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Abstract

This paper deals with the Cauchy problem for the compressible Euler equations with time-dependent

damping, where the time-vanishing damping in the form of —£— makes some fantastic variety of the

1 A

dynamic system. For 0 <A < 1and u >0, or A =1 but p > (2+tlll)e solutions are proved to exist globally
in time, when the derivatives of the initial data are small, but the initial data themselves can be arbitrarily
large. This is the so-called challenging case of global solutions with large initial data; while, when the
initial Riemann invariants are monotonic and their derivatives with absolute value are large at least at one
point, then the solutions are still bounded, but their derivatives will blow up at finite time, somewhat like
the singularity formed by shock waves. For A > 1 and ;& > 0, or A =1 but 0 < u < 1, the derivatives of
solutions will blow up even for all initial data, including the interesting case of blow-up solutions with
small initial data. Here the initial Riemann invariants are monotonic. In fact, such a blow-up phenomenon
is determined by the mechanism of the dynamic system itself. In order to prove the global existence of
solutions with large initial data, we introduce a new energy functional related to the Riemann invariants,
which crucially enables us to build up the maximum principle for the corresponding Riemann invariants,
and the uniform boundedness for the local solutions. Finally, numerical simulations in different cases are
carried out, which further confirm our theoretical results.
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1. Introduction and main results

We consider the following Cauchy problem for the 1D compressible Euler equations (the
so-called p-system) with time-degenerate damping

Uy — Uy =O,
ur + p(v)y = —a(x, Hu, X€ER, teR,, (1.1)
(v, u)|r=0 = (vo(x), uo(x)) = (v+,u+), asx— %oo.

Physically, (1.1) models a compressible flow through porous media, where, v = v(x, ) > 0 is
the specific volume of the flow at time ¢ and the location x, u = u(x,¢) is the fluid velocity,
and p(v) =v7Y/y with y > 1 is the pressure of the flow. This means the flow is the polytropic
gas. The term —a/(x, f)u in the second equation of (1.1) is the so-called damping effect on the
fluid, and a(x, ) > O satisfies @ € C;(R X R4), where Cll,(R X R4) is the set of bounded and
continuous functions whose first partial derivatives are also bounded. The well-known example
is ot (x, 1) = /(14 1)*, which represents the time-gradually-vanishing friction effect with A > 0.
(vo, ug) (x) are the initial data, and (v, u+) with v > 0 are the state constants.

Let us depict a background picture of the relevant research. In order to describe the progress in
different cases more explicitly, let us take, at this moment, «(x, t) = ﬁ for example, although
our study in this paper treats a more general form of the damping coefficient.

When p = 0, the system (1.1) is the standard Euler equations which has been extensively
studied, and the solutions in general blow up due to the formation of shocks [2,3,6,8,20,25,39].

When p > 0 and A = 0, the system (1.1) becomes the damped Euler system. For the case with
“boundary layer”, namely v4 # v_, Marcati and Milani [27], based on Darcy’s Law, first studied
the relaxation limit of the hyperbolic solutions to the parabolic solutions in the weak sense. Later
then, Hsiao and Liu [15] investigated the convergence in the smooth sense, and observed that the
damping effect makes the compressible Euler system behave like the corresponding nonlinear
porous-media diffusion equation

l_),=lZX, . 5t+(p/(ﬁ)ﬁx)x =O9
_ _ equivalently, { _
p(0)y = —pit, (Darcy’s law) v(0,x) = v+ as x — oo,

where (v, 1) = (v, ﬁ)(ﬁ), the so-called diffusion waves, are self-similar solutions. They

showed the convergence of the original solution for p-system to the diffusion waves in the form
of (v —v,u —it)(t)||g~ = O~ /2,t71/2), when the wave strength [vy — v_| 4+ |uy — u_|
and the initial perturbation around the diffusion waves both are small enough. Such a conver-
gence was then improved to O(¢+~3/%,t=>/%) by Nishihara [32] when the initial perturbations
are in L2-sense, and improved to (r~!,773/2) by Nishihara-Wang-Yang [33] for the L' inte-
grable initial perturbations, and further improved to O (t=3/?Int, =2 Int) by Mei [31] by finding
the best asymptotic profile, where Mei’s technique is to carry out twice anti-derivatives for the
equation of mass conservation and the second equation of momentum conservation, and finally
the convergence rates were improved to O (t /2, t=2) by Geng and Wang [10]. When vy = v_
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and u_ = uy = 0, the global existence in 3D case was also significantly obtained by Sideris-
Thomases-Wang in [38]. For the case with boundary effect, we refer to [28,29].

Note that, the global existence of the solutions mentioned in the above works requires the
initial data to be small. However, even for the damped Euler-Poisson system, when the derivatives
of initial data are big, Wang and Chen remarkably showed in the pioneering work [43] that
the solutions are still bounded but their derivatives must blow up at finite time. Recently, Liu
and Fang [26] and Li and Wang [21] extended such a blow-up result to the 3D case. For other
interesting contributions, we refer to [9,16—18,30,47] and the references therein.

When ¢ > 0 and A > 0, the effect of damping «(x, ) = ﬁ is time-asymptotically vanish-
ing, which makes the fantastic variety of the p-system (1.1). For the linear wave equations with
time-asymptotically vanishing damping,

7
vy +——v, — Av =0,
1t (]+l))” t

Wirth [44—46] first derived the optimal decay rates of the solutions related to the sizes of A and .
For the p-system case, when the state constants satisfy vy = v_, Pan [35,36] gave the thresholds
of w and X separating the existence and nonexistence of global solution in small data regime.
Thatis,if 0 <A <1land u >0or A =1 and u > 2, then solutions of (1.1) globally exist for
small initial perturbation around the constant state (v4+,0); if A > 1 and u > 0 or A =1 but
0 < p <2, then the solutions of (1.1) will blow up at finite time for some large initial data. Here,
A =1 and u = 2 is the critical case. Recently, by using Riemann invariants method, Sugiyama
[41] further obtained the sharp upper and lower estimates of lifespan for solutions with the small
initial data when A > 1 and © > 0Oor A =1 and 0 < u < 2. And then in [42], Sugiyama improved
the global existence of the solutions for the case of 0 <A <l and u >0or A =1 and pu > 2
by removing the restriction on the initial data at far fields: limy_, 100 [Vo(x) — V4| + |ug(x)| =
0, but the initial perturbation still needs to be small, i.e. [vo(x) — v4| + |up(x)| < 1. For 3D
damped Euler equations, Hou-Yin [14] and Hou-Witt-Yin [13] proved the global existence of the
solutions for 0 < A < 1 and the blow-up of solutions for A > 1 with life-span, but they did not
specify whether the blow-up phenomena are for the solutions themselves or their gradients.

When 0 < A < 1 and p > 0 but v4 # v_, the asymptotic profiles are expected to be diffusion
waves that satisfy the time-dependent porous media equation:

_ woo o
Uy = Uy, ———— 0 4+ (P’ (V)vy)x =0,

_ x_ i _  equivalently, { (1+0* " PRV,
p(v)x——(l_’_t)ku, v(0, x) > vy as x — £o0,

with (v, n) = (v, ﬁ)(\/ﬁ). Two groups of Li-Li-Mei-Zhang [23] and Cui-Yin-Zhang-Zhu

[7] both initially paid attention to this topic, and almost at the same time but independently
obtained the convergence of the original solutions for (1.1) to the diffusion waves when the initial
perturbation around the diffusion waves (v, i) and the wave strength |[vy —v_|+ |u4 —u_| both
are sufficiently small. The convergence rates presented in [7] are

030+ =8y 0<r<l,

l(v—0,u —u)(t)|lLor) = O(t_g”,t_%*‘s), A:%, forany 0 <& < 1,
5y .30=D 1
o ', t 2 ), 7 <A< 1,
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which are better than that showed in [23]. These rates were then improved by Li-Li-Mei-Zhang
[24] for Euler-Poisson equations and by Li [22] for the p-system to the following optimal rates:

O 30HM =52y 0 < <L,
I = 5.u = DO lzery =] O¢ T Int, =7 Ine), A=1,
a—1 30D 1
o, t" 7 ), 7 <A<l

Clearly, for the case 0 < A < 1, the system (1.1) eventually behaves like a degenerate parabolic
system with diffusion phenomena.

When A =1 and p > 2 (the critical case) with v_ # vy, then the story is different from
before. In fact, from the rates showed in the above that, the diffusion waves for the porous media
equation are no longer the asymptotic profile for the original system (1.1), because ||[(v — v, u —
1)(#)llLo(ry & (O(1), O(1)). Recently, Geng-Lin-Mei [11] observed that, in this critical case,
the effect of v;; cannot be neglected, and technically confirmed that the asymptotic profile is the
solution of the linear wave equation with time-vanishing damping

n
+t

Uy + 1 U + (P/(ﬁ)ﬁx)x =0,
with an artful construction for the featured function v(x, ¢). By constructing the best asymptotic
profile, they show a much better convergence.

We note that, in the previous studies, when 0 < A < 1 and & > 0, or A =1 and p > 2, the
global existence of the solutions is verified only for small initial perturbation, but it is not clear
if the global solutions exist in the case of large initial perturbation; while, when A > 1 and p > 0
or A=1and 0 < u < 2, the solutions will blow up once the initial derivatives are sufficiently
large, but it is also not clear if the solutions still blow up when the initial perturbations are small.
These open questions will be our main concerns in this paper. In fact, roughly speaking, we will
prove that:

1. When0O <A <1land > 0,0r A =1 and p > 2, even if the initial perturbation and the wave
strength are large, once the derivatives of the initial data are not large, then the solutions
of (1.1) still globally exist. This problem is the so-called global-in-time solution with large
initial data.

2. In the same cases for A and p as mentioned before, the derivatives of solutions of (1.1) will
blow up when the derivatives of the initial values are sufficiently large at some points.

3. When A > 1and u > 0,0r A =1 and 0 < u < 1, we shall prove that, the solutions of (1.1)
will blow up for all initial data with monotonic initial Riemann invariants, in particular, the
small initial data with monotonic initial Riemann invariants. This also essentially improves
the existing results of blow-up for fluid dynamic systems, where the sufficient conditions are
usually with some large initial data.

Regarding blow-up phenomena, in general, there are three types of blow-up for the system
(1.1). The first one is for the solutions themselves at a finite time: lim,_, ;« [v(x, t)| + |u(x, )| =
00; the second one is for the derivatives of the solutions: lim;_, |[vy(x, )| + |uyx(x, )| =

oo; and the third one is for the pressure function p(v) = %: lim; s+ p(v) = 0o, namely,
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lim;_, + v(x, t) = 0. However, we will prove that, for the system (1.1), both the solutions them-
selves (v, 1) and the pressure function p(v) will be bounded and never blow up, but the deriva-
tives of the solutions (v, u,) will blow up at finite time for some cases of A and u, as well as
the size of derivatives of initial data.

In order to verify these new phenomena, we combine the energy method with the Riemann
invariants method, as developed in [37,43,1,14,35,48,34,40,3]. But the technical point in this
paper is to construct a new functional for Riemann invariants to obtain upper and lower bound for
the solutions of (1.1), and to build up the maximum principle for the damped Euler system (1.1)
in any bounded domain. This is a crucial key to guarantee the global existence of the solutions
for (1.1) with large initial data, in the case of 0 <X < 1 and u > 0, or A = 1 and u > 2. This new
functional method is powerful to get a priori estimates for elliptic and parabolic equations (see
[4,5]). We also use the similar method as in [41] to obtain the upper bound for the derivatives of
solutions by estimating derivatives of Riemann invariants. Remarkably, the hyperbolic system of
PDEs usually does not hold the maximum principle. But, under certain setting frame, the new
system may possess the maximum principle for the solutions in the new frame. See the significant
studies by J. Hong [12] and Huang-Pan-Wang [19].

We first consider the following Cauchy problem:

vy —uy =0,

uy =—pv)y — xXeR,teRy, (1.2)

_*
aA+0*
(W, w)]i=0 = (o (x), ug(x)) = (v+,u+), asx— Foo.

Let ¢ = /|p/(v)| = v~ ¥*D/2 the so-called sound speed in fluid terminology, and note

f L, c(8)ds = v lv_VT we introduce the Riemann invariants to (1.2):

2 2
E(x,1):= ﬁvf(yfl)/z —u, nx,1):= mvf(yfl)/z +u. (1.3)

Then (1.2) is reduced to

(@ — B =~ +m(5 n).
(9; + 0y )n Y n—28), (1.4)
Eli—0 = 2 [wo() ]~V D2 — g (x) =: &(x),
Nli=0 = %[vo(x)]*y*”/z + uo(x) =: no(x).
We denote, foro > 0,0 <A <land u>0,orA=1and u > 2,
t
. ou
Aq (1) i =exp f (l—i-T))‘dt , (1.5)
0

co :=sup A () (1 4+ 1), (1.6)
t
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[ AL ()

D -1 A on A
dy ._s?pA(, A +1) _/2(14—1')* 1o 141 dr, (1.7)
c:= supA La +t))‘/ Ap@) (1.8)
2 A+07" '
%::(%—a)—%%ga<1p, (1.9)
maxb(f(x),g(x)) = max( max fx), max g(x)), (1.10)
minb(f(x),g(x)) : = min( mmbf(x), mmhg(x)), (1.11)

where ¢ depends on A and . We choose o € [0.1, 0.4] such that d,; is as small as possible and
8o 1s as large as possible. Numerical computations show that, for 2 < u <4, we can set

0.1, if 0<x<0.5,
o={(—03)/2, if 0.5<1<009,
0.3, if 09<x<l.

For example, if u =2,A =0.5, then 0 =0.1,¢, = 1.37,d; = 0.97; if u = 3,1 = 0.9, then
0=0.3,c, =1,d, =1.17. Our main results are as follows.

Theorem 1.1 (Maximum principle). Let (v, u)(x,t) € C'(R x [0, T]) be the solutions to the
system (1.1) for T > O with a general form of a(x,t) > 0. Then, for any a < b,

arélf;(b{(lél, nDx, 1)} < maX{arélfgb(léol, Inol)(X),OréltaSXT(lél, n)(b, 1), OréltaSXT(IEI, InD(a, )}
(1.12)

Theorem 1.2 (Uniform boundedness). Let (v, u)(x,t) € C'(R x [0, T1) be the solutions to the
system (1.2) for T > 0 and the initial Riemann invariants satisfy

&(x),no(x) >e0>0, x€R, (1.13)

for some constant &g, then (v, u)(x, t) are uniformly bounded in R x [0, T]:

2 2
[ 2 }” <v(x,1) < [ _ 2 }Vl L (114
(y — D) sup, g (80, m0)(x) (y — Dinfyer (80, no) (x)
lu(x, )] < Sug{fo(x), no(x)}. (1.15)
Xe

Theorem 1.3 (Monotonicity). Let (v,u)(x,t) € CY(R x [0, TY]) be the solutions to the system
(1.2) for T > 0 and the initial Riemann invariants £y(x) and no(x) both be decreasing (or in-
creasing) for all x € R. Then the solution v(x,t) of (1.2) is increasing (or decreasing).
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Theorem 1.4 (Global existence with monotonic initial Riemann invariants). Let the initial data of
Riemann invariants (¢, n)(x, 0) both be decreasing (or increasing) forall x € R. When 0 < A < 1
with u > 0 and

[cg sup(180x 0 02 (1) + (2 + s — v—|/4} /minw_,vy) <8, (116)
orA=1withu>2,0=1/uand
[SHE(ISOx(X)I, [n0x (O]) + plvg — U—|/4] /min(v—, v4) < és, (1.17)
X€E

then (1.2) has a unique pair of solutions globally in time satisfying the uniform boundedness
(1.14) and (1.15), and v(x,t) is increasing (or decreasing) in x. In particular, the following
decay estimate holds:

sup(vy (x, 1), lux (x, )]) < Cés (1 + t)_)‘ min(v_, v4). (1.18)

XER
Theorem 1.5 (Global existence for non-monotonic initial Riemann invariants in the case of

O<A<l,u>00rA=1butu>?2).Assume that v— > vy, u_ =u4 =0 and

2 (y— . 2 (y—
—— =D <inf (&, 7o) (x) < sup(&o, o) (x) < ——v TV, (1.19)
y — 1 X€ER XeR Y — 1

If either 0 < A < 1, u > 0, and

—1
Cl/zilelg[(léo)c(X)l, [M0x (X)Dvg ()] + (di2 + 1/2)(v— —v4)/v4 < %o+ (1.20)
orA=1,u>2 and
-2
sup[(|&ox (X)1, Inox(X)I)v(;l(X)] +u(v- —vy) /vy < =2 (1.21)

xeR 2y + 1)’

then (1.2) has a unique pair of global solutions (v, u)(x, t), whose derivatives satisfy the decay
estimate (1.18).

Theorem 1.6 (Global existence for general initial data in the case of 0 <A <1, u>0,0rA =1

but > 2). Let v :=infyeg vo(x) > 1, U :=sup, g vo(x). Assume that there exists a number
& > 0 such that the initial data satisfy:

(¥ — D]uo(x)|vo(x)¥ D72 < ¢, (1.22)

and, forO <A <1, u>0,

28 _ b % 2¢e
, —+d b — — | =+d s
Cl/2§zg{|$0x| [M0x1} + (2 + 1/2) 1v—v) < [zg(y +1) (2 + 1/2> = 1}2



5042 S. Chen et al. / J. Differential Equations 268 (2020) 5035-5077

orforh=1,u>?2,

[(M — )by 2pue ]
- v,

9 b __
sup{l&ox |, [nox 1} + ub1 (v —v) < 20y + 1) y—1

X€ER

where by :=[2/2 — &)Y~ and by :=[2/2 + &)1¥¥~V. Then (1.2) has a unique pair of
solutions globally in time, whose derivatives satisfy the decay estimate (1.18).

Theorem 1.7 (Blow up in the case of A > 0 and u > 0). For all cases ). > 0, ;u > 0, let the initial
data of Riemann invariants (§, n)(x, 0) both be monotonic for all x € R. If either n, (xg,0) < —1
or & (xg,0) > 1, for some point xo, then, there exists a finite time t, > 0 such that, (v, u)(x,t)
are still bounded in R x [0, t,.), but

lim || (vy, wx) (2) | Lo (r) = +00. (1.23)

1ty

Theorem 1.8 (Blow up in the case of A > 1, u > 0, or A =1 but 0 < u < 1). For the cases either
A>1withu>0,0ork=10but0< u <1, let the initial Riemann invariants both be monotonic.
Then, for all initial data, there exists a finite number t* > 0 such that the solutions (v, u)(x,t) of
(1.2) are still bounded in R x [0, t*), but

}1T1tn Il (ux, 1) ()| Lo () = +00.

Corollary 1.9. When p > 0 and X = 0, then (1.2) is reduced to the well-known p-system with
damping

vy —uy =0,
ur + p(v)x = —pu, x€ER, teR,, (1.24)
(v, u)|r=0 = (vo(x), uo(x)) > (v, uy), asx— Foo.

Suppose that the initial Riemann invariants are monotonic.

1. If supyc g (1€0x (01, [mox (D) + v — v_/4 < pmin(u_, v4)/(y + 1), then system (1.24)
admits a unique pair of global solutions (v, u) € C'(R x R,.).

2. Ifeither ny (xg, 0) < —1 when vox (x) > 0 or & (x0, 0) > 1 when vo, < 0, for some point x,
then the solution of (1.24) will blow up at a finite time t,.:

lirrl (s, ux) (@) [l Lo Ry = +00.
1ty

For a more general «(x,¢) we can obtain similar results as Theorems 1.5—1.7. Please see
Section 5 for details.
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Remark 1.10.

1. The maximum principle (Theorem 1.1) and the uniform boundedness (Theorem 1.2) for the
local solutions play the key roles to get the global existence with some large initial data. To
establish the maximum principle, it is crucial to set up the new energy functional related to
the Riemann invariants. See (2.1) later.

2. ForO0<A<1land u >0, or A =1 and u > 2, when the derivatives of the initial data
are small, but the initial data themselves can be arbitrarily large, as showed in Theo-
rem |.4-Theorem 1.6, then the global solutions exist. Here we prove the challenging case
for the global existence with large initial data. While, when the absolute value of the deriva-
tives for the initial data are large at some points, then the derivatives of the solutions as
showed in Theorem 1.7 will blow up in finite time.

3. In fact, as showed in Theorem 1.7, for all cases of A > 0 and u > 0, once the initial Riemann
invariants are monotonic, and the initial derivatives are big at some points, the solution’s
gradients will blow up. This is somewhat like the formation of shocks when the initial data
are steeper (Riemann-data-like).

4. For hr=1withO < pu <1, or A > 1 and u > 0, the derivatives of the solutions for (1.2)
always blow up for all initial data. In this case, the damping effect a(x, t) = 1L+z is so weak
that the system (1.2) is more like the standard Euler equations without damping, and the
blow-up phenomena cannot be excluded. Such a blow-up phenomenon is determined by the
mechanism of the system itself. For the case of A =1 with 1 < u <2, we would expect
the derivatives of solutions also blow up for all initial data, but we could not prove it yet
in this paper due to a technic reason. Note that, the life-span of solutions was also obtained
in [14,13] for A > 1 and p > 0 even for the small initial data, but they did not specify
whether the blow-up phenomenon happens for the solutions themselves or their derivatives.
Here, we confirm that the solutions are still bounded, but their derivatives blow up in finite
time.

5. When A =0 and ¢ > 0, remarkably, in Corollary 1.9 for the regular p-system with damping,
we obtain the global existence of the solutions with large initial data, once their derivatives
are small, and the blow-up of the derivatives of the solutions once the derivatives of the initial
data are sufficiently large. This blow-up phenomenon matches the previous study in [43].

The rest of the paper is organized as follows. Section 2 is devoted to establishing the a priori
estimates for local solutions of (1.1) and (1.2). We use the new functional method to show that
v, 1 /v, u are bounded as long as «(x, t) > 0 and then prove v is monotone if the initial Riemann
invariants are monotone. In Section 3, we prove the existence of global solutions for (1.2) under
the assumptions that 0 <A < 1 or A =1 but u > 2. We settle the problem of so-called global
existence of large solutions. In Section 4, we show the occurrence of derivative blow-up in finite
time. For all case A > 0, once 7, (xg, 0) << —1 or & (xp, 0) >> 1 at a point xg, the solutions (v, «)
of (1.2) are bounded, but the derivatives (vy, u,)(x, ) will blow up in finite time. In particular,
if A>1ori=1but u < 1, the derivatives (vy, uy)(x,t) for (1.2) blow up, no matter how small
the initial data are. In Section 5, we discuss global and blow-up solutions for general «(x,¢) in
system (1.1). In Section 6, we present numerical simulations in many cases which confirm our
theoretical results.
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2. A priori estimates: maximum principle, uniform boundedness and monotonicity

This section is devoted to establishing the a priori estimates for the local solutions. Let
(v, u)(x,1) € C'(R x [0, T]) be the solutions to the system (1.1) and (1.2) for a given T > 0. We
first prove the maximum principle (Theorem 1.1) by constructing a new energy functional.

Proof of Theorem 1.1. Let (&, n)(x, t) be the pair of Riemann invariants. We define a new en-
ergy functional:

b
/[g”(x, 0+ 0" (x, DY TV Ay, 2.1

where 7 is an even integer. Let 8 = (y + 1) /4, we first have

b b b
d
E/é”vﬁdx:n/?;”’lvﬁ(—v*(’”rl)/zv, —u,)dx+,3/$”v’3*1v,dx
a a

a

b b
= n/g”_lvﬂ[—v_(VH)/zux —v 7y Falx, Huldx + ﬂ/énvﬂ_luxdx
J a
b
_ n/%_nflvﬁ*()“rl)/z(_ux — v D2y yadx
a

b b
+n/€”‘lvﬁa(x,t)udx+ﬂ/§"vﬂ—1uxdx
a a

=L+ L+ 5. 2.2)
Note that

£, =—v D2y oy

Integrating by parts for 17, we get

b
Li=n / g lPm D2 iy
a

b
= / (€M) v~ T ax
a
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b

b+p f g"v Py dx. (2.3)

a

= Snv_ﬂ

Substituting (2.3) into (2.2) yields

4 b b
E/S”vﬁdx =g PP 4 /S/E"(v_ﬁ_lvx + 0P )dx + 1
a a

b
=g P h - ﬁ/é"vﬁ_l(—v_zﬂvx —uy)dx + I
a

= énv_ﬁ

IS

b
—ﬁ/é"vﬂ—léxdxwz

:n—ﬁb_in+lﬁ—l
g, n+1$ v

b

—1

b+ %/S"Hvﬂ_zvxdx + D.
a

(2.4)
Similarly, we find

b b b
t/n”vﬂdx=n/n"_lvﬂ(—v_(7+1)/2v,+u,)dx+,3/n"v’3_1v,dx
a a

a

Q..|Q‘

b
- / =B HD2 (=2 gy

a

b b
—n/n”*]vﬂa(x,t)udx+ﬂ/n”vﬁ*‘uxdx
a

a

=1+ h+ /s
Then

b

b —ﬂ/n"v_ﬁ_lvxdx,

a

b
Ji= —n/n"_lv_ﬂnxdx =—n"v#
a

and
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b b
d
o / n"vPdx = —n'v P Z —i—ﬂ/n"vﬂ_l(ux — v Pv)dx +
a a
B BB —1) h
=—n"v b+ n+1 VAR n+ 1 TP 2udx + .
a
2.5)
Summing up (2.4) and (2.5), we obtain
b
d /(€n+ n) ﬂd (%-n n) —B '8 (En-i-l I’H—l) p—1 b
— vWdx = - — —— — v
dt 7 7 n+1 7 a
a
| b
_ % f(nn+1 _ $n+1)vﬁfzvxdx (2.6)
a

b
—”/(Tln_1 — " YoPa(x, Hudx.

Note that
b b 1 d
—n/(n"_1 —En_l)vﬂa(x,t)udx = —n// d—[rr]—i— (1 —r)?;]"_ldrvﬁozudx
r
a a 0

b 1
=-nn-—1) / /[rn + - r)é]"fz(n - §)drv’3audx
a o

b 1
=-2n(n — 1)//[rn + (1 = rET2drvPau’dx
a 0
<0. 2.7

Since (v,u) € CY([a,b] x [0, T]), then [E(x, )], In(x, )], |ve],0 < v < C for some constant
C =C(a,b,T). Let us choose even numbers n sufficiently large such that

Bl —B) _
— || max |n(x,t)]+ max |&(x,t)| ) max |vyv
a<x<b a<x<b a<x<b

|
n+1

<1

fort < T. Then
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b
B-1 _
PEZD [ gty 2y gy
n+1
a

_1BB -
- n+1

b
(max ] + max £]) max [v,v ™) / (" + "o dx
y
b
< / (" + EMPdx, 2.8)
/
and (2.6) can be estimated as

b b b
%/(Sn + nn)vﬂdx S [(Sn _ nn)v—ﬁ _ IB (gl‘l-i-l _ nn+l)vﬂ—l} + /(Sn + nn)vﬂdx

n—+1
(2.9)
Multiplying both sides of (2.9) by e, we have
d ; b
— | f € +nybdx | <ot [ @ =t = L@ _prenypet|
dt n+1 4
a
or
b b
/(s" +nfdx < e /[s"(x, 0) + 1" (x, )] dx
a a
! b
+/et—r (%.n _ nn)v—ﬂ _ B (En-i-] _ n11+1)vﬁ—1:| dr.
n+1 a
0
(2.10)
Now, we use the fact
b "
lim / [F)|"dx | = max |F(x)|,
n— 00 x€la,b]
a

where F(x) is a continuous function on [a, b]. Taking nth roots and letting n — oo in (2.10), we
obtain (1.12). O

‘We next establish the uniform boundedness of (v, u).
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Lemma 2.1. Let (v, u) € C1(R x [0, T) be the solutions to (1.2). Then

lim v(x,n)=ve and lim u(x,1)=usA7 (@), (2.11)
x—+o0 x—+o00
and
2 -1
lul, ——v= < max { sup | (x)|, sup [no(x)| |, (2.12)
)/—1 xeR x€eR

where A1(t) is defined by (1.5) with o = 1.

Proof. We first prove liril v(x,t) = v4. Let x4 (¢) be the plus and minus characteristic curves
X—> 100

which are solutions to the following differential equations:

dxs(t) _

= +u~ VD2 (1), 1). (2.13)

Taking derivatives of &(x, ) A1(¢) along the minus characteristic curve, we have
d [E(x_(1),)A1(1)]
ar DA

_d (2 ~o-op _ )
= [(y_lv (x_(0), 1) —u(x_(1),1) | A1(2)

— (—v_(y+l)/2(v, oo D2y 4 uxv—<y+1>/2) AL()
(2o, PO
y—1 (140>

= |:—v_(y+l)/2ux +o 7y, — vy, 4

n 2 =012 _ HAL(2)
y—1 (1+1)*

g _
R U

2 —g-npRrAI@)

y—1 A +0*
Similarly,
% [N ().DAI(D)] = %U*W*Dﬂ(u(m t)Al(f)ﬁ.
Define
hi(t) = %U—W—n/z(xi(t), t) and hy= %v;(y—l)/z. (2.14)

Then
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t
- - iz
E(x, 1) = AT H(DEX_(0),0) + AT () f h_(r)Al(r)mdr, (2.15)

n(x. 1) = A7 (x4 (0),0) + AT (t)/h+(T)A1(T) (2.16)

a+ )’\

Note that, at each point (x,7), we have two characteristic curves intersecting at (x, t), that is
h_(t) = hy(t) for fixed ¢. Adding (2.15) to (2.16) and solving for i (t), we get

1
hy(t) = —Al‘l(z)[g(x_(O),O) +1(x+(0),0)]

+ = A1 (t)/Al(r) [h-(2) + hy(D)]dr. 2.17)

)A
It is easy to see that

hi = AT Ohy + AT OTA1() — A1(0)]hy.

t
- d -
= Arl(t)h++A;1(t)./ EAI(T)dTth

t
— - _ I,L -
= AT (Ohy + AT @) / Al(r)mh+dr. (2.18)

Subtracting (2.18) from (2.17) yields

| _ i,
hy(t) —hy = —Al_l(t)[h—(o) —hy + 1 (0) = hy 4 uo(x4(0)) —uo(x—(0))]

+ = A (t)/Al(t) [(h—(2) = hy) + (hi(T) — hy)]dr. (2.19)

)A
For any ¢ > 0 and fixed ¢, choose M = M (¢t) sufficiently large such that

|h—(0) — h4 4+ h 4 (0) — hy + uo(x1(0)) — up(x—(0))| < 2, (2.20)

as long as x_(¢) > x4 (t) > M. Denote

s(7) = max (h_(t) —hy]l= max (hy(T) —hil, (2.21)

x(T)€lx4(7),x-(7)] x(T)elx4(7),x-(7)]

for 0 < 7 <t, where x4 () are two characteristic curves intersecting at (x, t) and x(t) is any
characteristic curve between x4 (t) and x_ (7). From (2.19), we have
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s(t) <eA] (t)—i—A1 (t)/Al(r) s(r)ydr =: f1(1).

)
Since

‘
fil)y =—A7 (t)( Y O/Al(f)mS(T)df + Ay (I)Al(t)(H_ )AS(I)SO
we find

st) = f1(0) = f1(0) =e, (2.22)

which implies that

2 2 __
_v—()/—l)/z(xi(t)’ t) — _v+()/ 1)/2 <e,
y—1 y—1

or lim wv(x,t)=v4.

x—>400

To prove that u(x, #) has limits as x — 400, we subtract (2.15) from (2.16) to get

2u(x, 1)A1(1) = n(x+(0),0) = §(x_(0),0)

t

"
+ / Al(r)m [h4(x) —h_(1)]dT

0

or

1
u(x,r) = EAl_l(l)[n(m(O),O)—S(x_(o),O)]

AT (r)/ (O s [ ) = ()] e

which implies that lim u(x,t) = u+A1_1(t) for fixed ¢. Similarly, we can prove lim v(x,1)
X—+00 X—>—00
=v_and lim u(x,t)=u_A;' ().
X—>—00

Note that it is easy to see from (2.21) and (2.22) that the above limits are uniform in ¢ in the
following sense: if, for any ¢ > 0 and any fixed ¢ > 0, there is an M > 0, such that |v(x,?) —
v4+| < & whenever x > M, then |v(x,7) —vy| <eforx > M and T <t.

Finally, for any ¢ > 0, there are @ < 0 and b > 0, such that

E(e,t) —hy +us AN <e and  |n(x,0) —hy —up A7) <,

whenever x > b,0<t <T, and
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‘S(x,t)—ﬁ_+u_A1_1(t)‘ <¢ and ‘n(x,t)—ﬁ_—u_Al_l(t) <e,

whenever x <a,0 <t <T.From Theorem 1.1, we obtain

max [ max |E(x, )|, max |n(x,1)]
a<x<b a<x<b

=< max (SUPIE(LO)I,SUPIn(x,O)I, max |§(b, 1), max [n(b,1)l,
<T 0<t<T

XER xeR 0=t

max |£(a, )|, max Iﬁ(a,l)|>
T 0<t<T

0<t< <t

< max (sup ECx, ), sup [n(x, 0)], [h— —u_ A7 ()] + e, |h- +u_AT ()] +e,
XER

X€R

lhy —us AT O+, 1y +up AT )|+ e>

< max <sup|§(x,0)|+e, sup|r)(x,0)|+s). (2.23)

X€ER X€ER

Since ¢ is arbitrarily small, (2.23) is true for ¢ = 0. Then

mv_(”_”/2=é+nil$l+lnl and  2lu| =y —&| < |&] + Inl,

which implies that (2.12) is true. O
Lemma 2.2. Let (v, u) € CLH(R x [0, T1) be the solutions to (1.2), and

&o(x),no(x) >0 >0 forall xeR. (2.24)

Then

2 :|2/()/—1)

0<v< [ _ . , (225)
(7 — 1) min[infycx o), infack 70 (0]

for all t such that u, and vy are continuous on [0, T].

Proof. By (2.11), for any ¢ € (0, g9/4), there are two numbers a and b such that

é(-xa t)9 n(xvt) Z & — ¢,

forx <aorx >band 0 <r <T. By (2.24) and the continuity of £(x, t), n(x, t), there is a
t1 > 0, such that

E(x,t),n(x,t) >¢e9/2 forall (x,1)€[a,b]x][0,1].
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We first claim that &£(x, 1), n(x,t) > €9/2 on [a, b] for all t < T. Suppose this is not true. Then
there is a point (xo, t2) with xg € [a, b] and t» > #1, such that either & (xg, t2) < &9/2 or n(xg, 12) <
&o/2. It is easy to see that (2.4) and (2.5) are still true if n is replaced by —n, that is

b b b
d vﬂd (v g VPP BB-1) [ P2 Wu  ou
— | —dx= + — - —Uxdx —n ﬁikdx
dr ] & g p—1&n . n—1 gn et (141)
a a a
and
b b b
d [P v B B BN BB 1) [ vF2 Wu
e _nd =\~ n o, n—1 + _ n—1 dex + n+1 A
dt ] n n n—1n a n—1 n 141
a a a

for t <t. Thus

b
d 1 1 1 1\ _ B 1 1 _
a S A Y B (ALY, _ p—1
dt <E"+n")vdx_ [(E" n”)v +n—1<5”“ n"‘1>v }

b
e (g ) e

b

a

a

b
1 1 "
_ _ B
n/(gn_H nn_H)v u(l_{_t))\dx.

a

Again

1 1 nw
— _ B
n/(gnJrl 77n+l)v u(1+t))\dx

a

b 1
d 1 "
=— — drv? d
”//dr e+ — gt
a

b 1
1 2
= 2n(n+1)//[r%_+(1_r)n]n+2drv u (1+t))‘dx
a 0

<0.

Then, similar to (2.8)—(2.10), we have

1 1 1 1
max max —, max — ] < max| max , max ,
(afxfb%' a<x<b 1’]) I:afxfbf(x,O) a<x<b n(x,0)
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1 1 1 1
max , max , max , max
O<t<t E(b, 1) O<i<n, n(b,t) O<i<n, &(a,t) O<t<n n(a, t)]
1
S b
gy — €

(2.26)

which implies that & (x, ), n(x, ) > ey — & > go9/2 for all x € [a, b] and t < t5. This is a contra-
diction. Since ¢ is arbitrarily small, (2.26) is true for ¢ = 0. Finally, similar to (2.23), we have

1 1 1 1
PN < max | max , max s
E(x, 1) n(x,1) [asxsb §(x,0) asx<p n(x,O)}

or

E(x,t), n(x,t) > min (ing‘f;‘(x,O), in£n(x,0)> ,

which implies that

— v D2 =g 4 5> 2min (inf £0(x), inf no(x)) )
y—1 XER X€ER

Hence (2.25) is true. O

Proof of Theorem 1.2. Based on Lemma 2.1 and Lemma 2.2, we immediately obtain the uni-
form boundedness (1.14) and (1.15) for the solutions. The proof is complete. O

Now, we set up some useful identities along two characteristic curves, similar to those in [41].
From (1.3), let

w=—&=v YtV 2y 4y and z=-n,=v YTV 2y, —u,. 2.27)
For any B and o > 0, denote
g1(t) = Ao (DW_ (1), DVP (x_ (1), 1), g2(t) = Ao (D)z(x4(1), VP (x4(1), 1), (2.28)
where A, (¢) is defined by (1.5).

Lemma 2.3. If u, and v, are continuous on [0, T for some T > 0, then

d
810 = Ay (O[ov™ YTV 2y 4 (0 — Duy 0P

ko
1+

— Ay (Dwof! [(,3 + ’%Ll) p= D2y ,Bux:| , (2.29)

and
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d _
T = (lfon(r)[ov G2 4 (1= oo
1
+ Ay (HzvP! [(% + ,8) v D2y 4 ,BMX:| : (2.30)

fort <T.

Proof. Taking derivatives of g|(¢) along the minus characteristic curve, we have

d _ _
=" A, Owvf + A, (z)[ D2 (=02 vy

(1+ (1+0*

_ VTHW(VH)/%X (—v*W“)/%x + v,) D2 uﬂ}vﬁ

+ ﬂA(,(z)wvﬁ—l(—v—(V“va +vy)

As (t)wv + Ay (t)|:—v y—1 x+v_(y+l)/2uxx

T th)A
— VT—HU—<V+3)/2UX (—v_(JH-l)/ZUX + ux> —u v D2 oyl
B (1 —,:-Lt))‘ ux:|vﬁ + B A (Ow ! (—om Dy )
= Ty Ao Olv T a0 = Duale?

Y +1

A, (VP I D2y p + BA (O wrP T (—u0T T2 )

__ M —(y+D/2 _ B
= (1+t)AAU(t)[0v vy + (0 — Duylv
— Ay (Dwof! [(”H +,3> p= D2y —ﬂux]. 2.31)

Expression (2.30) can be proved in the similar way. This completes the proof. O

Proof of Theorem 1.3. We prove it by contradiction. Suppose that &g, (x), nox(x) < O for all
X € R, namely the initial Riemann invariants &y(x) and no(x) are decreasing for x € R, and
suppose that there is a point (x3, #3) such that v, (x3,#3) < 0. We can find two characteristic
curves X+ (¢) which intersect at (x3, t3). Let E be the set enclosed by the two characteristic curves
and the line r = 0. We can find a point (x4, #4) € E such that vy (x4, #4) = 0 and vy (x, t) > O for
t <t4in E. Let x4 (t) denote the two characteristic curves which intersect at (x4, 74). Then v, > 0
along the two curves for ¢ < 4. Using (2.29) with 0 = 1 and 8 =0, we get

1
A D2y — r+- ;_ A (O~ YTI 2y w

’ _ n
§10= G

1
> — %Al(t)v_(””/zvxw
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>—Cgi(1) (2.32)

for some constant C > 0, which implies that g;(z) > g (O)e’c’ for 0 <t <t4. Similarly, using
(2.30) with 0 = 1 and B8 =0, we have

_ +1 ~
g/z(t) = ﬁAl(ﬂU (V—H)/ZUX + )/TAI(I)U (y+3)/2UxZ

1
> VT =2y 00 ()

>0, (2.33)
which implies that g»(#) > g2(0) for O < ¢ <14. Then,
AT g1 + AT (Dg2(0) =207V 2 > (AT 1) g1(0)e ™" + AT (1)22(0)] > 0,

for t < t4, which contradicts our assumption that v, (x4, t4) = 0. Hence, v, > 0 for (x,¢) € R x
[0,T]. O

3. Global solutions

After preparation in the last section, now we turn to prove global existence of solutions for
(1.2) ifeither 0 <A <1 and u > 0, or A = 1 and p > 2. As shown in the standard way of the
textbook [25], we can first prove the local existence of the solutions to (1.2) as follows. The detail
of proof is omitted.

Proposition 3.1 (Local existence). Suppose that the initial data satisfy (vo,ug) € C g (R) and
vo > 0, then there exists a number ty > 0 such that the solutions of (1.2) uniquely exist and

satisfy
(v, u) € CL(R x [0, 10]).
Next, we derive the a priori estimates for the local solutions of (1.2).
Proposition 3.2 (A priori estimates with monotonic initial data). Let (v,u) € C LR x[0,T])
be the solutions of (1.2) for T > 0 and the initial Riemann invariants &y(x) and no(x) both be
decreasing (or increasing). When 0 < A < 1 and . > 0 and the initial data satisfy (1.16), or when
A =1, u > 2 and the initial data satisfy (1.17), then the solution v(x, t) of (1.2) is increasing (or

decreasing) with respect to x, and (v, u)(x, t) satisfy the uniform boundedness (1.14) and (1.15),
and the following decay rates

v D2 < 8 (14+ )P min(v_, v4) and |uy| <285 (1 +1) *min(v_, vy), (3.1)
which implies

sup(Jvy (x, )] 4 [y (x, 1)) < C85 (1 + 1) min(v_, v4.).

X€ER
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Proof. First of all, in Theorem 1.3 we have proved that v(x, #) is monotonic with respect to x.
Next we are going to prove (3.1). We prove it by contradiction. Without loss of generality we
assume v_ < vy and v, > 0. Suppose that there is a point (x5, t5) with 0 < #5 < T such that

Uy (x5, 15) 0" VD2 (x5 15) = 85 (1 4 15) v,

but the first inequality of (3.1) is true for t < t5, where 8, is defined in (1.9). We first assume
A < 1. Using (2.30) with 8 = 0, we have, on the characteristic curve x4 (),

d 7 _
g7 [Ar (200,01 = s As(Dlow G2y + (1= o)uy]
+1
+ VTAg(t)zv_lvxv_(VH)/z
1 nw m _
=— (E - 0) on ®)z+ mAa(f)[U CHD2y +uy]
y+1

+ A (Hzv o= D2

1 1 +1 _ _
=— on(t)z [(5 —a) w— VT(l + 0’ v o (V+1)/2]
u

m%(r)[v*”“/%x +u,], (3.2)

+

for t <ts5. By (2.33), g2(¢) > 0, which implies z(x4(¢), #) > 0 on the characteristic curve x4 ().
According to our assumptions,

1 1 1 1
<— - U) U v+ A+ *v = FD/2 > <— - U) w— i&, =0.

2 2 2 2

Then

i[Aa (24 (1), )] < ——— A, (O~ Y20, 4], (3.3)

dt T 2(1+0)*
Since, along the characteristic curve x4 (¢),

_ d d
v 2y puy = V0,0 = - [v( (), ) = v ()] (3.4)
we have,
1A (T)

d
ST g oy ar Ve D) = vl 0)]de

t

2(x, 1) < A7 (Dz2(x4(0), 0) +A§1(t)/
0

[y (1), 1) — vo(x1(0))]

_ 41
_AJ ([)Z(X+(0),O)+ 2(1—’-[))‘
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t

-1 HA(T) op A B

110 [ 2 (5 = ) [0 = e 0], 35
0

for t < t5. Similarly, on the characteristic curve x_(¢), we have, w > 0, and

i[Ag(t)w(x,(t),t)]z K A (Olov= "Dy, 4 (6 — Duy]

dt (1+0)*
y+1

- TAU (OHwv v~ HD/2

N R N o —h2,
= (2 o) (1+t)kAg(t)w+2(1+t)AAg(t)[v Uy — Uy]

1
- %Ag (Hwv y,u~ D2

_r —4D/2,,
= Sy A Ol v — 1]
ke _
BEENE Ao (1) [0 (x-(0)) = v(x—(0), D)]. (3.6)

Solving for w yields

i oo (0) = v (1), 1)]
20+ 1)

w(x, 1) < A7 (Ow(x_(0),0) +

t

41 MAG(T) on A B

4,10 [ 2O (s = ) [0 - -,
0

3.7

for t <t5. Adding (3.5) to (3.7) and dividing the result by 2, we get (noting that v(x_(¢),t) =
v(x4 (1), 1) at the intersection of two characteristic curves),

1 [vo(x=(0)) — v (x4(0))]
4(1 40

v D2y < %A;l(r)[zm(ox 0) + w(x_(0),0)] +

t
-1 ,U«AU(T) oun A
— A (t)/4(l+r)’" ((l+r)'\ - 1+1:>
0

X [0(x4(), T) = v0(x4(0) + vo(x—(0) — v(x—(7), )] dz.  (3.8)

Since v is monotone increasing, we find

vo(x-(0)) —vo(x4+(0)) >0 and v(x_(7),7) —v(x4+(7),T) > 0.

The difference of two positive numbers must satisfy
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|(vo(x—(0)) — vo(x4(0))) — (W(x—(7), ) — V(x4(7), 7))

A

max (v (x—(0)) — vo(x4.(0)), v(x—(7), 7) — v(x4.(7), 7))

< vy —v_.
Then, (3.8) can be estimated as

_ 1 _ u(vy —v-)
v (V+1)/2Ux < EAGI(I)[Z(X+(O)’ 0) + w(x,(()), 0)] + 4(;7))”

oun A
I+ 1+t (v —v-)de

nAs ()
+Aq (Z)/4(1+r))‘

1
< REWL lco SHP(I€0x(X)| Inox (X)) + (/4 + do /2) (v4. —v-)]

S U_
< T 3.9

for t <ts, which is a contradiction. Furthermore, from (3.5) and (3.7),
1
lux| < E(le +1z0)

1
< EA;‘(t)[z(zc+<0), 0) + w(x—(0),0)]

[ lvo(x=(0)) — v(x— (1), )] + [v(x4 (1), 1) — vo(x4(0))]]
4(1 +)*

ou A
1+0* 147

1 HAg(T)
+As (t)/4(1+r)k

x [lvo(x4.(0)) — v(x4(2), D[ + [v(x_(1), T) — vo(x—(0))|] dt

1
=< m[ca sup(|5ox (X)[, [m0x (1) +2(1/4 + do /2) (V4 — v-)]

X€ER

205 V_
< —.
(141)*

Hence (3.1) is true for all 7 > 0.
Ifx=1and u > 2, choose 0 =1/u. Then A, (¢t) = (1 +¢t) and

B 1 (v —v_) S U
p= D2y < 2(1th)|z()c+(0),0)+w(x_(0),0)l+M . <

4(1+1) A+t

So (3.1) is still true. O
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Proof of Theorem 1.4. Based on the local existence of the solutions in Proposition 3.1 and the
a priori estimates in Proposition 3.2, by the continuity extension argument, we can prove the
global existence of the solutions for (1.2). The details are omitted. O

Proof of Theorem 1.5. We also prove it by contradiction. We first assume A < 1. Suppose that
there is a point (x¢, t5) with 0 < tg < T such that either

&2 (x6, 16) v (x6, 16) = 81(1 +16) ™" or  |nx(x6, t6) v ™" (x4, 16) = 81 (1 +16) ™,

or both, but

sup[l&cfv™ 1 <81(1+1)"* or  sup[lnclv T <8i(1+1)7%, (3.10)

X€ER XeR

is true for ¢ < tg, where 61 = 1/[c(y + 1)]. By (1.19), Theorem 1.1 and Theorem 1.2, we get
vy <v(x,t) <v_. Using (2.29) with 8 = —1,0 =1/2 and Ay ,2(t) := A(t), we have, on the
characteristic curve x_ (1),

i -1 _ H —(y+D/2, -1
o [ADOwx-(@), v (x—(1), )] = Y _H)AA(t)[v Uy — Uy ]V
— A(Hwv ™2 (” _ vxv_(y+l)/2+ux>. (3.11)

Since, along the characteristic curve x_(7),

D2y —u = —% In(u(x—(1), 1) = % [In(vo(x—(0)) — In((x— (1), )], (3.12)
we have,

w(x,nv~! = A7 Owr_(0), 0y (- (0) + = [In(uox+ 0 — In(w)]

2(1 + 1)*
t
. RA(T) M A
—A (t)f Y <2(1 v e r) [In(vo(x4+(0))) — In(v)]dt
0
t
) f A(t)wv 2 (” ; 1vxv_(”+l)/2 + ux> dr, (3.13)
0

for t < tg. Note that, from Mean-value Theorem,

[vo(x—(0)) —v| _ Jv— —v4]

[In(vo(x—(0))) — In(v)| = . -

where v* is located between vg(x_(0)) and v. Also note that

g o™ PO =y oz 2 <810+ )7 Juev ™ = lw —zvT 2 <814+ 0)7H
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By definitions of ¢1,2, d1/2, ¢ in (1.6)—(1.8), we get

lwx, Dy~ < —2/2 [w(x—(0), 0)] wo v_ —uvg
) ~(4+0)* vo(x_(0)) 21+0)* vy
dip v——vy (y+1Dc,
(I+0* vy 2040+ !

|w(x—(0), 0)] M
< |:C1 ZW + <_ +d1/2)

2
<8 (1+07*, (3.14)

5
* —‘] 1+~
V4 2

for ¢t < t¢. Similarly, we can obtain |z(x, Hlv=' < 81(1 + 1)~*, which is a contradiction with
(3.10). Hence |w|v—', |zlv™! < 81(1 + 1)~ forall t > 0.

If »=1and u> 2, then A(t) = (1 +)"/%,¢c1jp = 1,d1jp = /2,¢ = 1/(n — 2). Similar to
(3.14), we can obtain the result. O

Remark 3.3.In the proof of Theorem 1.5, we let 8 = —1 in order to obtain the term
sup, crll&ox (x)lvo_1 (x)]. If we let B = 0, we would get a larger term sup,. p |€ox (x) ] infyer vo_](x)
but we need to introduce the constant ¢ and use a larger number (u/2 + di2)(v— — v4) /vy
compared with the conditions in Theorem 1.4. We can choose § = —1 in the proof of
Theorem 1.4 with a better term sup,gl[|80x(x)|vy 1()c)] but require to double the number
(m+2dy/2)(v— — v4)/(4v4) and to calculate the number c.
Proof of Theorem 1.6. Suppose that there is a 7 > 0 such that

w. Dl <61 +07" and |z(x, 0] <8 (1+07", (3.15)

for 0 <t <t7, where 6, = vby/[c(y + 1)]. By (1.22), we have

- : e R A S )
f , > fl—— 14 = Y
Inf {50, 70} = in (7/ —1% y—1'0

R _
L vy VTV = 2-¢ 7-=0/2,
y — 1 xeR y —1
2 —o-D2 & —(y-D)2
sup{&p, no} < sup <—UO (y=1/ + vy (y=1)/
X€ER xeR \V — 1 y — 1
2+e¢ —— 2+¢
= sup v, v=D/2 _ 2T ° y=tr=D/2,
Y — 1 xer y—1

The first inequality implies that (1.13) holds. Then by (1.14), we get

7 \2/r=D 2 \2-D
inf < Hn<{|——
<2+8) ;Ieleo(X)_v(x, )< (2 8) jlelgvo(xx

and
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[vo(x—(0)) = v(x— (), )] = supv(x, 7) — inf vo(x)

XER
2 \2/r=D 2 \2w-D
_ 1 i
=< (2_8) V—-v+ (2—5) XIERUO(X)
_ 2¢e
<b(v—v)+ v. (3.16)

y—1-

Using (2.29) with 8 = 0,0 =1/2 and A;,2(¢) := A(t), we have, on the characteristic curve
x—(1),

d _ M —(y+1)/2 y +1 -1, —(y+D/2
dt[A(t)w(x—(t)’t)]—2(1_H),\A(t)[” Uy — Uy] 2 A(M)wv vyv

— [ d
=— WA(I)E[U()C,O), 1) — vo(x_(0))]

1
_ %A@wv—lvxv—(wl)/;

Solving for w yields

-1 w
lw(x, )] <A™ ) |wx-(0),0)] + 2(1+I))‘

t
+A,1(t)/ HA(T) 1z
0

21+ 1+t

lv —vo(x—(0))|dT

2(1 4+ 1)

t

1

+ %A*‘(r) f A@) | wlv o o= TP 247
0

C1/2 7 _ 2¢e 1
= +I)A|w(x—(0),0)| + (5 +d1/2> (b](v -u+ - 12) A+

y+Dc 1 10
——v" b, §
2(1+t)*y 2 72

" _ 2¢e 82 1
Cl/zsup|w(x,0)|+(5+dl/2> bl(v—2)+y_]2 +? (]—i—t))‘

X€ER

IA

%)
< —.
A +0)"

Similarly, we can obtain |z(x, )| < d2(1 + 1)~*. Hence, (3.15) won’t become equal at any point
and the solution is global. O
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4. Blow-up solutions

In this section, we show that the derivative blow-up occurs in finite time with solutions them-
selves bounded if the derivatives of initial data are sufficiently large at a point. We obtain the same
result even for some initial data with small derivatives if either A >l orA=1and 0 < u < 1.

We first prove that, for all cases of A > 0 and u > 0, including the case of 0 < A < 1 and
1 > 0 mentioned in the last section for global existence of the solutions, once the derivatives of
the initial data are sufficiently large at a point x¢, then the derivatives of the solutions for (1.2)
still blow up as follows.

Proof of Theorem 1.7. If £(x) and no(x) both be monotone, then by Theorem 1.3, we have
min{v4, v—} < v(x,t) < max{vy, v_}. Suppose z(xg, 0) is sufficiently large, using (2.30) with
o=1/2, B=—(y +1)/4 and A, (t) = Ay,2(¢) := A(t), we have, on the characteristic curve
x4 (1),

d __ MK —D)2 g y+1 /H( —+12 )
dtgz() 2(let)AA(t)[v Ur F x0T 4 = A2y v Uy — Uy
_ M (D2 po v+l 3/4 g2
_mm)[v R e O3 (1). (4.1)

Since, along the characteristic curve x4 (¢),

_4 (B-y)/4 ;
d —v . ify #3,
D2y o™V = Zolu(x, (1), 1)], where O()=1{"""

dt Inv, if y =3,

we find

g2(1) = g2(0) + A0 (v) — [vo(X+(0))]

2(1+ t*
L [ pAG) A |
HA(T 19 Yy + _1 (y—3)/4 2
—5 - Oydr+—— | A v dr,
2) (I+71)* |:2(1+1:))‘ 1+z} Wdt + =5 / (v g (v)dr
0

where x4 (0) = xo. If 0 < A < 1, we can find positive constants cy, ¢, ¢3, ¢4 such that
A() <c1e? and A7) > czem .

Denote

¢5 = pc e max 6 (v)/2 + pumax6(vy)/2 + dyp max6(v) and
y+1

cyminvV I/ 4ec

Ce =

Then, for t <1, we have
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t

2(0) > g2(0) — 5+ c / S, 4.2)
0

We will show that (4.2) blows up before t = 1 if g»(0) is sufficiently large. In fact, consider the
integral equation

t

qt)=1/ce+ %/qz(t)dr,
0

which is equivalent to

q'(1) = ceq> (1), q(0) =1/ce.
The solution satisfies

1
ce — —— = Cpl,

q@)

which will blow up for < 1. Now, if we choose g2(0) = 1/c¢ + ¢5 + 1, then

t
g —q)=1 +66/[gz(f) —q(0]lg2(v) +¢()ldx,
0

which implies that g»(¢) > g (). Hence, go(z) will also blow up for # < 1. If A > 1, then both
A(r) and A~1(¢) are bounded and (4.2) holds for all 7 > 0. Choosing g>(0) > c5, we find g (%)
must blow up in finite time. Similarly, if —w(x¢, 0) is sufficiently large, we can prove that —g1 ()
will blowup forr < 1. O

Next we prove Theorem 1.8, namely, for A > 1, u >0orA=1,0 < u <1, vy (x,t) will blow
up at finite time for all initial data including the ones with small derivatives, if &y, (x) and 7o, (x)
are monotonic.

Proof of Theorem 1.8. Let &, (x) < 0 and 5o, (x) < 0, then by Theorem 1.3, v(x, t) is increas-
ing for all x, namely, v, > 0. Using (2.30) with ¢ =1 and 8 = —(y + 1)/4, we have on the
characteristic curve x4 (),

d Iz - y+1 _
R 1) = A t ﬂ (V+1)/2 A t /3 1,2
dtgz() T+ 1(H)vxv + 1(Hv" ™z
y+1 _ _
> A Lo =462 @), (4.3)
If A > 1, then
1 1 _ _
%A;l(ow-”/“ > % exp(—p/(h — 1)) min (v(_y VA 3V4) = ¢,
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and

d 2
Egz(t) > c785(1).

Hence, g>(¢) must blow up in finite time. [f A =1 and 0 < u < 1, then

Y + 1 Al—l(t)v(]/*3)/4 — 14 + 1 (1 + t)*MU(J/73)/4

y+ " el
> 1 14+~ mm( )
= cg(1+1)7H,
and
d _
820 = cs(1+ 07" g5 (0). 4.4)
Solving (4.4) yields
1 Lo 1_ [+l —1], if 0<p<l,
820) &) cgIn(1+1), if u=1,

which implies that g,(¢) still blows up in finite time. Similarly, if £, (x) > 0 and no,(x) > 0 for
all x, from Theorem 1.3, then v, < 0. Using (2.29) witho =1 and 8 = —(y + 1)/4, we have on
the characteristic curve x_(t),

d
lma0l= AP THD 2y, +—4 AP w

T +z)A

7/+
1 ([)U(V 3)/4 2(;)

which means g1 (¢) also blow up in finite time. O
5. Time and space dependent damping

For general «a(x, t), we can obtain similar results except Theorems 1.5 and 1.8 because we
cannot prove monotonicity for v if the initial data are monotonic. We first show that (v, u) —

(v, u4) as x — £oo.

Lemma 5.1. Let (v,u) € C'(R x [0, T1) be the solutions to (1.1) and hr£ a(x,t) = o (1).
X—> 00
Then

xl}lﬂ}ﬂloov(x ty=v+ and Bgloou(x 1) = uiBi 1), 5.1

and (2.12) holds, where B(t) = exp ( [j e (1)d7 ).



S. Chen et al. / J. Differential Equations 268 (2020) 5035-5077 5065

Proof. Denote

t
By (t) =exp (/O[(Xi(l'), 'L’)d‘l.’) . (5.2)

0
Taking derivatives of & (x, r) B_(t) along the minus characteristic curve, we have
d[é( ®),)B_(1)]
—[Ex , _
dt -
d 2
=— [ ——v " V2a_@), ) —uG_0),1) | B_(1)
dt |[\y—1

- (—u*”l)/z(v, o D2y uxv*W“)/Z) B_(1)

N <V i 11)_(,,_1)/2 _ u) B_(t)a(x_(1),1)

= [—v_(yH)/zux +o 7y — v o (0), Hu + uxv_(y+1)/2] B_(1)

N <%v_(y_1)/2 _u) B_(t)a(x_(1),1)

= iv—W—l)/zB,(t)a(x,(z), 7).
y—1
Similarly,
d 2 _y-np
a7 [n(xs (), )B(1)] = ﬁ” (x4 (@), )By(Da(xy (1), 1).
Then
t
E(x,1) =B~ (1)E(x_(0),0)+ B-' (1) / h_(t)B_()a(x_(7), T)dT, (5.3)
0
t
n(x, 1) =By (n(x1(0),0) + BL' (1) / hi (1) B4 (Da(xy(7), T)dT. (5.4)
0

Define i1 (¢) and A4 as in (2.14). Adding (5.3) to (5.4) and solving for i (t), we derive

1
ha(t) =5 [B:l (1)E(x_(0),0) + BX ' (1)n(x4+(0), 0)

t ¢
+ B:l(t)/B_(t)a(x_(r), T)h_(t)dt + BII(I)/BJr(t)a()q_(I), ‘L')h_;,_(‘L')d‘L':| .
0 0

(5.5)
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We rewrite (2.18) as

t
- 1 - - 1 ~
= 5[5 O+ 57 0]+ 5870 [ Bo@ate @) 0hide
0

t
+%B;l(t)/BJr(r)a(er(t),t)i_z+dt. (5.6)
0

Subtracting (5.6) from (5.5) yields

_ 1 _ _
he)) =y = 5 {BZ O-0) = by ]+ B O1h4(0) — 4]

+ By Ouor 1 (0)) — BZ o0

t
+ %B:l(t) / B_(t)a(x_(1), t)(h—_(7) — }_l+)d1:
0

t
1 _
#3870 [ Be@ate @, 0 (0 - . 5.7)
0
Note that
t
B0 [ Bt (0. 00 (1)~ hdr

0

B ()B(D)a (x4 (1), 7)
B~ (B_(Da(x_(7), 1)

t
=B_'(1) f B_(D)a(x_(1),7) [ - 1} (hy(t) —hy)dr
0

t
+B-'(0) / B_(D)a(x_(1), 1)(hy(v) — h)d, (5.8)
0

and
1B (w0 0) = BZ' 0uoe-O)] = B=' 0| BT 0B-(1) — 1] uo(x4(0))
+ B2 Oluo(r (0) — uo(r—O)]. (5.9)

For any ¢ > 0 and fixed ¢, we can choose M = M (t) sufficiently large such that

lh—(0) —hy] <&, |hi(0)—hil<e, |ug(x1(0)) —uo(x—(0)] <e,
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t
|B;1(I)B_(t) — 1| =l|exp /(a(x_(r, 7)) —a(xy(r),r))dr | — 1| <e,
0

and

By (B (Da(r(1).7)

- <(1+n7%
B_ (t)B_(v)a(x_(1), 1)

1

as long as x_(t) > x4 (¢) > M(¢). Define s(t) as in (2.21). Combining (5.7) - (5.9), we have

t
st)<e(B+vy+ |u+|)B:l(t) + B:l(t) / B_(t)a(x_(7), 7)s(r)dt
0

t
+B:1(t)/B_(r)oe(x_(r),r)s(r)(l+r)_2dr
0

=: fo(1),
where we have used the fact that |ug(x)| < |u4+|+ 1 for x > M(¢). Since

t

Sy = —BZ'Oax—(1),1) (3+v++|u+|)8+/3—(f)a(X—(f),T)S(T)df
0

t

+ /B_(t)a(x_(t),t)s(r)(l + 1) 2dt

0
+a(x_(1), )s@) + a(x_(1), Hs@) (1 +1)72
<cofa()(1+1)72,

we find
s(t) < fo(t) < f2(0)e” =B+ vy + uy])e®,

where c9 = Sup(y ) & (x— (1), t), which implies that liril v(x, t) = vy. The rest of the proof is
’ xX——+00
similar to that in Lemma 2.1. O

Now, we present two global existence results and a blow-up result. We assume that
psa@nl+0r<di, (a0l +lax(x, DDA +0* < do, (5.10)

where [, A, d1, dp are positive constants and A > 0. Define
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t

AL(t) :==exp %/a(xi(t),r)dt ,
0

c10 i= sup AT' O+,

Ax(7)
1y = supAi A +1)* / T (5.11)
Theorem 5.2. Assume that A < 1, v_ > vy, u— =uy =0 and
2 _y-np 2 -2
—V_ < lnf (Eo 1n0)(x) < sup(§o, no)(x) < ——v, . (5.12)
y—1 xeR y—1
If
2 2611d2v+(y+1)/2
c10 sup(|§ox ()1, [mox () + [d1/2 + cr1(di +d2)1(v— —vy) + 1
XER —
s (5.13)

< 7’
2cni(y + 1)

then (1.1) has a unique pair of global solutions (v, u)(x, t) satisfying the decay estimate (1.18).

Proof. It is easy to see that Theorem 1.3 still holds if w(1 + )~ is replaced by a(x,t). But
(3.11) becomes

%[A,a)w(x,a), Hl= la(x,m, DA_O™ YTV 2y, —u, ] — A_(Day (x— (1), Hu

1
— —y—; A_(Hwv~! = +D/2y

Solving for w yields

t
w(x, 1) = AZ! (Dw(x-(0),0) + %A:I(m f a(x-(7), r)A—(f)% [v0(x—(0) — v(x—(7), )] dT
0

—A:l(t)/A (D)ay (x_ (1), T)udt — TA (t)/A wv o~ 0TD2y dr

a(x— (1), )[vo(x—(0)) — v]
2

“'Ow(x-(0),0) +

t
—~ %A:lm f A_(7) Boﬁ(x_(r), T) — (- (), v~ YTV L (x_ (1), r)]
0
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t
X [vg(x—(0)) —v]ldt — A:l(t)/ax(x_(‘c), T)A_(T)udt
0

t
1
— %AZI(I)/A_(r)wv_lv_(y+1)/2vxdt.
0

Suppose that there is a fg > 0 such that
lwx, N <80 +07" and |z(x, 1) <81+, (5.14)
for 0 <t <13, where 63 = vy/[c11(y + 1)]. By Theorem 1.1 and (5.12), we have

—(r—1/2
jv_,_ .

lu] <

Then, using (5.13) and notations defined in (5.11), we find

e, D < =20 (0), 0] + —— (v — )
T (140 2(1+1)*
c11(d} + dy) cuda 2 _p-pnp oenly+1 1o,
L T  — = M Tl
T LA T PR L 21+ 5
Uy 63
< +
2en(+ DA +07 2040
=81+ (5.15)

for t < tg. Similarly, we can obtain |z(x, 1)| < 83(1 +1)~*. Hence, (3.15) won’t become equal at
any point and the solution is global. O

Theorem 5.3. Define v, v, by and by as in Theorem 1.6, and let the initial data satisfy the follow-
ing conditions:

() For some small ¢ >0, (y — D)|ug(x)|vo(x)V=1/2 <¢.
b 2
2 —dj ¢ :|-y,whered3:d1/2+
2en(y + 1 y—1

(ii) crosupyegtléoxl, [nox|} +dzb1 (v —v) <
Cll(d12 + db).

If0 <A < 1, then (1.1) has a unique pair of solutions globally-in-time, whose derivatives satisfy
the decay rate (1 +1)™*.

Proof. Suppose that there is a zg > 0 such that

lwx, )] <84(1+0"* and |z(x,0)| <84(1+1)7", (5.16)
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for 0 <t <19, where 84 = bov/[c11(y + 1)]. It is easy to see that (3.16) is still true. From the
first inequality of (5.15), we have

€10 dy _ 2¢
lw(x, )] < m|w(x—(0),0)| + m bi(v—v) + - 12
Cn(dlz+d2) _ 2¢
-t = b _
+ NG 1( Q)+V_ly
ndy 2 penp D, g e
(I+nry—17 2141 2= 4

2¢ )
< [cm sup [w(x, 0)| + [d1/2 + c11(d} + do)] (bl(v—y) + y) + —“} 1+~

X€ER Y —1 2
<841+~

Similarly, we can obtain |z(x, )| < 84(1 +¢)~*. Hence, (5.16) won’t become equal at any point
and the solution is global. O

Theorem 5.4. Suppose that A > 0 and (1.13) is satisfied. If either n;(xg, 0) < —1 or &, (xg, 0) >
1 at some point x, then, there exists a finite time t, > 0 such that limm; Iy, ux) (@) Lo (r) =
+o0.

Proof. The proof is similar to that of Theorem 1.7. O

Remark 5.5. It is easy to see that the following functions satisfy Condition (5.10):

_ 1 B(x) _ B(x) »
YD =Ty (1+(1+m) . “(x’t)‘[e"p<1—+z>_l} ’

where B(x) > 0.2, B(x) and B’(x) are bounded.

6. Numerical simulations

In this section, we present numerical simulations to confirm our theoretical results and demon-
strate the arising of blow-up solution at a point. To obtain a stable numerical solution, we
differentiate (1.2); with respect to 7, and submit it to (1.2),, then we reduce the system (1.2)
to a second-order wave equation with time-vanishing-damping:

_*
1+ 1) ts
v(x,0) =vo(x), (6.1

v (x, 0) = ug(x).

Vs = (U_y_lvx)x -

Here, we take the initial data as vy(x) = 3 + aj arctan(apx) and ug(x) = az + as exp(—0.5x2),
with the parameters ay, az, az, a4 to be specified later in different cases. The computational do-
main is [—50, 50] with Neumann boundary conditions and 100001 uniform mesh points. We use
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Fig. 1. Global solution for A = 0.5, y =2, u =2 with a monotonic initial data vy(x) and a small ug, (x).

the explicit central difference scheme in x and implicit central difference scheme in ¢ to numer-
ically study the following five examples. Note that the solution of (6.1) is independent of a3
because v;(x, 0) only depends on uf)(x),

Example 1.Let A=0.5,u =2,y =2,a; = 1/m,a3 = 1,a3 =2 and a4 = 0.02. Then the initial
Riemann data are bounded, monotonically increasing, and their derivatives are not big. From
Theorem 1.4 we expect that the solutions of (1.2) globally exist, and v(x, ) is increasing in
x. This is confirmed numerically in Fig. 1. Interestingly, in this example, we observe that, the
derivative of the initial data vy (x) is still steep near x = 0, but v, (x, t) goes more and more flat
as time ¢ increases, no blow-up for v, occurs. We also observe that u has decay rate a3 exp(4 —
44/1 4 t) for large |x| as shown in (2.11).
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Example 2. On the other hand, we choose non-monotonic initial data for vg(x):

1

0

vo(x) = 20+ 0.2¢%15 £ 10.5(1 + cos(rx 4+ 0.57)) if —0.5<x <0.5,

are similar to those in Example | (see Fig. 2).

(d) z,us plane
Fig. 2. Global solution for A = 0.5, y =2, u = 2 with a non-monotonic initial data vo(x) and small uq(x), ugy (x).

if x < —0.5,

if x > 0.5,

10

and keep the same form for up(x) = az + as exp(—O.sz), with A =05, u=2,y =2,a3 =

0, a4 = 0.0001. Then all conditions in Theorem 1.6 are satisfied. So the behaviors of the solution
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Fig. 3. Blow-up solution for A = 0.5, y =2, 1 = 2 with a monotonic initial data vy (x) but large vq, (x) and uqy (x).

Example 3. Let A =0.5,u =2,y =2,a; = —1,a3 = 30,a3 =2, a4 = 0.004. In this case, the
initial data vg(x) is decreasing, but the derivative of the initial data vg, (x) is big, then, from The-
orem 1.7, the solutions of (1.2) (v, u)(x, t) are still bounded, but their derivatives (vy, t)(x, 1)
will blow up at a finite time. As showed in Fig. 3, we see that v(x, ¢) and uq, (x) both are bounded,
where v(x, t) is monotonic deceasing in x, and u(x, t) is non-monotonic, but both v, (x, t) and
uy(x,t) blow up near x = —0.1 as time ¢ goes up approximately to 7 &~ 0.67.

Exampled.Let A=15>1,u=2,y =3,a; =1,a2=1,a3 =0, as = 0.03. In this case, from
Theorem 1.8, the derivatives of the solutions will blow up for all initial data including those small
data, once &yp(x) and no(x) are monotonic. As showed in Fig. 4, the solution v, (x, #) blows up
at r ~ 19.7. Note that the initial Riemann invariants £y(x) and 79(x) both are increasing, in fact,

O<vw

5(y+1)/2U0x +ugy <0.12.
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Fig. 4. Blow-up solution for A = 1.5, y = 3, u = 2 with initial data vy(x) monotone and u, (x) small.

Example 5. We test the critical case with A = 1, and take the other parameters as © =0.8, y =
2,a1 =1,a3 =0.1,a3 =0, ag = 0.003. The initial Riemann invariants &y(x) and ng(x) both are
increasing, verified by 0 < ”0_ b/ 2v0x + ug, < 0.014. From Theorem 1.8, the derivatives of
the solutions are still expected to blow up. In fact, as showed in Fig. 5, vy (x, ¢) blows up at

t ~310.
Acknowledgments

The work was done when S. Chen and M. Mei visited the Laboratory for General Applied
Mathematics, Northeast Normal University. They would like to express their sincere thanks to the
host for the great hospitality. The research of S. Chen was supported by NSERC Grant RGPIN-
2019-05940. The research of J. Li was supported in part by NSFC (No. 11571066). The research



S. Chen et al. / J. Differential Equations 268 (2020) 5035-5077 5075

8 L
6 L
>><
4 L
2 L
. b
0 5 10 15 20 25
X
(a) x, v plane (b) z,v, plane
0.03 0 — (f
-0.1 ’
0.02¢
-0.2
> s~ —t=0
| e t=100
001 03f  |l-t=200
- t=288
04|  —t=303
0
‘ : ‘ -0.5 : : ‘ \ ‘
-40 -20 0 20 o 5 10 15 20 25
X X
(€) &, x, u space (d) t, @, usz space

Fig. 5. Blow-up solution for the critical case of > = 1, where y =2, u = 0.8 with initial data vy(x) monotone and u¢, (x)
quite small.

of M. Mei was supported in part by NSERC Grant RGPIN 354724-16, and FRQNT Grant No.
256440. The research of K. Zhang was supported in part by NSFC (No. 11771071).

References

[1] G. Chen, Formation of singularity and smooth wave propagation for the non-isentropic compressible Euler equa-
tions, J. Hyperbolic Differ. Equ. 8 (2011) 671-690.

[2] G.-Q. Chen, C. Dafermos, M. Slemrod, D. Wang, On two-dimensional sonic-subsonic flow, Commun. Math. Phys.
271 (2007) 635-647.

[3] G. Chen, R. Pan, S. Zhu, Singularity formation for the compressible Euler equations, SIAM J. Math. Anal. 49 (2017)
2591-2614.

[4] S. Chen, Steady state solutions for a general activator-inhibitor model, Nonlinear Anal. 135 (2016) 84-96.


http://refhub.elsevier.com/S0022-0396(19)30530-3/bib4368656Es1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib4368656Es1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib432D442D532D57s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib432D442D532D57s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib4368656E2D50616Es1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib4368656E2D50616Es1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib4353s1

5076 S. Chen et al. / J. Differential Equations 268 (2020) 5035-5077

[51 S. Chen, Y. Salmaniw, R. Xu, Global existence for a singular Gierer-Meinhardt system, J. Differ. Equ. 262 (2017)
2940-2960.
[6] R. Courant, O.K. Friedrichs, Supersonic Flow and Shock Waves, Springer-Verlag, New York, 1948.
[7]1 H.-B. Cui, H.-Y. Yin, J.-S. Zhang, C.-J. Zhu, Convergence to nonlinear diffusion waves for solutions of Euler
equations with time-depending damping, J. Differ. Equ. 264 (2018) 4564—-4602.
[8] C. Dafermos, Hyperbolic Conservation Laws in Continuum Physics, 3rd ed., Springer-Verlag, New York, 2010.
[9] S. Deng, Initial-boundary value problem for p-system with damping in half space, Nonlinear Anal. 143 (2016)
193-210.
[10] S. Geng, Z. Wang, Convergence rates to nonlinear diffusion waves for solutions to the system of compressible
adiabatic flow through porous media, Commun. Partial Differ. Equ. 36 (2010) 850-872.
[11] S. Geng, Y. Lin, M. Mei, Asymptotic behavior of solutions for quasilinear wave equations with critical time-
dependent damping, preprint, 2019.
[12] J. Hong, Realization in R3 of complete Riemannian manifolds with negative curvature, Commun. Anal. Geom.
1 (3-4) (1993) 487-514.
[13] E Hou, I. Witt, H.C. Yin, Global existence and blowup of smooth solutions of 3-D potential equations with time-
dependent damping, Pac. J. Math. 292 (2018) 389-426.
[14] F. Hou, H.C. Yin, On the global existence and blowup of smooth solutions to the multi-dimensional compressible
Euler equations with time-depending damping, Nonlinearity 30 (2017) 2485-2517.
[15] L. Hsiao, T.-P. Liu, Convergence to diffusion waves for solutions of a system of hyperbolic conservation laws with
damping, Commun. Math. Phys. 143 (1992) 599-605.
[16] L. Hsiao, T. Luo, Nonlinear diffusive phenomena of entropy weak solutions for a system of quasilinear hyperbolic
conservation laws with damping, Q. Appl. Math. 56 (1998) 173-189.
[17] EM. Huang, P. Marcati, R.H. Pan, Convergence to the Barenblatt solution for the compressible Euler equations with
damping and vacuum, Arch. Ration. Mech. Anal. 176 (2005) 1-24.
[18] EM. Huang, R.H. Pan, Convergence rate for compressible Euler equations with damping and vacuum, Arch. Ration.
Mech. Anal. 166 (2003) 359-376.
[19] EM. Huang, R. Pan, Z. Wang, L! convergence to the Barenblatt solution for compressible Euler equations with
damping, Arch. Ration. Mech. Anal. 200 (2) (2011) 665-689.
[20] P.D. Lax, Development of singularities of solutions of nonlinear hyperbolic partial differential equations, J. Math.
Phys. 5 (1964) 611-614.
[21] H.-L. Li, X. Wang, Formation of singularities of spherically symmetric solutions to the 3D compressible Euler
equations and Euler-Poisson equations, Nonlinear Differ. Equ. Appl. 25 (2018) 1-15.
[22] H. Li, Large Time Behavior of Solutions to Hyperbolic Equations with Time-Dependent Damping (in Chinese),
Ph.D. Thesis, Northeast Normal University, 2019.
[23] H. Li, J. Li, M. Mei, K. Zhang, Convergence to nonlinear diffusion waves for solutions of p-system with time-
dependent damping, J. Math. Anal. Appl. 456 (2017) 849-871.
[24] H. Li, J. Li, M. Mei, K. Zhang, Asymptotic behavior of solutions to bipolar Euler-Poisson equations with time-
dependent damping, J. Math. Anal. Appl. 473 (2019) 1081-1121.
[25] T. Li, W. Yu, Boundary Value Problems for Quasilinear Hyperbolic Systems, Duke University Mathematics Series,
V. Duke University, Mathematics Department, Durham, NC, 1985.
[26] J. Liu, Y. Fang, Singularities of solutions to the compressible Euler equations and Euler-Poisson equations with
damping, J. Math. Phys. 59 (2018) 121501.
[27] P. Marcati, A. Milani, The one-dimensional Darcy’s law as the limit of a compressible Euler flow, J. Differ. Equ. 84
(1990) 129-147.
[28] P. Marcati, M. Mei, Convergence to nonlinear diffusion waves for solutions of the initial boundary problem to the
hyperbolic conservation laws with damping, Q. Appl. Math. 56 (2000) 763-784.
[29] P. Marcati, M. Mei, B. Rubino, Optimal convergence rates to diffusion waves for solutions of the hyperbolic con-
servation laws with damping, J. Math. Fluid Mech. 7 (2005) S224-S240.
[30] M. Mei, Nonlinear diffusion waves for hyperbolic p-system with nonlinear damping, J. Differ. Equ. 247 (2009),
1275-1269.
[31] M. Mei, Best asymptotic profile for hyperbolic p-system with damping, SIAM J. Math. Anal. 42 (2010) 1-23.
[32] K. Nishihara, Convergence rates to nonlinear diffusion waves for solutions of system of hyperbolic conservation
laws with damping, J. Differ. Equ. 131 (1996) 171-188.
[33] K. Nishihara, W.K. Wang, T. Yang, L ,-convergence rates to nonlinear diffusion waves for p-system with damping,
J. Differ. Equ. 161 (2000) 191-218.
[34] R. Pan, Y. Zhu, Singularity formation for one dimensional full Euler equations, J. Differ. Equ. 261 (2016)
7132-7144.


http://refhub.elsevier.com/S0022-0396(19)30530-3/bib435358s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib435358s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib436F7572616E742D46s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib4375692D59696E2D5A68616E672D5A6875s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib4375692D59696E2D5A68616E672D5A6875s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib44616665726D6F73s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib44656E67s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib44656E67s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib47656E67s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib47656E67s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib486F6E67s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib486F6E67s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib486F752D576974742D59696Es1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib486F752D576974742D59696Es1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib486F752D59696Es1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib486F752D59696Es1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib487369616F2D4C6975s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib487369616F2D4C6975s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib487369616F2D4C756Fs1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib487369616F2D4C756Fs1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib4875616E672D4D6172636174692D50616Es1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib4875616E672D4D6172636174692D50616Es1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib4875616E672D50616Es1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib4875616E672D50616Es1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib4875616E672D50616E2D57616E67s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib4875616E672D50616E2D57616E67s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib4C6178s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib4C6178s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib4861696C69616E672D4C69s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib4861696C69616E672D4C69s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib486169746F6E672D4C69s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib486169746F6E672D4C69s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib4C692D4C692D4D65692D5A68616E67s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib4C692D4C692D4D65692D5A68616E67s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib4C692D4C692D4D65692D5A68616E672D32303138s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib4C692D4C692D4D65692D5A68616E672D32303138s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib4C59s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib4C59s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib4C69752D46616E67s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib4C69752D46616E67s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib4D6172636174692D4D696C616E69s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib4D6172636174692D4D696C616E69s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib4D6172636174692D4D6569s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib4D6172636174692D4D6569s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib4D6172636174692D4D65692D527562696E6Fs1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib4D6172636174692D4D65692D527562696E6Fs1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib4D65692D31s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib4D65692D31s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib4D6569s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib4E6973686968617261s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib4E6973686968617261s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib4E69736869686172612D57616E672D59616E67s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib4E69736869686172612D57616E672D59616E67s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib50616E2D5A6875s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib50616E2D5A6875s1

S. Chen et al. / J. Differential Equations 268 (2020) 5035-5077 5077

[35] X. Pan, Blow up of solutions to 1-d Euler equations with time-dependent damping, J. Math. Anal. Appl. 442 (2016)
435-445.

[36] X. Pan, Global existence of solutions to 1-d Euler equations with time-dependent damping, Nonlinear Anal. 132
(2016) 327-336.

[37] T. Sideris, Formation of singularity in three-dimensional compressible fluids, Commun. Math. Phys. 101 (1985)
475-485.

[38] T. Sideris, B. Thomases, D. Wang, Long time behavior of solutions to the 3D compressible Euler equations with
damping, Commun. Partial Differ. Equ. 28 (2003) 795-816.

[39] J. Smoller, Shock Waves and Reaction-Diffusion Equations, Springer-Verlag, New York, 1982.

[40] Y. Sugiyama, Degeneracy in finite time of 1D quasilinear wave equations, SIAM J. Math. Anal. 48 (2016) 847-860.

[41] Y. Sugiyama, Singularity formation for the 1D compressible Euler equations with variable damping coefficient,
Nonlinear Anal. 170 (2018) 70-87.

[42] Y. Sugiyama, Remark on the global existence for the 1D compressible Euler equation with time-dependent damping,
arXiv:1909.05683.

[43] D. Wang, G.-Q. Chen, Formation of singularities in compressible Euler-Poisson fluids with heat diffusion and
damping relaxation, J. Differ. Equ. 144 (1998) 44-65.

[44] J. Wirth, Solution representations for a wave equation with weak dissipation, Math. Methods Appl. Sci. 27 (2004)
101-124.

[45] J. Wirth, Wave equations with time-dependent dissipation, I: non-effective dissipation, J. Differ. Equ. 222 (2006)
487-514.

[46] J. Wirth, Wave equations with time-dependent dissipation, II: effective dissipation, J. Differ. Equ. 232 (2007)
74-103.

[47] H. Zhao, Convergence to strong nonlinear diffusion waves for solutions of p-system with damping, J. Differ. Equ.
174 (2001) 200-236.

[48] H. Zheng, Singularity formation for the compressible Euler equations with general pressure law, J. Math. Anal.
Appl. 438 (2016) 59-72.


http://refhub.elsevier.com/S0022-0396(19)30530-3/bib506131s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib506131s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib506132s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib506132s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib53696465726973s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib53696465726973s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib536964657269732D54686F6D61732D57616E67s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib536964657269732D54686F6D61732D57616E67s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib536D6F6C6C6572s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib5375676979616D6132s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib5375676979616D612D31s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib5375676979616D612D31s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib5375676979616D612D32s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib5375676979616D612D32s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib57616E672D4368656Es1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib57616E672D4368656Es1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib576972746831s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib576972746831s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib576972746832s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib576972746832s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib576972746833s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib576972746833s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib5A68616Fs1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib5A68616Fs1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib5A68656E67s1
http://refhub.elsevier.com/S0022-0396(19)30530-3/bib5A68656E67s1

	Global and blow-up solutions for compressible Euler equations with time-dependent damping
	1 Introduction and main results
	2 A priori estimates: maximum principle, uniform boundedness and monotonicity
	3 Global solutions
	4 Blow-up solutions
	5 Time and space dependent damping
	6 Numerical simulations
	Acknowledgments
	References


