Proposition 1. O
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For 7 = 0, the equation (45) is reduced to

ov ov wn
T + ca—m1 - / J(y)e v(t,x — y)dy + c1v

=c2 | foly)e M UFDu(t,w —y — crer)dy, (74)
R’!L
v(s,z) = vo(x), = €R™

Taking Fourier transform to (74), as showed in (48), we have

do . o .

5 = B —A(m)]o,  with 5(0,n) = to(n), (75)
where A(n) and B(n) are given in (49) and (50) with 7 = 0, respectively. Integrating
(75) yields

o(t,n) = e~ AM=BItG, ()

Taking the inverse Fourier transform, we get the solution formula

o /]R elzne =AM =Bty ().

Then, a similar analysis as showed before can derive the optimal decay of the
solution in the case without time-delay as follows. The detail of proof is omitted.

v(t,x) =

Proposition 2 (Optimal decay rates for 7 = 0). Suppose that vy € H™(R™) N
LY(R™)) for m > 0, then the solution of the linearized equation (74) satisfies

n+2k

19, 0(8)ll2(rny < ClllvollLny + llvollrqany )t~ 2" e @72t >0, (76)

fork=0,1,--- ,[m] and j = 1,--- ,n, where the positive constants ¢1 and c3 are
defined in (55) for 7 = 0.
Furthermore, if m > 5, then

Jo(8) | o ey < Clvollzr gy + ool gy )t~ Fe= @), £ 0. (77)
Particularly, when ¢; = c3, then

@)l o0 ) < Cllvollzr e + llvoll eyt~ =, ¢ > 0. (78)

4. Global existence and comparison principle. In this section, we prove the
global existence and uniqueness of the solution for the Cauchy problem to the
nonlinear equation with nonlocal dispersion (1), and then establish the comparison
principle in n-D case by a different proof approach to the previous work [4, 10].

Proposition 3 (Existence and Uniqueness). Let ug(s,z) € C([—7,0]; C(R™)) with
0=wu_ <wug(s,x) <uy for (s,z) € [-7,0] x R™, then the solution to (1) uniquely
and globally exists, and satisfies that u € C1([0,00); C(R™)), and u— < u(t,z) < uy
for (t,z) € Ry x R™).

Proof. Multiplying (1) by e™* and integrating it over [0,¢] with respect to ¢, where
7o > 0 will be technically selected in (82) below, we then express (1) in the integral
form

wto) = emtu0a)+ [0 [ s n - Duts. o

“dtu(s,0) + [ Fatuts = i~ )]s (79)
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Let us define the solution space as, for any T € [0, oo],

B = {u(t,x)|u(t7:r) € C([0,T] x R™) with u_ < u < uy,

u(s, ) = uo(s,), (5,2) € [-7,0] x R" | (80)
with the norm
lulls = sup e [|u(t)|| oo (@n), (81)
te[0,T]
where
no:=1+4+mn+mn, m:= max |d'(u)], n:= max [V (u)| (82)
u€u_ uq] u€u_ uq]

Clearly, B is a Banach space.
Define an operator P on B by

P(u)(t, )
= e g (0,7) + /O e ) [/n J(x = y)u(s, y)dy + (o — Lu(s, )
—d(u(s,x)) + - fa(y)b(u(s — 1,2 — y))dy} ds, for 0<t¢t<T, (83)

and
P(u)(s,z) :=up(s,z), for se[—7,0]. (84)
Now we are going to prove that P is a contracting operator from B to 8.
Firstly, we prove that P : B — 9B. In fact, if v € B, from (H;)-(Hs), namely,
0 =4d(0) <d(u) <d(uy), 0=>5(0) < b( ) < b(ug), and d(uy) = b(uy), and using
the facts [;, J(z —y)dy =1, [g. f3(y)dy =1, and

g(u) := (no — 1)u — d(u) is increasing, (85)
which implies g(u4) > g(u) > g(0) = 0 for u € [u_,uy], then we have

O=u_<P(u) < e ™y, —l—/o e Mo(t=9) {/ J(x —y)urdy
= e = dus) + [ Ta(o)bu)ay s

¢
= e My, —|—/ e U nouy — d(uy) + buy)]ds
0

This plus the continuity of P(u) based on the continuity of u proves P(u) € B,
namely, P maps from B to B.

Secondly, we prove that P is contracting. In fact, let uy, us € 98, and v = u; —uo,
then we have

Pur) — P(u2) (87)
_ /0 o0 (t=5) [/ J(x —y)v(s,y)dy + (no — 1)v(s, )
[d(ui(s,2)) — d(uz(s,2))]
/ fa(y)blui(s — 1,2 —y)) — blua(s — 7,2 — y))]dy|ds. (88)
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So, we have
P (ur) — P(uz)[e™™"

t
< [ (et max (@) lo]uds
0

Elu—,uq]

e 203 ||y gds, for t > T

t—T1
+ max |V (u)] /0

uElu_,uq]

0, for0<t<r
1 _ —onor _
< g (0 +m) (L= €720 (e 107 — 7210 ) o
Mo + 1M + 72
e [
7o
2’!70 —1
= v B
ol
=: pllvfls (89)
for 0 < p:= 22‘;731 < 1, namely, we prove that the mapping P is contracting:
[P (u1) = Pluz)lls < pllur —uzfls < llus —uz|ls. (90)

Hence, by the Banach fixed-point theorem, P has a unique fixed point u in B,
i.e, the integral equation (79) has a unique classical solution on [0,T] for any given
T > 0. Differentiating (79) with respect to ¢, we get back to the original equation

(1), i.e.,
= Jxu—u+du(t,z)) + . fa)b(u(t — 7,2 — y))dy, (91)

then we can easily confirm from the right-hand-side of (91) that u; € C([0,T] xR™).
This completes our proof. O

Remark 3. From the proof of Proposition 3, we realize that, when wug(s,z) €
C*([~7,0] x R"), then the solution of the time-delayed equation (1) holds u(t,z) €
Ck+1(]0,00); C(R™)); while for the non-delayed equation (4) (i.e., 7 = 0), if ug(z) €
C(R™), then the solution of the non-delayed equation (4) holds u(t, x) € C*°([0, c0);
C(R™)). This means that the solution to the nonlocal dispersion equation (1) pos-
sesses a really good regularity in time. However, the solutions for (1) lack the
regularity in space.

Now we establish two comparison principle for (1). Although the comparison
principle in 1D case were proved in [4, 10]. Here we give a comparison principle in
n-D case with much weaker restriction on the initial data. The proof is also new and
easy to follow. Different from the previous works [4, 10], instead of the differential
equation (1), we will work on the integral equation (79), and sufficiently use the
property of contracting operator P.

Let @(t, ) be an upper solution to (1), namely

ot
(s, x) > up(s,x), se€[-1,0], zeR",

@—J*u—i-u—i—d (t,z)) / fe)b(a(t — 7,z — y))dy, (92)
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where its integral form can be written as
t
a(t,x) > e 'u(0,z) +/ e~ Mo(t=s) [/ J(x —y)a(s,y)dy + (no — Da(x, s)
0 R

~dlis. o) + [ falblals = —p)dylds, (93

and let u(t, ) be an lower solution to (1) satisfying (92) or (93) conversely. Then
we have the following comparison result.

Proposition 4 (Comparison Principle). Let u(t, z) and a(t, x) be the classical lower
and upper solutions to (1), with u_ < u(t,x), u(t,z) < uy, respectively, and satisfy
0 <u(t,z) <ut and 0 < a(t,z) < uy for (t,z) € Ry x R™. Then u(t,z) < a(t, )
for (t,z) € [0,00) x R™.

Proof. . We need to prove @(t,z) — u(t,z) > 0 for (¢,x) € [0,00) x R™, namely,
r(t) := infyern v(t, ) > 0, where v(t, x) := a(t, ) — u(t, z).

If this is not true, then there exist some constants € > 0 and 7" > 0 such that
r(t) > —eedt for t € [0,T) and 7(T) = —ee3™T | where 1y given in (82).

Since u(t,z) and @(t,z) are the lower and upper solutions to (1) and (s, z) —
u(s,xz) > 0, for s € [—7,0], and using (82) and (85), and noting a(t,z) — u(t,z) >
—ee3™T for (t,z) € [0,T] x R", then we have, for 0 <t < T,

¢
2/ e_"o(t_5)<—5637705— max g’(()se3"05)ds
0

CElu—,uq]

t
—no(t—s) o o3M0(s—7) >
~ max  [F(w) /T e ee ds, fort>r

u€lu_,uy] 0, for0<t<rt

¢ t
—(no + 1)56_7]0t/ elmsds — 77056_3’7076_”0’5/ etmsds, fort > T
0 T

Y

t
—(no + l)se_not/ etmos s, for0<t<rt
0
> _M&-e?ﬂlot. (94)
4mo
Thus, from the assumption we know
e 210 + 1

_ cp3noT _ > _ 20T = 3neT

ce a;leanfn(u(T’ x) —u(T,z)) > yrm ge’t (95)

which is a contradiction for 7y > % Here, our 7y defined in (82) satisfies 79 > 1.
Thus the proof is complete. O
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5. Global stability of planar traveling waves. The main purpose in this section
is to prove Theorems 2.2 for all traveling waves including the critical traveling waves.

For given traveling wave ¢(x1 + ct) with the speed ¢ > ¢, and the given initial
data u_ < ug(s,r) < uy for (s,7) € [—7,0] xR", let us define Uy (s, z) and U (s, z)
as

Uy (s,z)
U (s,2):
for (s,z) € [-7,0] x R™. So,
uo — ¢ = Uy —¢)+ Uy —9).

Since ug — ¢ € C([—,0); HFTH(R™) N L,(R™)) with m > % and w(z) > 1
(see (26)), and noting Sobolev’s embedding theorem H™(R"™) — C(R™), we have
ug — ¢ € C([—7,0; C(R™)). On the other hand, the traveling wave ¢(x; + cs)
is smooth, then we can guarantee Ui (s,z) € C([—7,0];C(R™)). Thus, applying
Proposition 3, we know that the solutions of (1) with the initial data Uy (s, x) and
Ui (s,z) globally exist, and denote them by U™ (¢,z) and U~ (¢,x), respectively,
that is,

%—J*Ui%-Ui—Fd(Ui): fa)b(UE(t — 1,2 — y))dy
ot —— ’ ’ (97)
U*(s,z) = Uf(s,x), x€R" sec[-T,0)].

min{¢(z1 + ¢s), uo(s,x)}
max{@(z1 + ¢s),uo(s,x)} (96)

Then the comparison principle (Proposition 4) further implies

_<U(tz) <ult,z) <UT(t,x) <
== 7(,37)_11(,3;)_ (h2) < up for (t,x) e Ry x R™.  (98)
u_ <U (t,x) < gz +ct) <UT(t,z) <uyp

In what follows, we are going to complete the proof for the stability in three

steps.

Step 1. The convergence of U™ (t,z) to ¢(z; + ct)

Let
V(t,z) :==U"(t,z) — ¢p(x1 +ct), Vo(s,x) := U (s,2) — d(z1 + cs). (99)
It follows from (98) that
V(t,z) >0, Vo(s,x) > 0. (100)
We see from (1) that V (¢, z) satisfies (by linearizing it around 0)

v
ot

—v'(0) . fs()V(t — 7,2 —y)dy

/ Jy)V(t,z —y)dy+V +d(0)V

==Qut2)+ | fa)@alt = mw —y)dy + [d'(0) — d'(¢(z1 + ct)) IV

+ | S (6(en —y telt =) ~BOIV(E =72~ y)dy

=: Il(t,:zr) + Ig(t -7, ’JJ) + Ig(t,:r) + I4(t - T,m), (101)

with the initial data
Vi(s,z) = Vo(s,z), s € [-7,0], (102)
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where
Qi(t,x) =d(¢+V) —d(¢) —d'($)V (103)
with ¢ = ¢(z1 + ct) and V =V (¢, ), and
Q(t =2 —y) =b¢+V) —b(¢) -V (H)V (104)

with ¢ = ¢(z1 —y1 +c(t —7)) and V = V(t — 7,2 — y). Here I;, ¢ = 1,2,3,4,
denotes the i-th term in the right-side of line above (101).
From (H3), i.e., d”(u) > 0 and 0" (u) < 0, applying Taylor formula to (103) and
(104), we immediately have
Q1(t,z) >0 and Q2(t —7,2—y) <0,
which implies
Ii(t,z) <0 and IL(t—T7,2) <O0. (105)

From (H3) again, since d'(¢) is increasing and V'(¢) is decreasing, then d'(0) —
d'(p(x1+ct)) <0and b (¢(x1—y1+c(t—7))) —b'(0) < 0, which imply, with V' > 0,

Is(t,z) <0 and I4(t—7,2) <O0. (106)
Thus, applying (105) and (106) to (101), we obtain
%—Z—J*V+V+d'( 0)V —b'(0) fs(y)V(t —1,2—y)dy <O. (107)
RW,

Let V(¢,7) be the solution of the following equation with the same initial data
Vo(s,x):

%—Z—J*V—I—V—i—d’ - (0 / fs()V(t — 71,2 —y)dy =0,

V(s,z) =Vo(s,x), s€[-7,0,r€R"

(108)

From Proposition 3, we know that V(t,z) globally exists. Furthermore, (108) is
actually a linear equation, and its solution is as smooth as its initial data. By the
comparison principle (Proposition 4), we have
0<V(t,x) <V(tz), for(t,x) € Ry xR" (109)
Let ~
o(t,z) = e~ M@t =TIy (¢ gy, (110)
From (108), v(t,x) satisfies

= ¢ fﬂ( Ye~ «(y1+cr) v(t — 1,2 —y)dy, (111)
where
eri=ch +1+d(0) >0, and cy == 0(0). (112)

When 7 = 0, then (74) is reduced to

0
ait) - / Jy)e Mo(te —y)dy +cv=cy | faly)e "otz —y)dy. (113)
n R”L
Applying Proposition 1 to (111) for 7 > 0 and Proposition 2 to (113) for 7 = 0, we
obtain the following decay rates:

lv(t) | oo mny < Ctae @it for 750, (114)
[0()||poo (rny < Ct™ae™ @) for =0, (115)
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where 0 < g1 = ¢1(7) < 1, and c¢3 is defined in (55), which can be directly calculated
as, by using the property (8),

cs = V() [ falye Wtay
R?‘L

= ¥(0) /Rfm(yoe*“@l*“’dyl
= H(0)ef e 5 0. (116)
and
c1=ch+1+d(0)— /RJ(yl)e_/\*yldyl =cAh +d'(0) — Ec(\). (117)

When ¢ > ¢, namely, the wave ¢(x1 + ct) is non-critical, from (23) in Theorem
2.1, we realize

&= ch + d'(0) — Eo(A\) = Ge(A) > Ho(Ay) = Y (0)eP 2T =i cq. (118)

Thus, (114) and (115) immediately imply the following exponential decay for ¢ > c,

[0()]| oo (mny < Ctae = for 7> 0, (119)

[0(t)]| oo mny < Ctae ™, for 7 =0, (120)
where

i=¢1 —c3= GC(A*) — HC(/\*) > 0. (121)

When ¢ = ¢,, namely, the wave ¢(z1 + c.t) is critical, from (24) in Proposition 2.1,
we realize

&= A + d(0) — Bo(A) = Ge(Ay) = Ho(\,) = b (0)eP"Aem = oy (122)

Then, from (114) and (115), we immediately obtain the following algebraic decay
for ¢ = c.
[o()||pgny < Ct™ =, for allr > 0. (123)

Since V(t,z) < V(t,z) = eM@tet=2-)y(t €), and 0 < eM(@tet=22) < 1 for
x1 € (—00, T, — ct], we immediately obtain the following decay for V.

Lemma 5.1. Let V =V (t,z). Then
o When ¢ > c., then
Hv(t)”LOO((—oo, T4 —ct]XR7—1) < C(l + t)_%e_slﬁta fO’f’ T > 07 (124)
IV () oo ((—o0, 2. —ctjxrn—1) S C(L+)"2e ™, forT=0; (125)

Here i := ¢ — c3 = Ge(A) — He(Ay) > 0 for ¢ > c..
e When c = ¢4, then

IV (#) oo (=00, @.—ct]xrr-1) < C(1+ t)"&, forallT>0. (126)
Next we prove V (¢, ) exponentially decay for z € [x, — ct,00) x R"~L.
Lemma 5.2. For 7 > 0, it holds that
IV ()] Loo (jzn —ct,00) xR 1) < Ct=ae Mt fore> e, (127)
IV ()] Loo (jzn —ct,00) xR 1) < Ct =, for ¢ = ¢, (128)

with some constant 0 < p, < min{d'(uy) — b'(uy),e1fi} for ¢ > cy.
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Proof. From (97) and (6), as set in (99) V(¢,x) :== U*(¢,x) — ¢(z1 + ct), we have

% SRV EV R do+V) = d(6) = | fo)bo+V) - by (129)

Applying Taylor expansion formula and noting (H3) for d”(u) > 0 and b"(u) < 0,
we have
d(¢+V) —d(¢) = d'(¢)V +d"(¢1)V? 2 d'(¢)V. (130)
b(¢+ V) —b(g) =V (9)V +b"(¢2)V? < V()V, (131)

where ¢; (i = 1,2) are some functions between ¢ and ¢ + V. Substituting (130)
and (131) into (129), and noticing Lemma 5.1, we have

ov
GV AV < [ 6la — i+ clt = D)V~ o - y)dy,
Rn
fort >0,z € R
V0ey<an—ct < Co(l41)"aee1ht, for t >0, (w2, ,x,) € R*!
Vl=s = Vo(s, x), for s € [-7,0],2 € R™
(132)
for some positive constant Cs.

Let

V(t)=C3(1+7+t) ae Hrt (133)

for C3 > Cy > max(s z)e[—7,0]xR? |V0(3,x)| As in (27), for given 0 < g9 < 1, we
can select a sufficiently large number x, such that, for & > z, > 1,

) ~ [ S5 (@66 = — ey > eold (uy) V()] >0, (134)
Thus, we have

ov . N 5

5 VAV @)V - A fa)V (¢(&1 — y1 — eT))V(t — 7)dy

= —203(1 +t47) e emrt —  Cy(1 4t +71) @ Kt
+C3(1+t47)"ae Htd (¢(£1))

=Gy )R | fayl (66 — g = er)dy
= Cy(1+t+7)Fem{ [d(6(6))

— - fs@V (o(& — w1 — CT))dy} — U — g(l +t+7)7!

> Cs(1+1t+ r)*%e*”ft{so[d’(un — V' (ug)] = pr — ga +t+7)7!

>0 (135)
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by selecting a sufficiently small number

0<pr <d(ug)—"0'(uy) fore> e, (136)
ur =0 for ¢ = ¢, (137)

and taking t > [y7 for a sufficiently large integer [y > 1. Hence, we proved that

%Z — IV V@)V 2 | Js@ (0 —y = en)V =)y,

for t > lg7,& € [w4, +00) x R*1

" n n ~ 138

Viezw, =Cs(L+7+1t)"ae Hrt > Cy(1+t) ae it (138)
for t >0, (&2, ,&,) e R*L

V(t) = Cs(1+7+t)"ae Ht > Vy(t, £), for t € [-7,lo7],&€ € R™.

Denote Q := {(x,t)|z1 > xx —ct, t > lo7, (72, ,7,) € R*"1}. Noticing the

construction of (132) and (138), then similar to the proof of Proposition 4 , we
know that
V(t) = V(t,x) >0, for (z,t) € R" x [-7,00) \ Q. (139)

Thus the proof is complete. O
For 7 = 0, it is easy to prove the corresponding results as follows.
Lemma 5.3. For 7 =0, it holds that
IV )l e ety oty € CEFe 7, for e >, (140)
IV ()| oo (a0 —et,00) xRn—1) < CE =, forc=c,, (141)
with some constant 0 < p, < min{d'(uy) — b (uy),e1fi} for ¢ > cy.
Combing Lemma 5.1-Lemma 5.3, we obtain the decay rates for V (¢, z) in L>(R").

Lemma 5.4. It holds that:
o When c > c,, then
IV ()] oo mry < C(1+ ty"ae Mt forT >0, (142)
HV(t)”Loo(Rn) S C(]. + t)igeflmt’ fO?” T = O, (143)
where 0 < pr < min{d' (us) — b (uy),e1[Ge(As) — He(A)]} with 0 < g1 < 1 for
7> 0, and 0 < po < min{d’(u4) — ' (uy), Ge(A) — He(As)} for 7= 0;
e When ¢ = ¢,

V() zoe@ny < C(L+t)"a,  forall T > 0. (144)

Since V(t,x) = Ut (t,z) — ¢(z1 + ct), Lemma 5.4 give directly the following
convergence for the solution in the cases with time-delay.

Lemma 5.5. It holds that:
e When c > c,, then

sup [UT(t,x) — ¢(zy +ct)| S CA+t)"ae ' forT >0, (145)
rER®

sup [UT(t,2) — d(z1 +ct)] <O +t)"ae ™ forr=0, (146)
zER®
where 0 < pr < min{d (uy) — b (us),1[Ge(As)
7> 0, and 0 < po < min{d' (u4) — V' (u4), Ge(As)

H. (M)} with 0 < g1 < 1 for
H.(\.)} forT=0;
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e When ¢ = ¢, then

sup |[UT(t,x) — ¢(x1 + ct)| < C(A+t)"&,  forall T > 0. (147)
rcR"”

Step 2. The convergence of U™ (¢,x) to ¢(x1 + ct)

For the traveling wave ¢(x1 + ct) with ¢ > c,, let

Vt,z) = d(x1 +ct) —U (t,x), Vol(s,x) =¢(z1+cs) — Uy (s,x). (148)
As in Step 1, we can similarly prove that U~ (¢, ) converges to ¢(x1 +ct) as follows.

Lemma 5.6. It holds that:
e When ¢ > c,, then

sup U (t,x) — ¢p(x1 +ct)| S C(1+t)"ae Mt forT >0, (149)
rER™

sup [U™(t,2) — ¢p(zy +ct)| < C(1+t)"ae ™' forT=0, (150)
TER™
where 0 < pr < min{d' (us) — V' (uy),e1[Ge(As) — He(A)]} with 0 < &1 < 1 for
7> 0, and 0 < po < min{d’(u4) — ' (uy), Ge(A) — He(As)} for 7= 0;
e When ¢ = ¢, then

sup U™ (t,x) — ¢p(x1 + ct)] < C(14+t)"a,  for all 7 > 0. (151)
zER™
Step 3. The convergence of u(t,x) to ¢(x1 + ct)
Finally, we prove that u(t,x) converges to ¢(xy + ct). Since the initial data
satisfy Uy (s, ) < ug(s,z) < Uy (s,2) for (s,z) € [-7,0] x R, then the comparison
principle implies that

U™ (t,z) <wu(t,z) <U(t,x), (t,7) € Ry x R™.

Thanks to Lemmas 5.5 and 5.6, by the squeeze argument, we have the following
convergence results.

Lemma 5.7. It holds that:
e When ¢ > ¢y, then

sup |u(t,z) — ¢p(xy +ct)| < C(L+t)"ae t  forT >0, (152)
zeR™

sup |u(t,x) — ¢p(z1 +ct)| < C(L+t)"ae ™ for =0, (153)
zeR™
where 0 < pr < min{d (u4) — V' (uy),e1[Ge(As) — He (M)} with 0 < g1 < 1 for
7> 0, and 0 < po < min{d'(u4) — V' (ug), Ge(As) — He (M)} for 7 =0;
e When c = c,, then

sup |u(t,z) — (1 + ct)] < C(A+t)"&,  forall T > 0. (154)
zeR”™

6. Applications and concluding remark. In this section, we first give the direct
applications of Theorem 2.1-2.2 to the Nicholson’s blowflies type equation with
nonlocal dispersion, and the classical Fisher-KPP equation with nonlocal dispersion.
Then we point out that, the developed stability theory above can be also applied
to the more general case.
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6.1. Nicholson’s blowflies equation with nonlocal dispersion. For the equa-
tion (1), by taking d(u) = du and b(u) = pue™** with § > 0, p > 0 and a > 0, we
get the so-called Nicholson’s blowflies equation with nonlocal dispersion

% —J*xu+u+ ou(t, ) / fa(y)u(t —r,x — y)e =Ty gy
u(s,z) =up(s,z), s€[-7,0], z€R™
(155)
Clearly, there exist two constant equilibria u_ = 0 and uy = % In £, and the selected

d(u) and b(u) satisfy the hypothesis (H;)-(Hs) automatically under the considera-
tion of 1 < & < e. Let J(z) satisfy the hypothesis (J;) and (Jz), from Theorem
2.1 and Theorem 2.2, we have the following existence of monostable traveling waves
and their stabilities.

Theorem 6.1 (Traveling waves). Let J(x) satisfy (J1) and (J2). For (155), there
exists the minimal speed c, > 0, such that when ¢ > c,, the planar traveling waves
d(x - ey +ct) exist uniquely (up to a shift). Here c. >0 and Ay > 0 are determined
by

He (M) = Ge (M) and H (M) =G (M),

where
H,(\) = pe 2 and Go(\) = e\ — / Ji(yr)e Mrdy; + 144
R

Particularly, when ¢ > ¢, then Ho (M) < Ge(As).

Theorem 6.2 (Stability of traveling waves). Let J(x) satisfy (J1) and (J2), and the
initial data be ug — ¢ € C([—,0]; HW(R") N LL(R™)) and 0s(ug — ¢) € LY ([—7,0];
HPHYR™) N LY (R™)) with m > %, and u— < ug < ug for (s,z) € [-7,0] x R".
Then the solution of (155) umquely exists and satisfies:
o When c > c,, then
sup |u(t,x) — ¢z + ct)] < C(1 +t)"ae Mt >0, (156)
zER™
for 0 < pr <min{d (us) — ' (ug), €1[Ge(A) — He (M)}, and e1 = e1(7) such that
O<er<lfort>0ande; =1 fort=0
e When ¢ = ¢, then
sup |u(t,z) — ¢p(x1 + cut)| S C(1+1)"a, t>0. (157)
TER"
6.2. Fisher-KPP equation with nonlocal dispersion. For the equation (1),
let d(u) = u?, b(u) = u and the delay 7 = 0, and take the limit of (1) as 3 — 0T, we
get the classical Fisher-KPP equation with nonlocal dispersion without time-delay
0
%—J*u—i—u—u(l—u)
u(0,z) = up(z), =eR"

(158)

Then we have the existence of the monostable traveling waves and their stabilities
from Theorem 2.1 and Theorem 2.2.

Theorem 6.3 (Traveling waves). Let J(x) satisfy (J1) and (J3). For (158), there
exists the minimal speed c,. > 0, such that when ¢ > c., the planar traveling waves
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¢(z-e1+ct) exist uniquely (up to a shift) connecting with ¢(—o0) = 0 and p(+00) =

1. Here L )
— i —Ay1 - =AYl
Ci IArl>1101/\/RJ1(y1)e dy, " /RJ1(y1)€ dyy,

and Ay > 0 is determined by

/(1 + )\*yl)t]l(yl)ei)\*yldyl =0.
R

Theorem 6.4 (Stability of traveling waves). Let J(x) satisfy (J1) and (J2), and
the initial data be ug — ¢ € HI'(R™) N LY, (R™) with m > %, and u— < ug < uy for
x € R™. Then the solution of (158) uniquely exists and satisfies:
e When ¢ > c,, then
sup [u(t,x) — (z1 +ct)] < C(1+1t)"we ™! >0, (159)
reR"
for 0 < po < min{d'(uy) — b (ug), Ge(As) — He(A)} = min{l, (¢ — o)A}
e When c = ¢4, then
sup |u(t,z) — ¢p(x1 + cut)| S C(1+1)"a, > 0. (160)
rcR"
6.3. Concluding remark. Here we give a remark on the wave stability to the
generalized equations with nonlocal dispersion. Let us consider a more general
monostable equation with nonlocal dispersion

%_J*de( (t, )):F(/nm(y)b(u(t—m—y))dy),

u(s,z) =ug(s,xz), se€[-7,0], xR,
where J(x) satisfies (J1) and (J2) as mentioned before, and F(-), d(u), b(u) and
k(z) satisfy
(H1) There exist u_ = 0 and uy > 0 such that d(0) = b(0) = F(0) =0, d(uy) =
F(b( 1)), d € C?[0,uy], b € C?[0,uy] and F € C2[0,b(u)];
Ha) F'(0)6'(0) > d'(0) = 0 and 0 < F"(b(u4 )b’ (uy) < d'(uy);
Hsz) d'(u) >0, b (u) >0, d"(u) >0 and b (u) <0 for u € [0, ut];
Ha) F
Hs)

(161)

4 ()>OandF”()<Oforu€[0b(u+)]

5) k(x) is a smooth, positive and radial kernel with [, x(z)dz = 1 and [, x(x
e~ Midy < +oo for all A > 0.

Then, by a similar calculation, we can prove the existence of the traveling waves

¢(xz1 + ct) for ¢ > c,, where ¢, > 0 is a specified minimal wave speed, and that

the noncritical traveling waves with ¢ > ¢, are exponentially stable and the critical

waves with ¢ = ¢, are algebraically stable.

Theorem 6.5 (Traveling waves). Assume that (J1)-(J2) and (H1)-(Hs) hold. For
(161), there exist a pair of numbers c, > 0 and Ax > 0, such that when ¢ > ¢y, the
planar traveling waves ¢(x - €1 + ct) exist uniquely (up to a shift). Here c,. > 0 and
A = Ai(c) > 0 are determined by

He (M) = G (M) and H. (A) = G (A.),

(
(
(
(

where

He(A) = F'(0)0/(0) /n e Mh(y)dy,  Ge(N) = cA — /}R Ji(yr)e M dyy + 1+ d'(0).

When ¢ > c,, then
He(As) < Ge(Ai).
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Theorem 6.6 (Stability of traveling waves). Assume that (J1)-(J2) and (Hi)-
(Hs) hold. Let the initial data be ug — ¢ € C([—7,0]; HP(R") N LL(R™)) and
Ds(ug — ¢) € LY([—7,0); HIPH(R™) N Ly, (R™)) with m > %, and u_ < ug < uy for
x € R™. Then the solution of (161) uniquely exists and satisfies:

e When ¢ > c,, then

sup |u(t,x) — ¢z +ct)] < C(1+t)"ae Mt >0, (162)
zER™
for 0 < pr < min{d' (us) — F'(b(us )b (uy), €1[Ge(Ms) — He(A)]}, and 0 < g1 < 1
form>0ande; =1 forT=0;
e When c = c,, then

sup |u(t,z) — ¢p(x1 + cut)| < C(1+1)"a, t>0. (163)
TER™
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