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ABSTRACT. This paper is concerned with the nonisentropic unipolar hydrody-
namic model of semiconductors in the form of multi-dimensional full Euler-
Poisson system. By heuristically analyzing the exact gaps between the original
solutions and the stationary waves at far fields, we ingeniously construct some
correction functions to delete these gaps, and then prove the L°°-stability of
stationary waves with an exponential decay rate in 1-D case. Furthermore,
based on the 1-D convergence result, we show the stability of planar stationary
waves with also some exponential decay rate in m-D case.

1. Introduction. In this paper, we study the multi-dimensional full Euler-Poisson
System

ng + div(nu) = 0,

(nu)¢ + div(nu ® u) + Vp(n,8) = nVw — n

Tp
2 2 2 w 9 — 90 (1)

0, +uve + ~0divu = = “Ag+ T T T2 77

3 3n 37—“’7_10 Tw
Aw=n—b{a)

for (z,t) € R™ x Ry, with the initial data
n(x,0) = no(x) = ni,
u(z,0) =ug(zr) = uy = (ux,0,---,0), asz; — £oo, (2)
0(x,0) = Op(x) — Oy,
and the boundary condition at far field
lim Vw(z,t) = 1611_i>rr_1oo(5’gvlo.z,Ohfmw, v 0, w)=E_:=(E_,0,---,0). (3)
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Such a system describes the nonisentropic unipolar hydrodynamical model of semi-
conductor device, see [17, 28, 39| for details on the applications in semiconductors
and in plasma physics. Here n = n(z,t), u = (u1, - ,um)(z,t), 6 = 0(z,t) and
w = w(x, t) represent the electron density, the electron velocity, the temperature and
the electrostatic potential, respectively. The coefficients 7,, 7, and k are positive
constants, which represent the momentum relaxation time, the energy relaxation
time and the thermal conductivity, respectively. Without loss of generality, we
assume 7, = 1 and 7, = 1 throughout this paper. The positive constant 69 is
the lattice temperature of semiconductor device. n4, uy, 04 and E_ are the ini-
tial constant states for the electron density n(zx,0), the electron velocity u(z,0),
the temperature 6(x,0) and the electric field Vw(z,0) as * — +oo. The func-
tion b(x) > 0 stands for the density of fixed, positively charged background ions.
p = p(n,0) is the pressure function, and physically it is given by

p(n,0) =nb. (4)

Notice that, we assign the unknown function w with the Neumann boundary
condition (3), rather than with an initial value condition w(z, 0), because w satisfies
the Poisson equation (1)4. Later on, we will give a more detailed explanation that
the boundary condition (3) is necessary and natural. Otherwise, the system will be
ill-posed.

The main purpose of this paper is to investigate the large-time behavior of solu-
tions to the system (1) equipped with the initial data (2) and the far-field boundary
condition (3). We expect that the solutions of the Euler-Poisson system (1)-(3)
converge to their corresponding planar stationary waves, the stationary solutions
to the corresponding steady-state equations, even if the system is in the switch-on
case, namely, the state constants on the current and the electric field are non-zero.

Let us first investigate the 1-D system of (1) and its corresponding steady-state
equations. For sake of simplification, we denote

J:=nu and FE:=uw,, (5)

as the current for the electrons, and the electric field in 1-D system of (1), re-
spectively. Thus, the 1-D nonisentropic Euler-Poisson system of (1) is written as
follows

nt+Jw1:Oa
J2
Jo+ (S +p(n,0)) =nE-J
IS N 1.2 (6)
— — — . _—_ — 0
0t+n9w1+3(n)x16 ?ﬂz%ﬂl—&_i%n2 (6-6%),

E,, =n—>b(x1),

equipped with the initial conditions

’ﬂ(fEl,O) = nO(Il) — Ny > 07
J(21,0) = Jo(x1) = J4, as xr1 — oo, (7)
9(1‘170) = 90(5(}1) — 91,
and the boundary condition at far field 1 = —c0
lim FE(z,t)=E_. (8)

r1—>—00
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It must be pointed out that, the boundary condition (8), or replacing it by
lim FE(z1,t) = Ey, (9)

x1—+o0

is necessary and natural. Otherwise, as we analyze below in Section 3 for the
behavior of the solutions (n, J, 0, E)(z1,t) at the far fields = +oo, the functions
J(£o00,t) and E(+oo,t) will be underdetermined, which will cause the system to
be ill-posed.

Notice also that the initial value of F(z1,0) is not necessary to be assigned, but
will be automatically determined by the system (6). In fact, integrating (6)4 with
respect to x; over (—oo, z1] and applying (8), we have

1

ﬂmﬂ=ﬂ+/ [y £) — b(yr)]dun

So, the initial data for F(z1,t) is given by
z1
Blico = B=+ [ [nolun) — b(un)lds = Eofin). (10)

For 1-D nonisentropic Euler-Poisson equations (6), the corresponding steady-
state equations are

J= constant,
oo
(7 +om0), =ab=J
J: 200\ s 2k- 12 (11)
§@n+§;ﬂm9—§ﬁ%WI+§ﬁ“*9‘9%
Eﬂvl =n- b(xl)a
(n, j,&,E)(:cl) — (ni,j, Hi,Ei), as r1 — +oo,

with

- - - E_ - 72
Ji=n_E_., E_=FE_, E,="""" 6,.=¢+ J—Z (12)
n4 3ni

Such steady-state solutions (7, .J, 6, E)(ml), the so-called stationary waves to (6),
can be similarly proved to uniquely exist by the energy method and the fixed point
theorem as in [2, 3, 4, 22, 27, 42] in the case of subsonic flow. The steady-state
solutions (72, J, 0, E)(x - e) is called the planar stationary waves for the m-D full
Euler-Poisson system (1), where e is the basis of the space R™. Without loss of
generality (by rotating the coordinates), we may take e = e; = (1,0,---,0). So,
in this case, the planar stationary waves becomes the 1-D steady-state solutions of
(11) and (12): (A, J,0,E)(z - e1) = (A, J,0, E)(z1).
When the state constants for the initial electric current are zero, namely,
o0
J_=Jy =0, equivalently, / [no(z1) — n(z1)]dzr =0, (13)
— 00
it physically stands for the switch-off case (no electric current). In this case, the so-
lution (n, J, 6, E)(x,t) for the nonisentropic unipolar hydrodynamic model of semi-
conductor (1) was shown to converge time-asymptotically to the stationary wave
(72,.J,0, E)(z1) by Ali, Bini and Rionero [2], and Zhu and Hattori [42] in 1-D case,
and by Ali [1] in m-D case, respectively.
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However, when the state constants of the initial electric current are non-zero,
namely,

J+ # J4, or equivalently, /[no(:cl) — (z1)]dzy # 0, (14)
R

it is the physical switch-on case, and this case is more interesting and practical but
more difficult and challenging. The stability of (planar) stationary waves in this case
remains open so far, because, as we heuristically analyze later in Section 3, there
are some L2-gaps between the original solutions and the corresponding stationary
waves. Precisely saying, the original 1-D solutions of (6) at the far fields behave as

(1, 0,0, F)|gi=—0o = (n_, J+O1)e ™! §_+0(1)e ", E_),
(1, 1,0, F)|loy=100 = (ng, J+O(1)e ™t 6, +0(1)e™™t, E, + O(1)e™"!)
for some vy > 0, and the steady-state solutions at the far fields are
(72, J,0, E)(£00) = (n<, J, 0+, E1),

where J, 6 and E4 are defined in (12). So there are some gaps between the original
1-D solutions and the stationary waves at the far fields

(J = J,0 —0)|ae—0o # (0,0), and (J —J,0 — 0, E — E)|s— 100 # (0,0,0).

These imply that the perturbations of 1-D solutions around the corresponding
steady-state solutions are not in L?-space:

J(z1,t) — J(x1) & L*(R), E(x1,t) — E(z1) € L*(R), and 0(z1,t) — 0(z,) & L*(R).

To delete these gaps, the correction functions usually need to be introduced. Howev-
er, the technique for constructing the correction functions introduced first by Hsiao
and Liu [11] for the linear damping case cannot be applied to our case anymore
due to the complicated nonlinearity of the system (6). In order to overcome such
a difficulty, inspired by our recent works [13, 14, 15, 16] for the unipolar/bipolar
semiconductor models (indeed, the unipolar model case considered in [15, 16] can be
regarded as a special application of this work), we first make a heuristic analysis on
the solutions at far fields and see what the exact gaps in L?-space are between the 1-
D isentropic solutions and the corresponding stationary waves at far filed 1 = o0,
then we try to ingeniously construct some correction functions to delete those L2-
gaps (this is a crucial step), finally we prove the stability of stationary waves by
using the technical energy method. More precisely, when the perturbations around
the stationary waves with a suitable setting up are small enough, we prove that the
solutions of (6) converge exponentially to the corresponding stationary waves in the
form

H(n—ﬁ,J—j,E—E,G—é)(t)HLw =O(1)e (15)
for some constant p > 0.

Furthermore, for multi-dimensional (1), we will first prove that, the m-D solu-
tions of (1) converge to the 1-D solutions of (6) when the corresponding initial
perturbations are small enough, then based on the crucial convergence result of
the 1-D solutions of (6) to the stationary waves, we will further show that the
m-D solutions of (6) converge also to the corresponding planar stationary waves
time-exponentially. This is our second goal in this paper.

Notice that, the authors [42] claimed that, in the switch-off case (13), the 1-D so-
lutions for the full Euler-Poisson system converge to their corresponding stationary
waves; while in the switch-on case (14), the stationary waves are unstable, and the
1-D solutions for full Euler-Poisson system will converge to the other asymptotic
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profile. However, this is not completely true. Because, although there are some
L?-gaps between the 1-D solutions and the corresponding steady-state solutions,
which seems to lead that the 1-D solutions (n, J,0, E)(x1,t) don’t converge to the
stationary waves (71, J, 6, E)(x) in L?-sense, but the 1-D solutions of (6) will still
converge to the stationary waves in L°°-sense. For details, see Theorem 3.2 and
Corollary 1 below.

Regarding other significant studies on the unipolar or bipolar hydrodynamic
system for semiconductor devices, we refer to [3]-[30] and [35]-[41] and the references
therein.

This paper related to the nonisentropic full Euler-Poisson system (1) can be
regarded as an extension of our recent studies [13, 14, 15, 16] on the stability of
stationary/diffusion waves for the unipolar/bipolar hydrodynamic models of semi-
conductors. The new technique originally introduced in [13] then developed in [15]
for constructing the correction functions is applied in this paper, and also plays a
key role in the proof of stationary wave stability. The rest of this paper is arranged
as follows. In Section 2, we give some well-known results on the stationary solution-
s. Section 3 is devoted to the convergence to the stationary waves in 1-D case. In
Section 4, the main afford is to prove the convergence to the planar stationary waves
in m-D case. The crucial step is to prove the convergence of the m-D solutions to
the 1-D solutions, when the initial perturbations are small enough. Then based on
the convergence result obtained in Section 3, we can immediately gain the stability
of planar stationary waves in m-D case.

Notation. Through out this paper, the stationary waves are denoted by (7, J.,0,
E)(z), and the correction functions are denoted by (7, J, 0, E)(xz,t). Co, C;, et al
always denote some specific positive constants, and C' denotes the generic positive
constant. L?(R™) is the space of square integrable real valued function defined on
R™ with the norm ||-||, and H*(R™) (H* without any ambiguity) denotes the usual
Sobolev space with the norm || - ||, especially || - |0 = || - ||

2. Stationary waves. In this section, we are going to introduce the well-known
results on the stationary solutions to the corresponding steady-state equations of
(6), the so-called nonlinear stationary waves:

J= constant,
2N
(f +p(n,0)) =nkE—J,
Jooagdy s an 1.2 (16)
hay?} i g 2"p (g —¢°
@9’”‘ * 3(71)9516 37 0mm t 35 —0-0),
E‘gg1 =n— b($1),
with
i (8, B)(en) = (o B, i ie) = (17)
Notice that, (16) is equivalent to
g2 L .
/[~ Y\~ S - B A s
((pn(n, 0) fﬂ)n“)xl nE —J — py(n,0)0,,.

In order to keep the uniform ellipticity of the above equation, we need

/I (~ N J2
Pl (n,0) — F) >0, (18)
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that is

1| (velocity) —= \%\ < /P, (#,8) =: e(7,) (the sound speed).

This means that the system under consideration in this paper is a full subsonic flow.
Let

b, = inf b(z1) >0, and b* = sup b(x1) > 0, (19)

z1€R z1€ER
and

b(Il) S CS(Rm) and limxlﬁioo b(q:l) =ng,

/O b(z1) — n_]2dzs + /Ooo[b(xl) ~ ny]Pdzs < Co,

— 0o

(20)

for some positive constant Cy. Then we state the existence and uniqueness of the
stationary wave for the steady-state equations (16) and (17) as follows.

Proposition 1 ([2, 42]). Assume that b'(z) € L*(R) N H*(R) and by+/p,, (b, 0°) >
|n_E_|, then there exists 69 > 0, such that if

|E_| < o, Iny —n—| < do, and ||V'||Lx + [|V]| ;s < do, (21)

then (16) exists a unique smooth solution (n,J,0, E)(x) of (16) and (17), which
satisfies

be < < b, (22)
J=n_E_, (23)
- _E_
E(+0) = z , (24)
n4
1.J2

+o0) =0+ = 5 2
O(oc) =6+ 577 (25)
17— bl[Fra < Cilan + [y —n]), (26)
~ 4 . .o~ .o~
B[+ 1047] + [0, E| + 056] < Caas, (27)

i=1

where C; = Ci(n_, E_,b.,b*) > 0 and a; = «;(6p) > 0 are some constants for
1=1,2, and «; satisfies

o = 041-(60) <1 as 50 < 1. (28)

Remark 1. To guarantee the system to be subsonic, namely, to hold the condition
(18) when dp < 1, we need the sufficient condition b.+/pl, (b«,8°) > |[n_E_|. Since
p(n,0) = nb, then b,/pl, (bs,0°) > |n_E_| is equivalent to b,v/60 > |n_E_|.

3. Stability of stationary waves in 1-D space. For sake of simplification,
throughout this section, we still denote the 1-D spatial variable x; as x € R without
confusion.

In order to prove the stability of stationary waves, inspired by [13, 14, 15, 16] for
semiconductor models, and initially by [34, 26] for hyperbolic p-system, we need to
make a heuristic analysis on the behaviors of the solutions to (6)-(8) at the far fields
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x = F+o00. Then we may understand how big the gaps are between the solutions and
the stationary solutions at the far fields. Let

nt(t) := n(£oo,t),
JE(t) i= J(£o0,t),
0%t (t) == 0(Fo0,t),

E*(t) := E(+o0,1).

(29)

From (6)1, since 0,J|z=+00 = 0, it can be easily seen that
nE(t) = n(+oo,t) = ny. (30)
Taking x — %00 to (6)2 and (6)s, we get four ODES, i.e.

) = e B (1) - TE),

dt
d 1 (JE®)? (31)
%Hi(t) =3 a2 (0=(t) — 6°),

and differentiating (6)4 with respect to ¢ and using (6);, we have
E:ct = (TL — b(x))t =Ny = *JT
Integrating it with respect to  over (—oo, +00), we then have

d d _
£E+(t) - %E (t) =—=JT(t)+J(b). (32)

Notice that, these five equations in (31) and (32) will under-determine six unknown
functions J*(t),0%(t) and E*(t), which will cause the system (6) to be ill-posed.
Thus, naturally we need an extra boundary condition for E(x,t) either at © = —oco
or z = +00. This indicates the boundary condition (8) (or replacing it with (9)) is
necessary and proper.

From (8), we have

E~(t)=E_. (33)
Then, from (6)2, (6)3 and (33), we can easily get
J (@) = (J.—-n_E)e"+n_E_, (34)
J? J?
- _ (g0 L g0 JT Nt
o=(t) = (¢ +3n3)+(0_ 0 3n%)e
2J(J_—J J_—J)?

- (3n2_ )te_t + ( 32 ) (e7t —e™2h). (35)

From (6)2, we further have

LIt =n B (1)~ T ()

(36)
J* (0) = J+7
and from (6)4 and (8), we obtain
BH(t) = lim_ Br1) = /R (n(z, t) — b())de + E-. (37)

Differentiating (37) with respect to ¢, and using (6); and (34), we obtain

%Eﬂt) _ /R Jo@ t)de = —JHE) + (J_ —n B )e~" +n_E_. (38
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From (37), we have

E+(t)|t:0 = /(no — b)(l’)dI =+ E_ = E+. (39)
R
Combining (36), (38) and (39), we obtain
%ﬁw=nwﬂw—ﬁw,
&EJr(t) =—Jtt)+(J-—n_E )e"+n_E_,
d _1(Jt®)? (40)
aw(t) = gT — (07 (t) — 0,
']+(O) = J+7
E+(0) = E,.

We find that (40),, (40), is a closed system for J*(¢) and E*(t), so we solve JT(t)
and E7(t) first, then we can easily obtain 67 (t) from (40),.
Differentiating (40), with respect ¢, we obtain

d? d d

gty = L~ Lt 41
ST = ny B (0) — ST (1), (41)
and substituting (40), into (41), then we can reach
d? d
gz O+ IO+ T () =npn Bt (T -0 Bo)e ™,
JT(0) = Jg, (42)

%J-'—(O) = n+E+ — J+.
Notice that, the eigenvalues of the second order ODE of (42) are
*1*\/1*4714_ *14’\/1*477,4'_
)\1 = —2 and )\2 = —2 .
Thus, according to the signs of 1 — 4n,, we can directly but tediously solve the
equations (40) and (42) for JT(t) and E*(¢) as follows.
Case 1: When 1 —4n; > 0, then

(43)

JH(t) = AjeMt + Age? + (J_ —n_E e ' 4+n_E_, (44)
1
Et(t) = — [Alu + A1)eM 4+ Ag(1+ Ag)et2t + n_E_] : (45)
+
where
Ay =Jy —J_ — As, (46)
1
A2 - _|:(].+>\1)(J+ —J,) —77/+E++TLE:|. (47)
1-— 47’L+
Case 2: When 1 — 4n, = 0, then
JH(t) = Ase 2 + Ayte '+ (J_ —n_E_)e ' +n_E_, (48)
B () = = [(A4 wlagett g Tty nE} (49)
ny 2 2
where
A3 - J+ - J,, (50)

1
A4 = n+E+ —n_FE_ — §(J+ — J,) (51)
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Case 3: When 1 —4n, < 0, then
Ving —1 dny —1
JH(t) = <A5 COS(Lﬂ + As sin(n+t)> e 2t

2 2
+(J-—n_E_)e "+n_E_, (52)
_FE_ 1 Vinyg —1
ET(t) = o +— [(As + y/4ny — 14¢) cos(Lt)
n4 27'L+ 2
Vinyg —1 1
+(Apg — y/4Any — 145) sin(n;_t)} e 2!, (53)
where
Ay =Jy —J_, (54)
l4—4—3—f Ey-n B -~ (55)
0T Vdn, T\t TR T ge T )
Using (40), and (44)-(53), we can obtain
ot(@) = 6"+ J + (64— 0° - 7 et +O(1)e (56)
3n% * 3n%

From (8), (30), (34), (44)-(55) and Proposition 1, we have

[n (00, t) — A(+00)| =0,

| J(+00,t) = J| = O(1 )e nt

|J(—o00,t) — J| = O(1)e™

10(£00, ) — B(00)| =o<1>e—m, (57)
E(—oc0,t) = E_,

B0, 1) - = Lo = o),

for some constant 0 < p < %
From the above analysis, we find that there are some gaps between J (:I:oo t) and

J=n_E_, E(+00,t) and E(+00) = “=£= and (£o0,t) and 6(+00) = 6, which
lead

J(z,t) — J, E(z,t) — E(z) and 0(z,t) — 0(x) ¢ L*(R). (58)
To delete these gaps, we need to introduce the correction functions (7, .J, 0, E)(z, t).
After solving (J*, ET)(¢) from (40), and (40),, we then can solve (40)3 for 9*( ).

Inspired by this, we are going to construct the correction functions (7, J, 8, E)(x, t)
in two steps. First of all, we construct (7, J, E)(x, t) from the following system of
equations, then we construct é(w, t) later.

Let (72, J, E)(z,t) be the solutions to the following linear equations

e + Jp =0,

Jy=nE —J,

E,=n,

R 59
J(x,t) = JE(t) —n_E_ as x — oo, (59)
5 (z,t) = 0 as T — —oo,
S(z,t) — BT (1) — =E=  as z — +o0.
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In order to get (7, J, E)( ) o (59), we consider the following linear system with
some tricky selection on 7 = i(z), J(z,t) and E(z,0)
Ji(z,t) = n(z)E(x,t) — J(z,t),
Ei(x,t) = —J(z,t)+ (J_ —n_E_)e”
ﬂ%@ZUTmmeJ+W**fN®/ mo(y)dy, (60)
Bw.0) = (B°0) = 52) [ molu)dy,

where mg(x) and 7(x) are also ingeniously selected as

mo(z) >0, mo € C§°(R), supp mo C [—Lo, Lo, /mo
xz+2Lg (61)
i) =+ (o = n) [ maly)dy
with some constant Ly > 0.
When x < —Lg, we have E(w, 0) = 0. So, it can be easily seen that (60) possesses
the particular solutions

J(x,t)=(J_ —n_E_)e™", E(x,t)=0, for —oo <z < —Ly. (62)

When z > —Lg, we have #i(x) = ny. Similarly to the previous but complicated
calculation, we can solve (60) as the following. However, we can verify that these so-
lutions imply also the solutions given in (62) for < —Lg. Therefore, we summarize
them as follows.

Case 1: When 1 —4ny > 0, then, for z € R

J(z,t) = <A16A1t+AQeA2t> /; mo(y)dy + (J_ —n_E_)e™",  (63)
1(A1(1+)\1)e’\1t+A2(1+>\2)e’\2t) /z mo(y)dy,  (64)

ny —o0

E(x,1)
thus, we define

1
’fl(.’IJ, t) = nf (Al(l + )\1)e>‘1t + A2(1 + )\2)6)\2t) mo(m) (65)
+
Then we can verify that (7, J, E)(z, t) satisfy (59) for (z,t) € R x RT.
Case 2: When 1 — 4n, =0, then, for z € R

J(z,t) = (A365t+A4teét) / mo(y)dy + (J_ —n_E_)e”t,  (66)
. 1 1 L\ [
E(z,t) = o (As+ A3)€ Bty A4t6 z mo(y)dy, (67)
+ —00
thus, we define
« 1 1 _14 1 1
Az, t) = — | (Ag + =Az)e™ 2" + —Agte™ 2" |mo(x). (68)
ny 2 2

Then we can verify that (i, J, E)(z, t) satisfy (59) for (z,t) € R x RT.
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Case 3: When 1 —4ny < 0, then, for x € R

J(z,t) = (A5cos(Zm;_lt)—l—Aﬁsin(\/ZM;ﬁt))e_ét/j mo(y)dy
+(J —n_E )e !, (69)
E(x,t) = <A5—|—WA6 cos( \/Tt)
+(Ag — \/4?145 ) sin( An ;r_ L‘))e;t/z mo(y)dy, (70)

thus, we define

f(z,t) = L <(A5 + \/4ny — 14g) cos(i'zlng_lt)
+(A4g — /4ny — 1A;5) sin( ; — 1t)> e_%tmo(x). (71)

Then we can verify that (7, .J, E)(z,t) satisfy (59) for (z,t) € R x R,
Now we are going to construct the correction function 6(x,t). In order to delete
the gap 0(z,t) — 0(x), we denote
0% (t) = 0% () — 6(%00), (72)
and from (6), and (11),, it satisfy
do*(t (1)) J2 ;
O _ (V2 T gy
( )|t O—Hi—e(ioo)—ei—eo

"2

T’L .

o) =00 (1= [ malwday) +6400) [ maluay (74)

—oo —oo

Let

then A(x,t) satisfies

Y (Y S| G Ly

— 00

H(GEE L) [ motay

3ng ) J
= —0%(x,t) + h(z,1). (75)

From (68)-(71) and (74), we realize that these correction functions decay time-
exponentially as follow.

Lemma 3.1. There hold
(72, j,é,E)(t)HLoo(R) < Coge~vot (76)

and
supp 7. = supp mo C [—Lo, Lo] (77)
for o= |Jp|+ [J-| + |E_| + |Ey| 4+ |0- — 6°] + 104 — 6°] and 0 < vy < 3.
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Now we are going to make a perturbation of (6) to the steady equations (16).

Noticing (6), (16), (59) and (75), we have

(n—n—n)+J—J—J)s=

(J = J =)+ (p(n,0) = p(i2, 0))s
=nE—nE—aE—(J—J—J)—

. J J 2 J
(9—9—9)t+(go —5%)4‘3[( )zt — (
2m(9357x_em) £ J?
3~ n n 3n2
(E—E—FE),=n—n—n,

J2
F_

3?‘%‘\;

7N

).

)]

3|
3“%1

—%ﬂ—h@JO—{Q—é—Q,

with zero-perturbations (the gaps are removed by the constructed correction func-

tions)

n(+oo,t) — ﬁA(ioo, t) — fz~( o0) =0,
J(£00,1) — J (+00,t) — J(+ ) 0,
(00, 1) — (00, 1) — (d00) =

E(+o00,t) — E(+o0,t) — E(+ )

R
Thus, let
¢p:=n—n-—n,
Vi=J—J—J,
C:=0—-0—6,
e:=E—F—F,
namely,

we deduce (78) into
ey + e — (éezxz + ﬁC)x + ne = Rla: - RZ + RS:ca
2
Q+C:§%@m+Rm+Ra+Rw+R%

where
Ry = e, + e,0 + 1 + i,
Ry = (ex +0)(e+ E+ E) + (n — 1) E,
2 72
R3 = Lz Jf7
27}6 ;" ey + 1N
R4 - ?[ %x - ~n (Cma: +ea::r +ea::1:)]
R5 - _(zex - géz)7
g
_ < _(JI\ A
fo = 51C0e0 = Gl
= — — — — h(x,t
7 3n2 377,2 (‘T7 )a

Am@@_ﬁ@@_ﬁumu: mdm—m%m—ﬁumu:o

(80)

(83)
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with initial data

) :
et(x,0) = —Jo(x) ~+ j(az, O)AJr ~(1}), (84)
((z,0) = bo(z) — 0(,0) — 6(x,0),
where Eg(z) is defined by
Bo(@) = [ (naly) ~ b))y + B-. (85)

Theorem 3.2. Let § := |ny —n_|+[J4| +|J_| + |[E_| + |Ex[ 404 — 6°] 46— —
0°) + a1 + oz, D¢ := [|e(0)]| g3y + |1(et; O)(0)|| 2wy, then, there is a 6 > 0 such
that when 6 + ®g < do, the solutions (n, J,0,E) of IVP (6) and (7) are unique and
globally exist, and satisfy
le(®)ll sz + (e, O m2zy < C@ + Do) e (86)

where v is a positive constant.

From (80) and (81), applying Sobolev inequality H3(R) < C?(R) to (86) in
Theorem 3.2, we have

[(n—d—a,J—J—J,0—0—0,E—E—E)1)| e < C(6+ Bg)2e .
Thanks also to (76) in Lemma 3.1, namely, H(ﬁ,j,é,E)(t)HLoo(R) < Coe 0! we

then immediately obtain the convergence of 1-D solution (n,J,0, F)(x,t) to its
corresponding steady-state solution (7, J, 8, E')(z) as follows.

Corollary 1 (Stability of Stationary Waves). Under the conditions of Theorem
3.2, we have

l(n =) ()| Lo ) < C(6 + Dg)ze i,

17 = DOlley < CG + @o) 2, -
10 = 0)(t)|| Loy < C(5 + o) Ze P,

I(E — E)(t)||p () < C(8+ ®o)2e M,

where i = min{v, vy} > 0.

Remark 2. Our stability of stationary waves holds for the more general case
(switch-on case), which significantly improves and develops the existing stability
results [1, 2, 42] in the switch-off case.

3.1. A priori estimates. It is known that Theorem 3.2 can be proved by the

classical energy method with the continuation argument based on the local existence

and the a priori estimates (c.f. [31, 32, 33]). Since the local existence of the solutions

of (82), (84) can be proved in the standard iteration method together with the energy

estimates, so the main effort in this subsection is to establish the a priori estimates

for the solutions, which is usually technical and crucial in the proof of stability.
Let T € (0, 4+00], we define the solution space, for 0 <¢ < T,

X(T) = { (e, )@ H]ode € CO, T3 BT (R), ¢ € C0, T3 H(R)), j = 0,1, |

with the norm

N = sup {le®lrso + et O |- (55)

0<t<
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Let N(T)? < 2, where ¢ is sufficiently small which will be determined later. It is
noted that, (88) with Sobolev inequality [|0% f|| 1.« ®) < C||OF f||'/2||0k+1 f||1/? gives

2 1
Z 105 e(t)|| oo (r) + Z 105 (e, ) (t) | Lov () < Cee. (89)
k=0

k=0
It is easy to verify from (81) and the conditions of Theorem 3.2 that, there exists a
positive constant ¢ such that
1
c

0<-<n=e,+n+n<ec (90)

Now we are going to establish the a priori estimates.

Lemma 3.3. Let u1 be constant and suitably large, then it holds that
d —
G F1(t) + Gl () + CrllGe @) < C (6 + €)ll(exas eat) (B)]|* + Coe™™F, (91)

where

d 1 - 5 3uin?
Fi(t) = %/]R (eetJr —e? + &(eernez + 6e2) + /11;{2>dm

2 2 (92)
Call(C e, ear ) (D)]1* < Fi(t) < Cr2ll(C e, eae0) (1)1
provided € + 0 < 1.
Proof. Multiplying (82) by e and integrate it over (—oo, +00), we obtains
d 1 -
@t Ja (562 —&-ete)dx—i—‘/kﬁegdx—i—/Rﬁeidx
= les||* - / nezCdr + /(le — Ry + R, )edx. (93)
R R
It is easily to obtain
1 [ -
_ / ieaCda < f/t‘)eidx—kCHC(t)H? (94)
R 4 Jr

Noticing Proposition 1 and Lemma 3.1, then by Cauchy’s inequality, we obtain
/ Rizedr = /(%C + ex0 + 0 + fzé)xedaj
R R

- _ / (e2C + a0 + 1B)eydx + / (g0 + 76, )edx
< C(6R+ )|l(e, ex)(t)||* + C'(Se_”ﬁ. (95)
From (20) and Proposition 1, one can prove
/R (A —n)?dx < C. (96)
Thus using (96), one then has
— /RRgedx = —/]R ((em +a)e+E+E)+ (- ﬁ)E)edx
C(6+¢)|(e,ex)(t)]|* + Coe "0t (97)

IN
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and

J2 g2
/R3m€dl‘ = —/ (—~>€Idl‘
R R n n

_ /<efzet(J+j)+2jj+j2j2(11)>e "
R n)

n n n

297.] 72
S L e e R
R xT

< C0H+9)|l(e, er,eq)(t)]|? + Coe 0t (98)
Substituting (95), (97), (94) and (98) into (161), one finally obtains
d 1, 5
_ - 2 z
i |, <eet—|— 5¢ )dx—|— Coll(e, ex)]l
< llee@®? + CICON* + C0 + )l (e, er, ex) (B)I* + Coe™™". (99)

Multiplying (82) by e; and integrating it over (—oo, +00), one obtains

%di <e§ + ﬁe2) dz + |le(t)]|* — /(éem + 7C)perda

tJr R

_ / (Ris — Ry + Rap)erda. (100)
R

The third term of left hand side can be estimated as

—/(éex + n¢) perdx
R

:/éexextdx—/(ﬁxc—kﬁcx)etdx
R R

1d
>

> 54 [ etde = [ Acaeide = 06 + )OI - Coe (101

By using the fact [, n2dx < C and (96), we estimate the right hand side of (100)
as follows

/ Rizepdr = /(emc +e.0+ 00+ ﬁé)zetd:c
R R

= 7/(61C+ezé+ﬁ@)emtdx+/(ﬁzé+ﬁéz)etd:r
R R

< C(5+e)|(e, e, eq)(t)]]? + Coe™ 0t (102)
and

- /RRgetdx = —/]R ((em +n)(e+ E+ FE)+ (n— ﬁ)E)etdx
C(6+¢)|l(e, ex,er)(t)]|* 4+ Coe 0. (103)

IN
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and

2 72
/Rgxetdx = /(J —J~> erdx
R R n n -

2J Nk .
- /R<n(—ext+Jx)—n(ex+nx)

+O(1)n,(er + J+e,+ ﬁ)) erdx
< C0H+9)|(et, exs ats €xz)(t)]|* 4+ Coe 0L (104)

Substituting (101)-(104) into (100), one gets

1d 2 =2 §.2 7 2 /~
2t . (et + ne® + e |dx + 8H€t(t)H Rngxetdx

< C(5+)|(e, ety xs eaty €an, OB I* + CllCa(t)]|* + Coe™t.  (105)

Multiplying (82), by 3;; ¢ and integrating the resultant equation with respect to

x, over (—o0, +00), we obtain

d 3n” 2 2 KN
gy Y < — .
dt(/R i C dx) + Col€ll _/]R 5 Cwada:Jr/R(& + Rs + Rg + Ry)(da. (106)

Integrating by parts and using Cauchy’s inequality and noticing Proposition 1 and
Lemma 3.1, then the right hand side terms of (106) can be estimates as follows

KN KT
/ el < - / 24z + C(6 + )| G2, (107)
R 0 R 0
and
/R 3h2(dw N )ge”mﬁgdx
& 420~ 3 ]R xTT xTT xTT nn 2é
< CWE+e)(C Cayea)(B)]? + Coe™", (108)
and
372 J J ~\ 372
/RR5 Gl = —/R (Eew - 5930) 5 Cda
J 302 J J\ .- 3n2
= _/RE(Cx—FQx)Té@dﬂU—/R(E—%>C9x7§d$

IN

C(6+ V(G Cor v e0) (1) 2 + Coe1, (109)
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and

372
Rg—={dx
/]R 595

2 ([~

2 D) cvin-(2-D) )%

2
< C/(‘emt| + [ Ja| + lexa| + |Tiz] + |ﬁx‘)|(<+9)<|dx +/ ;%thw
R

| (ma 1 (ere + a)C] + [RaCer T+ e +ﬁ>|)dx
R

< —/ﬁetcmdx—FC(é—FE)H(C,Cx,ex,et,em,ext)(t)||2—|—C<567”°t. (110)
R

In order to estimate the last term of the right hand side of (106), we need the
following estimates, noticing that for |z| > Lo, we have

J2 4207 = (1= g(@)) (I~ (1) = %) + g(a)((J* (1)) — T2, (111)

with g(z) := [*__ mq(y)dy, and further have

.

(7 gj - h(x,t))gdx

/ / 2 (j2 T 2;1]75] - h(%t))cd:c

C(J? + 2JJ)( - %)daz

C(J? + 2JJ)( niz)dz

-{/.

-3
g
|

2
[JQ +22JJ (1 —ng_(x)) (T~ ()% = J?)
g(x)

I (a2 - o
+
O(fz—n_)QdJU

< COll(¢ ex) O + C‘Se_wt/

+Ce 0! / (7 — ny )2da + Cde~ 70!
Lo

< CO||(C, ex)(1)]|? + Coe ok, (112)
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Using (112), we obtain

3n2 (—er+J+J)2  J? ) 3n2
Ri(—dx = /(—~—hx,t —dx
| Rec [ = = h@t))o o

3a2 (e} 2e(J+J) 32 (1 1
= Ry A ALY _ — ——\d
/R 20€<n2 n? > “/R 2! (n2 ﬁ2> !
32/ J2  2JJ
< CH(C, e, e)(t)])? + Coe ot (113)

Substituting (107)-(110) and (113) into (106), we obtain
d( [ 312, . [
h d 2 _
dt(/R i ¢ dx) +2Co]|(¢, ) @)l /Rnetcg;dx
< C(6 +9)|(e, ex, e, €xns €t ) (1)||* + Cde 0k (114)

Combining (99)4p1 (x(105)4(114)), and taking p suitably large, we obtain Lemma
3.3. O

Lemma 3.4. Let us be constant and suitably large, then it holds that

d
G E2(t) + CaFy(t) + Cal|Gea (DI* < CNI (G, €s eaye0) (B)]I* + Coe™", (115)

where
2

d 1 5 -~ J
Fy(t) = a/R (extew + EB?” + % [eit + e + (9 + ﬁ)eiw}

+3u2ﬁ2 C%) . (116)

40
CZlH(Cxa€z76mmaert)(t)”2 S FQ(t) S C22||(§”caeraemm76xt)(t)”2

provided € + § < 1.
Proof. Similarly to Lemma 3.3, integrating

3pon?
(82)1, X (ex + p2ear) + (82)5, X ,u;é Ca

over (—o0,+00), where pg is a suitably large constant, one easily obtains

d 1 - J? 3uan?
(eztex + el + 2 [eit + fie2 + (0 + —Q)eiw} + pant (2) dz
n

dt Ju 277 2 460
+CO||(emva Cxt, va wa)(t)HQ
< Cll(e, eq, e, O)()||* + Cse™r0t, (117)
where o suitably large, then we obtain Lemma 3.4. O

Lemma 3.5. It holds that

%Fg(t) + 03F3(t) + C3H<:z:v:c(t)||2

S CH (C7 €, €q, C:m €t; €z, ewt)(t> ||2 + 056_V0t7 (118)
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d 1
Fg(t) = %4 <€zzt€zm + ieim

+% |20+ 72, + (0+C+0+ ‘]2) . ?)I;Cﬁm])d:c (119)
Cs1(|(Cos €y € €xat) D) |* < F3(t) < Ol (Cams s Cars €anart) (B)]]?

provided € + § < 1.

Proof. Similarly to Lemma 3.3, (82)

d >
% & <exwt6ww +5 2 a::p) dz + COH(eﬂU’ emaﬂ)(t)”

S CH (6, €z, Cam €ty Cxxy Coty ewwt)(t)Hz + OH (Ca va Cm;v)”Q + C(Se_u()t- (120)
Integrating (82)

Lwz X €xz OVer (—00,+00), one easily obtains

X ezz¢ over R, one easily obtains,

lzx
d 1 2 2 ~ ~ ~
— | —erdr + |leq:(B)|° — [ (Oer + 1) wwnuztdr + [ (7€) gzerzrde
dt Jp 2 R R
= /(Rlxmz - Rwa + R3xmw)6xmtd-r~ (121)
R
The third term of left hand side can be estimated as
_/(éem + ﬁC)mwzexztdx
R
d

Gezzrd‘r - /(2éz61z + éxmez)xemxtdx
T dt .

R
2 2
> % [ 50aade = ollean I = OO+ )l(erems G 0]

_ON(C, ens enns Co) )2 — / ACompCanida — Ce0", (122)
R
and

/ (ﬁe)wwewwtdx
R

= /(fzme + 20e, + Negy )epprde
R
d
> —
dt
Noticing (82),, we have

/ 1ne LA — 12 ||e:,cm(t)||2 — C|(e, egg)(t)H2 — Cde™t  (123)

Using (124) and Cauchy’s inequality, we obtain

/ lexmexrtdl' = /[GI(C + é) + no + ﬁé]mzxezxtd‘f
R R

d
< _
- dt

+C(6 + 5) H(Cmasv Coaws ea::vw)||2 + Cde "ol (125)

1 - 1
[ S D)t e
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It is easy to obtain
2

J
/R(*Rmcx + R3xwz)6xxtdx < 7% /]R ﬁeixx
+C||(€, €x,€t,Cxn, eZt)(t)HQ

1
dr + @”%MHQ +C(0+ 5)”6969696”2
(126)

Substitute (122), (123), (125) and (126) into (121), we obtain

Ld [l e +(§+§+é+£)e2 dz
2dt - zxt fide 77,2 TTT

7 _
+§H6mrt(t)”2 - / nCrxzezztdI
R
< C(8 + )|(exas Cana) DI + Cll(e; exs et €y eae) (1)]|
FCI(C Cas Coa) (O + Coe™", (127)

Integrating (82),,., X %{m with respect to x over R, we obtain

1d [ (332, )

=2
[ (e (e o

3 2
~ [ (Rex o+ Boa 4 Row 4 Rra) (5622 o (128)
R 26 x
The right hand side of (128) can be estimated as follows
2 3n? 7
- o~ ST = Sz dr < — 72d d :r:vtzv 12
| Gater), (Gser) o< = [ Zdo s C+0lCOR. (129
and
—/(R + Rsy + Rgo + R )(%g )dm
& 4x S5x 6x Tx 29~ Tx -
S C((S + E)”(efl’; eta eazm7 ezt; e:r::nza emmtv Ca C:vv <II7 CIII)(t)||2
—/ﬁ(xxemtdac—i—C(Seﬂ’ot. (130)
R
Substitute (129) and (130) into (128), we obtain
1d 302 5 ) 9
9 qs o7 Szx dr + C, sy Cozx ) (€ +/7~7/ 22 CrrtdT
5o | (5 oG )OI + [ o
(131)

< C((s + 5)”(6:107 €t €xas Cxty Cazas Cxats G, Cw)(t)”z + Coe= ot

Taking (127) + (130), we obtain
1d 2 - 9 - . J2 ) 377L2 )
+Co || (CCUI? Ca::mca eza:t)(t) H2

< /R (fl— %Q)Cmemdx

+C(5 + 5) ”(exa €t, €xx, Exty €xaay Caat, C7 Cz)(t)”Q + Oée_VOt
(132)

< C((S + 5) H(ewa €t, €xx, €ty €xaas Caats C7 va wa)(t)||2 + Cae_uot
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namely,
1d
2dt R
+CO || (Ca:xv sza:a ezzt)(t) H2
< 0(5 + E)H(emy €t, €xzy Ext, Cazas Cazts G Cz)(t)||2 + Coe vt (133)

Let pg suitably large, and take (120) + ug x (133), we complete Lemma 3.5. O

~ R 2 ~2
et (ot et + 2o as

Proof of Theorem 3.2. Let N1, N3, N3 be suitably large, and take N7 x (91) 4+ N x
(115) + N3 x (118), we obtain

d
aF(t) + C4F(t) + Cy|Cowe (D)]|* < Ce 0, (134)

where
F(t) = N1Fi(t) + NoFy(t) + N3 Fs(t),
CarllellFs + lledllz + 1CI32) < F(#) (135)
< Caz(llellFa + lleellFra + IC(O)11F2)-
Gronwall’s inequality and (134) imply
lellFzs + lleellzz + IS(®) 172 < C(6 + @o)e™, (136)

where 14 is a positive constant, then Theorem 3.2 is completed. O

4. Convergence to planar stationary waves in m-D space. In this section,
for simplicity, we are going to study the 3-D nonisentropic Euler-Poisson equations
for the unipolar hydrodynamic model of semiconductors:
ng + div(nu) = 0,
(nu); + div(nu ® u) + Vp(n,0) = nVw — nu,
0; +uVe + gﬁdivu = %%AG + %|u|2 — (60— 8%,
Aw =n—b(z1),

with the initial data

(137)

n(z,0) =no(z) = ni,
u(x,0) = up(x) = (ug,0,0), asx; — £oo (138)
0(x,0) = Og(x) — 04,
and the boundary condition at far field
lim Vw(z,t) = wllirgoo(amlw,amwﬁﬁw) =(E_,0,0). (139)

r1—>—00
Here, we assume b(z) = b(zq) through out this section, because, by taking the
perturbation of the m-D equations around the 1-D steady-state equations, we need
b(x) — b(z1) = 0 under consideration of the stability of planar diffusion waves.

Let (n,u,w)(x,t) be the solution of the multi-dimensional system (137), and
let ﬁ(xht) = (a(l‘l)t)aoao)? E(l"ht) = (E(xl,t),(),()), where a(xlyt) = ;Ei?z;v

and (7, J,0, E)(x1,t) be the scalar solution of (6) in 1-D with the following initial
boundary data

(T_L, j, é)(zl,O) = (ﬁo,jo,éo)(wl) — (’fli, Ji,ﬂi) as r — :|:OO,
lim E(z,t)=FE_.

r1—>—00

(140)
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Now we define

d(x,t) :=n(x,t) — n(xy,t),
‘Il(xat) = ll(:L’,ﬁ) _7ﬁ(1'1;t)7
C(x,t) :=0(x,t) — O(x,1).

From (6) and (1), we can reduce the system to

¢¢ + div (AP + ¥ + ¢u) = 0,

1 _ _
2K
=— A Ry — R3— R R
<t+< 3(ﬁ+¢) <+ 2 3 4+ 59
div(Vw — E) = ¢,
where
1 _
Ry = (ﬁ+ 5 — %)V(ﬁ@) +uaVW¥ + ¥Vu + Ve,
2k, 1 1. =
A

3
Rz = (i + ¥)V( + PV,
(04 ¢)div® + %Cdivﬁ,
+

Notice that

curl(Vw) =0 and curl(E) =0 which imply curl(Vw — E) =0,

so there exists a function H(x,t) such that
VH =Vw-E.
Thus, we can reduce (142) into
¢ +div (¥ + oW + ¢u) = 0,
U, + W+ 5V +7C) — (Vw - E) = Ry,
G+C= %AC+R2—R3—R4+R&
AH = ¢,
with the initial data
$(x,0) = ng(x) — fig(x1,0) =: go(z) € H3(R3),
U(z,0) = ug(x) — Gig(z1,0) =: ¥o(x) € H3(R?),
((2,0) = ¢o(x) — O(21,0) =: Go(x) € H*(R?),
and the boundary condition
|VH(z,t)] - 0 as |z| — 4o0.
We also define
Hy(z) — 0, as |z| — +oo,

{AHo(x) i=no(z) — no(71),

and

1 = |[(¢0, Wo, 60, VHo)|| 3 rs)»
1 := 6+ [le(0) || e + II(et, O)(0)| a5 rs)

(141)

(142)

(143)

(144)

(145)

(146)

(147)

(148)

(149)

(150)
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where €, is defined in (84) similarly.
Now we are ready to state the stability results for the planar stationary waves in
R3 as follows.

Theorem 4.1. Let b(x) = b(x1) satisfy (20). if 01 +n < 1, where §; is defined
n (150). Then there exists a unique global smooth solution (n,u,0,Vw) for 3-D
unipolar hydrodynamic model for semiconductors system (137)(138) and satisfies

n—n,u—1a,0—0,Vw—E € C([0,00), H(R?)) (151)
and
(n—n,u—1,0 -0, Vw — E)(t) || g3 rsy < C(61 + n)e 1 (152)
for some constant i > 0.

From Theorem 4.1 and Corollary 1, one can immediately obtain the following
stability of the planar stationary wave.

Corollary 2 (Convergence to Planar Stationary Waves). Under the conditions of
Theorem 4.1, the solutions (n,u,0,Vw) for 3-D system (137) and (138) converges
to its planar stationary wave (7, 0,0, E)(x1) (the steady-state solution of (16) and
(17) ) as follows

1 = ) ()l e qs) < OL)e T,
10 = ) (8) 1 sy < O(L)e 7,

16 = B)(t) =) < O(D)e 7, (153)
1(Veo = B)(0)]l o) < O(1)e P,

where [i is a positive constant, (1) = (@(x1),0,0), E(z1) = (E(x1),0,0).

4.1. A priori estimates. In order to prove Theorem 4.1 by the energy method
with the continuous extension argument, the crucial step is to establish the a priori
estimates for the solution. This will be our main target in this section.

Let T € (0, 4+00], we define the solution space, for 0 <t < T,

X(T) = {(qs, W, ¢, VH)(z, 1) (¢, %, ¢, VH) (z,t) € C0,T; H3(R3)),} (154)

with the norm
N(T)? =: sup |(¢,®,(, VH) ()35 @s)- (155)

0<t<T
Here, without confusion, we still denote the 3-D solution space by X (7T') and its
norm by N (T)
Let N(T)% < &2, where ¢ is sufficiently small which will be determined later. It
is noted that, ( 155 ) with Sobolev inequality || f| 1o (rs) < C|| fFIIV/4| V2 £|1>/* gives

1
D IVHG, ¥, ¢ VH) ()| o (9) < C. (156)

It is easy to verify from (29) and (156) that, there exists a positive constant ¢ such
that

1
O<E§n:¢+ﬁ§c. (157)
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Remark 3. Before we deal with the a priori estimates, we can get an estimate
about H (z,t), which will be used later. Notice that AH (z,t), VH(z,t) € L?(R?),
we can easily obtain

1
|H (z,t)] = ASM¢(y,t)dy+C‘

1
_ / L AH, )y + c‘
s |2 — Y

1 ~
= / V()VH(y,t)dy + C" < C < Ho0. (158)
R3 |z —yl

Now we are going to establish the a priori estimates.
Proposition 2 (A priori Estimate). It holds that
I(VH, ,(, ‘I’)(t>||%{3(R3) < C|(VHo, 9o, Co, ‘I’O)H%{s(n@s)@_”ta (159)
provided € + 0 < 1.

In order to prove Proposition 2, we are going to establish the L?-energy esti-
mate for the solution first, then to establish for the first, the second, and the third
derivatives of the solution.

Now we prove our first L2-energy estimate. Multiplying (146), by — (i + ¢)VH
and integrating the resultant equation over R? with respect to x, we obtain

—/ (ﬁ+¢)‘1’tVde—/ (n + ¢) ¥V Hdx
R3 R3

—/ V(§¢+ﬁC)VHda:+/ (n+ ¢)|VH[*dx
R3

R3

= / (R + ¢)R,V Hda. (160)
R3

Differentiating (146)4 with respect to t twice, and utilizing (38)1, we have
AHy = —div((n + ¢) ¥y + ¢ ¥ + 0y W + ¢y 0 + Pliy). (161)

Next multiplying (161) by H and integrating it by parts with respect to z over R?
and using (158), we obtain

7/ (i + ¢)¥,VHda

R3

_ / div((n + ¢)¥,) Hdz
R3

= VHttVde—i—/ ((bt\I’+ﬁtlIl+¢tﬁ+¢ﬁt)Vde
R3 R3
d
> ( / VHVHM%‘) CIVE@)?
dt \ Jus
G0+ 9)|(V, Y, VH, 6, 9) ()] (162)

where, in order to prove the last estimate in (162), namely,

/ (6% + 7 + i+ 6 )VHdr > —C(3+2) | (Vo, VI, VH, 6, ) ()], (163)
R3
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we have used the Cauchy-Schwarz inequality |ab| < 2a®+ b2, the a priori assump-
tion (156), and the following smallness

0;07 (n,@)| < C8, fori=0,1;5=0,1,2,3,4,and i+ j <4, (164)

which will be frequently used later. Such a smallness (164) can be easily obtained
from Propositions 1 and Corollary 1. Here, in the estimate of (163), the following
estimate is needed too:

loell* < CIIVE|* +C(6 + ) [ (Vo, 6, ®)I?, (165)

which can be easily obtained from (146); and (164).
Differentiating (146)4 with respect to ¢, and utilizing (146);, we have

AH = —div((i + ¢)P + ¢u). (166)
Integrating (166) - H by parts with respect to x over R? and using (158), we obtain

- / (n+ ¢)®¥VHdr = — | AH,Hdx — / div(¢n)Hdx
R3 R3 R3

d IVH|?
> dt(/Rs 5 dx) —C(0+e)|(o, VEH)®)|®.  (167)
Notice (146)4, we obtain
— | V(0¢+nl)VHdz = / (00 + n¢)pda
R3 R3
2Colle(®)|* = C(6 + o)D), (168)

Y

and

[+ o9 P = 200 V() (169)

R3

Using Cauchy inequality and (143); as well as the smallness results (164), we obtain
[+ OmTHdr < 06+ )|V VH, 0. 9) (0 (170
R3

then, substituting (162), (167)-(170) into (160) and noticing the smallness of § and
€, we obtain

d {/RS (VHVHt + |vf|2)daj} + Co|l(VH, VQH)(t)HQ

dt
< |VH @) + COE +e)[(VE, Ve, ¢, ¥)(1)]|. (171)
From (146),, we can easily obtain
IV2H @) = o), (172)
and multiplying (166) by H; and integrating it by parts, we obtain
IVH(t)|* < Ol @)|* + Colo(t)]. (173)

Combining (172) and (173), we reduce (171) into

S (1) + Col(VH, 6, V2 (1)

< CIE, W+ CE+)I(VE, Vo)D), (174)

where

|VH?
: }daz. (175)

M11(t):/ [VHVHH-
RS
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On the other hand, by taking (7+¢)(146)2- ¥ and integrating the resultant equation,
we get

/(n+¢)\pt\1’d:ﬂ+/ (7 + ¢)|®|dzx
R3 R3

+ [ V(8¢ + nC)Wdx —/ (n+ ¢)VH®dx
RIS

R3
- _/ (i + ¢) R, Wdaz. (176)
R3

Furthermore, we can prove

/Rs(ﬁ—kqb)\Ilt\Ildx j(/ 1( +¢)|‘I’|2dx) —C(S+eo)|T®))? (177)

and
[+ o = cop (179)
and using (146);, we obtain
. V(0¢ + nl)¥dr > —/ 7¢¢d1v((n + ¢)¥)dx + /RS nV({Wdr
—C(3+2)[(¢, 0, Ve, V¢, )2 (179)

Similarly to (167), we have

—/W(n+¢)\pv1{d j(/ 'V;ﬂ dm) _CG+o)|(6, VENBI2,  (180)
and
- /]RS (R + ¢)R1®dz < C(6 +¢)||(6, ®) (1) (181)

Substituting (177)-(181) into (176) and noticing the smallness of § and ¢, we obtain

(s st Lo o)

+CoH\Il(t)\|2+/ AV(Wda
R3
< C(6+¢)|(V¢, VH, Ve, ¥, ) (1), (182)

Taking (1 4 ¢)(146)3 x ‘3("+¢)§ and integrating the resultant equation, we get

31+ ) i+ 0
/RS—% @@H/Ra 30t 9) 2y,

= / Beacds + / W(R2 — R3 — Ry + Rs)Cdx. (183)
Rs R3

Furthermore, we can prove

[ D> 4 [ D) - o allewl?, s

and

[ 220> e (185)
RS
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and
/Rs 5CACdr < ~Col|VCB)? + C6 + 2SO, (186)
and
_/ MR‘*C‘*” < / nV(Wdz + C(6 +¢)[(¢, VO®)I1?,  (187)
rs 20 RS
and

/Rg W(R2 — R3 + Rs)¢dx < C(6 +¢)[|(¢, V¢, 0, ®)(1)]1%. (188)

Substituting (184)-(188) into (183) and noticing the smallness of ¢ and €, we obtain

jt(/ (n+¢)<2 >+OO||(CaV<)(t)||2—/RBFLVC\I/d:E

< C(6 +9)lI(¢, V¢, o, ®) (1)1 (189)

Then, from (174) and (182), we have established the first energy estimate as
follows.

Lemma 4.2. Let Ny be a positive and large number. By taking (174) + N1((182) 4+
(189)), we obtain

%Ml( £+ Coll(@, ¢, ¥, VEVH, VP H) ()] < O +)l[(Ve, VE) )7, (190)

where
{M1(t) = M1 + N1 M,

B |VH|? 0 1. 3(n+ ¢) (191)
My (t) = /RS [ 5 T 2(ﬁ+¢)¢2 + §(n+¢)|‘1’|2 + TCQ}W

provided 6 + ¢ < 1.

Now we are going to establish the energy estimates for the solution with the first
and second derivatives, the proofs are similar to Lemma 4.2, we omit the details for
the following two lemma.

Let 1 be nonnegative multi-index, and |5;| = 1. Taking

> / P (7 + 6)(38)2) x (0 VH)dx
|B11=1

we have

%Mm( t) + Coll(Vo, 9)()]* < CII(VE, VO] + C6 + )| (VH, ®)(1)]]%, (192)

where

‘V2H|2} da (193)

Moy () = / [V2HV2H +
R3
Taking > 5,14 Jgs 021(146)5 x 051 Wdz , we obtain

d 0 1 3
dt{ / ' (WWW + IWIQ)dw} +Ivem)?
+ ) / Vol (0P wda

|B1]=1
< Cllo)|I? + C(6 + )¢, VS, V3¢, Vo, ) (1), (194)
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On the other hand side, taking > 5 |, Jps 051 (146)5 x —861Cdx we obtain

4 3 o2 ) ) -
dt </]R3 4§\VC| dm) + Col[(VE, VEQ) ()| Mg:l/ Voo  dx
< CO+9)|l(6, VT,V V(1) (195)

Then, from (192), (195) and (194), we have established our second energy estimate
as follows.

Lemma 4.3. Let Ny be a positive and suitably large number. By taking (192) +
No((194) + (195)), we obtain

%MZ)( t) + Coll(¢, Vo, V¢, VE, V2O (1) < C(6 +¢)ll(¢, T, VH)(B)[I*,  (196)

where

{Mz(t) = M>1(t) + NaMaa(2),
(197)

0 1 3
Mo (t) = —— Vo2 + Z|VE|? + —|V(]?
n(t) = [ [t Vek + 5V EE + 5%
provided 0 + ¢ < 1.

Let 85 be nonnegative multi-index, and |B2| = 2. Taking

A% (i + ¢)(146)3) x (=02 VH)dx

1821 =2 /&
we have
d
SMaa (1) + Col| 26(0) P
< CI(VP®,V3(, VH, ¢)(1)|1> + C(0 + ) [I(¥,¢, Vg, VE, V) (1), (198)
where i
H
M31(t):/ (VP HVH, + V' H] S (199)
R3
Taking
/ dP%2(146)3 x 0%2Wdr,
|B2|=2
we obtain

Z{/ ((_9)2|V2¢|2 + 1|V2\I'|2>dw}

fuvzxy W+ > / V2ol wdx
|B2]=2
< CIVeDI* + C (0 +)ll(V¢, V26, VI,V V.6, )(1)]*. - (200)
On the other hand side, taking 375 5 [zs 927 (38)3 x 2505>(dx , we obtain

i 3 2,12 2 3 2 5 55
dt(/RS 0!V el dw) +Goll(VEG VRO ~ 2 2/ VP (o Wdx
<O +2)ll(6, W, ¢, Ve, VO, V(, V26, V2, V2, V) (1) (201)

Then, from (198), (200) and (201), we have established our third energy estimate
as follows.
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Lemma 4.4. Let N3 be a positive and suitably large number. By taking (198) +
N3((200) + (201)), we obtain
d

= Ms(1) + Coll(V6, V2, V2, V) (1))

< O|(¢,®, ¢, VH, Vo, V¢, VE) ()|, (202)
where

M3(t) = Ms1(t) + NsMaa(t),

_ L 2.2, Lioegi2 L 3 o202
Maz(1) 7/]1@3 {2(ﬁ+¢)2‘v o+ 5 IV e+ v

(203)

provided 6 + & < 1.

Finally, we are going to establish the fourth energy estimates for the solution with
the third derivatives, and here we need to used the Gagliardo-Nirenberg inequality
to complete our proofs.

Let 83 be nonnegative multi-index, and |83 = 3. Taking

> [ o5+ 9)110)2) x (-05VH)da
|s]=3 /&°

we obtain

d

S (1) + Col[ V(0P
< CI(VP®, V3¢, VW, V¢, V2(, V¥, V¢, V(, VH, ¥, ¢,()(1)|?, (204)

where

7‘V4H|2}daj

My (t) = / [V4HV4Ht+ .
R3

(205)

Taking 5, _3 Jgs 092(146)5 - 993 Wdx , we obtain

A0 TR W
d W(t
a( [Tt 1wl

1 _
+ > Agﬁf3<nv(9¢+ﬁo>8§3‘1’d:¢— Y | VOrHIFWdx

|Bs|=3 +¢ |Bs|=3 7R
=- > / 9P R10PWdz. (206)
|B3|=3 " &

On the other hand, Cauchy inequality and Gagliardo-Nirenberg inequality imply
that

P ;V(émng) P Wz
n

|B3]=3 R +é

> > Vﬁfggﬁ@fS\IldxfC’/ V20| V3 |da
|8s]=3 " &* R
- HV2pVE|dr — / Ps 9% div®d
0/ IV2(V2Ve W |da |ﬂz|:3 3n+¢a $9%2 divWda

—C(04e)|(V3¢, V30, V30, V26, VW, Vo, VI, ¢, )(1)|>.  (207)
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Gagliardo-Nirenberg inequality and Young inequality imply

IN

[ IVRIV Rl < CIVEOl VO

C|IV2g||2 V30|12 V2|
Cel|(V*®, V39)|%, (208)

INIA

IN

/ |V2(V2oV3 W |da Ce||(V3 ¥, V3, V3O % (209)
RS

We note that for index «, by using (146),,

lox|
(o3 1 o — Na— .
oy divl = — Ao { 0y o + E C,07no; ™7 divl

[v[=1,7<e
ol
+ ) CL01608 7 diviw

[v[=1,7<a
+0%[6 divai + TV + UVA + TV } (210)

Using (210) and Gagliardo-Nirenberg inequality again, we can control the fourth
term of right-hand side of (207) as follows:

- ——— 9P ¢9% divWdx
|ﬁ§|23 /]R3 n—+ ¢ d)

d 6
s 4 AT o AT
T dt </Rs 2(ﬁ+¢)2|v i dx)
—C(6+o)|[(VP¢, VW, V26, V° W, Vo, VT, ¢, ®)(1)]°.  (211)
Applying (211), (208) and (209) into (207), we obtain

P <V(9¢ + n<)> O Wwdy
|ﬁzzs/ nté

L -
Zdt</Rs TN EL d””) > / VO 0P Wda

|B3|=3
—C(5 + &) |(VC, V3¢, V36, VP, V26, V2, Vo, VO, 6, W)(1)]|%, (212)

Since Cauchy inequality implies

/ Vo»HOP Wdx
|B3|=3

IN

*IIVg‘I’ )IZ+CIViH @)

1
= §||V3111(t)\\2 +OV2(0)]?  (213)
and Cauchy inequality and Gagliardo-Nirenberg inequality imply that

- > / 9% R 9% Wdx

[B3]=3
<CO+e)|(V3¢, V3, V20, V2T, Ve, VI, ¢, )(t)|?, (214)
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by substituting (212)-(214) into (206), and noticing the smallness of §+¢, we obtain
d L o2 0 3412
— ~|V°w — d
dt{/]Rs <2|V "+ 2(ﬁ+¢)2‘v 9l ) v
e + > / Vo (o wdx
4 s
|Bs]=3
< CIV2)II° + C @6 + ) IV + (2, 6, O (8)l[9)- (215)

On the other hand side, taking 35 5 [ps 9% (146)3 x Z053¢dx, then Cauchy
inequality and Gagliardo-Nirenberg inequality imply

i i P2 3 4 2 _ B3 983
dt(/RS AR dm) + Goll(V2¢, VA (1) %;3/1&3 VOl (0% Wda
< CE+9)(6.9.C. V6, VT,V V20, VAU VI V) ()% (216)

Thus, from (215), (204) and (216), we have established the fourth energy esti-
mates for the solution with the third derivatives as follows.

Lemma 4.5. Let Ny be a positive and suitably large number. By taking (204) 4+
N4((216) + (215)), we obtain

SM(1) + Coll (V¢ 9, V6, V) (1)

< C|(V*®,V?¢, V3, V¥,V¢,V(, VH, ¥, ¢,()1)|, (217)
where

{M4(t) = M (t) + NaMao(2),
(218)

0 . 1,_. 3. .
My (t) = ———|V3* + £ V32 + —| V3¢ |d
wlt)= [ [l V R + 5V + VR o
provided 0 + ¢ < 1.
Proof of Proposition 2. Let §4+¢& < 1 and A1, A2 and Az be suitably large numbers,
and apply Lemmas 4.2-4.5, we then obtain
d
a ()\3 |:)\2()\1F1 (t) + Fg(t)) + Fg(t):| + F4(t)>
+C4||(VH, V?¢, VP®, VP H, V), V¥, V°H,V$, V¥, VH, ¢, ®)(t)||”
<0 (219)

and

C51||(VHa¢aW?C)(t)”?—ﬁ(]]@) < /\3{/\2()\1F1(t)+F2(t))+F3(t)}+F4(t)

< Csall(VH, 6, %,0)(1) | B3 oy (220)
where C5; and Cjs, and we have used (173) and
IV2H (1) < CIVE@)]? + C(6 +)[(Ve, 6, B) (1), (221)
and
IV H()|? < CIV2R(0)]? + C 6 +€)l(V2e, Vo, VE, 6, T)(1)]1%, (222)
and

IVEH, (D] < CIIVPR@)|* + C0 +e)l[(V9, V26, VT, Vo, VE, 6, B)(1)]|*.
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Thus, applying Gronwall inequality to (219), we obtain
I(VH, &, %) (1) 35y < Cll(VHo, $o, ®o) 77 e ™" (223)
for some positive constant g > 0, provided with § + ¢ < 1. O

Proof of Theorem 4.1. Theorem 4.1 is immediately proved from Proposition 2. [
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