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Abstract

This paper is concerned with the stability of critical traveling waves for a kind of non-monotone time-
delayed reaction—diffusion equations including Nicholson’s blowflies equation which models the population
dynamics of a single species with maturation delay. Such delayed reaction—diffusion equations possess
monotone or oscillatory traveling waves. The latter occurs when the birth rate function is non-monotone
and the time-delay is big. It has been shown that such traveling waves ¢ (x + ct) exist for all ¢ > ¢, and are
exponentially stable for all wave speed ¢ > ¢y [13], where cx is called the critical wave speed. In this paper,
we prove that the critical traveling waves ¢ (x 4 cxt) (monotone or oscillatory) are also time-asymptotically
stable, when the initial perturbations are small in a certain weighted Sobolev norm. The adopted method
is the technical weighted-energy method with some new flavors to handle the critical oscillatory waves.
Finally, numerical simulations for various cases are carried out to support our theoretical results.
© 2015 Elsevier Inc. All rights reserved.
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1. Introduction

Model equations. We are interested in the stability of oscillatory traveling waves for the follow-
ing time-delayed reaction—diffusion equation

du(t,x) D32v(t,x)
ot ax2

+dv(t,x)=b(w(t —r,x)), (t,x) eRy xR. (L.1)
The traveling wave is of the form ¢ (x + ct) and the initial data

v(s,x) =vo(s,x), se[-r0], xeR (1.2)

considered is a perturbation of ¢. This equation models the population dynamics of a single
species with nonzero maturation delay, the time required for a newborn to become matured [8,9,
16,17,20,28]. Here, v(¢, x) represents the mature population at time ¢ and location x, D > 0 is the
spatial diffusion rate of the mature species, d > 0 is the death rate, and > 0 is the maturation
delay. The function b : [0, c0) — (0, 0o) is called the birth rate function, which is assumed to
satisfy the following hypothesis:

(Hp) There are only two equilibria, say v+, for the homogeneous part of (1.1). That is, b(v4) —
dvy = 0. We may take v_ = 0 and thus »(0) = 0. We further assume that v_ is unstable and
vy is stable for the homogeneous part of (1.1). That is, d — b'(0) <0 and d — b’ (vy) > 0.

(Hz) The uni-modality condition: there is a v, € (0, v4) such that b(-) is increasing on [0, v,]
and decreasing on [vy, +00). In particular, 5'(0) > 0 and b'(vy) < 0.

(Hz) b e C2[0, 00) and |b/(v)] < b'(0) for v € [0, 00).

Hypothesis (H;) means that (1.1) is a mono-stable system. A typical example is the classic
Fisher—KPP equation

Uy — Uy = 0(1 — ).

Hypothesis (Hy) implies that b(v) is not monotone for v € [0, v ]. As we shall see later this leads
to some oscillations for traveling waves when the time-delay r is big.
The hypotheses (H;)—(H3) are summarized from the following concrete models.

e Nicholson’s blowflies model [8,9,16,17,20,28]: The so-called Nicholson’s birth rate function
(also called the Ricker’s type function) is

b(v) =pve ™, a>0, p>0, (1.3)
where p > 0 is the maximal egg daily production rate per blowfly. Since b(v) reaches its
maximum at v = 1/a, the biological meaning of é > 0 is the new-born population at which
the population reaches its maximal growth rate. The corresponding constant equilibria are
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v—=0 and vy =—1n

Q=
SIS

When p/d > e, the birth rate function b(v) is unimodal on v € [0, v4 ], and reaches its unique
global maximum at v, := % € (0, vy). Furthermore, it can be verified that |5’ (v)| < b’ (0) for
v e [0, 00).

o Mackey—Glass model [7,12,16,17]: The birth rate function is the Beverton—Holt function

__pv
b(v)_l—i—mﬂ’ a>0, p>0, g>1, (1.4)
where
—d\2
v— =0 and v+=<p—>q.
da

When g > qq—l, b(v) is unimodal for v € [0, v ], and reaches its unique global maximum at

vy :=[a(g — 1)]7'/4 € (0, vy). It can also be verified that |0’ (v)| < b(0) for v € [0, 00).

Traveling waves. A traveling wave for (1.1) is a special solution to (1.1) of the form
¢ (x + ct) > 0 with ¢ (£00) = v4+. We say such traveling wave connecting v_ to vy. By plugging
itinto (1.1), we get that

{ c¢'(§) — DP"(§) +dp(§) =b(p (& —cr)),

1.5
¢ (£00) = vy, (-

where § =x +ct, ' = %, and c is the wave speed. The traveling wave can be viewed as a
heteroclinic orbit connecting two equilibria vy from & = —oo to & = oo. It can be monotone or
oscillatory. The existence and uniqueness of the monotone/oscillatory traveling waves of (1.1)
have been studied extensively [1,3—7,14,29,32,33], see the references therein. We briefly describe
the results we need below.

(i) Behavior of ¢ (&) for & ~ —oo. Since ¢p(£§) — v_ as § > —o0, we expect that ¢ (§) is
close to a function v(§) which satisfies the linearized equation of (1.5) around v_ for § ~ —o0:

cv' (&) — DV"(&) +dv(E) = b (0)v(E —cr), v(—00)=0. (1.6)
By plugging v(£) = ¢’ into (1.6), we get the following characteristic equation for A > 0:
ch— D)2 +d=b(0)e . (1.7)
Denote
F.(A):=ch—D)2+d, Ge():=b0)e ",

As shown in [16] that, for each r > 0, there exists a unique cx = c4(r) > 0 at which the two
graphs of F,. and G, are tangent at A,. This means that (c,, 1) are determined by

Fe,() = Ge, (), Fp (k) = Gy, (),
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namely,
Cihe — DA2 +d =1 (0)e ™" and ¢y — 2DAy = —cyrb/ (0)e ", (1.8)
We have

e for ¢ > c,, the characteristic equation (1.7) has two distinct solutions 0 < A1 < A2;
e for ¢ = ¢y, (1.7) has multiple root A | = Ay = Ay;
e for ¢ < ¢y, (1.7) has no positive root.

When ¢ < ¢, there will be no traveling wave for Eq. (1.5). For it would satisfy the linearized
equation for & ~ —o0, and would have the form e* for & ~ —o0, but no such X can exist. When
¢ > ¢y > 0, on the other hand, the traveling wave ¢ (x + ct), if exists, should satisfy

dE)=0()eME -0 as & —» —oo, forc > cy, (1.9)
dE)=0()E|leME -0 asE — —oo, forc=cy. '

(ii) Behavior of ¢ (§) for & ~ co. The asymptotic behavior of the traveling wave ¢ at £ = co
is solely determined by the linearized ODE around v :

(@ —v4) = D@ —v3)" +d(¢ —vi) =6 (v1)(P(E —cr) —vy).

Let vy — (&) = e+ as £ — 400, we get

—chy — A% 4+ d =D (vy)er
which uniquely solves for A1 =1 (c) > 0 and A%, =A% (c4) > 0. Thus, the asymptotic behavior
of the traveling wave as £ — 00 is

O()e ™%,  forc > cy,

. as £ — 00.
O()e™+¢,  forc=cy, §

vy —@ @)= {

Now we are going to see the possible oscillations for some traveling waves around vy when
E>1.Letx =y/e. Then (1.1) is reduced to

ve(t,y) — €2 Duyy (1, y) + dv(t, y) = b(v(t — 1, y)).

Letn=1t+ % and v(n) =@ (cn) = P (c(t + y/c)) = ¢(ct + y) be the traveling wave, then v(n)
satisfies

v'(n) — 2D 20" () + dv(n) = b(u(n —r)). (1.10)

For fixed ¢, when & = x 4 ¢t > 1, it is equivalent to x > 1. Then, for fixed y, x = % > 1 implies
& < 1. Hence, to discuss the behavior of the traveling waves ¢ (£) as £ — oo is equivalent to
look for the asymptotic behavior of the solution v(n) for Eq. (1.10) as & — 0. This leads an
approximation to (1.10) by



I-L. Chern et al. / J. Differential Equations 259 (2015) 1503—1541 1507

V' () +dv(n) =bv(n —r)). (1.11)
As shown in [5,6,33], when b'(vy) < 0 and
b (v |re® 1 > 1, (1.12)
some traveling waves v(c™'x + 1) = ¢ (x + ct) may slowly oscillate around vy as r > 1. The
condition (1.12) for traveling waves with oscillations is equivalent to r > r > 0, where, r, given
by
b’ (v) et =1, (1.13)
is the critical point for the solution to the delayed ODE
V(@) +dv(t) =b (vi)v(t —r) (1.14)
to possibly occur oscillations [30,33]. That is, for 5'(vy) < 0, the solution of the delayed ODE

(1.14) is monotone for 0 < r < r and it may be oscillatory for r > r (cf. [30]). However, if
d < |b’'(vy)], there exists a Hopf-bifurcation point to (1.14) [2,3]

_ m —arctan(y/|b'(vy)|? — d?/d)
Fi=

VIb' (i) |? —d?

where 7 > r. When r > 7, the solution v(n) will not converge to v4 as n — oo. In this case, the
traveling waves do not exist.

(1.15)

(iii) Existence, uniqueness, monotone/oscillatory of the traveling waves.

e When d > |b'(vy)|, the traveling wave ¢ (x + ct) exists uniquely (up to a shift) for every
¢ > ¢y = c4(r), where the time-delay r is allowed to be any number in [0, 00). If 0 <r < r,
then these traveling waves are monotone [7]; while, if » > r, then the traveling waves are
still monotone for (c, r) € [cx, ¢*] X [r, ro], where ¢, = c4(r) is the minimum wave speed
as mentioned before, ¢* = ¢*(r) is given by the characteristic equation for (1.5) around v,
and rg (> r) is the unique intersection point of two curves c,(r) and ¢*(r); and the traveling
waves are oscillating around v for (c, r) ¢ [c, ¢*] X [r, ro], namely, either ¢ > ¢* or r > rg
(cf. [7,13]).

e When d < |b'(vy)]|, on the other hand, the traveling wave ¢ (x + ct) with ¢ > ¢, can exist
only when r < 7, and no traveling wave can exist for » > 7. In the case of r < r, the waves
are monotone for O < r < r and oscillating for r € (r, 7) (cf. [7,13]).

For details, we refer to [3,5,7,14,32,33], see also the summary in [13].

Goal of this paper. The main goal of this paper is to prove the stability of the monotone/os-
cillatory critical traveling waves ¢ (x + c4t) to the Cauchy problem (1.1) and (1.2). In [13], all
non-critical traveling waves ¢ (x + ct) with the wave speed ¢ > c,, monotone or oscillatory, are
proven to be time-exponentially stable, by the technical weighted-energy method. But the sta-
bility of the critical oscillatory wavefronts (traveling waves) ¢ (x + c,t) still remains open. This
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problem is important because the spreading speeds ¢ of the traveling waves in the biological
applications usually are the minimum speed (i.e. the critical speed) [27,36]. This problem is also
challenging because the analytical approaches for stability of critical wavefronts by now are very
limited, only case by case studies [18,21]. Furthermore, when the critical traveling waves are os-
cillatory, their stability analysis is even more difficult. In this paper, with some new observations
described in the next section, and using the technical weighted-energy method with some new
ingredients, fortunately, we can prove the stability of oscillatory critical traveling waves.

Outline of the paper. The paper is organized as follows. Section 2 contains the main theorems of
global existence, uniqueness, uniform boundedness and asymptotic stability. We will work on the
perturbed equation. The proof of main theorems will be carried out in Sections 3-5, respectively.
In Section 3, we shall prove the global existence and uniqueness of the solution for the perturbed
equation, where the initial perturbation can be allowed to be arbitrarily large. In Section 4, when
the initial perturbation is suitably small, the solution of the perturbed equation can be proved to
be uniformly bounded by the anti-weighted energy method. Based on the uniform boundedness,
we shall further prove the asymptotic stability in Section 5. In Section 6, we shall make a remark
that our stability theorem for the critical traveling waves is not just valid for the uni-modality
birth rate function, it is also valid for multi-modality birth rate functions. Finally, in Section 7,
we shall carry out four numerical simulations for Nicholson’s blowflies model. The solutions
are simulated to behave time-asymptotically stable monotone/non-monotone critical traveling
waves in different cases, and the traveling speeds of the solutions v(z, x) are also tested to be
close to the corresponding critical wave speeds c,. These numerical experiments further support
our theoretical stability results.

2. Main theorems

The perturbed equation. In order to prove the stability of critical traveling waves, let us refor-
mulate the working equations (1.1) and (1.2) to a perturbed equation around the critical wave.
Let ¢ (x + c«t) = ¢ (£), £ = x + c4t, be a given critical traveling wave, and define

u(t, &) =vt,x) —p(x +cxt),  uo(s, &) :=vo(s,x) = P(x + cx5).

Then, from (1.1)—(1.5), u(t, &) satisfies

du  ou 9%
E-’-C*g—l)a—gz +dM:P(M(t—V,$—C*V)), (I,E)ER+ x R,

M(S, ‘§)=M0(S, s)v NS [_rv O]v sERv

2.1)

where

P(u) :=b(¢p +u) — b(¢) (2.2)

with u = u(t —r,& — cur) and ¢ = ¢(§ — c,r). Furthermore, let us linearize the delay term
Pu(t —r,& — c4r)), we equivalently have
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ou ou 9%u
— +c¢,——D—

ot 0 0g? +du—b'(¢pE — cxr)ut —r,& —cur)

= QU(t—r,E—cur), (t,8) €Ry xR, @3)
M(S, é) = MO(S» S)v s € [_r’ O]’ %' S R?
where
Qu) :=b(¢p +u) — b(¢) — b’ (P)u, (2.4)
with ¢ = @ (& — cyr) and u = u(t — r, & — c,r), and satisfies, by Taylor’s formula,
1Qw)] = OM)[ul. (2.5)

Notations. Throughout this paper, we denote a generic constant by C > 0, and specific posi-
tive constants by C; >0 (i =0,1,2,---). Let LZ(R) denote the space of the square integrable
functions, H*(R) the Sobolev space, C(R) the space of bounded continuous functions equipped
with the sup norm. Let 7 > 0 and B be a Banach space. We denote by C([0, T']; B) the space
of the B-valued continuous functions on [0, 7] and L2([0, T']; B) is the space of the B-valued
L?-functions on [0, T].

Associated with the eigenvalue X, (defined in (1.8)), we define a weight function

w(g) :=e M, & € (—00,00). (2.6)
Notice that lim w(§) =+oc and lim w(§) =0, because 1, > 0. To handle delay equation
E——00 §—+o00

with delay r, we define Cyir[—r, T, for 0 < T < 00, by

Cunitl=r, T :={v(t, x) € C([—r, T] x R) such that
lim w(z, x) exists uniformly in ¢ € [—r, T], and 2.7

X—>+00
xEIEoo vx (8, %) = xBIJPoo Uex (1, 2) =0
uniformly with respect to t € [—r, T]}.
We also denote
Xo(=r,0) = {ulu € C([—r,0]; C(R)) N Cynir[—r, 0],
Jwu € C([-r,0]; H'(R)), and
(Vwu) € L*([—r, 0]; H*(R))}, (2.8)

with

0
M = sup](||u(r)||%~(R>+||<ﬁu>(r>||§,.(R))+ / Vw1 Gpgds.  (29)

te[—r,0

and
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Xi0c(0, 00) = {u|u € Cioe([0, 50); C(R)) N Cnir [0, 00),
Vwu € Cioe ([0, 00); H'(R)), and
Vwu € Ly, ([0, 00); H*(R))}, (2.10)

where leo -([0,00); H 2(R)) is the space whose H 2_valued functions are locally L2-integrable in

[0, 00), namely, for any 0 < T < oo, it holds

T
f lu(®))?,1dt < Cr < 0.
0

The local continuous spaces Cj, ([0, 00); C(R)) and Cy, ([0, 00); H L(R)) are similarly defined.
We further define

X (0, 00) = {u|u € C([0, 00); C(R)) N Cunir[0, 00),
Vwu € C([0, 00); H' (R)),
Vowu € L2([0, 00); L*(R)), and
3 (Vwu) € L*([0, 00); H' (R))}, 2.11)

with

M= s (h 1 ) + 10O )

te(0,00

+ / I/ @wu() 17 ds + / 19 (Vwi) () 1371 g - (2.12)
0 0

Main results. Now we state the global existence, uniqueness, uniform boundedness and stability
for the solution to Eq. (1.1) with a general non-monotone birth rate b(v) as the following three
theorems, respectively.

Theorem 2.1 (Global existence and uniqueness). Assume that (H;)—(H3) hold. Let b'(vy) and r
satisfy, either d > |b'(vy)| with arbitrarily given r > 0, or d < |b'(vy)| with O <r < r, where r
is defined in (1.15). Let ¢ (x + c«t) = ¢ (§) be any given critical traveling wave, and the initial
perturbation uo(s, §) :=vo(s, &) — ¢ (&) € Xo(—r, 0) be arbitrary, then the solution u(t,§) of
the perturbed equation (2.3) globally and uniquely exists in X,.(0, 00).

Theorem 2.2 (Uniform boundedness). Under the conditions of Theorem 2.1, if the initial pertur-
bation ug € Xo(—r, 0) is small enough, namely, there exists a constant 5o > 0 such that My < &y,
then the solution u(t, &) of the perturbed equation (2.3) satisfies u € X (0, 00), and u(t,§) is
uniformly bounded in X (0, 00):

MZ% <cMi. (2.13)
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Theorem 2.3 (Stability). Under the conditions in Theorem 2.2, then it holds that

lim sup |u(t, &) =0. (2.14)
l—)OOSGR

From Theorems 2.1-2.3, we immediately obtain the stability of the monotone/non-monotone
critical traveling waves for Nicholson’s blowflies equation and Mackey—Glass equation, respec-
tively.

Corollary 2.1 (Stability for Nicholson’s blowflies equation). Let b(v) = pve™®" for p > 0 and
a > 0. For any given critical traveling wave ¢ (x + c4t) = ¢(§), there exists a constant §y > 0
such that if the initial perturbation uo(s, &) :=vo(s, &) — ¢ (&) € Xo(—r, 0) and satisfies My < do,
then:

1. when e < 5 < e? (equivalently to d > |b'(v4.)|), for any time-delay r > 0, then, the solution
u(t, &) =v —¢ € X(0, co) satisfies (2.14);
2. when g > ¢? (equivalently to d < |b'(vy)|) but with a small time-delay 0 < r < 7, where

= arctan/In Z(In § —2)

Fi= , (2.15)

d,/In2(n2 —2)

then, the solution u(t,&) =v — ¢ € X (0, 00) satisfies (2.14).

Corollary 2.2 (Stability for Mackey—Glass equation). Let b(v) = % for p>0,qg>1and

a > 0. For any given critical traveling wave ¢ (x + c4t) = ¢(§), there exists a constant 5y > 0

such that if the initial perturbation uo(s, &) := vo(s, &) —p (&) € Xo(—r, 0) and satisfies My < do,
then:

1. when - < 5 5 (equivalently to d > |’ (vy))), for any time-delay r > 0, then, then,

the so

2. when ;

1
tion v )qe X (0, 00) satisfies (2.14);
>

v(z,
Lz (equivalently to d < |b'(v4)|) but with a small time-delay 0 < r < F, where

'UE'-Q

T — arctan (d_l\/[(q -5 —q12 - dz)
\/[(q -4 —q)?—d?

, (2.16)

then, the solution v(t, x) € X (0, 00) satisfies (2.14).

Key observations. The key observations which differ from the proof of the stability of non-
critical traveling waves are illustrated briefly below.

Observation 1. The first crucial step for the stability proof in [13] is to get an energy estimate
for the perturbed equation in a weighted sz(R)—space (see Lemma 3.1 and Lemma 3.2 for the
details in [13]):
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t

/w(é)lu(t,é‘)lzdé+//An,w(é)w(é)lu(s,é)lzdéds

R 0 R

t
< C/w(snuo(o, £)Pd + 0(1) f / WE) (s, Ollus — r. & — cur)Pdeds.
0 R

R
The function A, ,, (§) is estimated in (3.11) of [13] as
Ay w(E)>C1 >0 withc > ¢,
for some positive constant Cy. It is this estimate that allows us to control the nonlinear term
on the left-hand-side of the above inequality when the initial perturbation is small enough, and

makes us to derive the exponential decay for the perturbed solution. However, when ¢ = c,, we
can only have

An,w(g) >C1=0 forc=cy,

which seems not enough to control the nonlinear term, and the stability for the critical oscillating
waves was open in [ 13]. But, after a deep observation, here we realize that, when ¢ = c,,

Ay @~ 0)p(E) = 0(D)gle ™ -0 as& — —c0.

Now we rewrite the nonlinear term by

t
/fw(éﬂu(s,snm(s—r,s — c,r)|Pdéds
0 R

t

=ff¢(s>w(é>'”(s’é)'|u(s—r,s — ¢,r)|dEds.
0 R

¢ (&)

and recognize that % = 0 (l)e Ml as ¢ - —00. Thus, we may control the nonlinear term

by the positive term fot fR Ay w@Ew(E)|us, £)|2deds when the initial perturbation is small.
Such an observation seems to open a door for the proof of the stability of these oscillatory critical
traveling waves.

Observation 2. The second crucial step is to get a bound for f(; ||35u(s)||il1 ds, which, to-
gether with the bound of [[u(z, -)|| 1, leads to a desired decay of |u(z, -)| as — '00. Notice that,
when we apply the standard weigﬁted—energy approach like that in [13], we have to fully use
the positive term w(§)|ug | to control the bad term w (& )|uug| by Cauchy—Schwarz inequality,
which causes us impossibly to get the desired estimate of f(; |0gu(s) ||i2 ds. So, we need to look
for other strategies. Inspired by the classic result [22] for Fisher—KPP gquation with compactly
supported initial data, and by [15] for p-system of hyperbolic conservation laws, as well as by
our recent study [11] for the nonlocal equation (the integro-differential equation), we find that,
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the so-called anti-weighted-energy method (a special transform to the equation) works out per-
fectly, and we can get the desired bound for f(; llug (s) ||§11 ds in the first crucial energy estimates.

Hence, we are able to get the stability for the critical oscliullatory traveling waves.

Observation 3. In the previous studies [ 13,15-20], the proof approach is the weighted energy
method together with the continuity extension method, based on the local existence and the a pri-
ori estimates. Notice that, for each time-interval [0, T'], the uniform convergence slim u(t,&)=0

—> 00

for all ¢ € [0, T] implies the boundedness |u(t,£)| < ¢ for & > xo(¢, T) > 1. Since xo(e, T)
can vary in T, this causes us difficultly to get the uniform boundedness |u(z,£)| < ¢ for all
t € [0, 00) when & > 1. To avoid such a trouble, here we adopt a different approach to get the
global existence and the asymptotic stability. That is, we first prove the global existence and
uniqueness for u € X, (0, 00) with any initial perturbation ug € Xo(—r, 0); secondly we estab-
lish the uniform boundedness of solution (2.13) for all ¢ € [0, co) when the initial perturbation
is small; finally we derive the stability (2.14) with the small initial perturbation. In fact, we ob-
serve that, the perturbed equation (2.1) is a linear equation for ¢ € [0, r], because the delay term
P(u(t —r,& —cyr)) = P(uo(t — r,& — cyr)) due to t — r € [—r, 0]. Thus, we can easily get
the existence and uniqueness of the solution u € X;,.(0, r). Similarly, we may have the exis-
tence of the solution u € Xy, (r, 2r), and step by step to get the global existence u € X;,.(0, 00)
including u € Cyyr (0, 00). With this global existence u € Xj,.(0, 00), by the anti-weighted en-
ergy method, we can further establish the uniform boundedness of the solution My, < C My for
u(t, &) € X(0, 0o) with r € [0, o0) as well as the convergence (2.14).

Remarks. 1. In above main theorems, for the global existence of the solution, the initial data
uo € Xo(—r,0) can be arbitrarily large. However, to have the uniform boundedness (2.13) and
the asymptotic stability (2.14), the initial data u¢ must be small enough.

2. In Theorem 2.3, the critical traveling waves ¢ (x + c,t), no matter they are monotone or
oscillatory, are proven to be time-asymptotically stable when the initial perturbations are small

enough. However, the expecting optimal convergence rate O(Z_%) is unable to get at this mo-
ment, due to some technical restrictions. To obtain such convergence rate result, to our best
knowledge, the usual approaches are: either the monotone technology plus the optimal decay es-
timates on the corresponding linearized equations [16,18], or the Fourier’s transform plus energy
estimates [10,21], or the approximate Green function method [23,35], or the multiplier method
[24,31]. Unfortunately, we may not be able to adopt the monotone method, because our equation
is lack of monotonicity and the traveling waves may be oscillatory; nor the Fourier’s transform
method, because the correspondingly linearized equation is with variable coefficients that de-
pend on the wavefronts ¢ (x + c4t), rather than some constants, which makes us impossible to
carry out Fourier transform; nor the approximate Green function method, because it is really
complicated and difficult to construct a suitable approximate-Green-function due to the effect of
the time-delay; nor the multiplier method because of the bad effect by the time-delay. So, the
optimal convergent rate result to critical oscillatory traveling waves ¢ (x + c,f) remains open,
which will be our future target.

3. Global existence and uniqueness

In this section, we are going to prove Theorem 2.1, namely, the global existence and unique-
ness of the solution for the Cauchy problem (2.1).
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When ¢t € [0, r], Eq. (2.1) is linear, because t — r € [—r, 0] such that P(u(t —r, & — cur)) =
P(uo(t — r,& — c4r)). Thus, the solution of (2.1) can be explicitly and uniquely solved by, for
t€[0,r],

u(t, &) = / G (1, Duo(0, & — m)dn
R
t

+ / e d=s) / G, t —$)Puo(s —r,&§ —n —cer))dnds, 3.1
0 R

where G (7, t) is the heat kernel

1 _(n+c*t)2
Con=7=5e T

When ug € Xo(—r, 0), we are going to prove u € X;,(0, r).
Multiplying (2.1) by w(§)u, and using Cauchy—Schwarz inequality

D
|[Dwguug| < Dwué + Z(%)zwuz,

and integrating it with respect to & over R, we then have

1d
5 77 IWwu O +mi IV wuIg

- / WEW(LE) P ol — r. & — cur))dE, (32)

R

where
my = cyhy — DA2 +d =D (0)e " > 0.

Again, by using Cauchy—Schwarz inequality, the right-hand-side of (3.2) can be estimated by

f WEt, &) P ot — 1, & — car))dE

R

SC/w(é)lu(t,E)lluo(t—r,E — cur)ldE

R
2 C 2
< elVwu®lz + o= IVwuott =il

for some small constant ¢ > 0. Substituting this into (3.2), we have

1d
5 77 IWwa Ol + my = &)lVwu@7, < Cllvwuo(t =)l 3.3)
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Integrating (3.3) over [0, ¢] for # € [0, r], and taking ¢ < m, we get

t
a1, + [ 1) ds
0
t
< CIVa )1+ C [ 1vaiuo(s =1 ds
0
t—r
= C|Vwup(0)]|3, + C f IV wio(s)1I32ds

0
< CllVwuo ()3, +C f IV wio ()13 .ds
—r

<00, fortel0,r]. 34

On the other hand, we multiply (2.1) by w(£)u, and integrate it with respect to £ over R, but use
Cauchy—Schwarz inequality in a different form

D D w
[Dwguug| < 3wu§ + ?(f)ZwMZ’
we then get
1d D
5 77 WOz + 5 IVwus (0117

<ma|lVwu(®)|7, + / w(E)ult, ) P(uo(t —r, & — cyr))d§, (3.5)

R

where mj := |2Dkﬁ — CxAx — d|. Integrating (3.5) over [0, t], and using Cauchy—Schwarz in-
equality to the nonlinear term, and the bounded estimate for fot |/ wu (s)||izds in (3.4), we get

the estimate for fot |l Vwug (s) ||izds:

t
Iau)2, + / /e () 122ds
0

0
< ClIVwuo (O3, +C / IVwuo(s)]1? 2ds
—=r

<oo, forrel0,r]. (3.6)

Similarly, differentiating (2.1) with respect to £ and multiplying it by w(§)ug (¢, ), and integrat-
ing the resultant equation over [0, ] x R for ¢ € [0, r], we can prove
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t
Iwue (12 + / /g ()12 ds
0

0
< Clwuo O)|2, +C / Iwuo(s) I, ds
—r

<oo, forrel0,r]. 3.7

From (3.1) and the property of heat kernel: fR G(&,1)déE =1, we have

t

lu@®lic <e ug)lic+C  sup lluols —r)lic f e~ 4079 gs
s—re[—r,0] o

<e Mug)lc +C  sup gt —r)lic
t—re[—r,0]

< oo, fortel0,r]. (3.8)

On the other hand, since ug € Cyyir(—r, 0), namely, glim uo(t, &) =: up,00(t) € C[—r,0] and
—00

lim Bkuo(t, &) =0 all exist uniformly in 7 for k = 1, 2, we can prove u € Cyi¢[0, r]. In fact,

[‘”/G(n,t) lim uo(0,& —n)dn
E—o00
R
t

+/e‘d("” f Gt —s)slim P(ug(s — r, & — n — csr))dnds
—00

lim u(t, &)
&£—o00

0 R
— tpoo(@)e f Gn. )dn
R

t
+/e—d<f—S>P(u0,oo(s—r))/G(n,t—S)d’?dS
R

0
t

10,00 (0)e ™! +fe—d<’—S>P(uo,oo(s —r))ds
0
=: g1(t), uniformly with respectto ¢t € [0, r]. (3.9)

Similarly, noting the facts
G(n, t)|n::|:oo =0 and (3770(77, t))|7]::|:oo =0,

we can prove that, fork =1, 2,
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lim agu(t,g)ze*d’fa,’;G(n,t) lim (0, § —n)dn
§—00 £—>00
R

t

+ / e 4= / B,I;G(n, t—s) élim P(uo(s —r, & —n —cxr))dnds
—00
0 R

= 10,00(0)e ™ f ;G (n, t)dn

R
t

—|—/e_d(t_s)P(uo,oo(s — r))/a,];G(n, t —s)dnds
0 R
=0, uniformly with respect to z € [0, r]. (3.10)

Thus, (3.4)—(3.10) imply u € Xj,.(0,r) and

t
luIZ + IV wu @3, +/ IV wu(s)|13,.ds
0

0
= (oI + 1Vano O + [ 1V pds). relorl, G

for some C > 1.

When ¢ € [r, 2r], Eq. (2.1) with the initial data u(s, &) for s € [0, r] is still linear because the
source term P(u(t —r,& — cyr)) isknown due tot —r € [0,r] and u(t — r, & — c,r) is solved
in (3.1). So the solution u(t, &) for t € [r, 2r] is uniquely and explicitly given by,

u(t &)= e / G, Dur, & — n)dn

R
t

+/e—d(t—s> / Gt —s)P(uls —r, & — 0 — cxr))dnds. (3.12)
r R

By taking the same estimates as in (3.4)—(3.10), we can prove u € X, (r, 2r), that is

t
lu@IIE + IV wu@)l5: + / Vwu(s)|7,2ds
< () + 1wy + [ 1V Fyads)
0

0
= (o)1 + IV wuoO) 1%, + / IVwuo@) ads), 1elr2rl,  (3.13)
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where, in the last step we used (3.11); and as similarly shown in (3.9) and (3.10) that

lim u(r, &) = e_d’/G(n,t) lim u(r,& —n)dn
£—o00 E—o00
R
t

+/e*d(”s)/G(n,t—s)slim P(u(s —r,& —n—cyr))dnds
—00
r R

= gl(r)e*d’/G(n,t)dn
R

t
+ [P =) [ Gors—synas
R

r
t

= gi(e™ " + / e~V P(g1(s = r))ds

r

:g2(¢), uniformly with respect to ¢ € [r, 2r],

and

lim agu(t,s)ze*d’/aﬁG(n,t) lim u(r,& —n)dn
§—00 £—>00
R
t

+/eid(tfs)/8f;G(n,t—s) lim P(u(s —r, & —n — cyr))dnds
E—o00

r R

= g1 (e / GGy,
R

t
R

:
=0, uniformly with respectto ¢ € [r, 2r].

Repeating the above procedure, step by step, we can prove that u € Xj,.((n — 1)r, nr) uniquely

exists, and satisfies
!

lu@®IE + IV wu @5, + / Iv/wu(s)|[7,2ds

(n—Dr

0
< C"(||uo(0)||2c + IV wuo ()13, + / ||ﬂuo<s)||§,zds) (3.14)
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for t € [(n — 1)r, nr], and finally we prove that u is unique, and u € X;,.(0, oo) with, for any
T > 0, that

t
luOIE + IV wu @7, + / IV wu(s)|13,ds
0

0
= Cr(luo @1 + 1o O + [ 1o Fpds). 1€l0.71 (3.15)

The proof is complete. O
4. Uniform boundedness

This section is devoted to the proof of Theorem 2.2. For the global solution of (2.3), u €
Xi0c(0, 00), when the initial perturbation uo € Xo(—r, 0) is small enough, we are going to prove
u € X(0, c0) by deriving the uniform boundedness (2.13).

As we have stated before, since the weighted-energy estimates in [13,16] to (2.3) cannot yield
the boundedness of fé llug (s) ||i2 ds, due to a full use of the positive term u§ is needed to control

the term uug by applying Cauchui/—Schwarz inequality, we have to look for a different approach.
Here we adopt the so-called anti-weighted method [22,15,11]. That is, we take the following
transformation (or say, anti-weight)

u(t,§) = W] 25, 8), e a(t,§) =V w®u. &) =e " u,), 4.1
we get the following equations for the new unknown ii(z, §)

dii 320 dit 3 .
5 — D@ + kq % + kout — b’(d’(é - C*r))e_)\*c*r“(t —1,& —cyr)

= Ot —r.& —car)). (1.6) €Ry xR, “2)
u(s, &) =Jw@u(s, &) =:io(s, &), se[-r0], £ eR,

where

ki:=cy —2Dhy, ko:i=cyhy+d — DA2 (4.3)
satisfying (by (1.8))

ky = cohs +d — DA2 = b/ (0)e 4+,
and
0Git) = e 5 Q(u) (4.4)

satisfying (by Taylor’s expansion formula)
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||
Jw(E)

Now we are going to establish the uniform boundedness of the solution u € X (0, co) by
several lemmas.

10(ii)| < Ce ™ uf? =

4.5)

Lemma 4.1. It holds that

t t
1312 + / / A5, §)Pdeds +2D / liie ()2 ds
0 R 0

0
< lio(0)[17 > + b (0)e <" [ f liio(s. £)|*déds
—r R
t
+C f / [wE) ] H (s, ©)lli(s — r. & — cur)2dEds, 4.6)
0 R
where
A = e (20— I (& — eur)] — 1D @ (6)))- @.7)

Proof. Multiplying Eq. (4.2) by # and integrating it with respect to & and ¢ over R x [0, 1], we
have

t t
la®I2, +2D / liie ()12, + 2k / / (s, &) deds
0 0 R
t
—2e—k*0*’//b’(¢(g — cxr))ii(s, E)ii(s — 1, & — cyr)dEds
0 R

t
=100 @1, +2 [ [ #6600 ~ 1§ - cur)dsds. “8)
0 R

By using Cauchy—Schwarz inequality, we can estimate

t
[ae=er / / V(@ (€ — car)ii(s £)il(s — 1. & — cur)dds
0 R

t
§e—k*0*r//|b/(¢(g—c*r))llﬁ(s,é)lzdéds
0 R
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t

+efk*cﬂ«r//|b’(¢(g—c*r))llﬁ(s—rf—C*’)|2d"§ds
0 R

(change of variables: £ —c,r — &, s —r — )

t
= [ [0 - criinc. o) Pdsas
0 R

t—r

e f / 16§ (€))li(s. ) PdEds

_rR

t
e [ [ (10@E — coni+ @) s, 6)Pdsds

0 R
0
+b/(0)e_k*c*r//|ﬁ0(s,$)|2d$ds, (4.9)
—r R

where we used the condition (H3) for |b'(¢)| < b’'(0) in the last step. On the other hand, not-
ing (4.5), we can estimate the nonlinear term as follows

t
| / / (s, )0t — 1. & — cur))dids
0 R

t
SCO/R/ﬁW(s,é)Hﬁ(s—r,é—c*r)|2d§ds. (4.10)

Substituting (4.9) and (4.10) to (4.8), we have

t t
||ﬁ(r>||iz+2Df ||ﬁ$(5)||2L2+//A(§)|fi(&§)|2d€d5
0 0 R

0
< o)1, + 6O [ [ ot e)Pdeds

—r R

t
+CO/R/~/%|'Z(S’E)”'Z(S_“E‘C*r”zdfd& (.11

where
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A©) =2k — e (16 (@& — car)] + 16/ @(E))])

= 2Aes — DAL +d] = e (1D (@& — )| + 16 @ (©)])

= 7T (2B(0) ~ 1B (@ (& — )| — V'@ €D ).
Here, we used (4.3) and (1.8), namely, k2 = cxhy — D)»i +d=b(0)e " O
Lemma 4.2. It holds that

A) = Cr9(6) =0 (4.12)

for some positive constant C».
Proof. From the condition (H), we note that b'(¢) > 0 for 0 < ¢ < vy, b'(¢p) < 0 for v, <
¢ < 00, and b'(¢p) = 0 for ¢ = v,. We note also from the second equation of (1.9) that ¢ (§) =
C3lEle™El — 0 and ¢ (& — cyr) = C3]& — cyrle ="l 5 0 as & — —o0 for some positive

constant C3 > 0, which gives

lim P& —cur) = T

f—>—oc  @(§)

On the other hand, the condition |b'(v)| < b’(0) for v > 0 (see (H3)) and b’'(v) > 0 in [0, vy]
(see (Hp)) implies

b"(v) <0 for v near 0.

Thus, by Taylor’s expansion formula, there exist some positive numbers ¢~51 € (0,¢()) and ¢~32 c
(0, ¢ (£ — c4r)), such that

AE) _ L e PO = @@+ E'(0) — (@ — )]

lim =
§>—o0 ¢(§)  E——o00 1G)
L pim g P @DE) — b (@2)P (€ — cur)
= m e
§—>—o0 1G)
= e~ IB"(O)] + |67 (0) e+
=:Cyq4>0.

Namely, there exists a negative number &, < 0 with |£,| > 1 such that

A S o2 0 fors e (ool (4.13)

b)) —

where Cs is a positive constant.
On the other hand, when & € [&,, 00), the monotone/non-monotone critical waves ¢ (&) and
¢ (& — c,r) are bounded, i.e.,
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O<m<¢pE)<M, and O<m <@ —cur) <M

for some positive constants m and M. Actually, here m = ¢ (&x — cxr) > 0. In fact, from the
geometric analysis of the monotone/non-monotone traveling waves [7,32,33], see also our nu-
merical simulations presented in Figs. 1(b), 3(b), 5(b), and 7(b) in the last section, we know
that, the possible oscillations of the non-monotone traveling waves ¢ (£) occur near +00, and the
waves are still monotone when & near —oo. Thus, from the condition (H3), i.e., 5'(0) > |b'(v)|
for v € [0, 00), we have

AG) _ e‘k*"*’zb/(o) — B/ (@(E)] — |b' (5 — cur)]
o) (&)
b'(0) — maxyepm,m 10" (V)]
M
=: Cg > 0. (4.14)

> ze—k*c*r

Combining (4.13) and (4.14), we have proved (4.12) for some positive constant C. O
Based on Lemmas 4.1 and 4.2, now we can establish the first key energy estimate.

Lemma 4.3. There exists §1 > 0, when My, < 81, then

t t
i@l 2 + / llig ()17 2ds + / / P E)w(E)|uls, &) déds
0 0 R

0
< c7(||ﬁo(0)||iz - / ||ﬁo(s)||i2ds) <C7Mg, t €0, 00) (4.15)

—r
where C7 is a positive constant.

Proof. Since u(z,£) = Jw(€)u(t, ), by Lemma 4.2, then the second term of the left-hand-side
of (4.6) can be written as

1 t
//A(E)Iﬁ(s,é)lzdédsZCz//¢(§)w(§)|u(s,é)|2d§d8- (4.16)
0 R 0 R

This can be used to control the nonlinear term in (4.6).
Now we are going to estimate the nonlinear term in (4.6). It can be reformed as

O/R/ﬁm,s)nm—r,s—c*r>|2d5ds

t
Z//w(é—C*f’)lu(s,é)llu(s—r,é—C*r)lzdéds
0 R
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t

_ B Lo w® ol
- 0/ R/ B = cnw(E — ey s e s =€ = cnPdeds. @17)

So we need further to estimate '2‘5(1’5)1) .

Notice from (1.9) that the critical wave ¢(x + c4t) is positive and bounded, and
: lim ¢(§) =v4 and ¢ (&) = 0(1)|§|e’\*5 — 0 as &€ - —o0, so, there exists a number &;
—+00

near —oo, i.e., &1 < 0 and |£;| > 1, such that

$(&) = O0(1)|&|e™* for & € (—o0, &), and ¢(§) = O(1) for & € [£], 00).

Thus, by the definition of w(§) = e 26 we can verify that

1 {C./w(é‘;), for & € (—o0, &)

¢(§—C*r)5 C, for & € [&], 00),

for some positive constant C. This with the definition of solution space X (—r, oo) and the defi-
nition of M, (see (2.13)) as well as Sobolev inequality guarantees

m_ sup  Cy/wlu(t, &)+ sup Clu(t,&)|
geR P(E —CaT) 7~ ge(—o0,t) Eelg),00)
< Csup/wlu(t,&)|+ Csup |u(r, )|
£eR £eR
< ClIWVwu )|l g1 + Cllu@®)llc
<CMy. (4.18)

Thus, applying the above estimates (4.18) and the fact w(g”iir) = 72 from (4.17) we
can estimate the nonlinear term in (4.6) as follows

t
Ofﬂlﬁmm)nm—r,s—c*r>|2d5ds

t
_ _ _ w(§) lu(s, &) e 2
—O/Rf¢($ cxr)w(§ C*V)w(s_c*r)d)(é_c*r)lu(s r.§ —cyr)|"déds

t
< CMoo)[/qﬁ(S — car)w(E — cur)lu(s — r, € — cur)|*déds
0 R

(change of variables : & —c,r > &, 5 —1r — )

t—r
—CM., / / $EwE)lu(s, )P deds

—r R
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t 0

< Mo / / $EwElus. £)Pdeds + CMo / / & (E)w(®luo(s, &) 2deds
R

0 —r R

t 0
<My / f HEWEluts, €)2deds + C / liio(s)1I2,ds.
0 R —r

Finally, substituting (4.16) and (4.19) to (4.6), we prove

t t
IO + [ Nie6)ads +1C2 - Corted [ [ @@ui@ucs, &) Pdeas
0 0 R

0
= G0 ()12 + / liio(s)113:ds ).

1525

(4.19)

for some positive constants Cg and Cy, which immediately implies (4.15) by taking M, to be

small, for example, let

C
0< Moo <8y = %
8
then the corresponding constant C7 in (4.15) is
Cy
C7 = O
min{1, 5}

The proof is complete. O
Similarly, the estimate for it can be established as follows.

Lemma 4.4. When My, <61, then

t
lizg (117, + / liige ()11 .ds < Cro(Moo + 1)MG, t €10, 00)
0
and

ds < C11(Moo + 1)MZ, t €0, 0)

t
d - 0
POl
0

where C1o and C11 are some positive constants.

(4.20)

4.21)

4.22)
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Proof. Differentiating (4.2) with respect to & and multiplying the resultant equation by iig and
integrating it with respect to & over R, we have

d . - -
TNl (1172 +2Dligs (1172 + 2k llig ()17

_ pehecer f B (E — cur))it (1, E)iis (t — 1, & — cur)dE

R

P / B (@& — car)§ (€ — car)itg (1, €)ile — 1, & — cor)dE

R

+2/ﬂg(t,‘§)3g Ot —r, & — cor))dE
R
=1(@)+ L)+ I3(1). (4.23)

Integrating it over [0, ¢], we get

t t
liig (D112, +2D | lliigz ()12 2ds + 2ka [ lite(s)]1ods
L L L
0 0

t
— Jliio.e O, + / [11(s) + Ia(s) + T3(5))ds. (4.24)
0

By using the estimate (4.15), Cauchy—Schwarz inequality, the change of variables in (4.9), and
the facts: |¢' ()| < Co(§), and |i(t, §)| = e ™5 |u(t, §)| = JwE)|u(t, §)| < CMe for (§,1) €

R x R, we can similarly estimate the nonlinear terms as

t
/ |11 (s)Ids
0

t
< cf/[|ﬁg(s,s>|2+ g (s — . & — cur)PldEds
0 R
t 0
<C / liig ()17 ,ds + C / liio.¢ ()17 ,ds
0 —r

0
< (IO + / lio £ ()1 s )

<CcM, (4.25)
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and

t
/Ilz(S)IdS
0

< C/f[Ws(& B +16'(€ — cor)Plii(s — r. £ — cr)P1dEds

0 R

=C / lliig ()17 2ds + C / / 6" (& — car)Pw(E — cur)u(s — 1, & — cur)Pdéds
0

(=}

< c/ ||ﬁg<s)||izds+6/f¢<s — e W(E — cur)uls — r.& — cur)Pdéds
0 0 R

t—r

e / liie ()|ads + C f f SEWE s, &) Pdeds

—r R

t
= [l ids + € / [ @@ oPdzds +-¢ [ liosoids
0 R

0
<1012, + [ ins6)1ds)

<CMg,

and finally

t
/|13(S)|ds
0

t
_C//Iﬁg(s,é)llﬁs(s—r,é‘—C*r)llﬁ(s—r,é—C*r)ldé’ds
0 R

t

<My / / e (5, E)lie (s — 1 & — cur)|dEds

0 R

t
<M / / lliie (5. &) + |iie (s — r, & — cur) PldEds
0 R

1527

(4.26)
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t 0
= CMoo / lig ()1 72ds + / I (5)112:s)
0

—r

0
< CMao (lio ) + / 180 (517 s )

—r

< CMxoMj 4.27)

provided My, < 41.
Thus, substituting (4.25)—(4.27) to (4.24) and integrating the resultant equation with respect
to t over [0, ¢], we get

t
e (012 + [ liige (5) 2 ds
0

0
< Cro(Mo + D (10 O3 + / liio(s)131ds )

—r

< C1o(Mso + )M}

for some constant Cg > 0, provided M, < §;. This proves (4.21).
Next, we prove (4.22). From (4.23), we have

d . - -
)Eﬂus(f)ﬂiz < 2Dlliige (D112, + 2ka e D11 + 111 (O] + 1@ + 11301,

Integrating it over [0, ¢] and using (4.15), (4.22) and (4.25)—(4.27), we have
t
d . 2
|l @1
0

0
< C1 (Mo + D( 0O, +/ liio(s)131ds)

—r

ds

< C11 (Moo + )M}

for some constant C1; > 0, provided M, < §;. This proves (4.22). O

We now prove the boundedness for ||u(?)|c = ||w_%zl(t)||c uniformly in ¢ € [0, 00). Since
u € X(0,00), s0 u € Cypir(0, 00), namely, ; lim u(t,&) =u(t, o0) =: z(t) exists uniformly for
—>+00

te[—r,00],and lim ug(t,§) =0and lim wuge(¢,£) =0 are uniformly for t € [—r, 00). Let
§—>+o0 &§—>+o0

us take the limits to (2.3) as & — 400, then
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{ 7)) +dz(t) = b (vp)z(t —r) = Q(z(t — 1)), (4.28)

z(s) = zo(s), s € [—r, 0].

As shown in [13], we have the following exponential decay for z(z).

Lemma 4.5. (See [13].) When d > |b' (vy.)| with arbitrary time-delay r > 0, or d < |b'(vy)| but
with a small time-delay 0 <r < 7, where 7 is defined in (1.15), then

lu(t,00)| = |z(t)| < CMoe ™, t >0, (4.29)
forsome 0 < = u(p,d,r,b'(vy)) <d, provided with |z¢| < 1.
Now we can prove the boundedness of u in C(R).

Lemma 4.6. It holds that

lu@®llc < Ciav Mo + 1 My, t €[0, 00) (4.30)
provided M, < 4;.

Proof. Notice that, : lim u(t,&) = u(t, 00) =: z(¢t) uniformly with respect to ¢ € [0, 00), that
—+00

is, for any given g9 > 0 (we may choose it less than or equal to My), there exists a large number
xo0 = xp(€0) > 1 (independent of ¢ € [0, 00), because of the uniform convergence) such that,
when & > xq, then

lu(t,&) — z(¢)| < o uniformly in ¢ € [0, 00).

This implies, with the help of (4.29) for |u(t, 00)| = |z(¢)| < CMye ™™ < C M), that

sup |u(t, &) < CMy+e9 < CMp, uniformlyint € [0, 0c0). 4.31)

X€[x0,00)

Applying the fact o/w(&) = e ¢ > e for & € (—00, xg], Sobolev inequality H'(R) —
C(R), and the energy estimates (4.15) and (4.21), we have

Jw@)
sip fur &)= sup |V tui6)|
£e(—00,x0] ge[—o0,xp] | €0
=M% sup [V w@)u(t, £)|
£e[—00,x0]

< Cllvwut)||g1 <Cy/Msx +1 My, tel0,00). (4.32)

Thus, (4.31) and (4.32) imply (4.30) for some positive constant C1p. O
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Proof of Theorem 2.2. Add (4.15), (4.21) and (4.30) together, we have

t t
N3, + lu@® g + f I/ wu)(s)[17,ds + f liig ($)113,1ds
0 0

<C(Mx +1)MZ, t€[0,00). (4.33)

Notice that & = /wu, then (4.33) is reduced to

M= swp {IVwu®I, + ]

t€[0,00)

+ / I/ wu) ()17 ,ds + f I(Vwi)e ($)113,1ds
0 0

< Ci3(Mos + M. (4.34)

In order to guarantee the a priori estimates My, < §; (see (4.20)) and Moo < +/C13(Moo + 1) My
(see (4.34)), we take §g > 0 in Theorem 2.3 as

81
8=
VCi3(81+1)

when My < §p, then we can guarantee

My </ Ci3(Moo + 1)My <+/C13(81 + 1)dg = 41,

(4.35)

and

M2 < Ci3(Moo + )ME < C13(81 + DMZ =: C1aM{.
This proves the uniform boundedness (2.13). O
5. Asymptotic stability

This section is to devoted to the proof of the asymptotic stability (2.14). From (2.13)
and (4.22), when Mj < &g, we have
t
lu®IE + I Vw13, + / I/ wu)(s)|17,ds

0

t 1 d

+ f 19 (Vwu) () [[7,1ds + f (%nag(ﬂu)mniz ds
0 0

<CM}, fortel0,00). 5.1
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Set

g(®) = llig ()7, = 18 (Vwu) (D)3

From (5.1), we know that

o (e.¢]
0<g(t)<CM;, /g(t)dt <CMj, and /|g’(z)|dt <CM.
0 0
This implies
lim g(1)=0, ie., lim |[d ()37, =0. (5.2)
t—00 t—00

By using Sobolev inequality H!(R) < C(R)

la®)lle < V2law|12 i 0|12,

and the boundedness of ||iz(1)|| = || (v/wu)(t)|| < CMy and the convergence of (5.2), we then
prove

tl_l)l&glelﬂglx/w(é)u(t,é)l = lim [a(®llc =0. (5.3)
Now, we are going to prove the convergence

tl m sup |u(t, &) =0.

i
R

To prove such a stability relation, let us start from the far field £ >> 1. By the same fashion as
shown in Lemma 4.6, the solution z(¢) = u(¢, 00) to the delayed ODE (4.28) decays exponen-
tially

lu(t, 00)| = |z(t)| < CMoe ™, forall € [0, 00), (5.4)

when d > |b'(v,)| with arbitrary time-delay r > 0, or d < |b’(v4)| but with a small time-delay
0 <r <r.Backto (2.1) and (2.2), we can write the solution in the integral form represented by
the heat kernel G(t — s, & — n):

u(t &)= e / G, u0, & — n)dn

R

t
+ / et / G(1.1 = $)P(u(s — 1. — n — cxr))dnds. (5:5)
0 R
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Multiplying (5.5) by e where 0 < u < d is specified in (4.29), and noting | P (u)| < C|u|, then
we get

ez, )] < e~ @ f G, )luo(0, & — n)ldn
R

t
4ot / =) f Gt — )| P(u(s — 1. & — 1= cur))ldnds
0 R

< ot f G (1, Dluo(0, & — n)ldn
R

t
4 CeMt f o dt=s) / G, t —$)|u(s —r, & —n —cyr)|dnds. (5.6)
0 R

Since u € X (0, 00) is the global solution of (2.3), namely u € Ciyir(0, 00), then u(z, &) —
u(t,00) = z(t) as & — oo uniformly in ¢ € [0, 00). By applying the property of the heat ker-
nel and the exponential decay (5.4), then from (5.6) we obtain

tim Je'uc,£)1 ¢4 [ Gno) tim o0, ~ mldn
£—o0 £—o0
R
t
+Ce“’/e_d(’_s)fG(n,t—s)slim lu(s —r, & —n — cyer)|dnds
—>00
0 R

< |ug,00(0)]e=@=1)" / G(n,t)dn
R

t

+Ce‘”/e_d(l_s)|z(s—r)|fG(17,t—s)dr;ds
0 R

'
< 1g.00(0) e~ @M 4 Cett / e d=5) g=1t(s=7) g
0

t
= |10, 00(0)[e U 4 Cet1” / e U= hI=5) g
0
Cett”
d—u
<C, uniformly in all # > 0. 5.7

= [Ug,00 (0)] e 4 [1— e @11y
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This quickly implies that, there exists a number x1 >> 1 (independent of ¢), such that when & > x1,
then

sup  |u(t, &) <Ce™™, 1>0. (5.8)

§€lx,00)

Notice that, /w(€) = e 2§ > ¢ for £ € (—o0, x1], then (5.3) implies

2 w8

lim sup |u(f,€)] < lim  sup ‘
1= £e(—00,x(] 1= 0 £e(—00,x1]

Se)n*xl lim suph/@lfi(t,g”
= 0eeR

=0.

This with (5.8) together proves
lim sup |u(t, &) =0.
t—0o0 EGR

The proof is complete. O
6. A remark on the multi-modality birth rate function

We consider a more general case of (1.1):

v, x) Dazv(t,x)
ot 9x2
v(s,x) =vo(s,x), se[—r0], x eR.

+d(,x))=bw(t —r,x)), (t,x)eRy xR 6.1)

Here the death rate function d(v) and birth rate function b(v) satisfy

(H1) there are only two constant equilibria vy of (6.1), with v_ = 0 being unstable and v being
stable, that is, b(v+) —d(v+) =0,d’(0) — b’ (0) <0 and d’'(vy) — D' (vy) > 0;

(H>) the multi-modality condition: b € c?[o, oo) and b(v) > 0 on [0, 0o) can be finitely multi-
modal;

(H3) d € C2[0, 00), d(v) >0, d'(v) >d'(0) > 0and |b'(v)| < b'(0) for v € [0, 0).

Although the uni-modality condition (H;) for the birth rate is practical and summarized from the
biological models of populations like Nicholson’s blowflies equation and Mackey—Glass equa-
tion, we can generalize it to include multi-modal functions. In fact in Section 3 when we prove
the a priori energy estimates, we didn’t use the uni-modality condition, but the condition (H3)
with d'(v) > d’(0) > 0 and |6’ (v)| < b’'(0) for v € [0, 00) is essential.

Without any difficulty, as shown in Sections 3—5 we can similarly prove the following stability
of the critical monotone/non-monotone traveling waves.
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Theorem 6.1 (Stability in more general case). Let the birth rate function d(v) and b(v) be
general and satisfy (H1)—(H3), and assume either d'(vy) > |b'(vy)| with any time-delay r > 0,
ord'(vy) < |b'(vy)| but with a small time-delay 0 < r < F, where r is defined by

o —arctan(y/[0' )2 — [d ) lP/d (v1))
ri= .
VIb ()2 = ld'(v) 2
For any given critical traveling wave ¢ (x + c4t) to Eq. (1.1), whatever it is monotone or non-

monotone, suppose that the initial perturbation uo(s, x) := vo(s, x) — ¢ (x + cxs) € C([—r, 0];
CR), Vw@uo(s,x) € C([=r,01; H'(R)) N L2([=r,01; H'(R)), and  lim [vo(s, %) —
X—> 100

@ (x + cu5)] =: u0,00(s) € C[—r, 0] exists uniformly with respect to s € [—r,0]. Then, there
exists a constant 8o > 0 independent of x and t, when the initial perturbation is small

0
 max luo I + IV wuo() I3, + / IV wio()II7,1ds < &,
—r

the solution v(t, x) of (1.1) and (1.2) is unique and globally exists in time, and satisfies

U(t,x) - ¢(-x + C*t) € C([_rs OO), C(R)) rjcm’ll‘f[_rv OO)’
Vw@(t, x) — ¢(x + cxt)] € C([—r, 00); H' (R)),

o (V@2 — g+ eanl) € LA([—r, 00); H' ®)), (6.2)
and
tlim sup |v(t, x) — d(x +ct)| =0, (6.3)
T xeR

where Cypif|—r, T] for 0 < T < 00 is defined in (2.7).
7. Numerical simulations

In this section, we are going to carry out some numerical simulations, which will also perfectly
support our theoretical stability results for the critical traveling waves.
We consider Nicholson’s blowflies equation

du(t,x)  9*v(t,x) _ —av(i—rx)
a7 —D o2 +dv(t,x) = pv(t —r,x)e , (t,x)eRy xR 7.1

V|=s =vo(s,x), (s,x)e[-r,0] xR.

It possesses two constant equilibria v— =0 and vy = % In g. When g > e, the birth rate function
b(v) = pve~?’ is unimodal, and satisfies b'(0) > |b'(v)| for v € (0, 00). The condition d >
|b'(vy)] is equivalent to e < 5 < e?,and d > |b'(vy)| is equivalent to L> e2.

For simplicity, throughout this section we fix D =d = a = 1, and leave p, r and the ini-
tial data vo(s, x) free. For the critical traveling waves ¢ (x + c4t), the critical wave speed c, is

uniquely determined by (1.8), that is,
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Cihs = DAL +d =b'(0)e " ¢, — 2Dy = —curb (0)e ",
and the critical waves ¢ (x + c4t) = ¢ (§) spatial-exponentially decays as
¢€) = O0()5le ™ as & — —oo.
From our stability theorem, the initial data of Eq. (7.1) is expected to be
xlirzloo vo(s, x) =0, xli)rréo vo(s, x) = v+ uniformly in s € [—r, 0],

and particularly,

e_k*"|v0(s,x) —¢(x +ces)|— 0 as x > —oo, uniformly in s € [—r, 0].

So, let us select the initial data in the form of

|x|e_)‘*|x‘, asx <0, se[—r0],

e 7.2
vo(s, x) s asx 20, se[-r0] "

Clearly, such a vg(s, x) is continuous in [—r, 0] x R. The expected critical wave speed is ¢, =
cx(Ay) determined by (1.8), and the targeted wave is ¢ (x + c4t) such that

. Vo (s, X)
lim  sup

— = (7.3)
X =00 se[y0] P (X + CxS)

and

lim  sup g (s, x) — d(x + cis)| =0.
X =0 ge[—r,0]

This is similar to the case without time-delay for the classic Fisher—KPP equation [25,26,34].

Based on the structure of the traveling waves [7] and our theoretical stability results, we
realize that when e < 5 < €2, if the time-delay is small such that 0 < r < r, where r defined
in (1.13) is the critical number for occurring oscillations of the corresponding delayed ODE
(1.14), then, we obviously expect that the solution v(¢, x) of (7.1) large-time behaves like a
monotone critical traveling wave ¢ (x + c.t); and if the time-delay is large such that r > r, then
we expect that the solution v (¢, x) of (7.1) large-time behaves like an oscillatory critical traveling
wave ¢ (x + c4t); while, when % > ¢2, if the time-delay is small such that 0 < r < r, we still
expect that the solution v(¢, x) of (7.1) large-time behaves like a monotone critical traveling wave
@ (x + c«t); and if the time-delay is such that r <r <7, then we expect that the solution v(¢, x)
of (7.1) large-time behaves like an oscillatory critical traveling wave ¢ (x 4 ct), where 7 is given
in (2.15). Therefore, we take 4 cases to carry out our numerical simulations, see Table 1 for the
details.

The computational scheme with a constrained mesh reported in this section is based on the
following Crank—Nicholson scheme for the time derivative and a central scheme for the spatial
derivative:
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Table 1

Different cases for selection of p, r and the initial data vg(s, x).

Case P r Zone of g Zone of r A for vy Behavior of v(z, x)

1 6 0.2 5 € (e, e2) r<r 1.871--- monotone critical wave
with ¢4 =2.564 - - -

2 6 10 5 € (e, e2) r>r 0.864 - -- oscillatory critical wave
with ¢4 =0.287 - --

3 10 0.1 g > 2 r<r 2.561--- monotone critical wave
with ¢4 = 3.688 - -

4 10 2 g > e? r<r<r 1.266--- oscillatory critical wave

with ¢y =1.041---

oy D 1 1 1 d i+l
T [ =20 o 4+ 0y =207 ]+ S )

v

— %(v?_m 0 exp [—%(vf—’" + vf“—’")], (7.4)

where m = r/At. Although (7.1) is nonlinear and the Crank—Nicholson scheme is implicit, the
scheme (7.4) is explicit since the nonlinear term is delayed. The advantage of such a scheme is
unconditionally stable and the solutions can be easily computed. Thus, there is no restriction on
the step size in the scheme (7.4), and this numerical scheme (7.4) is second-order accurate in
both spatial and temporal directions. The original initial value problem (7.1) is for x in the whole
space (—o00, 00), but numerically we have to impose a finite computational domain (L,, L) for
x with some selected large numbers L, and L;. Although the step sizes Ax and Atz can be large
due to the unconditional stability of the scheme, we still choose them as small as possible so that
the numerical results can much precisely and clearly illustrate our theoretical results.
Next, we report the numerical simulations in four test cases.

Case l. e < 5 <elandr < r, the solution v(t, x) converges to a monotone critical travel-

ing wave ¢ (x + c4t). We take p =6 and r = 0.2. Clearly, when e < 5 < ¢?, then v, = % Inf >

Vg = % This implies that the birth rate function b(v) for v € [0, v4] is non-monotone but concave
downward only. The time-delay r = 0.2 is small, and satisfies r < r = 0.333027 - - -, where r is
given by (1.13), which is the critical number of the time-delay for the delayed ODE (1.14) pos-
sessing oscillatory solutions. By calculating (1.8), we get the critical wave speed ¢, =2.564 - - -
and the corresponding eigenvalue A, = 1.871---. Since r < r, these critical waves ¢ (x + c4t)
may not be oscillating. In fact, according to Gomez and Trofimchuk’s analysis [7], they are
monotone. Now we set the initial data as in (7.2) with L, = 1.871 - - -. According to our stability
Theorem 2.1, we expect that the original solution v(#, x) of (7.1) time-asymptotically converges
to a certain critical traveling wave ¢ (x 4 c,t) with ¢, =2.564 - - - . In fact, as numerically demon-
strated in Fig. 1, we can see that the solution behaves exactly like a monotone traveling wave.
In order to get the traveling speed for the solution v(t, x), let us exam it from the contour graph
(Fig. 2). The slope of the contour line is just the wave speed. Since the contour line passes through
the points (0, 0) and (—300, 116.9709 - - -), so the speed can be estimated as

[x2 — x1] | =300 — 0]
C = =
lth—t1]  [116.9709--- — 0|

=2.564---,
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Fig. 1. Case 1: e < g =6 < 2 with small time-delay r < r. (a) 3D-graphs of v(z, x). (b) 2D-graphs of v(¢, x) at
t =0, 20, 40, ---, 180, 200. The solution behaves like a stable monotone wavefront traveling from right to left.
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Fig.2.Case l:e < £ =6 < % with small time-delay r > r. The contour line showed in above indicates that the solution
v(t, x) travels with a speed of ¢ =2.564 - - -, which is just the critical wave speed ¢y =2.564---.

which is exactly equal to the predicated critical wave speed c,. Thus, we can verify that the solu-
tion v(t, x) behaves like the (monotone) critical traveling wave ¢ (x + c4t) with ¢, =2.564 - - -.

Case 2. e < 5 <etandr > r, the solution v(t, x) converges to an oscillatory critical trav-
eling wave ¢ (x + c4t). In this case, we take p = 6 and r = 10. From (1.13) and (1.8), we have
r = 0.33302758---, ¢, = 0.287--- and A, = 0.864---. Since r = 10 > r = 0.33302758 - - -,
these critical traveling waves ¢ (x + c,t) are oscillatory. Now we take the initial data in (7.2)
with A, = 0.864 - --. Fig. 3 shows that the solution v(#, x) behaves like an oscillatory traveling
wave, and the contour line given in Fig. 4 implies that the solution v(#, x) travels with a speed

Lol 1-90-0
Cltb—n|  [313.348.-.—0|

=0.287---,

which is exactly equal to the predicated critical wave speed c,. This numerically indicates that,
after a large time, the solution v(¢, x) behaves like an oscillating critical wave ¢ (x + c4t) with
cx = 0.287---. Namely, the solution v(#, x) converges to the oscillatory critical traveling wave
¢ (x 4 cit).

Case 3. g >e? and r < r, the solution v(t,x) converges to a monotone critical traveling
wave ¢(x + c4t). Now let us take p = 10 and » = 0.1. Similarly, (1.13) and (1.8) determine
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Fig. 3. Case 2: e < g =6 < €2 with big time-delay r = 10 > r. (a) 3D-graphs of v(z, x). (b) 2D-graphs of v(z, x) at
t =120, 240, 360, 480, 500, 620. The solution behaves like a stable oscillatory wavefront traveling from right to left.
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Fig. 4. Case 2: e < £ =6 < % with big time-delay r = 10 > r. The contour line showed in above indicates that the
solution v(z, x) travels with a speed of ¢ =0.287 - - -, which is just the critical wave speed ¢y = 0.287- - -.
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Fig. 5. Case 3: % =10 > ¢ with small time-delay r = 0.1 < r. (a) 3D-graphs of v(z, x). (b) 2D-graphs of v(t, x) at
t =20, 40, 60, ---, 200. The solution behaves like a stable oscillatory wavefront traveling from right to left.

r =3.034694 .-, ¢, = 3.688--- and A, = 2.561---. Since r < r, the critical traveling waves
¢ (x + c4t) are monotone. When we take the initial data vo(s, x) in (7.2) with A, =2.561---, as
numerically demonstrated in Fig. 5, the solution v(#, x) behaves like a monotone traveling wave,
and Fig. 6 further confirms that the solution v(z, x) travels with a speed
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Fig. 6. Case 3: 5 =10 > €2 with small time-delay » = 0.1 < r. The contour line showed in above indicates that the
solution v(z, x) travels with a speed of ¢ =3.688 - - -, which is just the critical wave speed ¢y =3.688---.

0 SENEEEEE ]
-1000 -1500 -1000 -500 0 500
(a) -1500 600 (b)

Fig. 7. Case 4: g =10 > 2 with time-delay r < r =2 < 7. (a) 3D-graphs of v(z, x). (b) 2D-graphs of v(z, x) at
t =690, 780, 870, 960, 1050, ---, 1410, 1500. The solution behaves like a stable oscillatory wavefront traveling
from right to left.

o —xi| | —400—0]
c= =
ltp—1] ~ [108.439--- —0

=3.688:--,

which is exactly equal to the predicated critical wave speed c,. This implies that the solution
v(t, x) behaves like the corresponding monotone critical traveling wave ¢ (x + ct) with ¢, =
3.688---.

Case 4. 5 > ¢ and r <r <r, the solution v(t,x) converges to an oscillatory critical
traveling wave ¢ (x + c4t). In the last case, we choose p = 10 and r = 2. A simple calcula-
tion from (1.13), (2.16) and (1.8) gives r = 0.2254 ..., ¥ = 3.034694---, ¢, = 1.041--- and
Aye = 1.266---. In this case, r = 2 satisfies r = 0.2254--. <r <7 =3.034694 - - ., the critical
waves are non-monotone. Now we take the initial data vg(s, x) in (7.2) with A, = 1.266---. The
numerical results showed in Fig. 7 demonstrates that the solution v(¢, x) behaves like a non-
monotone traveling wave with oscillations around v, and the contour line presented in Fig. 8
confirms that the solution v(t, x) travels with a speed

lx2 —x1] | —500 — 0]
C = —
ltp— 11| ~ 1480.089--- — 0]

=1.041---,
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Fig. 8. Case 4: § =10 > €2 with time-delay r < r =2 < . The contour line showed in above indicates that the solution
v(t, x) travels with a speed of ¢ = 1.041 - - -, which is just the critical wave speed c¢x = 1.041---.

which is exactly equal to the predicated critical wave speed c. So, v(¢, x) behaves like an oscil-
latory critical traveling wave ¢ (x + cxt) with ¢, =1.041-- .
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