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This paper is concerned with the evolution of the periodic boundary value problem
and the mixed boundary value problem for a compressible mixture of binary fluids
modeled by the Navier—-Stokes—Cahn—Hilliard system in one dimensional space. The
global existence and the large time behavior of the strong solutions for these two
systems are studied. The solutions are proved to be asymptotically stable even for
the large initial disturbance of the density and the large velocity data. We show
that the average concentration difference for the two components of the initial state
determines the long time behavior of the diffusive interface for the two-phase flow.
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1. Introduction and main result

The evolution for the compressible mixture of binary fluids (e.g. foams, solidification processes, fluid-gas

interface etc.) is one of the fundamental problems in hydrodynamical science, and it is attracting more and

more attention with the development of modern science and technology. As is well known, the flow of such

fluid can be described by the well-known diffusive interface system of equations nonlinearly coupled the

Navier—Stokes and Cahn-Hilliard equations, called Navier—Stokes—-Cahn—Hilliard system [1,7,22] as follows:

* Corresponding author.

Orp + div(pu) = 0,
O(pu) + div(pu @ u) = divT,

3 (px) + div(pxu) = Ap, (1.1)
10
P — E"% +eAx € 9I(x),
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where the unknown functions p, u, p and x denote the total density, the mean velocity, the chemical

potential and the difference of the two components for the fluid mixture respectively. More precisely, the
difference of two components for the fluid mixture is x = x1 — x2, where x; = %, and M; denotes the mass
concentration of the fluid ¢ (¢ = 1,2) and mass of the components in the representative material volume V'

respectively. The total density is given by p = p1 + p2, where p; = %ﬁ denotes the apparent mass density

of the fluid 7. u denotes the average velocity given by pu = pju; + paus, where u; is defined as the velocity
of the fluid ¢ = 1,2 in the mixed flow. 0I(-) is the subdifferential of the indicator function I(-) of the set
[—1,1]. The Cauchy stress-tensor is represented by

[Vx|?

T=S—-¢€V Vy — ——1I 1.2
e(Vx® Vx - ——T), (1.2)
and the conventional Newtonian viscous stress is
2
S=v(x)((Vua+V'u) - §divuﬂ) — pl+ n(x)divul, (1.3)

where I is the unit matrix, v(x) > 0, n(x) > 0 are defined as viscosity coefficients, ¢ > 0 is the thickness
of the diffuse interface of the fluid mixture, and f = f(x) is the potential free energy density. We suppose
that f satisfies the Ginzburg-Landau double-well potential non-smooth model which is widely used in [3,4,
8,9,28,33-35] and the references therein:

1 2.
Flx) = Z(Xz—l) , if —1<x <1, (1.4)
+00, if |x| > 1.

Physically, the pressure p is given by
p=ap’, v>1, (1.5)
where a is a positive constant, v > 1 is the adiabatic constant.

Remark 1.1. Compared tozthe momentum equation in compressible Navier—Stokes system, an additional
force fG(VX ® Vx — %H) is added in the Cauchy stress tensor, which describes the capillary effect
associated with free energy

Bueelp) = [ (200 + 5 VxP)da. (1.6

To avoid the difficulty of the estimation of density gradient, (1.6) was first presented by Abels-Feireisl [1]
which is a simplified model of the following total free energy

Efree(p7X):/(gf(X)+%|vX‘2)dxv
Q

proposed by Lowengrub and Truskinovsky in [22]. The potential (1.4) is the polynomial non-smooth ap-
proximation of the so-called logarithmic potential suggested by Cahn—Hilliard [6]

£00 = 50(@ =0 mEF ) + @+ 05 -

where 6 and 6. > 0 are positive constants. It follows that f is convex on (—1,1) for § > 6., and has the
bistable form for 6 < 6.
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Now let us draw the background on the well-posedness of the solutions for the system (1.1). We begin by
recalling the compressible Navier—Stokes system. In 1980, Matsumura—Nishida [23] first proved the global
existence of smooth solutions for Navier—Stokes equations for initial data close to a non-vacuum equilib-
rium. Later, Kawashima—Matsumura [16], Matsumura—Nishihara [24,25] obtained the asymptotic stability
for the rarefaction waves and shock waves in one-dimensional successively. We also refer to the papers due
to Huang-Li-Matsumura [11], Huang-Matsumura [12], Huang-Matsumura—Xin [13], Huang—Wang-Wang—
Yang [14], Shi-Yong—Zhang [29,30] and the references therein, in which the asymptotic stability on the
superposition of nonlinear waves are studied.

In the case of diffusive interface model for two immiscible fluids, in order to understand the motion of the
interfaces between immiscible fluids, phase field models for mixtures of two constituents were studied over the
past century which can be traced to van der Waals [32]. Cahn—Hilliard [6] first replaced the sharp interface
into the narrow transition layer across which the fluids may mix, and the famous Cahn—Hilliard equations
was proposed to describe these diffusive interfaces between two immiscible fluids, Lowengrub—Truskinovsky
[22] added the effect of the motion of the particles and the interaction with the diffusion into Cahn—Hilliard
equation, and put forward the Navier-Stokes—Cahn—Hilliard equations. The similar result was established by
Abels—Feireis] [1], Anderson-Mcfadden-Wheeler [2] and the references therein. Heida—Mélek—Rajagopal [10]
and Kotschote [17] generalized these models to non-isentropic case. The global existence of weak solutions
in three dimensional was obtained by Abels—Feireisl [1], the method they used is the framework which was
introduced by Leray [19] and Lions [20]. Kotschote—Zacher [18] established a local existence and uniqueness
result for strong solutions. Ding-Li [7] proved the global existence of strong solution in a bounded domain
with initial boundary condition (1.9) in one dimension.

In this paper, on the basis of the previous work outlined above, we begin to study the large time behavior
for the solutions of the system (1.1) in £ x (0, +00)

Pt + (Pu)z = 07
€2
PUt + PUUg + Py = VUgy — _(Xx) )
2 (1.7)
PXt + PUXz = Paa,
p
o= =0 =X) + exa € OL(X),
where Q@ C R, t € (0,+00). We study only two model cases for (1.7):
(i) L-periodic boundary case, that is Q = R, and
(P u, X) (2, t) = (p,u, x) (@ + L, t), 2 €R,T>0,
(1.8)
(p7u7X)|t:o = (pO;’U/OaXO)v z €R.
(ii) Mixed boundary case, that is @ = [0, L], and
{ (w Xas 1) |y 1, = (0,0,0), >0, 19)
(Paqu)|t:0 = (pOaUOaX0)7 HAS [07L]

We denote by C and c¢ the positive generic constants without confusion throughout this paper. L2
denotes the space of Lebesgue measurable functions on R which are square integrable, with the norm || f|| =
(fOL |/12)2. H'(I > 0) denotes the Sobolev space of Lfunctions f on R whose derivatives 03 f,j =1,--- 1
are L? functions too, with the norm |||l = (Y)_, [93f]|?)%. Let
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L

L L

1 1 1 pu X

p= Z /pod.’l], pu = z /poUOdJ}, X = z /pOXde7 u = %a X = %7 (110>
0 0

0

and then, for the both cases above, we have

L L L
/(ﬂ—ﬁ)dy:O, /(pu—pu =0, /px px)dy = 0. (1.11)
0 0 0

For the periodic boundary condition (i), because the periodic solutions (p, u, x)(z,t) of (1.7) with the period
L in the whole space R can be regarded as L-periodic extensions of that on [0, L], we only need to consider
the system (1.7) on the bounded interval [0, L]. We introduce the Hilbert space L2, (R) of locally square
integrable functions that are periodic with the period L:

L2, (R) = {g(x)yg(a: 4+ L) =g(z) for all z € R, and g(z) € LQ(O,L)} (1.12)
with the norm denoted also by || - || (without confusion) which is given by the integral over [0, L], ||g|| =
fo lg(x)|2dx)? Hllmr(R) (I > 0) denotes the Sobolev space of chr( )-functions g on R whose derivatives

dlg,j =1,--- L are L2 functions too, with the norm |g[l; = (Z] —o |102g]? )2. Throughout this paper,
the initial and boundary data for the density, velocity and concentration difference of two components are
assumed to be:

(po,uo) € Hp,,, (periodic boundary case (i),

1.13
or po € H%([0, L)), uo € HE([0,L]) N H2([0, L]), (mixed boundary case (ii)), (1.13)
Xo € Hper, (periodic case (i)), (1.14)
or xo € H*([0,L]), (mixed boundary case (i)), )
£ po>0, xo€[-1,1], 1.15
ponf, po Xo € [=1,1] (1.15)
pe(x,0) = —pozuo — potios, (1.16)
v P,(po) €
ut(x, O) = ——Uozx — UQUOL — £ Poz — —— X0z X0zx> (117)
Lo Pozx
EX0xxxx 2¢ x T 2 x
Xt(l'v O) = —UoXox — Xoig p30 Xzzz T E(pog - po )X()xx
Po Po Po 1%
2 1 - 2
113 = Dxoze | GX0XGe (1.18)
€P0 €pPo

Our main result is that we show the average concentration difference for the two components of the initial
state determines the long time behavior of the diffusive interface for the two-phase flow. This leads to
a separation of two regions for the initial concentration difference: regions Agtaple and Aunstable, Which
correspond to the stable and unstable regions.

V3 [ V3

V3
Asa e = (700, 5~ Aunsa e=\77% %5 /) 1.19
table = (=00, =5=) U (=5, +00), table = (=5~ =) (1.19)
Remark 1.2. We rewrite (1.7)3 4 as follows
EXzxzx 2€px Pz 2[)3; 3X2 -1 6 2
Xt + UXz + B - —3Xza:a: - (_3 - —4) Txr Xzz — — XXz € 8I(X) (120)
P Y P P €p €p
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It should be pointed out that the reason for the classification of stable and unstable regions is just that
2

the energy estimates (please refer to (3.5) and (3.6)) ask for the coefficient %

(1.20) should be positive. If x € Aunstable, it is thus physically unstable and mathematically ill-posed for

the two-phase flow, and the phase separation will occur in this region.

in parabolic equation

Now we will give the global existence and asymptotic stability results as follows.

Theorem 1.1 (Periodic boundary case). Assume that (po,uo, xo) satisfies the periodic boundary (1.8) with
the regularities given in (1.13)—(1.18), then there exists a unique global strong solution (p,u,x) of the system
(1.7)—~(1.8), satisfying that, for any T > 0, there exist positive constants m, M > 0 such that

p€L>X0,T,H.,), pe € L>(0,T;H},,.),

per
uwe L®(0,T;H,,) N L*(0,T; H3,,),ue € L(0,T; H},,),
X € L=(0,T; Hy, ), x¢ € L>(0,T; L2,,) N L*(0,T; HY.,.), (1.21)
/'l/ e LOO( per per per

0,T; H2,,) N L*(0,T; H:.,), w: € L*(0,T; L2.,),
e[-1,1], m<p < M, for all (z,t) € R x [0,T].

Furthermore, if X € Agtapie N [—1,1], then there exists a small positive constant €1, such that if

Ixo = xIl7 < e, (1.22)
then the system (1.7)—(1.8) admits a unique global solution (p,u,x)(z,t) in R x [0,00) which satisfies

p € L>(0,+00, HZ,,), pr € L>(0,+00; H.,,),

0
u € L(0,400; HZ,.) N L*(0, +00; H..), up € L0, +00; H,
);

)
per
Xt € L>(0,+00; L2,.) N L*(0, +00); H,,), (1.23)

er per

(
X € L>(0,+00; H,
M S L= ( +OO H2 r)an(O +OO Hper) Mt € L2(0 +OO Lper)
€ [-1,1], for all (z,t) € R x [0, +00),

and moreover

E&S‘éﬁw pru—1,x —X)| = 0. (1.24)

For the mixed initial boundary value problem, we have the following results concerning the asymptotic
behavior of the global classical solutions.

Theorem 1.2 (Mized boundary case). Assume that (po,uo, xo0) satisfies the mized boundary (1.9) with the
reqularities given in (1.13)—(1.18), then there exists a unique global strong solution (p,u,x) of the system
(1.7), (1.9), satisfying that, for any T > 0, there exist positive constants m, M > 0 such that

p € L>®(0,T,H?),p; € L(0,T; H'),

w € L®(0,T; Hi N H*) N L*(0,T; H3),u; € L>=(0,T; H'),

X € L=(0,T; H), x; € L*°(0,T; L*) N L*(0,T; H?), (1.25)
p € L>®(0,T; H*) N L*(0,T; HY), u; € L*(0,T; L?),

x € [-1,1], m < p < M, for all (z,t) € [0, L] x [0,T].
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Furthermore, if X € Astapie N [—1,1], then there exists a small positive constant €1, such that if

Ixo = xII3 < e, (1.26)
then the system (1.7)~(1.9) admits a unique global solution (p,u, x)(x,t) in [0, L] x [0, 00) which satisfies

p € L>(0, 400, H?), p; € L>=(0, +o0; H'),

u € L>®(0,+o00; Hy N H?) N L*(0, +o00; H?),u; € L(0,+00; HY),

x € L>®(0,400; HY), x;: € L>=(0, +00; L?) N L?(0, +00); H?), (1.27)
p € L>(0, 4+00; H*) N L*(0, +o00; HY), s € L*(0,400; L?),

x € [-1,1], for all (z,¢) € [0, L] x [0, +00),

and moreover

lim sup |(p—p,u—1u,x—X)|=0. (1.28)
t= z¢(0,1]
Remark 1.3. In above theorems, the solutions for two different boundary cases are proved to be asymptoti-
cally stable even for the large initial disturbance of the density and the large velocity data.

The key point of the proof for the main theorems is to construct some special energy functions and
the approximate systems for (1.7) to get the upper and lower bound of the density and the concentration
difference. The outline of this paper is organized as follows. In section 2, we construct an approximate
system for (1.7), and obtain the local existence of the solutions for the approximate system. In section 3,
we obtain the desired a priori estimates on strong solutions of the approximate system and take the limit
for the approximate system, then give the proof of the main Theorem 1.1. Moreover, we generalized the
Theorem 1.1 to the mixed boundary value problem (1.7) and (1.9), and get the proof of Theorem 1.2.

2. Local existence and uniqueness

In this section, we will give the local existence and uniqueness of the solution for the periodic boundary
problem (1.7)—(1.8). For this purpose, we should construct a family of smooth approximate functions for the
non-smooth free energy density f (1.4) firstly. This process is strongly motivated by the work of Blowey—
Elliott [4]. The polynomial part of the free energy density i()@ — 1)2 is replaced by the twice continuously
differentiable function f) (0 < A < 1):

| —
—
+

A 1 2
=@+ 507+ 7 (0 =1) + 2 x 21+,

21 2 24

1 2 ]
Z(X2_1) + 52 l<y<1+A,
1 2

falx) = Z()f—l), —1<y <1, (2.1)
1/, N2 1 X
- f1) o (x+1 - <1
4(X 6)\2(X+ )7 A<x< -1,

A 1 2\
X+(1+—))2+—(x2—1) + = x<-1-X\

L
2\ 2 4 24

Directly by simple calculation, one gets
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1 2
f)\(X)21<X2—1) >0, V0<A<l.

Moreover, one has

1 A
T 0+3) +x* =x x = 1+A,
1
W(X—1)2+X3—X, IT<x <1+
Ofx
By )= X’ =X ~1<x <1,
1
_2—>\2(X+1)2+X3_Xa “1-A<x< -1,
1 A s
Ofx 4 2 3af>\ 6 4
-2 > -2 > — Vo< A<l
XaX(X)—X xyxax(x)_x X <A<,
and
1 2
X+3X -1, X>14+ A
1
p(x—1)+3x2—1, 1<y <1+,
82f)\ 2
1
fﬁ(x+1)+3x2—1, ~1-A<x< -1,
1
X+3X2_1’ x < —1-—M
We define the function 8y € C*(R) as follows
A

Bax) = A(x—xg + aa—]:)

1
2\

2

A
x+01+=

1
ﬁ(x—l)Q, I<x<1l+),

——(x+1?% -1-A<x< -1,

)7 XS—I—)\

Lemma 2.1. Suppose that 0 < A\ < 1, then By satisfies the following
1) By is a Lipschitz continuous function and 0 < By < 1.

2)
X — 17 X > ]-a
A—=0
x+1, x<-1

3) B(x) is a Lipschitz continuous function, and

800 = B0l < 30, 180u) ~ B0 < i — xal-

(2.6)

(2.7)
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Making use of the smooth polynomial approximate free energy density fy (2.1), we construct an approx-
imate problem for the (1.7)—(1.8) as follows:

pt + (pu)y =0,
€/ 2
PUE + PUUg + Py = VUgy — 5()(1)17
PXt + PUXz = Hax,
_ 1 afa(p,x) 28

I X)
= P50 Xeo

(P, x)(,t) = (p,u, x)(z + L, 1),
(P’ u, X)(JC,O) = (Po7uo7X0)~

For Vm >0, M >0, B >0, I C R, we define

Xt s (1) = { (9.0 |(pyw) € COUL HEL), x € €O Hiy),

p € L*(I; Hp,,),u € L*(I; Hp,), x € L*(I; Hyp,),

per per per

inf_p(x,t) > m,sup [(p,u)||3 < M,sup [x — x| < B}- (2.9)
tel,zeR tel tel

In particular, for fixed B > 0, we define

Xotoos)= | Xmwms(). (2.10)
m>0,M>0

Proposition 2.1. Assume that (po,uo, Xo) satisfies the periodic boundary (1.8) with the regularities given in
(1.13)~(1.18). For Vm > 0, M > 0 and B > 0, if infyeg po(z) > m, ||(po,uw0)||3 < M, ||xoll7 < B, then
there exist a small time Ty, > 0 and a unique strong solution (px,ux, xx) to the approximate problem (2.8)
with the smooth approzimate function fy (2.1), such that (px,ux, xx) € Xm apr28([0,T4]).

Proof. Because of the difficulty with the coefficients of (2.8)3 4 when using the result of the linear parabolic
equation, we need to approximate the initial conditions. Constructing a approximate function sequence
(p3, ud, x3) for the initial data, (pd,ud, x3) € H2.,, (05, ud, x§) satisfies the periodic boundary (1.8) with the

per’

regularities given in (1.14)—(1.18), and

lim ([lp§ — pollz + g — oll2 + [Ix5 — Xoll4) = 0. (2.11)

Taking 0 < Ty < 400, for Vm > 0, M > 0 and B > 0, we define

Kt (0,15)) = { (0,100 |(p, ) € CO0, To], ). x € C(0.Tol; Hier),

pe L*([0,Tp); H3,,),u € L*([0,Ty); H2,.), x € L*([0, To]; H>.,),

per per per
it ple)>m, swp (o)l <M. sup |- xI3 < B). (2.12)
te[0,To],z€R t€[0,To) t€[0,To)
Constructing an iterative sequence (p(™,u(™ (") n =0,1,2---, satisfies (p©@,u® @) = (pd, ud, x3),

and the following iterative scheme
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o+ ("), =0, ‘
P DI ) = ) — £ (042,
p(n)xgn) + pMy =Dy ) — )y (n)

Pl = —pM SR () —exd,
¢ X
(P, ul™ X)) (@, t) = (o™, ul™ M) (@ + L, 1),

(P(n)7u(n)aX(n)) =0 = (,OO,UO,X())(.’E),

(2.13)

here p(™ = a(p™)”. Suppose that (p(*~D, u(=1 (=) ¢ X%72M723([0,TD]), the existence and unique-
ness of the strong solution p(™) for the equation (2.13)1 can be obtained by the basic linear hyperbolic
theory, we refer to [31] and the references therein. In addition, p("™) satisfies

sup (16 s, + 1168 lazz,, + 16" i, ) < Clom, M, Ty). (2.14)
»L0
Further, rewriting (2.13)3 4 as
(n) (n) (n) (n)y2
X =T T T e T gy e T Gp)s T oty ) Xe
2 n— n—1 3 n— n—1
LY SR (D) ()2

(2.15)

3

ep(n) ep(n)

following from [5], [21] and the references therein, the existence and uniqueness of the solution y(™) for
(2.15) with the initial boundary value (1.8) can be obtained, and x(™ satisfies

sup (I g, + I, + 18z, ) < Clom, M. To) (2.16)
»40
Moreover, rewriting the (2.13)2 as
v p,(P™) €
) = Ly = 0 _ P () _ €y ) (2.17)

similar as above, the existence and uniqueness of the solution u(™ for (2.17) with the initial boundary value
(1.8) can be obtained, and u(™ satisfies

sup (Ju g, + 0"

per per
,To]

) < C(m, M, Tp). (2.18)

Now, all we have to do is to show that, there exists a 7, > 0 small enough, (p(”),u(”),x(”)) €
X m on28([0,T%]). We use mathematical induction and the energy estimate method to prove this asser-
tion. By using (2.13);, applying the method of characteristics, p(™ can be expressed by

P (@) = po(X (,£;0))e Jo " (X (@) )ds, (2.19)

for (z,t) € R x [0,Tp], where X € C(R x [0,Tp] x [0,Tp]) is the solution to the initial value problem

d
EX(x,t;s) = u("_l)(X(m,t; s),t), 0<t<T,
X(x,s;8) = x, 0<s<T, zeR.

(2.20)
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The regularity of X (z,t;s) gives p(™ € C°([0, Ty]; H*). Multiplying (2.13); by p(™) and integrating it by

parts, one has
L
L2 pmpe < %/UE&”’I)(p("))Qd:chﬁ/ [ul 1™ | da
0
< DN I + £ (D 2 + 16 2). (2.21)
From Gronwall’s inequality, one obtains

n T u(" Dr u(" Dr T
1™ @2 < (ool + 7 / a0 (7 [2dr) el 17 @I =P @D @l 41)ar]. (2.22)

Differentiating both side of (2.13); with respect to x, multiplying it by p&") and integrating by parts, one

has

L L L

5l < 2 [l 2o 100 = gl Vide + 5 [ Dol s
0 0 0
< A0 Pl 7 + 2t ™ — a1 0
ol o) (2.23)

Similarly, for the second derivatives and third derivatives, one gets

L
5ol < o / DI e+ [ 16 = plloe s
0

L L
+ [ 18 Vo) + 5 / sl
0

n— 1 n— n
SC(Ilu; DIzl o517 + ez V™ = ol 1108 12 105 |

b2 ez V= o8 o5 ||)+ﬁ|\U£Z;1)Hllpm)H, (2.24)

and

L L
3l < O [ulr Dot ydn [ 16 Aot o
0 0

L
+ [ 1o e + / a0 1ol ) + 5 / oG

_ 1 _
< O (Il V2 D o 12 + D o™ = 212 82 S |

Tl B S [ el [ SN T (Al [ [l P28 ||||pm||)

+olulz S (2.25)
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Hence, adding (2.22)—(2.25), from Gronwall’s inequality, one has

o™ (t)]|2 < C(M + C(M)Ty) S To,
1p, ()] < C(M + C(M)/Tol|ul D1l 12 0,102 () ) €S DT,

and in the same way, one obtains

1o < O ((M + CONTy M)A 4 1),

Hp )” < C((M +VToC(M ||U¥i;,»p||L2(0,T0;L2(R)))GC(M)T° + 1).

From (2.19) and (2.26), for T small enough, which be called as T}, p(™) satisfies

m
inf  pM>—  sup ™ —p|3 <2M.
t€[0,T1],2€R 2 te[o,11],z€R H I3

Multiplying (2.13)3 by x("), integrating over [0, L] by parts, one has

1 d L L
Ld [ m) )24, ONOF
2dt/p (x'"™) /u Xy da
0 0
1 [ of ‘o
_ - YIX(n—-1) (n) _ = (v()
e/<ax (x ))xm dx 6/p(n)(xm) dz,
0 0
thus
s ) =) + /Hx )|2dr < B + C(e,m, M, B)T;.
341

Multiplying (2.13)3 by u(™, integrating over [0, L] by parts, one gets

L
€d 2
€[ m (n)2
2dt/|xm ]dm+/|uz |*dx
0
1 L 62f L
— = [ (T D) =Dy (1) () g €[ (1) (4 (n))2
€/<3X2(p X)) XD e 2/% (") da
0 0
' [0y 2
< 2 [ (u2ge + 2 [ (I (1) 1) (n=1))2
_2/(% )dx+2€/(5.xg(p X )) (") da
0 0

L
STV [ () e,
0

therefore

2¢

L L L
d 1 3B%(B? —1)2 B
gﬂ/‘X;n)Fdl‘-‘r§/|M;n)|2dx§ ¥+%/(X§cn))2dx,
0 0 0

195

(2.30)

(2.31)

(2.32)

(2.33)
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following from Gronwall’s inequality, one has

3B%(B%2 —1)2
sup e€l|x ”)H2 (50 + QTO@EBTH
0<t<Ty €

substituting the inequality (2.34) into (2.33), one obtains

3323 1)2 B 3B2(B% — 1)2
/ )P < ( ELCalta L T e et

€

combining the inequalities (2.34), (2.35) and (2.13)4, one has

//|X¥;)Z| dx < C(B+C(e,m,M,B)T}).

Differentiating (2.13)3 with respect to ¢, one gets

p(n)X( )+p(n) (n) +p§n)u(n—1)xgn) _’_p(n)ugn*l)xén) _i_p(n)u(n—l)xg) (n)

= Mgzt

multiplying (2.37) by Xﬁ"), integrating over [0, L], one has

L
n € n
P )\Zdw+/—(n) PeeAR
p
0

N —
O\h

L
n n n —_ n n— n 1 n
—/ (P D™ 2 4 pfM =D ™ - p ™ + S XX Gh ) de
0

€

L
1 a n
+—/ fA ("‘”,x("‘”))x§ I\ da
0

L

L
§/2 I e + (M )/p(”)|x§”)|2+C(6,M,B)(1+T1),
0 0

Noting that from (2.15), we see that

IV Xt O)1] < Clllpolla, luoll, Ihxolla),

combining with (2.38), and from Gronwall’s inequality, one obtains

Ty
[ﬁqu]HxE")(T)H2+ / (S N2 4+ 1™ (O + 128 () 1) dr
s 41 0

< C(B+C(e,;m,M,B)T}).

Moreover, in the same way, one gets

(2.34)

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)

(2.40)
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sup [ () + /Mmm )|2dr < C(B + Cle,m, M, B)Ty), (2.41)
and
sup (6™ @1 + 14012 + XL 012 + X ) t/mmmx )27
[0,11]
< C(B + C(e,m, M, B)T}). (2.42)

Multiplying (2.13), by u(™), integrating over [0, L], one obtains

L L
d 1 1
dt P u™] d1‘+/ m) ”)dx+u/|u(" 2dx = 75/(X§C"))iu(”)d:c. (2.43)
0 0
We define
P
Glp) = p / s~2(p(s) — p)ds, (2.44)
3
where p = p(p), so that by (2.13), one gets
G(p™)e + (G(p™)u™1)_+ (p(p'™) — p)ul* =0. (2.45)
Integrating the result and adding it to (2.43), then one has
p L L . L
1
— (—p(")\u(")|2 + G(p(”)))daj + 1// [u(|?de = ——/ (") 2w g, (2.46)
dt 2 2
0 0 0
thus, one obtains
sup (™ @1 + 1™ (1) = pI1%) + / [ul (7)|Pdr < C(M + C(e,m, M, B)Ty). (2.47)
>4 1

Differentiating both side of (2.13)s with respect to x, multiplying it by uE"), integrating over [0, L] by parts,

one has

L
1d n
5P+ [ o™l P
0
L L

L
=— / P u =DM " oy — / P (p™)p{uf™ da / XX W da
0 0 0

L
1 n
<5 [ PN e+ el wmﬂ1WMwln/mW|M+OWHWB>
0
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then from Gronwall’s inequality, one gets

sup [|u™ (6)]* + // p™ W™ 2dzdr < C(M + C(e, m, M, B)T}). (2.48)

,T1]
In the same way, for the higher derivative of u(™, one obtains

sup ([|u™ (€))% + [|ul® @)1 + [l @)1 + a2, (1)]12)

(0,71

+ / / (a2 + [uT)2 + [l [2)dadr < C(M + C(e,m, M, B)T)). (2.49)
0

From the energy inequalities (2.26)—(2.30), (2.32)—(2.36), (2.40)—(2.42), (2.47)—(2.49), we can choose T
small enough, without loss of generality, say T, > 0, and all the conditions stated in the definition of
X%,QMQB([O,T*]) are guaranteed. Thereby the iterative sequence (p () () X(”)) € Xm om,28([0, T4]).
Moreover, (p™, u(™, x(") is the Cauchy sequence in C°([0, T.]; H].) x C’O([O T.); Hp o) X C’O([O T.J;H)..).
We define (py, uy, xa) the limit of the sequence (p(™,u(™, x(™). It is easy to know that (px,ux, x») is the
uniqueness solution of the systems (2.8) in the space X m on28([0, T%]). Finally, letting 6 — 0, we can easily
derive the limit (v, u, x) of sequence (p°,u°, x%) satisfies, (v,u,x) € Xpm.a.5([0,Tp]), and it is a solution of
system (2.8) with the initial data (pg, ug, xo0). The proof of Proposition 2.1 is completed. O

3. A priori estimates

In this section, we will present the desired estimates and global existence of the solution for the ap-
proximate periodic boundary problem (2.8), then we will take the limit of the approximate equation (2.8),
and give the proof of the main Theorem 1.1. Furthermore, we will extend these results to mixed boundary
problem (1.7), (1.9) and obtain the Theorem 1.2. Based on the local existence and the a priori estimates,

we may obtain the global solution by the continuity extension argument developed in the previous papers
[12,13], [24-30] and the references therein.

Proposition 3.1. Let x € AstapteN[—1,1] be fized. Assume that (po, uo, Xo) satisfies (1.13)—(1.18). Then there
exist positive constants C and €1 depending only on v, €, such that if

l(xo = X)% < e, (3.1)

then the periodic boundary problem (1.7), (1.8) has a solution (p,u,x) € Xo +00,¢,([0,T]), and

sup _([[(p, w)[I3 + (11T + lpell3 + [luellf + xell®)
t€[0,T)

T
+/ eI + llua (113 + IxaONF + lue®I3 + Ixe(®)13)dt (3.2)
0

< (l1(po, uo)lI3 + Ilxo3).

Proof. For fixed positive constant ¥ € Aggaple, from Sobolev theorem, one can choose By small enough, such
that for 0 < B < By,

X € Astable- (33)
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Multiplying (2.8)2 by u and (2.8)3 by p, integrating over [0, L] x [0, 7] and adding them up, combining with
(2.2), one has

te[0,T]

L T L
1
sup / Spu® + = \xx|2+G(p) 2P 1) dm+//(lux|2+lflux|2)d$
0 0 0

L
/ S Pouy + §|X0w\2+G(PO) 400( -1) )d (3.4)
0

Multiplying (2.8)3 by x, integrating over [0, L], combining with (2.3) and (2.4), one gets

L

L L
1 1
/ x2dz + —/ 3x% — 1)x2dx + e/ ;xfmd:c <0, (3.5)
0 0 0

&'Q‘

N —
)

by using (3.3), adding (3.4) up, integrating over [0, T], one has

T
sup IVe(x(®) =) + 0/ (e (P11 + |%X1m(7)”2)d7— < Cllvpo(xo = X)II*. (3.6)
Noting that
1 1 1 d 1 1

Upy = _[;(Pt + peu)] = [p(;)t + pu(;)gg]z = pdt(p) + pu(p)m, (3.7)

then (2.8)2 can be written as

2 / d 1 1 €, 5

(pu)i + (pu”)z + 1 (p)pa = I/[PE(;)z + Pu(;)m] - 5()(1,)9: (3.8)

Multiplying (3.8) by ( )z, integrating over [0, L], one has

L L
vy 2w Ve P o
dto/(gp}(p)x| pu(-)z)d +0/ s

5 L
:0/((Pu) +( 2)1(—%))dx+eo/xzxm(%)mdx
L L
= /u?:dere/XxXxx(%)xdl'. (3.9)
0 0

Multiplying (3.9) by %, adding up to (3.4) and (3.5), one obtains
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2

L L
1 1
%/ de + = /|u1| dx+/|,u$| dx+—/ 3x? —1) Xxda:—ke/;xfmdx
€
0 0

L 1 L
14 T
=% (2ot () e < Pl /\X 1o (5), o
0

L

d 2 1

& TSI S+ 3o + o + Sl + Glo) + L3717
0

p3 p V2
1,1, 2
< el + 22 o2 ),
: p
1 _1 €| Xz ||?]] 2,1\ |2
< el + ellod P02+ 5] 25 2 ). (3.10)
combining with (3.3), (3.4), (3.6), (3.10), one gets
r &
2
/(pl ; | +pu2+px2+\le2+G(p)+p(X2—1)2)de
0
(3.11)

T L
1
+ // + | + [ + (3x* = DG + —xim)dfvdt
0 0 P
< c(|\<po,><o>||1 + lvBouo ).

Now we're going to give the upper and lower bounds of density. According to the method in Kanel’ [15],

constructing a function

wleo| 32

S

/p st (3.12)

By using the definition of p (1.10), we know that for fixed ¢, there exist a point x¢ € [0, L], p(xo,t) = p, and

one has

|\I/(p(x,t))|=‘/ pls,1))ds| </‘ pf
L
< (/ O/p% 2da)" < Clposuon o). (3.13)

On the other hand, noting that the definition of (2.44), one gets

_ 2\ ) ~plnp, p—0F,
np—p(lnp+1 )
a(p np—pnp+1)+p {Nphlp’p_w%’

G(p) =
pr o ap Tt ~p, p—07,
a(—l p+p) - v>1,
Y- v—1 ~p7, p— F00,

(3.14)

and then
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3
2

p
G
— / 00, p = H00, (3.15)
s — —00, p— 0T,
p

Taking advantage of (3.13), there exist two positive constants m > 0 and M > 0, satisfy

0O<m<p<M (3.16)
From (2.8)4, one derives that
€ 1 6}&
Sow = =220 — 3.17
Xar = gm0 — (3.17)
differentiating (3.17) with respect to x, one has
€ 0?
EXzzw = —PPs + ﬁXxx =+ E J;/\X:cv (318)
p € Ox
then directly from (3.11) and (3.16), one gets at once
[ IszalPat < € (o0, x0) B + fuol?)- (319)
Multiplying (2.8)s by —%um, integrating over R by parts, one gets
1 7 1 ’ '
2 t p p p
0 0
L L .
1
< K/—%tixdﬁw 4 (/(pp)Qp””der/pu u dm+/—xi><ixd$)
4/ p p
0 0
L L
v [1 e
<% [ uian s 2 ( [y e+ ol / oz + e e | / )
0 0
L L ) L .
v [ 1, C2 10 \Pa 2 2
<5 [ utdo+ 2( [ oo ot sl + [ SxEda), (3.20)
0 0 0
integrating over [0, 7], from (3.11) and (3.19), one has
sup (1) + [ haaa®lde < (o0 w0l + 1xol3): (3.21)

Multiplying (2.8)3 by x:, integrating over [0, L], one gets

L L L

/ pxidx + / puxzXtdr = / KX zatdT

0 0 0
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1 2
- tXa:a:dxv
(p)

o\h
SIS
XM;,,

=

8

=

g

QU

S

|

DN
Sl

o

D=

=
8N
8

QU

S

+

)

o

and consequently

€ 1

—/PUXxXtdZU‘i‘ §/<_)txizd$

P

0 0
L

L
1 € U Pz
—/pxtdx+0||xxllllxzz\\/qudx+ —’/(—mxiﬁr — xim)dw‘
2 2 p p

0

IA

IN
N =

0

L L L
[ e+ Cllall sl + sl a1 ([ 2o+ [ o)
0 0 0

L

L
1 1 1
+Cllxaell? xamell? lull e | / prde + / Xade)
0 0
L

L L
C (Il + e P+ s e ([ e+ [ 2o [ o2,
0 0

0
L
/ px;dz,
0

that is, combining with (3.11), (3.19) and (2.5), one obtains

+

N =

sup (I DI + st / b (®l%dt < Cllxol3

Differentiating (2.8)3 with respect of ¢, one has
PXtt T PeXt + PrUXe + PULXz T+ PUXat = Paat,

multiplying (3.25) by x¢, integrating over [0, L], one gets

L
0

L L
= —2/puxtxmtdx+/pIUQXtXIdx—l—/pumuxmxtdx
0 0
L

N —
&|Q‘

0
L L

0

L
1 02 f U
_/putXa:Xtdx""_/—fQXtvatdx_/_an:a:Xa::rtdx_/p_qu:er:thd-r
cJ ox )P ) P

(3.22)

(3.23)

(3.24)

(3.25)
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L L
1 1

0 0

=~

on the other hand, multiplying (2.8)s by u;, integrating over [0, L], one gets

L L L L L
%%/uidm—i—/pufdac = —/puuajutdmdt—/p;pmutdacdt—e/xwxmutd:cdt
0 0 0 0
L
< i/putdx—l—C/ us +p§—|—x§x)daj, (3.27)
0

summing (3.22), (3.26) and (3.27) up, making use of (3.11), (3.19), (3.21) and (2.5), one obtains

T
sup (I ONF + IO + ua(t) +/ X + IGae O + [l (8)]*) dx
0

)

< € (11(eo. w0} + l1xoll3 + llxorl?). (3.28)

Differentiating (2.8)s with respect of z, multiplying by fiz.., one gets

sup e () + / tame 2z < Cllxo — K12 (3.20)
0,

Directly from (2.8), by using the estimates (3.11), (3.21), (3.28), one has

T
[sou%v](Ilpt(t)\|2+||u(t)|\2+llum +/ e (O 4 [| e (8)[|7)
’ 0

< C(l1(po, w0} 12 + Ixll3 + lIxocll?)- (3.30)

Differentiating (2.8) with respect of ¢, one derives
Pils + PUst + Prully + Uty + PUULE + Dot = Vlgzt — €XatXew — €EXaXazat- (3.31)
Multiplying (3.31) by u¢, integrating over [0, L] x [0,T] by parts, making use of (3.11), (3.19), (3.21) and

(3.28), one gets

sup [0+ / / wZydzdt < (oo — 7o)+ o — XI5 + el + Juarl?). (332

Differentiating (2.8)2 with respect of z, one derives
Pt + Pyt + PrUitly + PUylly + PUlyy + Doy = Viggs — €Xog — €Xa Xazz- (3.33)

Multiplying (3.33) by g4, integrating over [0, L] x [0, T] by parts, making use of (3.11), (3.19), (3.21) and
(3.28), (3.32), one gets
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T L
sup s D+ [ [ 0ot < € (ol + 00,300 3 + Dl + o) (334
0 0

Differentiating (3.8) with respect of x, one derives

()t + ()4 e = Vo 5o+ pul5)e], = 503, (3.35)

Multiplying (3.35) and (3.33) by (%)M, u,, respectively, integrating over [0, L] and summing, one obtains

T
sup ([ (O1F + 122 01) + [ (oI + s (P)P)
(0,77 5

)

< C(llpol3 + lluol + lxoli3). (3.36)

Furthermore, similar to the proof above, one has

T
sup IXozwa ()1 + / l1aaws]*dz < Cllixo — X3 (3.37)

Now we will let A — 0 in approximate problem (2.8). For 0 < A < 1, from the results above, there exists a
solution (px,ux, xx) of approximate problem (2.8), satisfies (px,ux, x») € Xo,400,8([0, +00)). Multiplying
(2.8)4 by Ba(xn), integrating over [0, L], one has

L L
1
G/PA(XA)I(BA)xdeF a/mﬁidiﬁ
0 0
L L
Z/PAMAﬁxde—/%(Xi’ — XA)Brdx
0 0

€

L L L
1 ofx 1
<car( [mide+ 5 [ (G oro)in) + 5o [ meae. (3.39)
0 0 0

combining with

L L
c / () (Br)ade = € / B ()2 de
0 0
L L
> / (B2 (602 > € / pa(Br)2dz, (3.30)
0 0
one obtains
18l 202y < CA, and [|(Ba)z ]l 20,702y < CAZ, (3.40)

thus, letting A — 0, one has S(x) = 0, that is,
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—1<y<1. (3.41)

Moreover, by using the compactness theory and the Lions—Aubin argument, combining with the results

above, it is easy to know that the system (1.7)—(1.8) has a strong solution (p, u, x) when A — 0. Therefore,
the proof of Proposition 3.1 is completed. O

Now we will give the proof of Theorem 1.1. For the global existence, we only need to get rid of the small

condition (3.1) in the Proposition 3.1. Noting that the small condition for the initial value x only used in
(3.5) to get the estimate (3.6), rewriting (3.5) as follows

L L L1
/ idx + — /SX dx—i—e/—
0 0 P

integrating over [0, 7], one has

L L T L T L L
1 1 1 1
§/px )da + = /3X2Xidx+6//—xiwdw = —//Xidx+ E/px?)dm, (3.43)
p €
0 0 0 0 0 0

by using (3.4) and Gronwall’s inequality, one obtains similar energy estimates without the small condition

N
&.|Q‘

L
/ x2dz, (3.42)
0

(3.1), but the constant C' depending on T, and the global existence for (1.7)—(1.8) is obtained, the uniqueness
of this solution can be obtained by the classical method, we omit it. At last, it suffices to present the large
time behavior for the solution (p, u, x) of system (1.7)—(1.8). By using the energy inequality (3.2), combining
with Sobolev embedding theorem for periodic functions, one has at once

S%PL] (p = p,pu —pt, px — px)(x,t)| < Lll(pz, (p)z, (X)) ()]l
xe|0,

— 0, ast— o0, (3.44)

thus, (1.24) is obtained. Moreover, by the similar way above, we have the proof of Theorem 1.2, the details
are omitted here.
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